
PROBABILISTIC PROPERTIES OF THE

CON TIN U OU S D OU BLE AU CTION - U N IFORM

CASE

Martin Š m ı́d
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Abstract

We study probabilistic properties of a zero intelligence model of a limit order market, very similar
to th ose of [4 ] and [8 ]. We (recursively) describe th e distributions of th e order books and th e best
q uotes. B ased on th ese th eoretical results, a procedure for statistical inference of th e model may
be designed and th e evolution of th e process may be simulated more effi ciently th en by th e crude
simulation of all th e events.
K e y w o rd s. C ontinuous double auction, limit order markets, distribution, simulation, statistical
inference, price increment tails.

1 In tro d u c tio n

Recently, several zero-intelligence models of limit order markets1 h ave b een introdu ced: [4 ] sh ow s th at
even a simp le model assu ming a P oisson orders’ arrival and th e u niform distrib u tion of th e limit p rices
generates fat-tailed p rice increments. [6 ] comp u tes th e rate of th e tail b y means of a mean-fi eld ap -
p rox imation. [8 ] introdu ce a model, similar to th at of [4 ], inclu ding, in addition, order cancelations.2 A
generalization of th is model incorp orating th e statistical p rop erties of real-life order b ooks is made b y
[5 ]. E ven th ou gh many stylized facts cannot b e ex p lained b y th e zero-intelligence models (see [1]) th ey
may b e regarded as a good fi rst ap p roach .

D esp ite th e great eff ort of th e au th ors, no ex act p rob ab ilistic descrip tion of any of th e zero-intelligence
h as b een p u b lish ed yet, w h ich , among oth ers, disallow s statistical inference of th e models. In ou r recent
w ork [7 ] w e formu lated a general model, covering fu lly th e models of [4 ] and [8 ] (th e latter after a
discretization) and p artially th e one b y [5 ] and w e recu rsively describ ed its distrib u tion. T h e p u rp ose of
th e p resent p ap er is to ap p ly th ese resu lts to a simp ler (u niform) model of th e continu ou s dou b le au ction.

In p articu lar, w e consider a model w ith P oisson order fl ow s, constant cancelation rate and continu ou s
u niform distrib u tion of limit p rices (S ection 2 ) w h ich may b e easily transformed b oth to th e M aslov’s
model [4 ] (b y sending th e cancelation rate to infi nity) and to th e model of [8 ] (b y a sligh t redefi nition
and th e rou nding of th e p rices, see [7 ], S ection 3 ). T h e distrib u tion of th e p resent model is describ ed in
S ection 3 ). F u rth er (S ection 4 ), w e discu ss ap p lications of ou r resu lts. F inally, w e conclu de th e p ap er
(S ection 5 ).

∗This work is supported by the grants No. 402/09/0965 and No. 402/07/1113 of the Czech Science Foundation and by
project No. L C06075 of the M inistry of E ducation, Y outh and Sports.

†This work is supported by the grants no. 402/06/1417 and 402/07/1113 of the Czech Science Foundation.
1For a detailed description of a lim it order m arket, see e.g. [8 ].
2In a subseq uent work [2] it is argued that, despite the radical assum ption of econom ic agents acting as gas particles,

zero intelligence m odels replicate sev eral stylized facts found in real-life lim it m arkets.
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2 Definitions

2.1 Inp uts

In the model we study, the orders of all the four types (i.e. buy/sell market/limit orders) arrive with
(possibly different) constant intensities, the intensity of the limit orders’ cancelations is constant and the
limit prices are uniformly distributed. In particular,

- the arrivals of sell limit orders form a marked Poisson process x with an intensity ι and with marks πi ∼

U (−h,h), ui ∼ Exp (υ), standing for the absolute limit price, lifetime of the order respectively, where
h is a finite positive constant3 and where all the marks are mutually independent and independent of
the arrival times,

- the arrivals of sell market orders form a Poisson process x̄ with an intensity ῑ,

- the process y of arrivals of buy limit orders is Poisson with an intensity ω and with independent,
mutually independent marks (ri,ζi)

∞
i= 1

(absolute limit prices, cancelation times respectively) such
that ri ∼ U (h,h) and vi ∼ Exp (z) for some constant z,

- the process ȳ of arrivals of buy market orders is Poisson with an intensity ω̄,

- the random elements x, y ,ȳ, x̄ are mutually independent.

2.2 Dy na m ics of th e Sy stem

W e describe the state of the market at a time τ by a tuple

Ξτ = (Aτ ,Bτ ) (1)

where Aτ and Bτ are simple atomic measures (collections of points on the real line) describing the sell
order book, buy order book respectively, each atom (point) standing for a waiting limit order with the
(absolute) limit price eq ual to its location. W e denote

aτ

4
= min{π : π is an atom of Aτ } ∧ h (2)

the value of the (best) ask (we put min ∅ = ∞) and

bτ

4
= max{π : π is an atom of Bτ } ∨ −h (3)

the value of the (best) bid (we put max ∅ = −∞).
W e assume our process to start by a single limit order on each side, i.e. both A0 and B0 contain a

single (deterministic) point π0, ρ0 respectively, such that ρ0 < π0. Further, we assume the lifetime u0

(v0) of the starting sell (buy) order to be exponentially distributed with parameter υ, (z) such that u0,
v0 and (x, x̄,y, ȳ) are mutually independent.

W e let the process Ξ (possibly) jump only at the times (τi)i∈N, (τ̄i)i∈N, (σi)i∈N, (σ̄i)i∈N, denoting the

jump times of x, x̄, y, and ȳ respectively, or at (ηi)i∈N, (ζi)i∈N where ηi

4
= τi + ui and ζi

4
= σi + vi, i ≥ 0

(i.e. the cancelation times of sell limit orders, buy limit orders respectively, we put τ0 = σ0 = 0).
If τ is one of the possible jump times of Ξ then the change of Ξ at τ is defined as follows:

- if τ = τi for some i > 0 and πi > bτ− then πi is added into A

- if τ = ηi for some i ≥ 0 and πi is present in Aτ− then πi is removed from A

- if τ = τ̄i for some i > 0 and Bτ− 6= 0 then bτ− is removed from B

- if τ = σi for some i > 0 and ρi < aτ− then ρi is added into B

- if τ = ζi for some i ≥ 0 and ρi is present in Nτ− then ρi is removed from B

- if τ = σ̄i for some i > 0 and Aτ− 6= 0 then aτ− is removed from A

- if τ does not fit any of the conditions above then both A and B are left unchanged at τ .

3Later we define our model also for infinite h
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It follows from the definition of the input processes that

P[any pair of τi, σ̄i, σi, τ̄i, ηi, ζi, i ∈ N, coincide] = 0 (4)

hence our definition is correct with probability one. Further, since

P[any pair of πi, ρi, i ∈ N, coincide] = 0 (5)

it is guaranteed that Aτ and Bτ are simple (with no overlapping points) at each τ ≥ 0.
For a “ formula based” definition of Ξ, see [7].

3 Distributions

In the present Section, we describe probabilistic properties of Ξ and of the process of the best quotes

ξτ

4
= (aτ , bτ ). (6)

An uninterested reader may skip this section; however, (s)he will need to return here for a notation
sometimes.

We start with a nearly obvious statement:

Proposition 1 (Markov properties of Ξ)

(i) F o r a n y d eterm in istic 0 ≤ s1 < · · · < sn < s,

L (Ξs+• |Ξs, Ξs1
, . . . ,Ξsn

) = L (Ξs+• |Ξs ) (7 )

(h ere , fo r a n y ra n d o m elem en ts X, Y , sy m bo l L (X |Y ) d en o tes th e co n d itio n a l d istribu tio n o f X

given Y ).

(ii) R ela tio n (7 ) keep s h o ld in g even if s1 < · · · < sn < s a re o p tio n a l tim es w ith respect to th e fi ltra tio n
gen era ted by Ξ.

Proof. S ta te m e n t (i) fo llo w s fro m th e fa c t th a t a ll th e in te r-ju m p tim e s a n d th e o rd e rs’ life tim e s a re
e x p o n e n tia l a n d th a t th e v a lu e o f Ξ a t a ju m p is fu lly d e te rm in e d b y th e v a lu e a t th e la st ju m p a n d th e
ty p e o f ju m p tim e . P a rt (ii) ste m s fro m th e fa c t th a t Ξ is p u re ju m p ty p e p ro c e ss (se e [3], ch p . 1 2 ). �

T o g o o n , w e n e e d to in tro d u c e so m e n o ta tio n : F o r a n y in te rv a l ג su ch th a t ג = [s, t) o r ג = [s, t],
0 ≤ s ≤ t, d e n o te

ãג : ג → R, ãג
τ

4
= m a x

θ∈ג∩[τ,∞)
aθ, τ ∈ ,ג (8 )

a n d in tro d u c e a fu n c tio n

κג(p)
4
=

Jג∑

j= 0

ι?

υ
[p ∧ ãג

[j−1] − ãג
[j]]

+[1 − e x p { −υ(t − ςג
j )}], p ∈ R, (9 )

w h e re ι?
4
= (2h)−1ι, Jג is th e n u m b e r o f ju m p s o f ãג o n ,ג ςג

1 < · · · < ςג
Jג d e n o te th e ju m p tim e s th e m se lv e s

(w e p u t ςג
0

4
= s) a n d w h e re

ãג
[j]

4
= ãג

ςג
j

, 0 ≤ j ≤ Jג, (1 0)

(w e p u t ãג
[−1]

4
= h). F u rth e r, d e n o te 0 = ϑ0 < ϑ1 < ... th e se q u e n c e o f ju m p tim e s o f ξ.

3.1 Order Books

U n til th e e n d o f su b se c tio n 3.1 , fi x s ≤ t fu lfi llin g o n e o f th e c o n d itio n s

- b o th s a n d t a re d e te rm in istic ,

- s = ϑk a n d t = ϑi fo r so m e (d e te rm in istic ) k, i ∈ N, k ≤ i,

3
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and agree to write ã instead of ã[s,t], J instead of J [s,t], etc.
The following two Propositions describe the distribution of the order book s given Ξs, ξ[s,t] where the

latter symbol denotes the trajectory of ξ restricted to interval [s, t].

Proposition 2 (conditional distribution of At)

At = δat
+

J
∑

j=1

δã
[j]

ej +
K

∑

j=1

δαs
j
dj + L. (11)

where δq denotes the D irac measure concentrated in q (i.e. a single point {q}) and

- e1, . . . , eJ are binary variables such that

L
(

ej

∣

∣Ξs, ξ[s,t]

)

= A lternative
(

exp
{

−υ
(

t − ςj
)} )

, 1 ≤ j ≤ J , (12)

- α1 < · · · < αK are all the atoms of As whose location is greater then ãs,

- d1, . . . , dK are binary variables with

L
(

dj

∣

∣Ξs, ξ[s,t]

)

= A lternative (exp {−υ (t − s)}) , 1 ≤ j ≤ K , (13)

- L is (conditionally on Ξs, ξ[s,t]) a non-homogenous P oisson process on (at, h) with the intensity given
by distribution function κ,

- e1, . . . , eJ , d1, . . . , dK , L are conditionally independent given (Ξs, ξ[s,t]).

Proof. See [7]. �

R e m a rk 1 U sing the symmetry of A and B, an analogous formula for the distribution of B may be
obtained as a corollary of P roposition 2 .

3.2 Best Quotes

Until the end of subsection 3.2, fix deterministic integers 0 ≤ k < i and agree to abbreviate ã[ϑk,ϑi) as ã,
J [ϑk,ϑi) as J etc.

O ur present goal is to specify the conditional distribution of ϑi+1 and ξϑi+1 given Ξϑk
and ξ[ϑk,ϑi]. For a

better intuitive understanding, we add an additional step to the definition: we consider an supplementary
variable χi+1, coding the type of the event happening at the time ϑi+1. D enoting the possible values of
χi+1 symbolically by a+, a−, b+ and b−, we define it as

χi
4
=



















a+ if ∆aϑi
> 0, ∆bϑi

= 0,

a− if ∆aϑi
< 0, ∆bϑi

= 0,

b+ if ∆aϑi
= 0, ∆bϑi

> 0,

b− if ∆aϑi
= 0, ∆bϑi

< 0.

(14)

D enote
ςa

−

i = ι?(aϑi
− bϑi

), ςa
+

i = 1[aϑi
< h](ω̄ + υ), (15 )

ςb
−

i = 1[bϑi
>−h](ῑ + z), ςb

+

i = ω?(aϑi
− bϑi

), (16 )

ςi = ςa+
i + ςa−

i + ςb+
i + ςb−

i , ω? 4
= (2h)−1ω, (17)

(ι?x was introduced at the definition of κג).

Proposition 3 (distribution of ϑi+1)

L
(

∆ϑi+1

∣

∣ξ[ϑk,ϑi], Ξϑk

)

= E xp (ςi) . (18)

4
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Proposition 4 (distribution of χi+1)

L
(

χi+1

∣

∣∆ϑi+1, ξ[ϑk,ϑi], Ξϑk

)

=

(

ςa+

i

ςi
,
ςa−

i

ςi
,
ςb+

i

ςi
,
ςb−

i

ςi

)

. (19)

Proposition 5 (distribution of aϑi+1
)

(i) If χi+1 = a+ then

P[aϑi+1 > p|∆ϑi+1, χi+1, ξ[ϑk,ϑi], Ξϑk
]

= 1[p<h] exp {−κ(p)} (1 − exp{−υ(ϑi+1 − ϑk})
K(p)

×
∏

1≤j<J ,ã
[j]

≤p

(1 − exp{−υ(ϑi+1 − ςj+1)})

where K(p) is the number of points of Aϑk
belonging to interval (ãϑk

, p],

(ii) If χi+1 = a− then
L
(

aϑi+1

∣

∣∆ϑi+1, χi+1, ξ[ϑk,ϑi], Ξϑk

)

= U (bϑi
, aϑi

) (20)

(iii) If χi+1 ∈ {b−, b+} then

L
(

aϑi+1

∣

∣∆ϑi+1, χi+1, ξ[ϑk,ϑi], Ξϑk

)

= δaϑi
. (21)

Proof of Propositions 3-5 . See [7]. �

Remark 2 T he formula for the distribution of bϑi+1
is symmetric.

4 Applications

Even if the formulas describing the distribution are quite complicated, several useful and practical appli-
cations may be constructed based on them.

4.1 S tatistical inference of th e m odel

The problem of the inference of our model (i.e. testing its validity and estimating its parameters) may be
broken into five parts: an inference of all the four input processes. Since the fl ows of market orders may
be studied by standard techniques,4 we do not discuss them in the present work. To test and infer the
distributions of (τν)ν∈N and (pν)ν∈N, may also apply standard statistical tools. On the other hand, we
are getting into diffi culties with cancelations rates υ and z because the sample of observed cancelations
of the orders is censored (some orders are executed before they could be canceled) - in fact, this is the
point where our theoretical results may help: based on our formulas, the cancelation rates (together with
the market limit orders’ arrival rates, if we are lacking detailed enough data to infer them directly) may
be estimated. For details, see Section 4.2. of [7].

4.2 E ffi cient S im ulation

Since we do not know analytic formulae for the (unconditional) distributions of Ξ and ξ, a M onte C arlo
simulation is needed when working with the processes. H owever, our knowledge of the (conditional)
distributions may help us to speed up the simulations significantly.

C ontrary to the “ crude” simulation, when each variable defining the system is generated, our procedure
allows us to omit a vast majority of the steps of such a simulation: Thanks to our results, it suffi ces to
generate the process ξ only and to draw the values of Ξ only at the times when they are actually needed.5

Our procedure is as follows:

4Of course, this is true only if we are able to distinguish the moves of bid, ask respectively, caused by cancelations from

those due to market orders.
5In fact, our p rocedure “ is ab le” to g en erate the order b ooks on ly at the times of jump s of ξ; how ev er, if w e w an ted to

draw all the v alues of the order b ooks, w e may use the crude simulation sin ce the last jump of ξ.

5
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For each i ∈ N0:

1 . G en erate ∆ϑi+ 1 an d χi+ 1 from their con d ition al d istrib u tion g iv en the (ξ[si,ϑi], Ξsi
)

w here si is the tim e of the last g en eration of a v alu e of Ξ (b y P rop osition 3 an d 4 )

2 . G en erate aϑi+1
an d bϑi+1

from their con d ition al d istrib u tion s g iv en
(χi+ 1 , ∆ϑi+ 1 , ξ[si,ϑi], Ξsi

) (b y P rop osition 5 an d its sy m m etric cou n terp art)

3 . If n eed ed , g en erate Bϑi+1
an d / or Aϑi+1

from their con d ition al d istrib u tion s g iv en
(ξ[s1,ϑi+1], Ξsi

) (b y P rop osition 2 an d its sy m m etric cou n terp art).

5 Conclusion

W e ex am in ed theoretically som e zero-in tellig en ce m od els of lim it ord er m ark ets an d show ed som e ap p li-
cation s of ou r resu lts. In p articu lar, w e ou tlin ed a w ay of a rig orou s statistical in feren ce of su ch m od els
an d w e p rop osed a w ay of an effi cien t M on te C arlo sim u lation of the m od els. Fu rther g en eralization s of
the m od el are su b jects of ou r fu tu re research.
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