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OPERATOR MACHINES ON DIRECTED GRAPHS
PETR HAJEK AND RICHARD J. SMITH

ABSTRACT. We show that if an infinite-dimensional Banach space X has a sym-
metric basis then there exists a bounded, linear operator R : X — X such that
the set
A={ze X : ||R"z|| - oo}

is non-empty and nowhere dense in X. Moreover, if z € X \ A then some subse-
quence of (R"x)52 ; converges weakly to xz. This answers in the negative a recent
conjecture of Prajitura. The result can be extended to any Banach space con-
taining an infinite-dimensional complemented subspace with a symmetric basis;
in particular, all ‘classical’ Banach spaces admit such an operator.

1. INTRODUCTION

Given an infinite-dimensional Banach space X, a bounded linear operator T :
X — X and z € X, we say that the orbit of x with respect to T is the set

orb(z,T) = {T"z : n € N}.

The study of orbits of points in infinite-dimensional linear spaces was initiated in [4].
In this paper, Rolewicz proved that in the infinite-dimensional case, it is possible to
find examples of X, T" and x as above, with the property that orb(z,T') is norm-dense
in X. Such hypercyclic operators are a strictly infinite-dimensional phenomenon and
have received considerable coverage in the recent literature, not least because their
study is connected with the still open problem of whether every operator on /5 has
a non-trivial closed, invariant subset. Indeed, an operator 1" on a Banach space
X has such a subset if and only if orb(z,T) is not norm-dense for some non-zero
x € X. Orbits of points under operators have been the subject of study in other
contexts. For example, in [3], it is shown that given an operator T': X — X if
the sequence (||77||7")22, is summable then there exists a vector # € X with the
property that ||[T"x|| — oo, and thus, 7" admits a non-trivial, closed invariant set.
The various ways in which the sequences (||7™z||)32, can behave, as = ranges over
X, is examined in [2]. Prajiturd makes the following conjecture.

Conjecture 1.1 ([2, Conjecture 2.9]). Given an operator T on a Banach space, if
x s a vector such that ||T"z|| — oo, then the set of all vectors with this property is
norm-dense in X.

Of course, by the Uniform Boundedness Principle, if ||T"z|| — oo for some x
then the set of y with the property that sup,, ||T"y|| = oo is a norm-dense G in X,
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but this fact only implies that ||[T"y|| — oo if the limit exists. The object of this
note is to provide a negative answer to Conjecture 1.1. Here follows a more precise
statement of that given in the abstract.

Theorem 1.2. Let X have a symmetric basis (e;);2,. Then there exists a bounded,
linear operator R : X — X such that given x =Y .o, x;e; € X satisfying x1 # 0
and xo = 0, we have

||R"z|| — oc.
On the other hand, if xv1 =0 or x5 # 0 then there exists a subsequence of (R"x)5°,
which converges weakly to x.

We also obtain the following corollary, which shows that all ‘classical’ Banach
spaces admit such an operator.

Corollary 1.3. If Y has an infinite-dimensional complemented subspace X with a
symmetric basis then there exists a bounded linear operator W :' Y — Y such that
the set

B={yeY : |[[W"y|[ — oo}

is non-empty and nowhere dense. Moreover, if y € Y \ B then there exists a subse-
quence of (W™y) which converges weakly to y.

2. LOCAL ESTIMATES

Our map R in Theorem 1.2 is going to be a block diagonal operator on X. In
this section, we build the template for the operators acting on the blocks and gather
together some basic estimates. Let m, T € N, ¢ > 0 and Y = 63;, where 4m < T
and 1 < p < oo. Define the operators S : Y — Y and FF': R — Y by

S(y) = (yr,v1,-- - yr—1)
where y = (y1,...,yr), and

F(a) = (ea,...,ca,—¢a,...,—¢ca,0,...,0).
TV TV
m times m times

In this way, S can be described as a shift operator and F' a ‘feed’ operator. Let
R:R&Y — Ra&Y be defined by R(a,y) = (a,S(y) + F(a)). We are interested
in the behaviour of R'(a,0) at time ¢ € N. We can imagine that S drives a circular
conveyor belt in a factory and F' deposits the factory’s product (albeit some of it
negative) onto the belt at a fixed set of positions. The amount of product deposited
depends on the value of the first coordinate. Using this analogy, we can see that the
result of repeated applications of R to the vector (a,0) can be viewed as the sum of
two bumps: one stationary bump of height eam and base width 2m, and a moving
bump of height —eam and base width again 2m. The moving bump’s motion is
periodic, with period T. Let us denote by P the map (a,y) — v.

Lemma 2.1. Suppose that 1 < p < oo. There exists a constant L, depending only

on p, such that
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(1) if m <t <T —m then

—1

2\’ o
(1) HPRt(a,O)H > <m> 5]a|m(p+1)p if p < oo
clafm if p = o0;

(2) at all times t we have

@) PR (a,0)]| < {

Lela|m®r™" if p < oo

Lelalm if p = 00;
(3) if t < m then
Lelalm?™ 't if p < oo
¢ <
(3) HPR (a,O)H - { Lelalt if p = oo.

Proof. We estimate the norm of the sum of the standing and moving bumps. If
p = oo we simply measure the absolute height of the sum of the bumps to obtain
the values listed above, with L = 1. From now on, we shall assume that p < co. Set

1 1

ort+3 \ v P2 4 1\ P

L= (P P
p+1 p+1

2Pl
p+1
In case (2), we note that the maximum value of the norm is attained when the

supports of the standing and moving bumps are disjoint, which occurs if and only
if 2m <t < T — 2m. Thus we estimate

In case (1), we have

|PR@ O > 2rla [ s =
0

4eP|alP

p+1

+3
2p 5p]a|pmp

p+1

+1

m—+1
PR@OIP < 4rlap [ was = o1y <
0

For (3), when t < m, we have

||PR'(a,0)|]" < 2£p|a|p{(m—t)t”+/0 spd5+/02 (25)pds}

4 1)p+L tpt+1
_ 25”|a|”{(m—t)tp+( 1 }
p+1 2(p+1)

2rt2 11
< (2 + —+> ePlalPmit?.
p+1

O

In order to build our operator R on a Banach space X with a symmetric basis,
we will need some reasonably precise estimates the norms of certain vectors in X.
In order to do this, we combine the estimates of Lemma 2.1 with a result closely
based on a theorem of Tzafriri [5]. We have altered the statement of the next result

to suit our purposes.
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Proposition 2.2 ([5, Proposition 5]). Let V' be a 2"-dimensional vector space with
basis (Vs )seq, where G is the set of all functions from {1,...,n} to {—1,1}. Suppose
that there are constants K > 0 and r > 2 such that given scalars a,, 0 € G, we have

1 5 K ;
: as|° ] < AoV Vo || < : ag|"
(27): (Z’ ’) 2 / 2 (2n)~ (0626;’ |)

ceG ceG oeG
where v~ + 571 = 1. Then there exists M, dependent on K and r, but independent
of V and n, with the property that if we define

w; = Z o(l)v,

oeG
for 1 <1 <mn, then d([w]}_,,(5) < M.

The proof of the next result closely follows that of [5, Theorem 1], although
we note that the assumed symmetry of the norm allows us to bypass the Ramsey
arguments that feature in [5]. Tzafriri’s notation has also been modified slightly to
suit our requirements.

Lemma 2.3. Let X have a normalised symmetric basis (e;)52, with conjugate system
()2, and symmetric norm || - ||. Then there exists M > 0 and p € {1,2,00}, a
pasrwise disjoint family of finite subsets F,, C N, n € N, vectors w;,,, 1 <1 < n,
supported on F,, and permutations , of F, with three properties:

1) given n, if a linear operator S on X satisfies Se; = e, () for alli € F,,, then
( (i)

Swyy = Wryn, where T is the cycle (1,...,n);
(2) d([winliy, €y) < M for all n;

(3) m, has order n.
Proof. Define
An)=|le1+...+es|| and pn)=|le]+...+e€rll.
We follow the proof of [5, Theorem 1] in distinguishing three cases.
Case I: for every n € N there exists m,, € N such that A\(nm,,)/\(m,) < 2. Put
p = o00. Set k; = 0 and, given k,,, define k,,, = k,, + nm,,. Let
F,={k,+1,... k,+nm,}
and define
for 1 <1 <n,n € N. Finally, define

kn+lm,+r ifl<l<nandl<r<m,

wn(kn+(l—1)mn+7‘):{kn+r if l=nand1<r <m,.

It is clear that the F), are pairwise disjoint and properties (1) and (3) hold. Now we
prove (2). By the symmetry of the norm, we have ||w;,|| = 1. Since

n n
E QWi n E Wi n

=1 =1

max)", |a| < < max) |a|




A(nmy,)
A(my)
for any scalars ay, ..., a,, we can see that (2) holds for any M > 2.

Case II: for every n € N there exists m,, € N such that p(nm,)/u(m,) < 2. Now
put p =1 and set k,, F,, and m, exactly as in case I. If we set

< max) |a| < 2max)", |a]

wl*,n = (ezn—l-(l—l)mn—&—l + ... ezn+lmn)/ﬂ(mn)

n

Z aqwy,
=1

just as above. Let wy, satisfy ||wi,|| = 1 and w}, (wi,) > 3, and have support
contained in {k,+1, k,+m,,}, i.e., the support of wf ,. If we let S be a linear operator
satisfying Se; = e, ;) for i € F,, and define wy,, = S 'w;, for 1 <[ < n, then it
follows by the symmetry of the norm that ||wi,|| = 1 and wj, (wi,) = wi,(wi,)
whenever 1 <[ < n. By design, we have ensured that (1) holds. To check (2), we
observe that

Zalwl,n < Z la;] <2 (Z(sgn a)w; n) <Z apWi n) <4
=1 =1 =1

Therefore (2) holds whenever M > 4.
Case III: if neither case I nor case II hold then, following the proof of [5, Theorem
1] in case III, we obtain constants K > 0 and r > 2 such that for all n € N and

scalars aq, ..., a,, we have
1
K n T
T
< — E ||
nro\ =1

<Z|al| ) < )\L)
= {2" +1,...,2""}

where r~' 4+ 57! = 1. We set p = 2 and

Fix n and let f be a bijection from F' = F}, to GG, where G is as in Proposition 2.2.
Put v, = e-1(,) for o € G, and let w;, 1 <1 < n, be as in Proposition 2.2. Let 7 be
the cycle (1,...,n), define a permutation # on G by #(c) = o o 77!, and then set
m=f"ltomo f. Wehave (3). If S is an operator on X satisfying Se; = e,(;) then
we calculate

Sw;, = S (ZJ(Z)UJ) = S <Za(l)ef1(a))

then we have

maxj)  |a;] < < 2max], |a|

E QWi n

n

E A1€n41
=1

oeG oG
= D oDes16e)
o€
= ZU(Z)U,}(J) = Z(a oT)(vy = wr).
oeG oceG
Moreover, by construction, we have ensured that d([wi]i,, (}) < M. O
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We remark that we can follow the proof of [5, Theorem 1] a little more to show
that the subspaces [w; ]}, n € N, are uniformly complemented in X, that is, they
are the images of a sequence of projections which are uniformly bounded in norm.
However, we do not require this particular property of the [w; ]} ;.

3. PROOFS OF THE MAIN RESULTS

We shall prove Theorem 1.2 using a sequence of lemmas. We take constants
my, T, € N, e, > 0 and A\, € R. The values of these constants will be chosen in due
course. Let X have a normalised symmetric basis (e;)5°, with symmetric norm || -||,
and let M, p, F,,, w;, and 7, be as in Lemma 2.3, with the additional constraint
that F,, C N\ {1, 2} for all n. Define

Se. — Err, (i) it : € I, for some T},
! e; otherwise

and extend S linearly to X. As ||-|| is symmetric, S is an isometry. Define operators
Skt fwp ]ty — fwp ]ty and Fi R — [wyg )%, by

Ty Ty
Sk (Z ylwl,Tk> = Z?/le(l),Tk
=1 =1

where 7 is the cycle (1,...,T), and

mg 2my
Fk(a) = A& E Wy, — Ak E Wy, -
=1 l=mp+1

Then define Ry, on R @ [w; 1], by
Rk;(av y) = (CL, Sk‘(y) + Fk‘(a))
and let Py(a,y) =y for y € [wyn]/%,. Let P be the projection

P (Z xi@') = x1€1] + Talg

i=1
and define an operator R on X by

Rx = Sz + Z Fi(xy — Mgz2).
k=1
where x = Z;’il x;e;. Of course, it is necessary to choose the various constants so
that R is bounded and maps into X.
First of all, we define the constants A,. Let Ay = 0. Define f(t) = ¢/(1 —t) for
0<t<1. Givenn > 1, we set

Ao IGED) sk <o
* —f(EEE ) df2n 4 2ntt <k o< 2nth

Before defining my, T, and €, we observe two important inequalities concerning the
Ak. The first identifies an overall bound for the quantity |x; — Az, for &k in the

range 2" < k < 2"l The second shows that |r; — Azxs| is small for some k in
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this range, provided x; = 0 or x5 # 0, and n is large enough. The idea behind the
second inequality is that if x5 # 0, we have an infinite supply of the A\, which can
approximate the solution to the equation xy — Axy = 0 with arbitrary precision.

Lemma 3.1. Let x € X. First
(4) |71 — A\ewa| < 277 H|z||  whenever 2" < k < 2"t
Second, if xo # 0 then, for every n large enough, there exists k so that 2" < k < 2n+!
and
24 ||| |2
|72

Proof. For (4), we simply observe that
[T1 = Aeza| < (1 + Agngan—rg) |||
= (1+@2"7' =1) |zl
= 2" |z]]
whenever 2" < k < 27+,

To show (5), we first let A satisfy x; — Azy = 0. We shall assume first that A > 0.
We take n large enough so that A < f(1 —2"71) = Ayn 9n-1_;. This allows us to
find k in the range 2" < k < 2" 4 2"! — 1 such that A\, < A < \y;;. Hence

OS)\—)\]C < )\].H-l_)\k:
< 2" f(f7Y(Aks1)) by the Mean Value Theorem
< 27N+ 2 since £ () = f7 ) 2070

1
— 21771
(1 _ 21—n _

i) -

Therefore

20 < ()~ (1) =00

as n — oo, bearing in mind that f~!(¢) = ¢/(t + 1) for ¢t > 0. We conclude that for
large enough n, we can select k in the range 2" < k < 2" +2""! — 1 so that

0< A= < 227N+ 1)%

Finally
|l’1 — )\kl’2| = ()\ — /\k)‘l’2|

2
< 2 <x1;x2) B2

27 |||

|$2|

for such k, as required. If A < 0 then we can appeal to symmetry and repeat the
process, using k in the range 2" + 27! < k < 2"+t — 1. O
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Now we define the constants my, T}, and ;. First let m; = 1,71 =4 and ¢; = 0.
Then set Ty, = (5" + 1)Tk_1, my = Tj—1 — my_1 and

{W 1fp:10rp:2
Er — My

— if p=o00

whenever n > 1 and 2" < k < 2"*!. Our first task is to show that, with respect to
these constants, R is a bounded operator mapping into X.

Lemma 3.2. The operator R is bounded and maps into X .

Proof. We show that >/~ F(z1 — Ayz2) is absolutely summable. By Lemma 2.3,
part 2, we have

(6) VM=l < < VM |lyl]

Ty
E Yy,
=1

where y = (y1,...,yn.) € ggk and p € {1,2,00} is as in Lemma 2.3. Let L be as
in Lemma 2.1. Note that Fj(a) = Sk(0) + Fy(a) = PyRg(a,0). Therefore, from (3)
with ¢ =1, (4) and the definition of ¢, we have

< VM Ley|xy — )\kx2|m§_l ifp=lorp=2
- VM Leg |z — Mo if p = oo0.
< VMLn2" 1 |z||my?

whenever 2" < k < 27+,
From the definitions of m; and T}, we obtain

[1F% (1 = Ao ||

(7) Mpp1 = Ty —my =T — Ty +myp_y > 5" Ty > 5"my,
whenever n > 1 and 2" < k < 2"!. In particular, my4; > 5my. Therefore

oo 2nHl_1

D e = M)l < > Y VML o] my!
k=2 n=1 k=2n
oo 2ntl-1 . 4
\/— 1 n2
SN D gl
n=1 k=27
oo 2ntl_1
< VMLmy'|| Y > a3
n=1 k=2
= SVMLmy" =[] Y n(3)"
n=1
bearing in mind that n — 1 < k — 2. Hence Rx € X and R is bounded. O

In order to analyse the behaviour of R™z, it will help to consider separately R™ Px
and R™(I — P)x.
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Lemma 3.3. We have

(8) R™I — P)x = S™(I — P)x

and

(9) R"Px =Pz + Y PR (z1 — M2, 0)
k=1

for all m.

Proof. Clearly R(I — P)x = S(I — P)x. Since (I — P)S = S(I — P), if (8) holds for
m > 1 then
R™YI — P)x = RS™(I — P)x = R(I — P)S™z = S(I — P)S™x = S™"Y(I — P)x.
Now

PkRk(a,O) = Sk(O) + Fk(a) = Fk(a)
and SPx = Pz, so (9) holds for m = 1. Assume that (9) holds for some m > 1.

Suppose that
Tk

PRy (a,0) =y = Z YW, -
=1
By Lemma 2.3, we have ensured that S(y) = Sk(y). Furthermore, we observe
PyR;"(a,0) = PyRy(R'(a,0)) = PyRi(a,y)
= Sk(y) + Fi(a)
= S(y) + Fi(a) = SPR(a,0) + Fi(a).

Therefore
R™M Pz = R (Px + Y BB (w1 — Mo, 0))
k=1
= S (Px + Y PR (= e, 0)) + Y Fi(an — M)
k=1 k=1
= Pz+ Y SPRP (w1 — M2, 0) + Fi(ar — \ewo)
k=1
= Pr+ Z PR (21 — A9, 0)
k=1
as required. O

The consequence of Lemma 3.3 is that we can split the analysis of R™x into two
parts: the ‘shift’ and the ‘perturbation’. First, we examine the behaviour of the
shift.

Lemma 3.4. Given x € X, we have ||R™(I — P)z|| = ||(I — P)x|| for all m.
Moreover, R™(I — P)x = (I — P)x.



Proof. Given (8) and the fact that S is an isometry, the first assertion is trivial.
Now consider the weak convergence. Let f € X* with |[f|| =1 and € > 0. We take
k € N such that

e}

Z Z xie;i|l| <E.

l=k+11icFr,

Since T; divides T; whenever | < j, we can see that ﬂ% is the identity for such [.
Therefore, if j > k, we estimate

f(SBI—Pz—(I-Pa) = |[f| DD i€ 1y = D e

l:]+1 iEFTl l:]+1 ieFTl
oo
< 2|3 Y
l=j+1 iEFTl
o0
< 2 E E Ti€; < 2e
I=k+1i€Fr,
by symmetry of the norm. 0

Now we analyse the behaviour of the perturbation. Ultimately, it is the pertur-
bation that drives the behaviour of the system as a whole.

Lemma 3.5. If x1 # 0 and x5 = 0 then
||R"Pz|| — oo.

On the other hand, if x1 = 0 or x9 # 0 then there exists k,, in the range 2" < k, <
2L with the property that

||R"*» 1 Px — Px|| — 0.
Proof. 1f 1 # 0 and x5 = 0 then by (9), (1), (6) and the definition of €, we have

[|B™ P]|
> || PRy (21, 0)]|

p! 1 p! )
M1 (zﬁ) ez mPTIPT = /A (z%) lz|n ifp=1,2

VMg |z|my = VM~ x|n if p=o0

whenever my, < m < Ty — my, = my4q and 2" < k < 2"
Instead, if x5 # 0 then by (5), for large enough n there exists k, in the range
2" < k, < 2" such that

Y]



By (2), (6) and the definition of ¢j, we have

/ _ (p+)p~t e
HPknRZ:n_1<x1 . )\knx2’0)H < { ML€kn|ZL‘1 /\knx2|mkn lfp— 1,2

VM Ley, |v1 — )\k To|my, if p=o00
24/ ML
|22

Then we notice that if 7 < k,, — 1, we have
(11) |

because RjTj is the identity and 7} divides T}, whenever j < k, — 1. Now we have
PR (2 — \ja, 0) ‘ for j > kp + 1. If j > ky + 1 then from (7),

i J'Tk"_l(%—)\jﬂ?%o)H =0

to estimate ‘

we have
/’rn/‘7 Z 5j_(kn+1)mkn+1 Z 5j_(kn+1)5nTkn_1‘

Take [ > n such that 2! < j < 2!*1. We apply (3), (4) and (6) to obtain

(12) ’ : Tk"_l(l’l — /\jl‘Q, O)H
< VM Lej|zy — /\jx2|m§_1Tkn_1 ifp=lorp=2
B A MLEj'ZEl —)\jZE2|Tkn_1 lfp: 0

21=1]

< VMLlz|| Ty, —
2l= 1l
< VMLl oy

5n5] (kn+1)

2=
<V L||:L‘||5n5l TSy since l —(n+1)<j—(k,+1)

= VML)
where L is defined as in the proof of Proposition 3.2. Combining (9) with (10), (11)
and (12) gives

HRT’“"—lPx — PxH <

T, —
i 1(961—)\]'932,0)“

j=1

R (g — >\ﬂ?2,0)H
J=kn

2 /MIn||z|P & 1
) LI Y e v

2] j=knt1

21=n\/M Ln ||z \/_LHHSHZQZ 2

|| b
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247/ ML 2 >
PR 4 s ATL el 3 12y
l=n

|24
— 0

as n — o0o. This concludes the proof in the case x5 # 0. Finally, if z; = 0 then we
repeat the above with k, = 2" to reach the same conclusion. 0

Proof of Theorem 1.2. Let 1 # 0 and 2o = 0. Then by Lemmas 3.4 and 3.5 we
have

[B™2|| > [|R™ Pa|| = [[R™(I = P)z|| = [[R"z[| = [|(I = P)z[| — oo

as m — oQ.
Now let 1 = 0 or x5 # 0. Again by Lemmas 3.4 and 3.5, we can pick suitable k,
such that

Rlen-1g = Rlen-1 Py 4 RTon-1(] — P2 % Pz + (I — P)z = .
U

Proof of Corollary 1.3. Let () be a projection onto X and let X have symmetric
basis (e;)2,. Using Theorem 1.2, we can find an operator R : X — X such that if

A:{x:ineieX : w1 #0and 2o =0}
i=1

then ||R™z|| — oo whenever z € A, and (R"x) has a subsequence converging weakly
tozif z € X\ A. Define W = RQ + (I — Q) and let B = Q'A. It is easy to check
that B satisfies the required properties. U

X =corX =1/, 1<p< oo, then we can simplify the proof of Theorem
1.2 by replacing the w;,, with unit vectors and replacing the corresponding m,, with
cycles. Since there is a Banach space with a symmetric basis, but containing no
isomorphic copy of ¢y or £,, p > 1, [1], it is not possible to obtain Theorem 1.2 by
proving it in the cases X = ¢y and X = ¢, and then applying Corollary 1.3.

4. PROBLEMS

Since the operators constructed in this note rely fundamentally on permutations
of basis vectors, it makes sense to pose the following question.

Problem 4.1. If X is a Banach space with an unconditional basis, does there exist
an operator R : X — X with the property that ||R"z|| — oo for some x € X, and
||R™y|| # oo for all y in some open subset of X ¢

Also, given the fact that the operators which feature above are not compact, the
next question seems natural to us.

Problem 4.2. If T is compact, can T or I + T, where I is the identity, satisfy the
properties given in the abstract? In particular, does the Argyros-Haydon space admit

such an operator?
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If no sum I+ 7T, where T is compact, satisfies the properties given in the abstract,
then this suggests to us that some kind of unconditional structure is necessary in
order to construct such operators.

Finally, we make a remark about the title of this note. The operator R constructed
above can be viewed as a machine which acts on a countable family of disjoint
cycles. This family of disjoint cycles can be viewed as a countable directed graph.
We speculate that it may be possible to construct other operators with interesting
properties by basing them on more complicated directed graphs.

REFERENCES

1. T. Figiel and W. B. Johnson, A uniformly convex Banach space which contains no £,. Com-
posito Math. 29 (1977), 179-190.

2. G. Prajitura, The geometry of an orbit. Preprint.

3. V. Miiller and J. Vrsovsky, Orbits of linear operators tending to infinity. Rocky Mountain J.
Math. 39 (2009), 219-230.

4. S. Rolewicz, On orbits of elements. Studia Math. 32 (1969), 17-22.

5. L. Tzafriri, On Banach spaces with unconditional bases. Israel J. Math. 17 (1974), 84-93.

13



