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Abstract. Let T" be a completely nonunitary contraction on a Hilbert space H with
r(T) = 1. Let a,, > 0, a,, — 0. Then there exists z € H with [(T"xz, z)| > a,, for all n.
We construct a unitary operator without this property. This gives a negative answer
to a problem of van Neerven.

Let X be a complex Banach space. Then each operator T' € B(X) has orbits that
are ”large” in the following sense [M1], [B]:

Let (a,) be a sequence of positive numbers such that a,, — 0. Then there exists
x € X such that ||T"x| > a,r(T™) for all n. Moreover, for each € > 0 it is possible to
find z € X with ||z|| < sup,, a, + €.

The corresponding question for weak orbits (T"z,x*) was considered by J. van
Neerven [N], see also [M3].

(1) Let T' € B(X). Let (a,) be a sequence of positive numbers such that a,, — 0. Do
there exist € X and x* € X* such that [(T"z,z*)| > a,r(T™) for all n?

There are several interesting cases when the answer is positive. In [N], it was
proved for positive operators on Banach lattices. In [M2] and [M4] the statement was
shown for Banach space operators satisfying 7" — 0 in the strong operator topology
and r(T) = 1.

In the present paper we consider Hilbert space operators and generalize this for
operators satisfying 7" — 0 in the weak operator topology. As a consequence, we get
that (1) is true for any completely non-unitary contraction with »(7") = 1.

Note that for unitary operators questions concerning weak orbits reduce to ques-
tions concerning Fourier coefficients of L! functions. We show that if ;1 is a Rajchman
measure (in particular, an absolutely continuous measure) on the unit circle, then there
is a positive function f € L(u) such that |f(n)| > aj,| for all n (the statement is a
folklore in case of the Lebesgue measure, see [K, p. 22 and 26]). However, the previous
statement is not true in general. We construct an example of a Kronecker measure
v and a sequence (a,) of positive numbers, a,, — 0 such that there is no function
f € L*(v) with the above property. This also gives a negative answer to question (1)
of van Neerven.

Let H be a complex Hilbert space and let 7' € B(H). We say that 7" — 0 in the
weak operator topology if (T"z,y) — 0 for all x,y € H.
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Theorem 1. Let T € B(H) satisfy T" — 0 in the weak operator topology, let 1 € o(T).
Let (a,)52, be a sequence of positive numbers satisfying a,, — 0 and let € > 0. Then
there exists x € H with ||z| < sup,, a,, + ¢ such that

Re (T"z,z) > ay,
for all n > 0.

Proof. Without loss of generality we may assume that ag > a; > ---. Indeed, we may
replace the numbers a,, by sup;,, a; if necessary. Moreover, it is sufficient to show that
if 1 > ap > ay > --- then there exists € H of norm 1 such that Re (T"z,z) > a,, for
all n > 0.

By the Banach-Steinhaus theorem, 7" is power bounded, i.e., sup,, ||7"| < co. Let
K =sup,, |[T"||. Clearly r(T) = 1.

Suppose first that 1 ¢ o0.(7). Then 1 is an eigenvalue and the corresponding
eigenvector x of norm 1 satisfies the required condition. Thus we may suppose that
1 € 0.(T). Hence 1 € do(T), and by [HW], T'— I is not upper semi-Fredholm. Thus
for every subspace M C H of finite codimension and each € > 0 there exists a vector
x € M with ||z|| =1 and ||T'z — z|| < e. Moreover, given k € N, we can find a vector
u € M of norm 1 such that [|[T7u — u|| < € for all j < k.

By [M2], there are positive numbers ¢; (i > 1) such that > ;- ¢? = 1 and
> i1 € > 3Ky, for all k> 1.

Set formally o9 = 0. Let d1,09,... be positive numbers satisfying J; <
i < mammin{c, :k=1,...,i+ 1}

Find ng such that a,, < > o, c? — 3Kc;. We construct an increasing sequence
(ny) of positive integers and a sequence (x) of unit vectors in H in the following way:
Let k£ € N and suppose that z; € H and n; € N have already been constructed for
1<i<k-—1. Find xz; € H of norm 1 such that

17&1'

5+ and

vy L T2 (0<j<mp_1,1<t<k—1)
and .
||TJ.I]€ — fL'k;H < 5k: (] < nkfl).
Find n, > ni_1 such that
Tz, z4)| < O (j > ng, 1 <s,t<k)
and
o0
U, < Z C? — 3K k1.
i=k+2

Let the sequences (x) and (ny) have been constructed in the above described way. Set
x =) o ckxk. Since the vectors x, are orthonormal, we have ||z|| = (3 o=, c2)¥/2 = 1.
For 7 < ny we have

Re (TVz,z) = Re <Z CSijL'S,33> = chRe ((zs,2) — (x5 — TV 34, 2))
s=1 s=1
chs—;csészl—;és>l—; 55 = a1 > aj.
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Let £ > 1 and ng_1 < 7 < ng. We have

k 00
Re (TVz,z) = Re <Z cszjs,x> + Re< Z csTja:s,x>
s=1 s=k-+1
k k k s
> Re <Z cSzjs,th.rt> + Re <Z csT7 xg, Z ctxt>
s=1 t=1 s=1 t=k+1
o0
+ Y cRe ((ws, ) — T2, — 24))
s=k+1
k—1 k—1 k—1
>Re<chT :L'S,thxt>+Re<chT a:s,ckxk>+Re <cijxk,thxt>
s=1 s=1
+ Z ci— Z Cs0s
s=k-+1 s=k-+1
k—1k—1 k
Z—Zchcték 1—Ch - ||TJH‘chxS —chHthxt Z — Z O
s=1 t=1 t=1 s=k+1
oo 0
> Z 2 —2Kcp — (k—1)%6p_1 — Z dg > Z 2 —3Kcy > an,_, > a;.
s=k-+1 s=k+1 s=k+1

O

Recall that a contraction 7" acting on a Hilbert space H is called completely nonuni-
tary if there is no subspace Hy C H reducing for 7" such that the restriction 7’|, is
unitary.

Corollary 2. Let T" € B(H) be a completely nonunitary contraction satisfying 1 €
o(T). Let (an)5%, be a sequence of positive numbers satisfying a,, — 0 and let € > 0.
Then there exists € H with ||z|| < sup,, a,, + € such that

Re (T"x,z) > ay,

for all n > 0.

Proof. Let U € B(K) be the minimal unitary dilation of 7. By [NF], Proposition
I1.1.4, there are subspaces M7, My C K reducing for U such that M; V My = K and
U|My,U|M; are bilateral shifts (of some multiplicity). It implies that U™ — 0 in the
weak operator topology, and consequently, 7" — 0 in the weak operator topology. [

Corollary 3. Let T € B(H) satisfies 7" — 0 in the weak operator topology and
r(T) = 1. Let (an)5%, be a sequence of positive numbers satisfying a,, — 0 and let
e > 0. Then there exists x € H with ||z| < sup,, a,, + € such that

(T"x,x)| > ay
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for all n > 0. In particular, this is true for each completely nonunitary contraction 7'
with r(T") = 1.

Better results can be obtained if we consider the Cesaro means. For T' € B(H)
and n > 1 write A4,, = % Z?:_Ol T

Theorem 4. Let T' € B(H) be a power bounded operator with 1 € o(T"). Let (a,)52,
be a sequence of positive numbers satisfying a,, — 0 and € > 0. Then there exists
x € H with ||z|| < sup,, a,, + € such that

Re (A,z,z) > ay,
for all n > 0.

Proof. If 1 is in the point spectrum of 7" then it is sufficient to take a corresponding
eigenvector of norm 1. If 1 is not in the point spectrum then ||A,y|| — 0 for each y € H
by the ergodic theorem, see [Kr, p. 73]. The proof of Theorem 1 then works word by
word if we replace T" by A,,. O

We apply now the previous results to unitary operators. This gives statements
about Fourier coefficients of L! functions.

Let 11 be a non-negative finite Borel measure on the unit circle T={z€C:|z| =
1}. Recall that p is called Rajchman if its Fourier transform fi(n fT —2mint dy(t)
vanishes at infinity, i.e., lim),| o fi(n) = 0. In particular, each absolutely continuous
measure is Rajchman (the converse is not true).

Let U,, be the operator on L' () defined by (U, f)(2) = 2f(z) (f € L*(u),z € T).
It is easy to see that p is Rajchman if and only if U}; — 0 in the weak operator topology.

Theorem 5. Let o be a Rajchman measure. Let (a,)52, be a sequence of positive
numbers satisfying a,, — 0 and sup a,, < 1. Then there exists f € L!(u) of norm 1 such
that f > 0 a.e. and [f(n)| > a, for all integers n.

If 1 € suppu then it is possible to find f > 0 such that Re f(n) > aj,| for all
non-zero n.

Proof. Let H = L?(u) and let U : H — H be the unitary operator defined by
(Uf)(2) = zf(2) (f € Hyz € T). Then lim, ...(U"f,g) = 0 for all f,g € H. By
Corollary 3, there is a g € H such that ||g||g = 1 and [(U"g, g)| > a, for all n > 1. Set
= |g|?. Then f e L' (u), ||f|l1 =1 and |f(n)| > ajp| for all nonzero integers n.
The second statement is similar. O

The previous theorem is not true for non-Rajchman measures. An example con-
cerning the real parts is relatively simple. Recall that a set £ C T is called in-
dependent if given xq,...,x, € E and integers mq,...,m,, H;:1 :L‘;-nj = 1 implies
my=---=m, =0.

Example 6. Let (z,) C T be an independent sequence such that z, — 1. Let H be
the Hilbert space with an orthonormal basis {ej, es,...}. Let U € B(H) be defined by
Ue; = z;e;. Clearly U is a unitary operator and 1 € o(T'). We show that

limsup Re (U"z, z) = ||z

n—oo



and

liminf Re (U"z, z) = —||z|?

for each x € H. Let x € H and € > 0. Write x = 2;11 aje; for some complex

coeflicients ;. Then there exists an ng such that Z;O:no +1 || < e. By the Kronecker
theorem there are positive integers ki, k2 such that

-1 <e  (j=1,2,...,n0)

and
2241l <e  (j=12,...,n0).
Then
oo no 0o
Re (UM, z) = Re Zz;?1|aj|2 > Re Zz?1|aj|2 — Z ENE
Jj=1 Jj=1 Jj=no+1
no
> (=oAL —e)(lz]* —¢) —=.
j=1
Since € > 0 was arbitrary, we have limsup,,_, ., Re (U"z,x) = ||=||?>. Similarly,

Re <Uk2x,:l;> < (-1+ 5)(“:{;”2 —€) +e¢,

"z, x) =~z

and so liminf,, ., Re (U

Recall that a non-empty closed subset £ C T is called Kronecker if for all continu-
ous functions f: T — T and € > 0 there is an n € Z such that sup,. |f(z) — 2"| < e.
Note that it is possible to find n > 0 with this property.

By the Kronecker theorem, every finite independent set is Kronecker. Moreover,
there are perfect Kronecker sets, i.e., Kronecker sets without isolated points, see [K, p.
184].

The next example will show that if supp u is a perfect Kronecker set then there
is a sequence (a,) of positive numbers with a,, — 0 such that there is no function
f e L*(p) with |f(n)| > a, (n > 0). This gives also a negative answer to the van
Neerven problem.

First we need a simple auxiliary lemma:

Lemma 7. Let n > 2 and let ay,...,a, € C satisfy max; |a;| < 337" |a;|. Then
there are A1,..., A, € T such that > . | \ja; = 0.

Proof. We may assume that a; > 0 for all i. The statement is clear for n = 2.
Let n = 3. Let a; > as > a3. The statement is clear if a1 = as+a3. If a; < as+as,
then there is a triangle with sides a1, as,a3. Let ai,as, a3 be the angle opposite the

side a1, as, as, respectively. It is easy to verify that Ay = —1, Ay = cos a3 + ¢ sin a3 and
Ao = cos(—ag) + isin(—asg) satisfy the required condition.
For n > 4 we prove the statement by induction. Let n > 4, a1,...,a, > 0 and

max; a; < 1/2 2?21 a;. Without loss of generality we may assume that a; > as > --- >
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an. Then a,,_1 +a, < % >, la;| and by the induction assumption there are numbers
Aly...,An_1 € T such that

)\lal R )\n—2an—2 + )\n—l(anl + an) =0.
So the statement is true for n. O

Example 8. Let ¥ C T be a perfect Kronecker set. Then E is topologically homeo-
morphic to the Cantor discontinuum and there are finite families P,,, (m = 1,2,...)
of closed disjoint intervals such that £ = (°_, Py, where P, = J{I : I € P},

m=1

P11 C Py, for all m and max{diam (/) : I € P,,} — 0 as m — oo. Let u be a positive
measure such that suppp = E and p(FE) = 1. For each m, let F,, be the set of all

functions N
fiPm— {2927 5 =01,...,2™ —1}.

Clearly F, is a finite set. Since E is Kronecker, for each f € F;, there is a positive
integer n; such that

sl — 3 1) ] < 27
2k 1€P,

where x; denotes the characteristic function of I. Let n,, = max{n; : f € F},,}. Define
a sequence (a;) by a; = 27™/2 for n,, < j < n,,41 (Where we set formally ng = 0).
We show that there is no function g € L(u) such that |§(j)| > a; for all j > 0. Let
g € L*(un), g # 0. Since the step functions are dense in L'(u), we can find mg such that

> | [ )] > 091l
IE'PmO

Find mi > mg such that

sup | [ gt2)du] < 04l
1€Pn, V1

and ||g|l1 < 2™/2. By Lemma 7, there are complex numbers \; € T (I € P,,,) such

that
> )\1/ 2)dp = 0.

[€Pm,

Let f:Pp, — {eQ”ij/le :7=0,1,...,2™ — 1} be a function satisfying
FD) =Ml <270 (L€ Puy).

Then

’/ ”fgdu‘<‘/ - Z e ngdu‘Jr‘Z /f ngdu‘

I1€Pm,
<27 gl YD - (/gdu( +‘ > Az/gdﬂ‘
[€Pm, [EPm,

<2 gy <272 < ay,.
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