On bounded local resolvents

J. Brac¢i¢ and V. Miiller

ABSTRACT. It is known that each normal operator on a Hilbert space with non-
empty interior of the spectrum admits vectors with bounded local resolvent. We
generalize this result for Banach space operators with the decomposition property
(5) (in particular for decomposable operators). Moreover, the same result holds

for operators with interior points in the localizable spectrum.

Let X be a complex Banach space and B(X) the Banach algebra of all bounded
linear operators on X. Let T' € B(X). It is well known that the resolvent mapping
(T — 2z)~!, which is defined and analytic on the resolvent set p(T"), is unbounded.
On the other hand, the behavior of local resolvent functions may be quite different. In
[BG], Bermiidez and Gonzélez [BG| have shown that a normal operator IV on a separable
Hilbert space has a non-trivial bounded local resolvent function if and only if the interior
of the spectrum of N is not empty, i.e., Into(N) # (. Neumann [N] extended this
result to non-separable spaces, and proved a similar result for multiplication operators
induced by a given continuous function on the Banach algebra C(Q2) of all continuous
complex-valued functions on a compact Hausdorff space €.

In this article we show that there is a quite large class of bounded operators on
a complex Banach space that have non-trivial bounded local resolvent functions. In
particular, every decomposable operator T" with Int o(7T) # () has this property. On
the other hand, there is a decomposable operator T" with Int o(7T") = (), which admits a
local resolvent funcion that is not only bounded but can be even continuously extended
to the whole complex plane.

Before we state our main results we are going to introduce some notation and
terminology from local spectral theory (the reader is referred to [LN] for details).

An operator T' € B(X) is said to have the single-valued extension property (SVEP)
if, for every open set U C C, the only analytic solution f: U — X of the equation

(T-2)f(A)=0  (2€U)

is the function f = 0.

The local resolvent set pr(x) of an operator T" with SVEP at x € X is defined
as the set of all w € C, for which there exists an analytic function f : U — X
on an open neighbourhood U of w such that (T — z)f(z) = x for all z € U. Let
f(z) = Y2, zi(z —w)" (2 € U) be the Taylor expansion of f. Comparing the
coefficients, it is easy to see that w € pr(x) if and only if there are vectors 1, xa,... € X
such that (T —w)x;1 = 2; (i > 1), (T —w)z; = = and sup; ||2;||*/* < oo.
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The set op(z) = C\ pr(x) is called the local spectrum of 7" at x. It is well known
that, for any = € X, the local spectrum of T at x is contained in the spectrum o(7T),
or, equivalently, p(T) C pr(x). It is well known that op(x) is always closed; if = # 0
then op(x) is also nonempty. It is easy to see that op(z +y) C or(x) Uorp(y) for all
z,y € X. Moreover, if or(x) Nor(y) = 0, then or(z +y) = or(z) Uor(y).

If T has SVEP, then, for every x € X, there exists a unique analytic function
Rr(,z): pr(z) — X such that (T — 2)Rr(z,2z) = x for all z € pp(z). This function
is called the local resolvent function of T' at x, and satisfies Ry (z,7) = (T — z) "'z for
all z € p(T).

An operator T' € B(X) is said to have the decomposition property (¢) if, given an
arbitrary open cover {Uy,Us} of C, every x € X admits a decomposition z = u; + ugy
where u, (k = 1,2) satisfies ux = (T — 2) fx(2) for all z € C\ Uy and some analytic
function fj : C\ Up — X. If for every open cover {U;,Us} of C there exists a pair
of closed linear subspaces Y7 and Y5 in X such that they are invariant for T' € B(X),
their sum is X, and the spectrum of the restricted operator T'|Y is contained in Uy
(k =1,2), then T is said to be decomposable.

Denote by Im S the range of an operator S € B(X).

Our first theorem says that an operator on a Banach space that has nice spectral
properties and whose spectrum has nonempty interior admits a non-trivial bounded
local resolvent function.

Theorem 1. Let T' € B(X) have SVEP and the decomposition property (4). Assume
that there exists a nonempty open set U C o(7'). Then there exists z € X such that
or(x) = U and the local resolvent function Rr(z,z) is bounded on pr(z).

Proof. Choose a sequence (A\,)%%, C U which is dense in U and such that )\; #
Aj (i # j). We shall construct a sequence of vectors (z,)52; C X such that A, €
or(zn) CU, z, ¢ Im (T — \,), and z, € Im (T — \;), for all 1 < j < n.

Let n € N. The property SVEP implies that Im (7" — \,,) # X ([LN], Proposition
1.3.2 (f)). Choose u € X \ Im (T — \,,). Let V and V' be open sets such that

MmeVCcVcV cV cU.

Consider the open cover {V’,C\ V} of the complex plane. Since T has property (6),
there are v,w € X and analytic functions f : C\V/ — X and g : V — X such
that u = v +w, v = (T — 2)f(2) (2 € C\ V'), and w = (T — 2)g(z) (2 € V).
Therefore w = (T — A\y)g(A\n) € Im (T — A,,). For n =1, let 1 = v. For n > 2, let
Tp=(T—M\) (T — A\p_1)v. Then or(z,) C or(v) C V' C U and z,, € Im (T — ),)
for all j < n.

Note that v ¢ Im (T — \,,), w € Im (T — \,,), and so v ¢ Im (T — A,). Since the
polynomials z—\,, and (z—A1) - -+ (2—\,—1) are relatively prime, there are polynomials
q1(z) and g2(z) such that

(z = An)ar(z) + (2 = A1)+ (2 = An—1)a2(2) = 1.

Thus
(T = X))@ (T + (T —X1) - (T — Apm1)q2(T)v = w.

Hence ¢o(T)x), = (T — A1) - (T = Ap—1)q2(T)v ¢ Im (T'— \,,), and so x,, & Im (T'— \,,).
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Since or(xn) C U, we have sup_.z7 || Rr(z, )| < oo.
Now we construct inductively a sequence of positive numbers (a;,)52 ; such that

oz, <277,

sup ”RT(Zy Oénl'n)H S 2—n’

Z ant, ¢ Im (T — \,),
i=1
apty, €27"(T —X;)Bx (j <n),

where Bx denotes the closed unit ball in X.

It is obvious that there exists a positive number «; that satisfies (1). Suppose
that the numbers aq,...,a,_1 satisfying (1) have already been constructed. Since
Tpn & Im (T — \,,), there is at most one p > 0 such that Z?;ll ;T + px, € Im (T —N\y,).
Thus (1) is satisfied for all positive a,, which are small enough.

Let the numbers «,, be constructed in the above described way. Set z = Zzoil ;T

For z ¢ U we have
S IRr(zaim)| <> 27 =1,
i=1 i=1

Consequently, or(z) C U and SUp, ;7 |Rr(z,z)|| < 1. It remains to show that o (z) =
U.
For each n € N we have Y., ayz; ¢ Im (T — \,,) and

> awie Y 27T —M\)Bx C27"(T — \)Bx CIm (T — \y).
1=n+1 1=n+1

Hence = ¢ Im (T — \,,), and therefore \,, € or(x). We conclude that or(x) = U and
consequently that the local resolvent function of T" at = is bounded. O

An immediate consequence of the previous theorem is the following corollary.

Corollary 2. Let T € B(X) be a decomposable operator. If Int o(T') # (), then there
exists a nonzero x € X such that Ry (z, ) is bounded on pr(x).

In the proof of Theorem 1 we have not used the full strength of property (J). In
fact it is sufficient that the points of the set U are separated by local spectra. For this
purpose it can be used the concept of localizable spectrum, see [EP].

Let T € B(X) be an operator with SVEP. The localizable spectrum o,.(1") of
T is the set of all complex numbers A with the following property: for each open
neighbourhood V' of A there exists a nonzero vector x € X such that op(z) C V.

Clearly 0y,.(T) is a closed subset of o(7T). For operators with property (J) it
is easy to see that 0y,.(T) = o(T'). On the other hand, for an arbitrary operator
T € B(X), the localizable spectrum o,.(7") is always contained in the approximate
point spectrum o,,(7"). Indeed, let A € 0y,.(7"). For each open neighbourhood V
there is a nonzero vector z € X with op(z) C V. Take pu € dorp(z). By Theorem
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3.1.12 in [LNJ, p € 04p(T). Since V was an arbitrary neighbourhood of X, we conclude
that A € 04p(T). In particular, this observation implies the well known fact that
0ap(T) = o(T) whenever T has property ().

On the other hand, there exist operators with empty localizable spectrum. Namely,
let T € B(X) be an operator with more than two points in the spectrum and with the
property that o (x) = o(T) for all nonzero vectors = (the existence of such an operator
follows, for instance, from Proposition 1.6.9 in [LN]). It is clear that 0y,.(7) is empty.

Denote by 0,(T") the point spectrum of an operator 7' € B(X).

Lemma 3. Let T € B(X) be an operator with SVEP. Then for each A € Int 0,.(T)

and an open neighbourhood V' of A there is a vector z € X such that A € op(z) C V.

Proof. Choose a positive number r such that {z € C: |z —\| < 7o} C VNInto.(T)
and let (r,)>2; be a sequence of positive numbers such that ro > r1 > rp > ---
and lim, ,.or, = 0. Forn € Nlet V, = {z € C:r, < |z—A] < rp_1}. Since
Vi, C 010c(T) for each n, there exist, by the assumption, unit vectors x,, € X such that
or(xy,) CV, (neN).

Choose positive numbers o, as, ... such that a,, <27 and

sup{ || Rr (2, )| : |2 = A > o} <277
Set © =Y .2, az;. Clearly
sup{||Rr(z,2)]| : 2 € C\V} < ZSUP{HRT(%%%)H :z2eC\V} < 224 < o0,
=1 i=1

and so or(x) C V.
For each n we have in the same way that

sup{ HRT (z, | f: aixi>

1=n-+

‘:|z—)\|2rn}<oo,

and so op(}_2, 4 o;w;) C {z: |z — A\| < ryn}. Since the local spectra of the elements
Q1T1,...,,T, and Z;’inﬂ a;x; are mutually disjoint, we have

or(z) = QJT(%-) U 0T< i am:i) D op(zy,).

1=n+1

Thus there exists a number u,, € op(x,) which is also in op(z) N'V,,. Since p, — A,
we conclude that A € op(x). O

Theorem 4. Let T € B(X), let the point spectrum of 7" have empty interior and
assume that U C 07,.(T) is a nonempty open subset. Then there exists x € X such
that op(x) = U and Rp(z,) is bounded on pr(z). Moreover, for every u € X with
or(u) C U and every € > 0 there exists z € X such that ||z —u|| < ¢, or(z) = U, and
the local resolvent function of 7" at x is bounded.
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Proof. Note first that 7' has SVEP since the interior of the point spectrum is empty.
By the same reason we can choose a dense sequence (\,)>2; C U such that the kernel
of T'— X, is trivial for each n. Moreover, we can assume that \; # \; (i # j).

Let € > 0 and let u € X satisfy or(u) C U. By assumption, we can find a vector
x1 € X with [[z1]] =1 and A\; € op(x1) C U. Similarly, for each n > 2, there exists a
vector z, € X of norm one such that A\, € or(x,) CU\ {\1,..., \n_1}

Now we construct inductively a sequence (a, )22 ; of non-negative numbers, a sub-
set M C N, for each n € M a nonnegative integer a,,, and, for every n € N\ M and
k € N, a positive integer m(n, k) such that the following conditions will be fulfilled.

() anznl <277;
(i) sup g5 [Br(z, anen)| <277
i) A €op(ut Y i );
iv) Ty € 27"(T — ;)% Bx (j <n,jeM);
V) (T = X)) "mUR a2, || < 27km0HR) (j <n,j¢ M,k eN);
vi) neMeu+ > aw ¢ (Nee Im (T — Xj)F,

and, if n € M, then a, = max{k : u+ Y ; , auz; € Im (T — \,)*};
(i) | = ) (wk T i)

Let n > 1 and suppose that the numbers oy, ..., a,_1, the set M N{1,...,n—1}
and the numbers a; (j <n—1,5 € M) and m(j,k) (j <n-—1,7€ N\ Mk eN)
satisfying (i)-(vii) have already been constructed. We distinguish two cases:

(a) If A\, € o (u + 2?2—11 aiz,i), set i, = 0. Then (i)-(v) are satisfied trivially.

(
(
(
(

‘ > kmnk)  (n ¢ M,k € N).

(b) Suppose that \, ¢ or (u + Z?;ll aia:i) Since A\, € or(x,), (iii) is satisfied

for each positive ay,. Since o (x,) C U\ {A1,..., An—1}, we have z,, € (), Im (T'— \;)*
for all j < n. Thus (i), (ii) and (iv) are satisfied for all «,, > 0 which are small enough.

For each j < n, j ¢ M, we have \; ¢ or(z,,), and therefore z,, € (p—; Im (T'—\;)*
and

sup||(T — )\j)_ma:nHl/m < 00.

Thus there is a positive constant ¢; such that [[(T"— A;)™™z,| < ¢ for all m > 1.
Hence for «,, > 0 small enough we have

H(T . )\j)_m(j’k)anan < anC;n(J}k) < 2—nk,m(j,k)

for all k € N. Consequently, (v) is satisfied for all c,, > 0 which are small enough.
In both cases (a) and (b) we can choose the number «,, > 0 satisfying (i) — (v).
We include the number n into the set M if and only if

u + Zn:aixi ¢ ﬁ Im (T — \,)F.
i=1 k=1

In this case we define a,, = max{kz cu+ Yy oz € Im (T — /\n)k}.
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Suppose that n ¢ M, that is, u+ > i, a;z; € (), Im (T — A,)*. Since T — A, is

injective and \,, € o (u + > a;; |, we have

1/m
supHT An) (u+2am> = 00.
Therefore for each k € N there is an m(n, k) € N such that
H(T — )R (u + Z aixi) > fm(Lk),
i=1

Let the sequence (a,)22; be constructed in the above described way. Set z =
u+ Y o, . Clearly ||z — ul| = HZ;’; ;|| < 322, 2% = e. Furthermore,

sup | Rr(z, )| < sup |[Rr(z,u)l| + Y _ sup || Rr(z, aizs)|
z¢U 2¢U i=1 2¢U

< sup ||Rr(z,u)| |+Z2 L < 0.
2¢U i=1

Hence op(x) C U and the local resolvent Ry (z,z) is bounded on C\ U.
It is sufficient to show that op(z) = U. Let n € N. If n € M then u+Y ;| a;x; ¢
Im (T — \,)% 1 and, by (iv),

Z oy € Z 27T — M) By C (T — \,)* 1 By.
i=n+1 i=n+1

Consequently, x ¢ Im (T — A, )**! and so A\, € o7 ().
Let n € N\ M. Then the kernel of T'— A, is trivial and

supH (T — ) xH 1/m >SupH (T — An)~ m(n,k)le/m(n,k)

>sup(H (T — M)~ m(nk)(u—l—Zch)

1/m(n,k)
> sup <k,m(n,k:) Z 29— ka(n k)) > sup 2—1/m(n,k) k= oo
k k
i=n-+1

) 1/m(n,k)

‘—HT )\)m(nk) Zale
i 1

=n

Hence A\, € or(z). Thus or(z) = U and Rr(z, ) is bounded on pr(x). O

Problem. Is it possible to replace in Theorem 4 the assumption that the point spec-
trum of 71" has empty interior by the condition SVEP?

We have seen that there is quite large class of operators that admit a nontrivial
bounded local resolvent function. In the opposite direction we have the following result.
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Let X be a Banach space. We consider X to be canonically embedded into its
second dual X**.

Theorem 5. Suppose that 7' € B(X) has SVEP. If the local resolvent function of 7'
at x € X is bounded, then

x € m Im (T** — z). 2)

z€00(T)

Proof. Let A € 0o(T). If A ¢ Oor(x), then \ ¢ op(z), which gives z € Im (T — \) C
Im (T** — \).

Suppose now that A € dor(x). Then there is a sequence of complex numbers
An & orp(z) converging to . Since Rr(z,x) is bounded, the vectors z,, = Rp(\,, x)
form a bounded sequence in X. Let u € X** be a w*-accumulation point of this
sequence. Then liminf,, ., |[(v*,u—x,)| = 0 for all v* € X*. Note that (T'—\,,)z, = x
for all n. Thus, for an arbitrary z* € X*, we have

0 = liminf |((T* — N)a*,u — z,)| = liminf|[{(z*, (T** — N)u — (T — Nz, )|

n—oo

= lim inf‘<m*, (T = XNu— (T — A\p)zy + (N — )\n)mn>}

= liminf|(z*, (T"* = Nu — z + (A — A\y)zn)| = (&%, (T = Nu — z)|.
Hence (z*, (T** — AN)u—x) = 0. Since z* € X* was arbitrary, we have v = (T** — \)u €
Im (7T** — X). This completes the proof of Theorem 5. O

Note that, by Example 1 in [BG], (2) cannot be replaced by « € (], ¢y, () Im (T'—2).
Of course, if X is reflexive, then ﬂzeaa(T) Im (T —z2) = szBU(T) Tm (T — 2).

Corollary 6. Let 7' € B(X) have SVEP. Then the set of all vectors x € X with
bounded local resolvent is of the first category in X.

Proof. Denote by M the set of all vectors x € X with bounded local resolvent. Choose
A€ 0o(T). Then M C Im (T** — X\) N X. It is enough to show that Im (7** — A\) N X
is of the first category in X.

Let Xo = (T** — A\)71X. Clearly Xj is a closed subspace of X** and Im (T** —
A NX = (T — X\)Xp. It is sufficient to show that (7** — X)Xy # X. Suppose on the
contrary that (T** — A\)Xy = X. By the open mapping theorem, there is a constant
¢ > 0 such that for each z € By there is an z** € Xy with (T** — \)z™* = x and
o] < .

Let v* € X*, [[u*| = 1. Then 1 = |[u*|| = sup,¢p, |(u*,z)|. For x € By let
xz** € X; be the element described above. Then

[{u®s )] = [{u”, (T = N)a™)[ = [{((T" = \u", 2™)| < e [|(T7 = Mu7].

Thus ||(T* — N)u*|| > ¢! and (T* — \) is bounded below. This is a contradiction with
the assumption that \ € 0o (T") = 0o (T™). O



By Theorem 1.5.7 in [LN], we have (), Im (IV — z) = {0}, for a normal operator
N on a Hilbert space. Thus, a combination of Theorems 1 and 5 gives the following
corollary, see [BG], [N].

Corollary 7. A normal operator N on a Hilbert space has a non-trivial bounded local
resolvent function if and only if Int o(N) # 0.

An analogous statement for decomposable operators is not true. An example of
a decomposable operator whose spectrum has no interior points but which admits
bounded local resolvent functions was constructed in [BG], Example 1 (note that the
operator constructed there is decomposable since it is an invertible isometry). We give
below another example of this kind. Moreover, the example has an additional property
that the local resolvent is not only bounded but admits a continuous extension to the
whole complex plane.

The authors are indebted to Dan Timotin for the main argument in the following
construction.

Example 8. Let m denote the Lebesgue measure in C. For A\ € C and » > 0 let
D\r)={ze€C:|z—- A <r}.

Let M C C be a compact set such that Int M = () and m(7T) > 0 (for example, set
M = D(0,1)\U,, D(A,27"), where (A,) is a dense sequence in D(0,1) ).

Let p be the restriction of m to M, X = ¢1(u) and let T' € B(X) be the multipli-
cation operator defined by (T'f)(z) = zf(2) (2 € M, f € X). Then T is decomposable
and o(T) = supppu C M. So Into(T) = ). Let g € X be the constant function equal
to 1. For A € C define H(\) € X by H(\) = 5.

For each A € C we have

d d d
HO)x = [ 2E) / dm(z) | / ME) o ).
|z = Al pa1) 12— Al Janbpon 12 = Al

Hence H : C — X is a well-defined bounded function. Since 0,(T) = 0, H is an
extension of the local resolvent Rr(-,g). Moreover, the function H is continuous. Let

AN eC. Leta:AJg’\/,gzuandR:diamM. Then
1H) - HO)ls = [| O R e e O
X - D(a,R) Z— A z— N

1
<[ e himeo
Iz|<R!Z —€ zZ+e¢

/ :
<
|z|<2|e]

Z—¢€ z+5
d 4 d 8 R ord
of SERewg [ Sm sy 5[
PEEEREL 3 Jolel<izi<r |27 3 Joe T

167|e|

dm(z)

2le|<|2|<R |22 — €2

‘dm )+ 2|e]

=127|e| + = (In R — In|e|) — 0

as |e| — 0. Hence H is continuous.



Problem. Does there exist an operator 7' € B(X) with Into(7) = () and a nonzero
vector z € X such that the local resolvent function Ry (-, z) admits a smooth extension
to the complex plane? It is well-known, that it is not possible to have an analytic
extension.

We have seen that the set of all vectors with bounded local resolvent is always of
the first category. However, this set can be dense.

Theorem 9. Let N be a normal operator on a Hilbert space H. Then the following
two conditions are equivalent:

(i) the set of all vectors with bounded local resolvent is dense in H;

(ii) E(9do(N)) = {0}, where E(-) denotes the spectral measure of N.

Proof. (i)=-(ii): Let Hy = E(9do(N)) and Hy = H © H; = E(Into(N)). Suppose
that Hy # {0}. Let = = =z + 2o with x; € H; (i = 1,2) and 27 # 0. Then
the local resolvent of x is not bounded. Namely, if it were bounded, we would have
T € (N epo(ny Im (N — 2), by Theorem 5. This would imply @1 € [, cp,(n) (N — 2)Hi,
and therefore x1 = 0, which is a contradiction. Hence the set of all vectors x € H with
bounded local resolvent is not dense.

(ii)=(i): Let M be the set of all vectors z € H with bounded local resolvent. By
Theorem 4, we have M D {x € H : on(z) C Into(IN)}. However, this set is dense in
H. O
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