On the semi-Browder spectrum

Vladimir Kordula, Vladimir Miiller and Vladimir Rakocevic¢

Abstract. An operator in a Banach space is called upper (lower) semi-Browder if
it is upper (lower) semi-Fredholm and has a finite ascent (descent). We extend this
notion to n-tuples of commuting operators and show that this notion defines a joint
spectrum. Further we study relations between semi-Browder and (essentially) semi-
regular operators.

Denote by £(X) the algebra of all bounded linear operators in a complex Banach
space X and by I the identity operator in X. For T in £(X) denote by N(T') = {x €
X : Tz =0} and R(T) = {Tx : x € X} its kernel and range, respectively. Denote
further R*(T) = (pep R(T*) and N>°(T) = Uz, N(T%).

The sets of all upper (lower) semi-Fredholm operators in X will be denoted by
¢, (X) and ®_(X). Recall that T € ®(X) if and only if dim N(T") < oo and R(T) is
closed; T € ®_(X) if and only if codim R(T") < oo (then R(T) is closed automatically).
The ascent and descent of T are defined by a(T) = min{n : N(T™) = N(T"1)} and
d(T) = min{n : R(T") = R(T™1)}.

We say that an operator T' € L(X) is upper (lower) semi-Browder if it is upper
(lower) semi-Fredholm and has a finite ascent (descent). The set of all upper (lower)
semi-Browder operators in X will be denoted by B (X) and B_(X). Semi-Browder
operators were studied by many authors, see e.g. [4], [12], [14], [18], [20], [21], [22], [24].
The name was introduced in [6].

We extend the notion of semi-Browder operators to n-tuples of commuting opera-
tors. We discuss the lower semi-Browder case; the upper case is dual.

Let T = (T1,...,T,) be an n-tuple of mutually commuting operators in a Banach
space X. We use the standard multiindex notation. Denote by Z, the set of all
non-negative integers. If o = (o,...,,) € ZY} then denote || = oy + -+ + o, and
To = T ... 0,

For k = 0,1,2,..., denote My(T) = R(T¥) + --- + R(TF¥) and let M](T) be the
smallest subspace of X containing the set (J{R(T%) : « € Z} and |a| = k}. Clearly
X = My(T) > My(T) > Mo(T) > -+ and X = MY(T) > M{(T) > MYT) > -
Further

7/L(k—1)—|—1(T) C My(T) C My(T). (1)

Indeed, if o = (aq,...,ap) € Z} and |a| = n(k — 1) + 1 then there exists i, 1 <i < n
such that a; > k, so that R(T®) C R(TF) C My(T). This proves the first inclusion of
(1) and the second inclusion is clear.

Denote R™(T) = (Npeo Mi(T) = Npeo M} (T).
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If Mi,(T) = Mj_,(T) for some k then it is easy to see by induction that M (1) =
M (T) for every m > k, so that R>(T) = M (T).

As usual we say that an n-tuple T' = (71, ..., T,,) of mutually commuting operators
in X is lower semi-Fredholm (T € @™ (X)) if

codim M7 (T') = codim (R(T1) + --- + R(T},)) < oc.

Clearly T' = (T1, ..., T},) is lower semi-Fredholm if and only if the operator T:X"— X
defined by T'(x1,...,z,) = T1z1 + - - - + Tz, is lower semi-Fredholm.
We say that T' = (11,...,T),) is semi-Browder if codim R*°(T") < co. The set of all

lower semi-Browder n-tuples will be denoted by B™ (X). Clearly q>(_”)(X ) C B™ (X).
Define

oo (T)={(\1,..., An) €C™: (T1 — A1, ..., T — \) ¢ @™ (X))},

and

o5 (T) = {(A1,..., M) €C" : (Ty — A1,..., Ty — \n) & B™(X)).
It is well known that og_ satisfies the spectral mapping property [1]. In particular,
(Ty,...,T,) € ™ (X) if and only if (TF,...,T%) € "™ (X). Thus codim M;(T) < oo
implies codim My (T) < oo for every k.

Theorem 1. Let T' = (71, ...,T},) be an n-tuple of mutually commuting operators in a
Banach space X. The following statements are equivalent:

(a) T € B™(X).

(b) T € <I>(:L)(X) and there exists k£ such that M (T) = M;_,(T).

(c) T € 3™ (X) and there exists k such that My (T) = My+1(T).

(d) There exists a subspace Y C X invariant with respect to every 7; (i = 1,...,n)
such that codimY < coand T1Y +- - -+T,Y =Y. It is possible to take Y = R>(T).

Proof. (¢) = (b): Let My(T) = My41(T) for some k. Using the same argument as in
the proof of (1) it is possible to show that M ;) (1) =M ;) o(T).

(b) = (a): Let M;(T) = Mj_,(T) for some k. Then My(T) C M;(T) = R>(T).
Further 7 € &™) (X) implies codim M;(T) < oo, so that T € B™ (X).

(a) = (d): Set Y = R>°(T"). Clearly Y is invariant with respect to T; (i = 1,...,n),
codimY < oo and Y = My(T) = My41(T) for some k. If y € Y then for some
r1,...,Tx, € X we have

y=Y Ttz => Ti(Tfz) e Y +-- +T,Y.
=1 =1

(d) = (c): Since Mi(T) D M;i(T|y) = Y we have codim M;(T) < oo so that
T € ™ (X). Further M!(T|y) = M}(T|y) =Y implies R®(T|y) =Y and M;(T) O
My (T|y) DY for every k. Thus the sequence My(T) is constant for k big enough.

Corollary 2. Let T = (T1,...,T,) € B(_n)(X). Then there exists ¢ > 0 such that

(Th—M1, ooy Tn—A) € B™ (X) for all complex numbers Aq,..., A, € Cwith Y 1" | |\;] <
€. Moreover codim R (T — Ay,...,T,, — A\,) < codim R (11, ..., T},).
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Proof. Denote Y = R*(T). Then codimY < oo and ThY +---+T1,Y =Y. There
exists € > 0 such that (T1 —A)Y +- -+ (T, —X,)Y =Y if A,..., 0, € C, X0 |\ <,
so that R*(Ty — A1, ..., T, — \p) DY = R(Th, ..., T,).

Proposition 3. Suppose 11, ...,T},, S1, ..., S, are mutually commuting operators in X
such that 3", 7;8; = I. Then (T1,...,T,) € B (X).

Proof. Clearly M; (T, ..., T,) = X = My(T4, ..., T,) so that (T1,..., T,) € B (X).

Corollary 4. op_(T) is a compact subset of C".

Proof. o5_(T) is closed by Corollary 2. Further os_(T) C o<7>(T) where < T >
denotes the smallest closed subalgebra of £(X) containing T, ...,T,, and the identity
operator and o<7>(T) denotes the spectrum in the commutative Banach algebra

< T >. Thus op_(T) is bounded and hence compact.

Lemma 5. Let TY,...,T),,T,,+1 be mutually commuting operators in a Banach space
X. Suppose codim R*(T},...,T,,) = oo and let k¥ € N. Then there exists a complex
number A such that

codim [R(TY) + -+ + R(TY) + R((Try1 — N)¥)] > k. (2)

Proof. Using condition (c) of Theorem 1 we can distinguish two cases:

(a) (T1,....Tp) ¢ @@)(X) so that (0,...,0) € 0¢_(T1,...,T,,). By the projection prop-
erty for og_ there exists A € C such that (0,...,0,\) € oo_(T1,...,Tn, Tnyi1), i€,
codim[R(TF) + - -+ + R(T*) + R((T,11 — \)¥)] = oo. Hence we have (2).

(b) codim M,,,(T) < oo and M, (T) # M,4+1(T) for every m > 1 where T =
(Ty, ..., Ty).

Fix k € N. Then there exists i,1 < < n such that R(T}"*) ¢ My(T) (otherwise
My_1(T) = My(T)). Denote Y = X/M;,(T), so that dimY < co and let S: Y — Y be
defined by S(x + My(T)) = Tyx + My(T). Clearly S¥ =0 and S¥=1 #£ 0.

Consider the operator U : Y — Y defined by U(x + My(T)) = Ty+12 + My (T).
Clearly US = SU. Let Z be a subspace of Y satisfying Z @ N(S*~!) = Y. In this
decomposition U can be written as

U O
U= .
<U12 U22>

Choose a complex number A such that U;; — A is singular, i.e., there exists a non-zero
z € Z with (U — \)z € N(S*~1). Since z € N(S*) \ N(S*~1) we have

Sk=my e N(S™\N(S™Y  (m=1,...,k).
Further
(U—=N)SF ™Mz =8F™U - Nz e S¥™N(S¥1) c N(S™1).
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For m =1,...,k we have
dim[N(S™)/(U = \)"N(5™)] = dim N (U = \)™|n(sm)) = dim N ((U — X)),
where M = N(§™71) v {S* ™2} and (U — \)"M C (U — )" 1N(S™~1). Further

dim N (U — \)™|x) = dim[M/(U — \)"M]
>dim[M/(U = N)™'N(S™ )] = dim[N(S™ 1) /(U = )™ I N(S™ 1] +1,

since S¥~™z ¢ N(S™~1). Thus, by induction,
dim[N(S™)/(U = N)"N(S™)] >m  (m=1,...,k).
In particular dim(Y /(U — A\)*Y) > k. Consequently
codim [R(TY) + -+ + R(TY) + R((Trs1 — N)¥)] > k.
Corollary 6. Let T1,...,T,,,T,+1 be mutually commuting operators in a Banach space
X. Suppose that codim R>*(T1,...,T,,) = co. Then there exists A € C such that

codim Roo(Tl, ...,Tn,Tn+1 - )\) = OQ.

Proof. For each k£ > 1 we can find A\; € C such that

codim ROO(Th e ,Tn, Tn+1 - )\k)
>codim [R(TF) + - - + R(T}) + R((Tos1 — Mp)*)] > k.

Clearly Ay € 0(Ty41) for every k. Thus we may assume (by passing to a subsequence,
if necessary) that the sequence {\x} is convergent, A\, — X € o(T,,+1). We have

lim codim R*(Ty,...,T,, Thi1 — Ak) = 0.

k—o0
By Corollary 2 this implies that codim R* (T4, ..., Ty, Thi1 — A) = 0.
Corollary 7. If T3, ...,T},,T;,+1 be mutually commuting operators, then

ORB_ (Tl, ,Tn) = PO’BL (Tl, ...,Tn_|_1),

where P : C"" — C™ is the projection onto the first n coordinates.

Proof. The inclusion C was proved in Corollary 6. If (1%,...,T},) € B_(X) then
clearly

ROO(Th cos Iy Ty — )\) D) ROO(Tl, c. ,Tn),

so that (Th,...,Tn,Thy1 — A) € B(_n+1)(X) for every A € C. This proves the second
inclusion.



Corollary 8. op_ is a subspectrum in the sense of Zelazko [25]. Consequently, by [17],
op_ satisfies the spectral mapping property:

fos_(T) = op_f(T)

for every n-tuple T' = (T4, ..., T,,) of mutually commuting operators and every m- tuple
f = (f1,-.., fm) of functions analytic in a neighbourhood of the Taylor spectrum of
(Th, ..., Ty).

The following lemma is a well-known stability result for semi-Fredholm operators.

Lemma 9. Let T'= (T1,...,T,) € <I>(_n)(X). Then there exists € > 0 such that
codim M; (S) < codim M, (7))
for every commuting n-tuple S = (Si,...,S,) € L(X)™ with i, [|S; — T3] < e.
The previous lemma enables to generalize the result of [12] for n-tuples of operators.

Theorem 10. Let 7' = (11,...,T},) € B(_n)(X). Then there exists € > 0 such that S €
B™ (X) for every commuting n-tuple S = (S, ...,S,) € L(X)" with D" | [|S:—=T;|| < e.

Proof. Choose k such that M (T) = R*®(T) and codim R>(T) < k. Then (TF*, ...,

Tr1) e 3™ (X). By the previous lemma there exists € > 0 with the following property:
if S = (S1,...,S,) is a commuting n-tuple of operators in X with >  [|S; = T;|| < €
then (S¥*1, ... 5k+1) € " (X) and

codim M (S¥*1, ... S*+1) < codim My (TF T, ..., T
=codim My 41(T") = codim R (T) < k.

Since M;(S) D M3(S) D -+ D Mi4+1(S) and codim My11(5) < k, there exists j < k
such that M;(S) = M,;41(S). Consequently S B(_n)(X).

From the general theory of joint spectrum it is easy to deduce the following con-
sequences:

(a) The mapping (T1,...,T,) — o_(T1,...,T,) is upper semi-continuous. In partic-
ular, if 71 € £(X) and U is a neighbourhood of og_(T}), then op_(S1) C U for
every operator 57 close enough to 73.

(b) op_ is continuous on commuting elements, see [11], Theorem 1.9. More precisely,
if {Tp}2, € L(X), T € L(X), imT, =T and T};;T = TTy, k = 1,2,..., then
A € op_(T) if and only if there exist A\ € op_(T}) such that A\ — A.

(c) Let T, S € L(X), TS = ST. Then (cf. [11], Proposition 1.8)

5(03_ (T),08_ (S)) <r (T -2S),
where § denotes the Hausdorff distance and r. the essential spectral radius,
re(T) = max{|A|,7 — A is not Fredholm} = max{|A|,T — A & B_(X)},
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see [7].
(d) Let T, S € L(X), TS = ST. Then

TS € B_(X) < T,S € B_(X),

see [6] and [16], Theorem 2.1.

(e) Let T and @ be commuting operators acting in X, let T € B_(X) and let Q be
a quasinilpotent. Then 7'+ @ € B_(X), see e.g. [11], Remark after Theorem 1.9,
[18], Theorem 4.1 or [21], Corollary 2.

Analogously we can define the upper semi-Browder n-tuples. Let T' = (T4, ...,T},)
be an n-tuple of mutually commuting operators in a Banach space X. We say that

T is upper semi-Fredholm (7' € ‘I)S:L) (X)) if the mapping T : X — X" defined by
Tr = (Thz,...,T,z) is upper semi-Fredholm. We say that T is upper semi-Browder
(T € B (X)) it T € @ (X) and dim N*°(T) < oo, where

N>(T) = D [N(TF)n---nN(TH)].
k=1
Denote T* = (Ty,...,TF) € L(X*)™.

Theorem 11. Let T = (T3, ...,T,) be an n-tuple of mutually commuting operators in
a Banach space X. Then

T e B™(X) < T € B (X™)

and
T e B(X) < T € B (Xx*).

Proof. The corresponding equivalences are well-known for semi-Fredholm n-tuples.
Further it is easy to check that

N(Tf)n---NN(TF) = H[R(TFF) + - + R(TF)].

and
[R(TE) + -+ RID]" = NI 00 NTH),

The statement of Theorem 11 is now an easy consequence of these identities.

For a commuting n-tuple T' = (11,...,T,) € L(X)™ we define the upper semi-
Browder spectrum of T' by

08, (T) = {(A1, ..., An) €C™ (Ty = Ay, T — M) & BU (X))

By the previous theorem it is easy to see that o, satisfies the same properties as op_.
Define further the Browder spectrum o of a commuting n-tuple 7' = (71, ..., T,,)
by
UB(T) = 0B_ (T) U 05+(T).
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For a single operator T; this definition coincides with the usual definition of the Browder
spectrum of T as the union of o.(71) and the limit points of (7} ), where o.(7}) denotes
the essential spectrum of 77, i.e.,

o.(T1) ={A € C,T — X is not Fredholm}

and o(77) denotes the ordinary spectrum of 77. Again it is easy to see that op satisfies
all properties proved for op_.

Remark. The possibility of extending the Browder spectrum to commuting n- tuples
was proved in [3]. Our extension

O'B(Tl, ...,Tn) = 0RB_ (Tl, ...,Tn) U O'B+ (Tl, ...,Tn)
exhibits similar properties as the spectrum
o(T1, - Tp) = 07e(T1, ooy Tn) U (o0 (Th, .o, T))

defined there. (Here oy and oy, denote the Taylor and and the essential Taylor spectrum
and M’ denotes the set of all limit points of a set M.) However these extensions differ
for n > 2, an example will be given later.

The semi-Fredholm and semi-Browder operators are closely related with semi-
regular and essentially semi-regular operators which (under various names) were in-
tensively studied, see e. g. [5], [9], [10], [11], [13], [15], [16], [19] and [23]. An operator
T € L(X) is called semi-regular if it has closed range and N(7') C R>*(T). T is
essentially semi-regular if R(T) is closed and dim[N(T)/(N(T) N R>(T))] < oc.

From a number of equivalent properties of essentially semi-regular operators we
point out the following Kato decomposition (see [16, Theorem 3.1], [19, Theorem 2.1]).

Proposition 12. An operator T' € £(X) is essentially semi-regular if and only if R(T)
is closed and there exist closed subspaces X1, Xo C X invariant with respect to 7" such
that X = X7 @ X5, dim X; < oo, T'|x, is nilpotent and T'|x, is semi-regular.

If T € £(X) is a lower semi-Browder operator then the space X» in the Kato
decomposition is determined uniquely and Xy = R*°(T). Thus T|x, is onto. The
analogous statement for n-tuples of commuting operator is not true.

Example. Denote by H the Hilbert space with an orthonormal basis {e; ; : ¢,j €
Z,1>0 or j>0}U{e_q1,_1}. Define operators T1,T5 € L(X) by

Treij = €it1,j,
TQ@Z"]' = €i,j+1-
We list some properties of the pair (71,7%) :
(a) Ty and T are commuting isometries so that (737,7%) € Bsrn)(X ).

(b) Denote
Y =V{e;;:i,j€Z,i>0 or j>0}={e_1 1}
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Then T;Y C Y (i=1,2), Y +T2Y =Y and codimY = 1. Thus (71,73) €
B™(X).

(c) Denote by o, the Taylor spectrum. Then (0,0) € o4(71,7%). Indeed, e_1,_1 &
T1H + TQH so that T1H + TQH 7& H.

(d) (0,0) is a limit point of the Taylor spectrum of (77,7%). Indeed, if (0,0) were
an isolated point of o,(T1,T>) then, using the Taylor functional calculus, it would
be possible to decompose H as H = Hy & Hy where T;H; C H; (i,j = 1,2),
oi(Th iy, T2l g, ) = {0,0} and {0,0} & o¢(T1|m,, T2|m,). Since T and T, are com-
muting isometries it would mean that the approximate point spectrum

or(Ti|my, T2l H,)
={(A1,X2) € C? inf{||(Ty — A\)z|| + [|(T2 — Xo)z|,z € Hy, ||z|| =1} = 0}

is empty. Thus H; = {0}, a contradiction with the fact that

(0,0) S Ut(Tl‘H1>T2‘H1)'

(e) We have
(0,0) S O't(Tl,TQ)/ C Ub(Tl,TQ)

and
(0,0) € o5(T1,T%) = op, (Th,T2) Uop_(1T1,Ts).

Thus the joint spectra o and o, are different.

(f) In the same way as in (d) it is possible to show that there is no (not necessarily
orthogonal) decomposition H = Hy @ Hy such that T, H; C H; (i,7 =1,2), T |,
and Ty|p, are nilpotent and Ty Hy + To Ho = H,. Thus there is no analogy to the
Kato decomposition of a single semi-Browder operator.

Problem. Let T = (T1,...,T,) be a commuting n-tuple of operators in a Banach
space X. Denote by o5 the defect spectrum of T, i. e.,

06(T) = {()‘17---7)‘71) e C*: (Tl - )\1)X+"'+ (Tn - )‘n)X 7é X}
Using Theorem 1 it is possible to obtain
oo_(T)Uos(T) C op(T).

For n = 1 the opposite inclusion also takes place. It is an open problem whether
op_(TYUos(T) = op(T) for n > 2.

Proposition 13. Let 7" be an essentially semi-regular operator on a Banach space X.
Then R*°(T') is closed, TR (T) = R*°(T') and the operator T' : X/R>(T) — X/R>(T)
induced by T is upper semi-Browder.

Proof. Set M = R>*(T). Let X = X; & X2 be the Kato decomposition of T (see
Proposition 12) and denote T; = T'|x, (i = 1,2). Clearly M = R>*(T3) C Xo. It is
well-known that M is closed and TM = M, see e.g. [16], Lemma 1.4. Let £ > 1 and
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T = 1,®x9 € X satisfy T#x € M. Then T¥xo € M so that x5 € M, see [16, Lemma 1.4].

Thus = € X; 4 M and dim N(T*) < dim X;. Consequently dim N°(T") < dim X; < oo.
Let m : X — X/M be the canonical projection. As M C R(T) and R(T) =

{Txz+ M,z € X} = 7R(T), the range of T is closed. Thus T is upper semi-Browder.

Theorem 14. Let T be an operator on a Banach space X. Then the following

conditions are equivalent:

(a) T is essentially semi-regular,

(b) there exists a closed subspace M of X such that TM C M, T|p is lower semi-
Fredholm and the induced operator T : X /M +— X /M is upper semi-Fredholm,

(c) there exists a closed subspace M of X such that TM C M, T|y is lower semi-
Browder and the induced operator T : X/M — X /M is upper semi-Browder,

(d) there exists a closed subspace M of X such that T'M C M, T|; is surjective and
the induced operator T : X/M +— X /M is upper semi-Browder,

(e) there exists a closed subspace M of X such that TM C M, T|p; is lower semi-
Browder and the induced operator T : X/M +— X /M is bounded below.

Proof. By Proposition 13, (a) = (d). The implications (d) = (¢) = (b) are straight-
forward.

(b) = (a): First we show that R(T) is closed. Let m : X — X/M be the canonical
projection. If y € R(T'), y = Tx for some x € X, then 7y = Tx + M = T(a:+M) €
R(T), so that R(T) C #~'R(T). Let y € X and 7y € R(T), i.e., y + M = Tz + M for
some z € X. Theny € R(T)+ M = R(T) + (F+TM) C R(T) + F for some finite
dimensional subspace F of M. Thus 7~ (R(T)) € R(T)+F C n~'(R(T))+F. Further
7~ Y(R(T)) + F is closed since 7 is continuous, R(T) is closed and F finite dimensional.
Hence R(T) + F is closed, and so R(T) is closed.

As mN(T) € N(T) and dim N(T) is finite dimensional, there exists a finite dimen-
sional subspace G; C N(T') such that N(T) C G1 + N(T'|p). The operator T'|ys is
lower semi-Fredholm and consequently essentially semi-regular, i.e., there exists a finite

dimensional subspace G5 of M such that N(T'|y) C Gy + R*(T|ar). Thus
N(T) C G1+ N(T|m) C G1+Ga+ R (T|m) C (G1 + G2) + R(T),

and 7' is essentially semi-regular.

(a) = (e): Let X = X; & X, be the Kato decomposition of 7', i.e., dim X; < oo,
TX, C X1, TXs C Xs, T|x, is nilpotent and To = T|x, is semi-regular. Set M =
X1 ® R>®(Ty) = X7 & R(T). Clearly, M is closed and since TR>*(T) = R>*(T), we
have T'|ps is a lower semi-Browder operator.

Let T : X/M +— X/M be the operator induced by T. If 2 = x; @ x satisfies

Tz € M then Tozy € R*(T3), so that x5 € R*(Tz) and x € M. Hence N(T) = {0}.
We show that R(T') is closed. Let z,x2, € X (k=1,2,...) and let Ty, + M —
x+M in the topology of X/M. Thenx € R(T) + M = R(T)+M since M C R(T)+X;.

Consequently z + M € R(T). Hence R(T) is closed and T is bounded below.
(e) = (b) : Clear.

It is well-known that if 7" € £(X) is essentially semi-regular and K is compact
operator commuting with 7" then 7'+ K is also essentially semi-regular [5], Theorem
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5.9. Now we can prove a sharper result. Let us denote by
ri(T)=sup{e>0:T - A € ®,.(X) for |\ <e}

and
r_(T)=sup{e>0:T - AN € ®_(X) for [N <e}

the semi-Fredholm radii of 7. An operator T' € £(X) is upper (lower) semi-Fredholm
if and only if v (T') >0 (r_(7T") > 0).

Lemma 15. Let A be an operator on a Banach space X and let M be a closed
subspace of X such that AM C M. Then r.(A[x) < r.(A) and 7.(A) < 7.(A) where
A: X/M — X/M is the operator induced by A.

Proof. Let A € £(X) be a Fredholm operator and let AM C M. Then R(A|y) is
closed (see [2], Lemma 4.3.1) and dim N(A|y;) < N(A) < oco. Thus Ay is upper
semi-Fredholm. Further, codim R(A) < codim R(A) < oo, and hence A is lower semi-
Fredholm.

The rest follows from the fact that upper and lower semi-Fredholm spectra contain
the boundary of the essential spectrum [7].

Theorem 16. Let T, S € L(X), T'S = ST and let T' be essentially semi-regular. Let
T = T|gee(ry and let T' : X/R>*(T) — X/R*(T) be the operator induced by T'. If
re(S) < min{r_(T),r,(T)} then T + S is essentially semi-regular.

Proof. By Theorem 14, 7 € ®_(X) and T € ¢, (X). As TS = ST, we have

SR>*(T) C R*(T) and we can define the operators S : X/R*(T) — X/R>(T) and
S = S\Roo(T) Clearly, T'S = ST and T'S = ST. By Lemma 15, 7.(S) < r.(S) < r_(T)

and r.(S) < r.(S) < 7 (T). As in [11], Theorem 1.9 it is possible to deduce that T+S
is lower semi-Fredholm and 7"+ S is upper semi-Fredholm. By Theorem 14, 7'+ S is
essentially semi-regular.

Corollary 17. Let T be an essentially semi-regular operator on a Banach space X,
S € L(X), TS = ST and let S be a Riesz operator (i.e., 7.(S) = 0). Then T+ S is
essentially semi-regular.
For T € L(X) denote by
0,(T)={ e C:T — X is not semi-regular}

and
0ve(T)={A € C:T — X\ is not essentially semi-regular}.

The spectrum o, (1) and its essential version the set 0., (1") were studied (under various
names) by many authors, see e.g., [9], [10], [11], [13], [15], [16], [19] and [23].

Corollary 18. Let T' € £(X). Then
0e(T) = (Yoo (T + )
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where the intersection is taken over all Riesz operators in X commuting with 7'

Proof. The inclusion D follows from [19, Theorem 3.1]. The opposite inclusion follows
from the previous corollary.

Theorem 19. Let X be an infinite dimensional Banach space and S € £(X). Then
the following conditions are equivalent:

() 0ye(T +S) =04e(T) for every T' € L(X) commuting with S,
(b) S is a Riesz operator.

Proof. (b) = (a) : See Corollary 17.

(a) = (b) : Take T' = 0. Then 0,.(S) = 0,.(0) = {0}. By [19], Corollary 3.4 or [16],
Theorem 3.8, 0.(T") = {0} so that S is a Riesz operator.
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