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Abstract. We give an example of pairs A = (A1, As), B = (B, Bs) of operators
such that AB = (A1Bq, Az, By) and BA = (B A1, BoAs) are commuting pairs but
or(AB) \ {(0,0)} # or(BA)\ {(0,0)}. This gives a negative answer to a problem
posed by S. Li. Further, we show that o7 (AB) = op(BA) if A and B are criss-cross
commuting n-tuples and A is normal. This gives a positive answer to a problem studied
in [ChCH].

Denote by B(X) the set of all bounded linear operators on a Banach space X.
It is well-known for two operators A, B € B(X) that the spectra of AB and BA

are almost equal,
o(AB)\ {0} = o(BA) \ {0}. (1)

Let A = (A,,...,A,) and B = (By,...,B,) be two n-tuples of operators on a
Banach space X. We denote by AB the n-tuple

AB = (A1By,A3Bs, ..., A, By). (2)
In [L1], S. Li posed the following problem:
Is it true that

or(AB)\ {(0,...,0)} = opr(BA) \ {(0,...,0)}

for all n-tuples A, B such that the n-tuples AB and BA are commuting (so that the
Taylor spectrum o is defined)?

In [L1], a positive answer was given under the assumption that the n-tuples
(Ay,...,A,) and (By,..., B,) are criss-cross commuting, i.e.,

for all 4, j, k. Criss-cross commuting tuples were further studied in [L2], [H], [ChCH].

Remark 1. Let A = (A;,...,A4,) and B = (By,...,B,,) be two tuples of operators
on a Banach space X. Another natural possibility how to define the product of A and
B is to consider the nm-tuple consisting of all products

(AlBl, AlBQ, . ,Ale, AQBl, .. ,AgBm, .. ,Aan).
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This mn-tuple is commuting if A and B are criss-cross commuting in the sense of (3).
However, this mn-tuple can be expressed as AB where

A=(Ay, ... A Aoy Agy Ay A)

and

B=(B1,Bs,...,Bpn,B1,....,Bm,...,B1,...,Bn).

Thus all problems concerning this more general type of product can be reduced to the
case of m = n and the product defined by (2).

The first result of this paper gives a negative answer to the above mentioned
problem of S. Li.

Example 2. We give an example of pairs A = (41, A3) and B = (B, Bs) of operators
such that AB = (A1B1,A2Bs) and BA = (B1A;, ByAs) are commuting pairs but
or(AB)\ {(0,0)} # or(BA)\ {(0,0)}.

Let H be a separable Hilbert space with an orthonormal basis {e;, fi, g; }icz. Define
operators Ay, Ay, By, Bs € B(H) by

Are; =0, Age; =0, Bie; = fi, DBae; = g,
Aifi=e, Aafi=0, Bifi=0, Byf;=0,
A1gi =0, Asgi =eiy1, Bi1gi=0, DByg =0.

It is easy to check that A; By and Ay B> are commuting. Similarly, B;A; and By As are
commuting. However, A and B are not criss-cross commuting since As B1 Ay # A1 B1As
and BlAgBQ 7'é B2A2B1.

For i € 7Z we have By Asf; = 0 and (B1 A1 —I)f; =0, so the pair (B1A; — I, B As)
is Taylor singular and (1,0) € op(BA).

We show that (A1 By — I, A3 Bs) is Taylor regular. We have

(AlBl — I)ez = 0,
(A1B1—1I)fi = —fi,
(A1B1 —1I)gi = —g;

and
AsBoe; = €41,
AsBs f; = 0,
Anggi = 0

Thus KGI'(AlBl — I) N KGI'(AQBQ) = {0} and Ran(A131 — I) + Ran(Ang) =H.

It is sufficient to show that the Koszul complex of the pair (41B; — I, A3 Bs) is
exact in the middle. Let v = ., (ase; + Bifi +vig:) and y = > . (aze; + B fi +7i9:)
be vectors in H satisfying AsBox = (A1 B; — I)y. Thus

AsBox =) ajeipr = (B~ Dy =) (=Bifi —7i9:)-

1€Z 1€Z



Soa; =0,3; =0and~; = 0foralli. Setu =73, ,(c; ei—B3fi—vig:). Then AsByu =
ZiEZ oz;ei =Yy and (AlBl — I)U = ZzEZ(ﬁZf'L + ”}/zgz) = x. Hence (AlBl — I, AQB2) is
Taylor regular and (1,0) ¢ or(AB).

In the second half of this paper we consider criss-cross commuting normal tuples.
Note that if A, B are operators on a Hilbert space and A is normal then the equality
(1) is true in a stronger form: o(AB) = o(BA). The analogous question for n-tuples
of operators was investigated in [ChCH] and partial results were obtained. We show
that op(AB) = op(BA) whenever A and B are criss-cross commuting tuples and A is
normal, i.e., A consists of mutually commuting normal operators. This gives a positive
answer to a problem studied in [ChCH].

We start with a version of the Fuglede-Putnam theorem.

Theorem 3. Let H,K be Hilbert spaces, let A = (A;,A;) € B(H)? and B =
(B1,Bs2) € B(K)? be commuting pairs of normal operators, let S : H — K be a
bounded linear operator. Then the following statements are equivalent:

(1) B15A1 + BQSAQ = 0;

(ii) SHA(F) Cc Kg(F1') for each closed subset F' C C?, where

= {1, p2) € C? : M1 + Aap = 0 for some (M, A2) € F}

and H4(-), Kp(-) are the spectral subspaces of A and B, respectively.

Proof. Without loss of generality we can assume that A;, Ao, By, By are contractions.
Denote by E4(-) and Ep(-) the spectral projections corresponding to A and B, respec-
tively.

(i)=-(ii): Suppose on the contrary that there is a closed subset F' C or(A) such
that SHA(F) ¢ Kp(F*). Equivalently, Ep(or(B) \ F-)SEA(F) # 0.
Since

Ft = o) €op(B):inf  [Aipq + Aape| >nTtY,
B)\ U{Nl p2) € or(B) (Al’lilz)eF| 141 otz > }

it is easy to see that there are ¢ > 0 and a closed subset M C orp(B) such that
Ep(M)SEA(F) # 0 and |Ajp1 + Agpua| > € for all (A1, A2) € F and (u1, po) € M.
Choose a positive number § < ¢/8. Since F' and M can be covered by a finite
number of balls of radius §, there are (A1, \2) € F, (i1, u2) € M and Borel sets F’, M’
such that Eg(M')SEA(F') # 0, M' C M N{(z,w) : |z — p1| < d,|w — pa| < 0} and
F'Cc Fn{(z,w):|z—= M| <0, |lw—X| <6} Set S = Eg(M')SE4(F").
Choose © € H4(F") of norm one such that ||S"z|| > ||.57||/2. We have

[1B1S" Ay = A S| < [[(By — pn) S" Aszl| + (|12 S'(Are — M) || < 25157,
and similarly, ||B2S’Asx — Aap2S'x|| < 26]|S’||. Since
B1S'A1 + B2S'Ay = Eg(M')(B1SA; + B2SA2)EA(F') =0,
we have [[(Ap1 + Aopug)S x| < 46||S’||. On the other hand,

[(Arper + Xop2) S"z|| > (1S - [Arpr + Aapa| > €| S x| > 4657,
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a contradiction.

(ii)=(i): Let € > 0. Let (C;)$2; be nonempty disjoint Borel sets with diameters
< e such that |, C; = C. For each ¢ fix \; € C;. Thus C; C {z € C: |z — \j| < e}.
Set Fy = {(0,w) : w € C} and, for i € N, F; = {(z,¢z) : z # 0,c € C;}. Then (F;)2,
are disjoint sets, |J°, F; = C?, Fg- = {(2,0): 2 € C} and Fi* = {(—cz,2):c € Cj,z €
C}y (i>1).

We have Eg(Fy-)(B1SA; + B2SA3)E4(Fy) = 0. Clearly for each i > 1 we have
1(Ag — N A1)|Ha(F)|| < e and ||(By + \iB2)|Kp(F;it)|| < e. For x € Ha(F;) we have

|‘BlsA1$ -+ BQSAQ.Z’H = ”8151411' + NBaSAix — \iBaSAx + BQSAQZ’H
<[[(B1 + AiB2)SArz|| + [[B2S (A2 — AiAr)z|| < 2e[S] - [|l]].

Thus [[(B1SA1 + B2SA)|Ha(F;)| < 2¢||S|| for all i.
For x € H4(F;) we have SAjz € Kg(F:-) and

B1SAiz = B1Ep(F;-\ {(0,0)})SAiz + B1E5({(0,0)})SAix € Kp(Fi-\ {(0,0)}).

Similarly BSAsz € Kp(F;-\ {(0,0)}) and we have (B1SA; + BaSAz)HA(F;) C
KB(FjL \{(0,0)}). Since the sets F; \ {(0,0)} are mutually disjoint, the spaces Kp(F} \
{(0,0)}) are orthogonal. Thus ||B1SA; + B2SAz|| < 2¢||S||. Since ¢ was arbitrary, we
have BlSAl + BQSAQ = 0. O

Remark 4. Let Ay, Ao, By, Bs, S satisfy the conditions of the previous theorem. Since
the spectral subspaces of A and A* coincide and satisfy Ha(F) = Ha-(F) where I =
{Z : z € F'}, and similar relations hold for B and B*, Theorem 3 implies the following
general form of the Fuglede-Putnam theorem, see [P], [W]: if B1.SA; + B2SA2 = 0 then
BiSA; + B5SAL =0.

Theorem 5. Let A = (Ay,...,A,), B=(By,...,B,) be criss-cross commuting tuples,

let A be normal (i.e, Ay,..., A, are commuting normal operators). Then or(AB) =
O'T(BA)

Proof. If 0 € o7 (A) then both AB and BA are Taylor singular by [ChCH], Theorem
2.1. Thus we may assume that A is Taylor regular. For j = 1,...,n write

M; ={(z1,...,2n) €0(A) : |2z;] > |z:| (i <) and |z;| > |z] (P> 9)}

Let H; be the corresponding spectral subspaces H; = H4(M;). Clearly H = @?:1 H;
and A;H; C H; (i,j=1,...,n). Set ¢; = min{|z;| : (#1,...,2,) € M;}. Then ¢; >0
and A;|H; is invertible for each j =1,...,n.

Fix k,i,5, 1 < k,i,j <n, ¢ # j. We have A;ByA; — A;B,A; = 0. By Theorem 3
for the pairs (A4;, A4,), (4;, —A;) we have

BkHA({(zl,...,zn) sz <zl |12 > cj/2}) C HA({(zl,...,zn) sz < |z]|})

and

BeHa({(21,- .-, 20) ¢ 2] < |7]}) = U BeHa({(21,- -, 20) ¢ 2| + 771 < |21})

r=1

CHA({(Zl,...,Zn) : \z1| < |,zj| or z; = zj = ()})
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Hence the spaces H; (j =1,...,n) are invariant with respect to the operators B, for
all k, and therefore also to all products A, By, By Ai. Thus

n n

U (AB|H;)  and U (BA|Hj).

Since A,|H; is invertible for all j, by [ChCH], Theorem 3.3 we have op(AB|H,) =
or(BA|H;). Hence or(AB) = op(BA). O
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