Dominant Taylor spectrum and invariant subspaces

C. Ambrozie and V. Miiller

Abstract. Let T = (T4, ...,T,) be a von Neumann n-tuple of commuting Hilbert space
operators of class Cyy with dominating Taylor spectrum. Then 7" has a nontrivial joint
invariant subspace. Stronger results can be obtained if T" possesses a dilation.

I. Introduction

The Scott Brown technique has been a successful method of constructing invariant
subspaces of Hilbert space contractions and, more generally, of polynomially bounded
operators on Banach spaces. On the other hand, the situation for n-tuples of commut-
ing operators is much more complicated. Even the first question - whether each von
Neumann n-tuple of commuting Hilbert space operators with dominant Taylor spec-
trum has a nontrivial joint invariant subspace - has not been solved yet. Note that for
n = 1 this was an early result [BCP] that started a long development of the technique.

The first results concerning joint invariant subspaces of commuting n-tuples of
operators were obtained by Apostol [A], who studied the left Harte spectrum. The
invariant subspaces for n-tuples possessing a dilation with dominant Harte spectrum
were obtained by Eschmeier [E1], [E3] and Kosiek-Octavio [KO].

Invariant subspaces for von Neumann n-tuples of Hilbert spaces operators of class
Coo with dominant essential Taylor spectrum were constructed by Albrecht and Che-
vreau [AC]. Didas [D2], following ideas of Eschmeier was able to use some points of the
Taylor spectrum which are not in the essential Taylor spectrum, in particular all inner
points of the Taylor spectrum.

The aim of this paper is to improve the results of Didas, Eschmeier and Albrecht-
Chevreau and to show that all points of the Taylor spectrum can be used for the
Scott Brown technique. In particular we show that every von Neumann n-tuple of
Hilbert space operators with dominant Taylor spectrum satisfying condition Cyy has a
nontrivial joint invariant subspace. Stronger results are true if 7" is assumed to have a
dilation.

II. Taylor spectrum and Scott Brown technique

Let T = (Ty,...,T,) be a commuting n-tuple of operators on a Hilbert space H.
Let 60 61 5n—1
0— A°(H)SAYH) S - Z5A(H) -0
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be the (cochain) Koszul complex of T'. For p = 0,1,...,n let H?(T) = Ker 6% /Tm 67"

In order to simplify the notations we consider the Koszul complex of T' ”globally”.
Let A(H) = ®Z:O AP(H). We can identify A(H) with HY where N = 2". The
operators 8% define naturally the operator o7 : A(H) — A(H) by ér(zo ® -+ D xp,) =
Z;;& 68.x,. The Taylor spectrum o(7') is defined by

o(T)={Ae€C" :Kerdr_) #Imdr_,}
and the essential Taylor spectrum o.(7") by

0.(T) ={A € C" : dimKer dp_»/Imép_» = oo}.

We start with the following simple lemma:

Lemma 1. Let 0 <r <1, k € N, let X be a Banach space and let vy, ...,vp_1 € X.
Then there exists a polynomial function p: C — X of degree < k — 1 satisfying

27rim/k)

p(re = U
forallm=0,...k—1 and
1 k—1
maxe [p(p)| < (<) a0 < m <k -1}
p|<

Proof. For m =0,1,...,k — 1 set \,, = re?™™/k  Let
k—1 Py
rw) =2 | 15— |vm
Z Am = A
m=0 \ j#m

Obviously p(\,,) = v, for each m =0,...,k — 1.
For p € Cand m € {0,1,...,k — 1} we have

L0 A = (h=Ao) - (p—em1) _ pF—rh b — AR
j£m ’ p— Am = Am = Am
:Mk_l+)\muk_2+"'+)\51_l'

Thus [T, 2, (Am — Aj)| = [RXEH = kb1
It follows that for any p € C with |u| < 1 we have the estimate

’ = Aj < (1+4r)F1
N k—1
it Am — Aj kr

and
1+

k—1
) max{||[vm|| : 0 < m < k — 1}.

Ip()l < (



Lemma 2. Let T = (T1,...,T,) be an n-tuple of commuting operators on a Hilbert
space H. Let ¢ > 0 and g : D. — C"™! be an analytic function on D, := {\ € C :
|A| < e}. Let k > 1 and suppose that

{(W*g(N), ) = ]\ < e} € a(T)\ 0e(T).
Then the n-tuple S := (T4, ...T,_1,T¥) satisfies

dim Kerdg /Im dg > k.

Proof. Set ¢(\) := Ag()\) and ¢ := maxy|<c/2 [|g(A)||1, where | - ||, denotes the
¢1-norm in C"~!. Then
leMl1 < e|A*

for all A with |A\| < ¢/2. Let 0 < r < min{l,¢/2}. By Lemma 1, there exists a
polynomial function p, : C — C"! of degree < k — 1 such that

pr(re%im/k) _ ¢(Tk) . ¢(T€2mm/k)

forallm=20,1,...,k—1 and

14 r\k-1
max [lp, ()l < (F0 ) 20k < 2er.
|| <1
For z = (21,...,2,) € C" write 2/ = (21,...,2n-1) € crn1,

Let the function f, : C" — C" be defined by
fr(2) = (2" + pr(2n), 2)-
Set w") := f.(¢(r),r). Then
w = (¢(r) + pr(r), ) = (6(r), 7).

Hence w(") € o(T) \ 0.(T) and w) — 0 as r — 0.
For every w € C" with w,, # 0, the equation

fr(z) =w
has exactly k solutions z = (2/, z,,). Indeed, if

k

n —

/

2+ pr(zn) =w and z W,

then z, can be any of the k roots of order k of w,, and 2z’ = w’ — p,(z,). In particular,
for w( (= (¢(r*),r*)), there exist k vectors 2(0), ..., 2(k=1) € C" satisfying f,.(z(™)) =
w™  (m=0,...,k— 1), namely (2(™),, = re2™"/*k and

() = 0™ = pr(()n) = B(*) = pr(remF) = (rePmmIE),
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Hence 2("™) € o(T) \ 0(T) for all m. Thus > p—o dim H?(T — 2(™)) > 1. Furthermore,

for every p =0,...,n we have an isomorphism
k—1
HP(fo(T) —w™) = @ HP(T — z{™),
m=0

see the proof of Theorem 10.3.13 from [EP].

Therefore
n n k-1
> dim HP(f,(T) —w™) => ")~ dim HY(T — 2{™)) > k.
p=0 p=0m=0

For each polynomial mapping ¢ : C — C" ! of degree < k — 1, q(u) = Z";:é a;jp?
with coefficients g, ...ax_1 € C"! we have by the Cauchy formulas that |ja;l|; <
max{||q(u)ll1 : || <1} Thus

k—1 k—1
I (T) |1 < max{[|pr ()l =[] < 13- |THI < 2%er Y T
§=0 §=0

Hence ||p-(T)|li — 0 and f.(T) — S as r — 0.
Then, using the upper semicontinuity of the dimensions of the cohomology space
HP(-), we derive that

dimKer dg/Imdg = ZdimHP(S) > limsupZdime(fr(T) — w(r)) > k.

r—0

p=0 p=0

O

Lemma 3. Let T = (1T1,...,T,) € B(H)" be a commuting n-tuple of operators. Let
r>0and f:{peC:|u <r} — C" ' be analytic such that f(0) = 0. Suppose that
(f(u),p) € o(T)\0e(T) for all |u| < r. Let k € N. Then there are orthonormal vectors
T1,...,x € HY such that (p(T)xz;,x;) = p(0) for all j = 1,...,k and all polynomials
p in n variables.

Proof. Write f(u) = p(u)+p*g(p), where p = (p1,...,pn_1) is an (n—1)-tuple of
polynomials (of degree < k — 1) and g = (91,...,9n—1) is an (n — 1)-tuple of functions
analytic in {u : |u| < r}. Clearly p(0) = 0.

Set S = (T — p(T,),T,) where T" = (T1,...,Ty—1). Thus S = h(T) for h defined
by h(w',w,) = (0" — p(wn), wy). Hence h(f(n),p) = (f(n) —p(p), p) for |u| < r. It
follows, by the spectral mapping theorem, that {(u*g(u), p) : u € C, |u| < r} C o(S).

Suppose on the contrary that there is a p, |u| < r and (u*g(u), 1) € 0.(S). By the
spectral mapping property for the essential Taylor spectrum, there is a z € o.(T') such
that (u*g(1), p) = h(2) = (' =p(2n), 2). Thus 2z, = p and 2’ = pFg(u) +p(u) = f(w),
a contradiction with the assumption that (f(u),n) ¢ 0.(T"). Hence

{6’ g(n), 1) s € C,lpl <7} € 0(8) \ 0 (S).
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By Lemma 2, dim Ker 6(g/ gxy/Im 6(gr gry > k. It is well known that S acts in the
quotient space Ker §(g/ gr)/Im (g gxy as the n-tuple (0, ..., 0, N) where NN is a nilpotent
operator. By [D2, Lemma 3.2], there are orthonormal vectors z1,...,zx € HY such
that (p(S)x;,z;) = p(0) for j = 1,...,k and all polynomials p. This means that
|z;|l =1 and (S%x;,x;) =0 for all & € Z} with |a| > 1.

We prove that (T%z;, ;) =0 for « € Z7, a0 # 0.

Write o = (o, a,) where o’ € Z'} " and v, € Z.. We show that (T Ty, x;) =
0 by induction on |o/|.

If o’ =0 and oy, # 0 then (T% "z, x;) = (Sy"x;,z;) = 0.

Let o € Zfﬁ_l, o # 0, a, € Zy and suppose that (T’Blenxj,:cj) = 0 for all
B e 7, B, € Zy with |§'| < |d/|, |B'| + Bn # 0. We have

0= <Sa$j,l’j>
= ((T1 = p1(Ta) " (Tz = p2(T0))*2 -+ (Tt — pu—1(T0)) " T, )
ERT TP T )+ (8 T Ty, ),
5

where all terms in the last sum satisfy |3'| < |&/|. Since p(0) = 0, by the induction
assumption we have (T7' 7152 -+ T ' Tz, ;) = 0.
Hence (p(T')z;,z;) = p(0) for all j =1,...,k and all polynomials p. O

Lemma 4. [D2, Lemma 3.3] Let H be a separable Hilbert space and let A C H be a
subset which, for each natural number k > 1, contains an orthonormal system of length
k. Then A contains a weak zero sequence of unit vectors.

Notation Let o0,(T") be the set of those points z € o(T) \ o.(T) for which there
exists a one-dimensional complex-analytic submanifold M of C" with z € M such that
M C o(T).

Corollary 5. Let T € B(H)™ be a commuting n-tuple of operators on a complex
Hilbert space H. Then for every A € o,(T) there exists a sequence (zy)r>1 of unit
vectors xy, € HY such that x;, — 0 weakly as k — oo and (p(T)xy, x1) = p(\) for all k
and all polynomials p.

Proof. Without loss of generality we may assume that A = 0. By a permutation
of variables we can use Lemma 3 and Lemma 4. O

Lemma 6. Let T be a commuting n-tuple of operators and let X be an accumulation
point of o(T) \ 0e(T). Then X € o,.(T).

Proof. As it is known, the set o(T) \ 0.(T) is analytic [L1], [L2], see also [M].
Then, locally around A\ € o(T')\ 0.(T), say on a small open ball B centered at A, the set
o(T) \ 0.(T) is a finite union of irreducible varieties V; for j = 1,k with the property
Vi ¢ U, Vj |GR, Theorem ILE.15].

We can suppose, for B sufficiently small, that o.(7") N B = ) and that A € V; for
all j. Therefore we have the equality

k
o(T)nB=JV;
j=1
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There is at least one jo such that Vj, has dimension > 1, for otherwise o(7') N B
is a discrete set and A is an isolated point of o(T"), see [GR, Lemma II1.C.12].
Moreover, Vj, has a dense subset M C V,, consisting of regular points [GR,

II1.A.10, III.C.3]. By definition, M C 0,(T"). Thus X € o,.(T). O

III. Invariant subspaces
In the following we assume that G is either the unit polydisc
D" ={(z1,...,20,) €C":|zi] <1 (i=1,...,n)}
or the unit ball
By ={(z1,...,20) €C" : |z + -+ |za]? < 1}

However, most of the results remain true for more general domains in C".

Let P(G) be the normed space of all complex polynomials in n variables with the
norm ||p|lg = sup{|p(2)| : z € G}.

Let H*°(G) be the space of all bounded analytic functions f = f(z) on G, endowed
with the sup norm | f|lg = sup,cq |f(2)|. As it is known, H*°(G) is a dual space.
Clearly P(G) is a subspace of H>*(G). Thus P(G) inherits the w*-topology from
H>(G).

For any A € G, let £, € P(G)* denote the functional of evaluation at the point A,
namely

Ex(p) :==p(A)
for all p € P(G). It is well known that £, is w*-continuous.
Let T = (T1,...,T,) be an n-tuple of mutually commuting bounded linear opera-

tors on a complex Hilbert space H. One calls T' von Neumann (over G) if

()]l < llplle
for all p € P(G).

Let T be a von Neumann n-tuple of operators on a Hilbert space. For any x,y € H,
let x®y € P(G)" denote the functional defined by

(z®y) (p) == (p(T)z,y)

for all p € P(G). Clearly x ® y is continuous and ||z @ y|| < ||z - ||y]|-
Set N = 2" and let HV be the direct sum of N copies of H, endowed with the

norm
N 1/2
ol s= (3 1)
7j=1

for x = (xj)éyzl c HN.



For any z = (x;); and y = (y;)}_, in HY, let z0y € P(G)* denote the functional
defined by

N
ray = Z:cj X Yj,

j=1

that is,
N
(xoOy) ( Z T)xj,y,)

7j=1
for all p € P(G).
Lemma 7. Let T = (11,...,T},) be a von Neumann n-tuple of operators on a Hilbert

space H. Let A be a non-isolated point in o(T) N G. Then there exists a sequence ()
of unit vectors in H such that ), — 0 weakly and ||z, 0x) — Ex| — 0.

Proof. The statement was proved in [AC, Lemma 1.4] for points of ¢.(T") (note that
the proof works as well for the norm closure P(G), which also has Gleason’s property).
For points A\ € 0,.(T) the statement was proved in Corollary 5.
Let A € (0(T) \ 0¢(T)) NG. By Lemma 6, there exists a sequence A\ of points of
0,(T) such that A\, — A. Note that ||Ex, — Ex]| — 0. Indeed, let r = dist {\,0G} and
A — Al <r/2. Let p € P(G), |pllc = 1. By the Cauchy formula we have

2
IP(A) = p(A)| < A = |- max{[p’ ()| = [ — Al <7/2} <X — g - -
Thus
2
1€x, = Exll = supilp(Ak) —p(N)[ : p € P(G). [lple =1} < [Ae = Al - = =0

as A\ — A
Note also that for any double sequence (a:ék))
(k) 5 (%)
Ty

J
such that :c( ) 0 weakly as £ — oo and x( )nglz) — & O

of unit vectors in HY such that

(x (-k)) — 0 weakly as j — oo and — &y, for each k there exist j; < jo < ---

Lemma 8. (see [AC]) Let T' = (T1,...,T,) be a von Neumann n-tuple of operators

on a Hilbert space H. Let ¢ > 0. Let A € G and x = (xj)év:l e HY with ||z] = 1

and A € G such that ||zox — E\|| < €. Then there exists j € {1,...,N} such that
|z @z; — &N <1—-2""+e¢.
Proof. We have ZZ 1 lzi]|* = ||z]|* = 1 Fix an index ¢ such that

1
2
il 2 -

Then for every p € P(G) with ||p|]| < 1, we have the estimates

N
(p(T)as, i) = pO)] < [(p(T)as i) = > o xg,ngZ T)aj, ;) = p(M)] <

Jj=1
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Yo p@aj el +e< Y Ip(T) |MN2+6<§:W%W li|* +

Jig#i Jig#i

1
<zl = lz]P+e<1— = +e.
< flall® = il +e < 1= 4

O

Let T'= (T1,...,T,) be a von Neumann n-tuple of operators on a Hilbert space H.
We say that the n-tuple 7" is of class Cj. if the polynomial functional calculus p — p(7')
from P(G) to L(H) is sequentially w* - SOT continuous. Equivalently, py(7) — 0
in the strong operator topology for each Montel sequence (py) of polynomials (i.e.,
sup ||pk|| < oo and pg(z) — 0 for all z € G).

We say that T is of class C o if T* = (T5,...,T)) is of class Cy.. We say that T is
of class Cyg if it is both of class Cy. and C.

Note that in the case of the unit polydisc, the Cy property reduces to the well
known condition T’ f — 0 in the strong operator topology for all j = 1,...,n, see [A,
Proposition 1.8].

It is well known that if T is either of class Cy. or C' o then the functionals x ® y are
w*-continuous for all vectors =,y € H.

Let (xx) be a sequence of vectors in H weakly converging to zero. It is well known
that if 7" is of class Cy. then a®x, — O for alla € H. If T'is of class C o then z, ®b — 0
for all b € H.

We say that a set A C G is dominating in G if || f||¢ = sup{|f(2)|: z € ANG} for
all f € H*(G).

Theorem 9. Let G be either the unit ball or the unit polydisc. Let T = (Ty,...,T))
be a von Neumann n-tuple (over G) of operators on a Hilbert space H. Suppose that
T is of class Cop and that the Taylor spectrum o(T) is dominating in G. Then T has
a nontrivial common invariant subspace.

Moreover, if the accumulation points in o(T) are dominating in G, then T is
reflexive.

Proof. If there is an isolated point in o(7') then the Taylor functional calculus gives
the existence of a common invariant subspace.

Thus we may suppose that the accumulation points in ¢(7") are dominating in G.
Let # =1 —27". Denote by £(f) the set of all w*-continuous functionals ¢ on P(G)
with the property that for each € > 0 and finite families a4, ..., as,b1,...,bs € H there
are z,y € H such that:
@) el <1, Iyl < 1
2) lp—r@yl <b+5;
3) [la;@yl| <eand |[zr@0b;|| <eforalli=1,...,s

It is well known that the set £(6) is closed and absolutely convex, see [E2] or
[AC]. By Lemmas 7 and 8, £(6) contains the closed absolutely convex hull of the set
{Ex : X accumulation point of o(7T) N G}. It is well known that this set is equal to
{o € P(G) : ||¢|| = 1, ¢ is w*continuous}. By [AC, Proposition 0.1], see also [BFP], T
has property Ay,, and hence it is reflexive. O



Remark 10. Theorem 9 remains true for all domains G C C" satisfying the Gleason

property for the algebra (G)w , i.e., for each \ € G there is a constant ¢, > 0 such

that every function f € (G)w with f(A) = 0 can be written as f = Z;.Lzl(zj — X)) f;

for some f; € (@)" with I filla <ex (j=1,...,n). For details see [AC].

It is well known that the condition Cyg can be sometimes omitted if we assume
that the n-tuple T" has a dilation.

We consider the ball case.

We say that an n-tuple T = (T1,...,T,) has a spherical dilation if there are a
larger Hilbert space K D H and an n-tuple N = (Ny,...,N,) of commuting normal
operators on K such that o(N) C 0G and T* = Py N®|H for all o € Z, where Py
denotes the orthogonal projection onto H.

Note that an n-tuple possessing a spherical dilation is automatically von Neumann
over B,,.

Theorem 11. Let T = (Ty,...,T,) be an n-tuple of commuting operators on a Hilbert
space H. Suppose that T possesses a spherical dilation and that the Taylor spectrum
o(T) is dominating in B,,. Then T has a joint invariant subspace.

Moreover, if T s of class C' o over B,,, and the set of all accumulation points of
o(T) is dominating in B,,, then T is reflexive.

Proof. Suppose first that 7" is of class C'y and the set of all accumulation points of
o(T) is dominating in B,.

Let § =1 —27". Denote by &, (1) the set of all w*-continuous functionals ¢ €
P(G)* for which there are sequences (xy), (yx) C H such that
(1) llzkll, [lyell < 1 for all k;
(2) limsupy,_, [l — 2k @ yill < 6;
(3) zx®z—0forall z€ H.

Since the set of non-isolated points of ¢(7") is dominating in B,,, by Lemmas 7 and
8 we have

TE&G(T) D T({&y : A accumulation point of o(T) N G})
={p e P(G)" : |l¢|l <1 and ¢ is w*-continuous},

where T’ denotes the closed absolutely convex hull.

By [D1, Corollary 4.4.3], this implies property A x,. So T is reflexive.

Let T be a general n-tuple with dominant Taylor spectrum and possessing a spher-
ical dilation. If there is an isolated point in ¢(7") then the Taylor functional calculus
provides a nontrivial joint invariant subspace. Thus we may assume that there are no
isolated points in o (7).

If T is neither of class Cy. nor C then T has a joint invariant subspace by [E1,
Theorem 2.3].

If T is of class C ¢ then the statement was proved above. If T is of class Cj. then
we can use the same result for the n-tuple 7 = (17, ..., T). O

Remark 12. Theorem 11 remains true for all strictly pseudoconvex domains, see [D1,
Corollary 4.4.3 and Theorem 3.1.1].
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