Dvoretzky’s type result for operators on Banach spaces

Vladimir Miller*

Abstract. Let \q,...,\, be elements of the essential approximate point spectrum of
a bounded Banach space operator. Then there are corresponding approximate eigen-
vectors i, ...,x, such that the norm on the subspace generated by them is almost
symmetric.

The result can be used in the Scott Brown technique for Banach space operators.
Another application is for the local behaviour of operators.

By the Dvoretzky theorem, each infinite dimensional Banach space contains ”nice”
finite dimensional subspaces. More precisely,

Theorem 0. Let £ € N and € > 0. Then there exists n € N such that each Banach
space X with dim X > n contains an e-Hilbert subspace Y with dimY = k.

By saying that Y is an e-Hilbert space we mean that there are a Hilbert space H
and an invertible operator S : Y — H such that || S| - [|[S7!| <1 +e.

The aim of this paper is to study an analogous question for operators on Banach
spaces.

The author wishes to thank to the referee for careful reading of the manuscript
and discovering many misprints.

All Banach spaces are considered to be complex. Denote by £(X) the set of all
bounded operators on a Banach space X. Let dim X = oo and T € L(X). Clearly the
question whether there are finite dimensional subspaces Y C X such that the restriction
TY behaves "nicely” (in the sense of Theorem 0) is closely connected with approximate
eigenvalues (= elements of the approximate point spectrum o, (7)).

Even more appropriate notion in many situations is the essential approximate point
spectrum

0re(T) ={X € C:T — X is not upper semi-Fredholm}.

Equivalently, A € o,.(7T) if and only if
inf{|[(T = N)z| : 2 € M, ||lz]| =1} =0

for each subspace M C X with codim M < oo.

It is well-known that o,.(T) is a nonempty compact subset of C. Further o.(T)
contains the topological boundary of the essential spectrum o (7).

The following technical lemma will be used frequently:

Lemma 1. ([M1], Lemma 1) Let X be an infinite dimensional Banach space, F C X a
finite dimensional subspace and € > 0. Then there exists a subspace M C X of a finite
codimension such that

If +mll = (1 — &) max{][| f[|, [m]|/2}
for all f € Fand m € M.
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Corollary 2. Let T € L(X), A € 0,.(T), k € N and ¢ > 0. Let M be a subspace
of X of a finite codimension. Then there exists an e-Hilbert subspace Y C M with
dim Y = k such that

(T =Nyl <e-llyll  (weY).

Proof. By the Dvoretzky theorem, there is n € N such that each n-dimensional Banach
space contains a k-dimensional e-Hilbert subspace.

Using Lemma 1 inductively we can find vectors z1,...,x, € M of norm one such
that ||(T'— MNzs|| < 5, (i=1,...,n) and

n
1> ai
i=1

1
> - .
2 302 |

for all aq,...,q, € C.
Find a k-dimensional e-Hilbert subspace Y C V{z1,...,z,}. Let y = > " ayz; €
Y. Then |y| > % max; |a;| so that

- 9
1T =Nyl < leal - I(T = Nail| < maxfog] - o < e - [ly]|.
=1

Much more interesting problem is to find approximate eigenvectors z1, ..., x) cor-
responding to distinct elements A1,..., Ay € 0xe(T). In general we cannot expect to
find x1,...,x; such that the subspace generated by them is e-Hilbert. Indeed, con-
sider the operator 7' = A1 & Aol on the space X & X (the ¢; direct sum). If z1, 25
are approximate eigenvectors corresponding to A1, Ao, respectively, then the norm on
V{1, z2} is "almost ¢1” rather than ”almost Hilbert”.

A variation of this example shows that one cannot even expect to have an ”almost

¢p,-norm” (for some p) on the space V{z1,...,zx}.
On the other hand, it is always possible to find x1,...,z; such that the norm
on V{xi,...,xx} is "almost symmetric”, i.e., ‘Z x| = HZ ajz;|| whenever |o;| =

ot (i=1,...,k).

The proof will be based on a powerful combinatorial principle — the Ramsey the-
orem. The author wishes to thank to K. John for drawing his attention to applications
of the Ramsey theorem in the functional analysis (see [DJT], p. 298) and to J. NesSetiil
for detailed information about the Ramsey theory.

Let A be a set and n > 0. Denote by P,(A) the family of all subsets of A of
cardinality n. The classical Ramsey theorem says that, given n > 0, »r > 0 and m > 0,
there exists u > 0 with the property that if A is a set with card A > u and P, (A) is
r-coloured (i.e., there is a partition of P,(A) into r disjoint parts) then there is a set
B C A with card B = m such that P, (B) is monochromatic (i.e., it is contained in one
of the parts).

We need the following generalization of the Ramsey theorem, see [GRS], Theorem
5.1.5.



Theorem 3. Let £ > 0, n > 0, »r > 0 and m > 0. Then there exists u > 0 with
the following property: if Aj,..., Ay are sets with card4; > v (1 < ¢ < k) and
P, (A1) x -+ x P,(Ag) is r-coloured, then there are sets B; C A; with card B, =
m (1 <i<k)such that P,(B;1) X -+ X P,(Bj) is monochromatic.

Remark 4. The classical Ramsey theorem has also an infinite version: if card A = oo,
n,r € N and P,(A) is r-coloured, then there is an infinite subset B C A such that
P, (B) is monochromatic.

Such an infinite version of Theorem 3 is not true. Let k =2, n =1 and A; = Ay =
N so that P;(A;) x Pi(Az) is the complete bipartite graph. Consider the 2-colouring

{(,9) i <y U{(i,5) =i = g}

It is easy to see that there is no infinite monochromatic complete bipartite subgraph
(on the other hand, there are monochromatic bipartite subgraphs of any finite size by
Theorem 3).

Lemma 5. Let k,m,n € N, ¢ > 0. Then there exists u € N with the following

property: if X is a Banach space and M, ..., M} its subspaces with dim M; > u (1 <
i < k), then there are vectors z;; € M; (1 <i<k,1<t<m) of norm one such that

(1-¢) Z 16:]? < HZ Brxit
t=1 t=1

2§(1+€)Z|ﬁt|2 (i:]“?"'ak?ﬁtec)a
t=1

and
k n k n
H E E BiTie, || — H E E ﬁilxi,t;lH <¢€
i=1 [=1 i=1 (=1

forall B3; € C, [By] <land 1 <t < - <ty <m, 1<t <o <t <m.

Proof. Let u and v be positive integers large enough (the precise value of u and v will
be clear from the proof; in fact u >> v >> m).

Let My,..., M) C X and dim M; > u (1 <i < k). If u is large enough, then by
the Dvoretzky theorem there are e-Hilbert subspaces M; C M; with dim M =v (1 <
i < k). If we choose an ”orthonormal basis” yi1,...,¥i» in M/, then |ly;;|| = 1 for all
1,7 and

(1—¢) Z 16;1% < Hi BjYij

j=1

v

<(1+e)> 181> (8;€0).

j=1

2

Let F' be a finite %Lk-net in the unit ball of C"* with the f,.-norm.

Let (0, kn) = G1U---UG, where the sets Gi; are pairwise disjoint and diam G; < §
for all j. Consider the following colouring of Hle Po({L,...,0h)if jig,ji, €N (1<
i<k1<l<n)and1<ji1 <jiag<-<Jin<v,1<ji) <jio<---<ji,<w,
then Hle{jiyl, ...y Jin} and Hle{jg’l, .-+ Jin} are of the same colour if and only if

‘ SN Buyi,|| € Gr = H >y By g1,

1<i<k 1<I<n 1<i<k 1<I<n

€ G,




for all (8;) € Fand 1 <r <s.
If v is large enough, then by Theorem 3 there are subsets L; C {1,...,v} such that
cardL, =m (i=1,...,k) and

kK n k n
H > > Bavigal|| - H > > Buyi gy,
i=1 =1 i=1 =1

for all (8i1) € F\ jit, jiy € LisJin <+ < Jin,Jig < <Jji,- Since F'is an z---net in
the unit ball of C"* and ||y;;|| = 1, it is easy to show that

k n k n
H E E @lyz',j“ - H E E @zyi,j;l
i=11=1 i=11=1

for all By € C,[Bul < 1,ji1,Ji; € Lisjinx < - < Jin,Jia < 0 < jin- Let Ly =
{Jit, - dim} (1 <i<k, jia<...<Jim) Foray =uy;;,, (1) gives the statement of
Lemma 5.

<5
3

<e (1)

Theorem 6. Let k£ € N, ¢ > 0. Then there exists u € N with the following property:
if X is a Banach space and My, ..., M} its subspaces with dim M; > u (1 <i < k),
then there are vectors z; € M; (1 <14 < k) of norm one such that

k k
HZO@ZL’Z' — HZa;xz
i=1 =1

<e (g, af € C,lal| = |ag| < 1).

Proof. Choose n > 2"37” and m > 25‘2#. Suppose that Mi,..., M} are sufficiently
large subspaces of X. By the previous lemma there are vectors y;; € M; (1 < i <
k,1 < j <mn+n) of norm one such that

mn—+n mn—+n mn+n

2
Sl sl <2 X B Geo),
Jj=1 Jj=1 J=1

and

k mn k mn
€
DD ) w) ST Y -
i=1 1=1 i=1 1=1
for all B € C, [Bu| < 1,1 <i <k 1<ji1 < <Jimn <mn+n1<jly <<
jé,mn < mn+n. Let ¢ be the primitive n-th root of 1 so that the set {¢, p?,..., "1 1}

is an %-net in the unit circle.

Set z; = a; - St @lyiy where a; = || 320 @yl Clearly ||z = 1 and
a; > 72nn.
Let aj,af € C,lal| = |a;] <1 (1 < i < k). There are exponents l,...,l; €

{1,...,n} such that |a — p'a;| < £ so that

k k
! l;
HE ;|| = HE P oL

4
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Thus it is sufficient to show that

HZgoliozixi > HZaimi — /2.
We have
k k o mn
l; _ i j+1;

[t =[5 2 8ot
X — a; <
=1 =1 7j=1

k a n—I; mn+n—I; mn+n—I;
— 4 +1; +l j+1;
D S S S

i=1 " j=1 j=n—1l;+1 j=mn+1

k a mn+n—I; m

v i+

> Z— E Oy —

N alz 3 ai

=1 j=n—Il;+1 =1

k k

Q; — +n 9 4kn
> ZQ_ZW vii| =3 e 2 || 2 s
v i=1

1

.
Il

1 J

Corollary 7. Let T' € L(X), A1,..., A\ € 0ze(T), e > 0, and let M C X be a subspace
of a finite codimension. Then there exist vectors x1,...,zr € M of norm one such that

H(T—)\Z)SL’@H<€ (’lzl,,k}),

HZ (6727
i
k
/
i=1

1
> gmaX]azl (CKZ' € C),

k
=1

(aiaa; € C, |a;‘ = ’a1| < 1)'

Proof. Use Corollary 2 and Lemma 1 inductively to construct subspaces M1, ..., M} C
M large enough with the properties

(T =Xyl <ellyl (v € My, y #0)

and

1
ngaxﬂyiﬂ (yi € M;,i=1,...,k).

k
H Z Yi
i=1
Corollary 7 now follows immediately from Theorem 6.

Remark 8. By the same methods it is easy to prove also the following variant of the
previous result:

Let T € L(X), M,..., € 02e(T), s € N, € > 0. Then there are vectors
zi; €X (1<i<k,1<j<s)of norm one such that

(T = X)zijll<e  (1<i<k1<j<s),
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T<+oY IR (1<i<kp €O)

(1= Y 18 < ||> B

1
HZ O rXj > g maXHZ QG rLg (Oéi,r S C)
7,7 ! T
and
k s k s
HZZQM@"M — HZZ@LT@“M <e (|a;7r] = |oy | <1).
i=1r=1 i=1 r=1

Situations as in Corollary 7 appear naturally if the Scott Brown technique is applied
to Banach space operators.

Let T be a polynomially bounded operator on a Banach space X. Let D be the
open unit disc in the complex plane, and let P be the normed space of all polynomials
with the sup-norm on D. Denote by Q the space of all bounded functionals on P.

Important examples of elements of Q are the evaluations £ : p — p(A\) where
A € D, and functionals = ® z* : p — (p(T)x,z*) where x € X and z* € X*.

A typical problem in the Scott Brown technique is to approximate a finite linear
combination ) . a;&y,, where \; € 0,.(T) and a; € C, ), |a;| = 1, by o ® «* for some
x € X and z* € X*, see [E], Corollary 1.11 or [EP], Corollary 5.2. The problem is
relatively easy for Hilbert space operators. In the Banach space context this can be done
by using the Zenger theorem [BD], page 20. Since the Zenger theorem is formulated
only for positive coefficients «;, it is necessary to consider the decompositions of «;’s
into the real and imaginary, as well as into the positive and negative, parts. Corollary
7 enables to get the approximation in a more aesthetic way.

Theorem 9. Let T be a polynomially bounded operator on a Banach space X, let
Ay A € 02e(T), € > 0, let M, F be subspaces of X with dim F' < oo and codim M <
0o. Let aq,...,ax € C satisfy Y, |a;| = 1. Then there exist z € M and z* € F* such
that ||z]| =1, [[2*[| £ 2 and [z @ 2" = >, €y, ]lo <e.

Proof. Without loss of generality we can assume that all «;’s are nonzero. Let § >
0,6 <1/2. Let K = sup{[[p(T)|| : [Ip|| < 1}.
By Lemma 1 there is a subspace M’ C X of a finite codimension such that

1-9
1f +mlll = ——=lm'| (f € Fom" e M),

By Corollary 7 there are vectors us,...,u;r € M N M’ of norm one such that

k

HZ Biu;
1=1
k

S
1=1

1
> cmax|g| (%€ ©),

<0 (Bi, Bi € C,|Bi] = [B:] < 1).

k
- HZ 5@'“1’
i=1



By the Zenger theorem there are u* € X* and a linear combination v = ), y1;u; such
that [|ul| =1 = ||u*|| and (p;u;, u*) = |a;| (i =1,...,k). Clearly |u;| < 3 for all i.

By the Hahn-Banach theorem there is a functional v* € F+ such that (j;u;,v*) =
laii| = (piui,u®) (i=1,...,k) and

lv*|| = sup{\(a+f,v*>| ca € Viug, f € Fylla+ f|| < 1}
= sup{|(a, u*)| : a € Viu;, dist {a, F} <1}
2
< sup{||a|| :a € Viu, dist {a, F} < 1} < 13 < 4.
Set v = Zle ;L”g—"uz Then ||v|| — ||u]] < 30. Set further z = o and z*
m Thus ||z|| = 1 and ||z*|| < 2. Further ||z — v|| < 3§ and [|z* — v*|| <
12 — 2= 175 < 40. We have

k k
Hx ® z* — Zaié',\iH <z ® @ — v + |z —v) ® v*|| + Hv R T
i=1 i=1

< Klla* = v*|| + Kl = o] - " | + sup{ | (p(T Zw

il < 1}

k
< 1650+ sup{ |3 (10 (p(T) = pOV) i)

il

Ipll < 1.

. z)—p(A
For [[p| < 1and 1 <i <k set g;(z) = 22K Then |jg;| < 157 and

qi(T)(T = Xi)ui, v7)

el <1}

k k
Haz Rzt — Zai&\iH < 16K06 + SUP{‘Z(W, ‘
i=1 i=1

86
1—

k
< 16K6 + Z 3K -
=1

For ¢ small enough we get Hac ® r* — Zle a; €y || <e.

Another application of Corollary 7 concerns the local behaviour of operators, see
[M1], [M3]. We need the following lemma [F].

Lemma 10. Let K C C be a nonempty compact set and £k € N. Then there exist
elements A\, ..., \r € K such that

k
max E
zeK |p =0

for all polynomials p of degree degp < k.
Proof. The statement is clear if card K < k.



Suppose that card K > k + 1. For xg,...,z; € K denote by V(zg,...,x5) =
det()F ;o = [I;<;(xj — ;) the Wandermond determinant. Let A, ..., Ay € K satisfy

[V(Xo,...,Ag)] = max K\V(xo,...,xkﬂ.

X0, , T E

Then V(Xo,...,Ax) #0. For j =0,1,...,k set
Lj(z) = V()\O, . ,)\j_l,z, >\j+17 .. ,)\k)/V()\o, .. ,)\k)

Then |L;j(2)] <1 (j=0,1,...,k,z € K) and L;()\;) = J;; (the Kronecker symbol).
Thus the polynomials L, ..., L are linearly independent and form a basis in the space
of all polynomials of degree < k.

Let p be a polynomial of degree < k. Then p(z) = Z?;op()\j)[/j(z) so that

max.cx [p(2)] < 5o Ip(A)]-

The following theorem was proved for Hilbert space operators in [M1], Lemma 4;
for Banach spaces it improves [M1], Lemma 3.

Theorem 11. Let T € L(X), k € N, e > 0, let M C X be a subspace of a finite
codimension. Suppose that card o..(T) > k + 1. Then there exists x € M of norm one
such that

(p(T
(Tl = e (o(T))
for all polynomials p of degree < k; here r. denotes the essential spectral radius.

Proof. Write K = 0,.(T). For a polynomial p(z) = Z?:o B;27 write |p| = Z?:o 1551
Since card K > k+ 1, p|K # 0 for all non-zero polynomials p of degree < k. Thus there
exists a positive constant ¢ such that ||p||x > ¢ |p| for all polynomials of degree < k.

By Lemma 10 there are elements Ag, ..., Ay € K such that ||p||x < Zf:() Ip(\;)|
for all polymomials p of degree < k.
By Corollary 7 we can find vectors xzq, x1,...,2r € M of norm one such that

ec
2(k + 1) - max{1, |T']|*}’

1
1D | > gmaxlai|  (a; € C),
%

H;aiwi!\ HZO&%H< k+1) (logl = Jeu < 1.)

(T = Ai)aal| <

Let p(z) = 2?20 ;27 be a polynomial. We have

mﬂ%mmmwwz@m_

k
<D UGN AT A T = A

ec ellpllx

< QI8 EITIPT - T = Xall < 5 pl < 2k + 1)

(k+1)2



By the Zenger theorem there are a linear combination = = Z?:o wiz; and z* € X*
such that ||z*|| = 1 = ||z]| and (p;x;, 2*) = ﬁLl (1=0,...,k). Clearly |u;| <3 (i=
0,...,k).

Let p be a polynomial of degree < k, ||p||x = 1. Then

Ip(T)z|l = Hzp YT
> HZMD )iz

> HZP KT

IS - s

(k+1) k:+1 ‘<Z‘p Eaih >‘_ki1

1—¢
k:+1 ~—k+1

Mw

Thus ||p(T)x|| > k+1 <||p|lx for all polynomials p of degree < k. By the spectral mapping
property for the essential spectrum we have

Ipllx = sup{[p(2)] : 2 € ore(T)} = sup{p(2)] : 2 € 0c(T)}
= sup{|w| : w € oc(p(T))} = re(p(T))-

Example 12. The previous result is the best possible.

Let Xo, ..., X be copies of /1, X = @?:ng‘ (the ¢; direct sum), let ¢ = exp(gﬂ)

and T = @,/ Iy,. Then K = 0..(T) = {p,¥%,...,¢" 1, 1}. We show that for each
x € X of norm one there is a polynomial p of degree < k such that ||p(T)z| <

g
Let + = @®z; € X and ||z| = Z?:OH%H = 1. Then there is j such that

|z;] < ,ﬁl; without loss of generality we can assume that ||zg| < k+_1 Consider
: k1
the polynomial p(z) = %H(zk +2F 1) = 2L k—_lH (z # 1). Then

p(?) =0 (j=1,....k) and |[pllx = [p(1)] = 1. We have |[p(T)z[| = [lzsll < 515

Using standard techniques (see [M1], Theorem 5 and [M2], Theorem 8) it is possible
to obtain similar estimates for all polynomials.

Corollary 13. Let T' € L£(X), let x € X and ¢ > 0. Then there exist y € X and a
positive constant ¢ (depending only on ¢) such that ||y — z|| < ¢ and

c-re(p(T))
1+ degp)tte

Ip(T)yll > (

for each polynomial p.
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