Dvoretzky’s type result for operators on Banach spaces

Vladimír Müller*

Abstract. Let λ_1, . . . , λ_n be elements of the essential approximate point spectrum of a bounded Banach space operator. Then there are corresponding approximate eigenvectors x_1, . . . , x_n such that the norm on the subspace generated by them is almost symmetric.

The result can be used in the Scott Brown technique for Banach space operators. Another application is for the local behaviour of operators.

By the Dvoretzky theorem, each infinite dimensional Banach space contains ”nice” finite dimensional subspaces. More precisely,

Theorem 0. Let k ∈ N and ε > 0. Then there exists n ∈ N such that each Banach space X with dim X ≥ n contains an ε-Hilbert subspace Y with dim Y = k.

By saying that Y is an ε-Hilbert space we mean that there are a Hilbert space H and an invertible operator S : Y → H such that ‖S‖ · ‖S^{−1}‖ < 1 + ε.

The aim of this paper is to study an analogous question for operators on Banach spaces.

The author wishes to thank to the referee for careful reading of the manuscript and discovering many misprints.

All Banach spaces are considered to be complex. Denote by L(X) the set of all bounded operators on a Banach space X. Let dim X = ∞ and T ∈ L(X). Clearly the question whether there are finite dimensional subspaces Y ⊂ X such that the restriction T |Y behaves ”nicely” (in the sense of Theorem 0) is closely connected with approximate eigenvalues (= elements of the approximate point spectrum σ_π(T )).

Even more appropriate notion in many situations is the essential approximate point spectrum σ_{πe}(T ) = {λ ∈ C : T − λ is not upper semi-Fredholm}.

Equivalently, λ ∈ σ_{πe}(T ) if and only if inf { ‖(T − λ)x‖ : x ∈ M, ‖x‖ = 1 } = 0 for each subspace M ⊂ X with codim M < ∞.

It is well-known that σ_{πe}(T ) is a nonempty compact subset of C. Further σ_{πe}(T ) contains the topological boundary of the essential spectrum σ_e(T ).

The following technical lemma will be used frequently:

Lemma 1. ([M1], Lemma 1) Let X be an infinite dimensional Banach space, F ⊂ X a finite dimensional subspace and ε > 0. Then there exists a subspace M ⊂ X of a finite codimension such that ‖f + m‖ ≥ (1 − ε) max{‖f‖, ‖m‖/2} for all f ∈ F and m ∈ M.

* The research was supported by the grant No. A1019801 of GA AV.

2000 Mathematics Subject Classification 47A05, 47A10, 47A15.

Corollary 2. Let T ∈ L(X), λ ∈ σ_{πe}(T ), k ∈ N and ε > 0. Let M be a subspace of X of a finite codimension. Then there exists an ε-Hilbert subspace Y ⊂ M with dim Y = k such that ‖(T − λ)y‖ ≤ ε · ‖y‖ (y ∈ Y ).

Proof. By the Dvoretzky theorem, there is n ∈ N such that each n-dimensional Banach space contains a k-dimensional ε-Hilbert subspace.

Using Lemma 1 inductively we can find vectors x_1, . . . , x_n ∈ M of norm one such that ‖(T − λ)x_i‖ <^ε_{3n} (i = 1, . . . , n) and ‖ ‖^n∑ i=1 α_ix_i ‖ ‖ ≥ 1 3 max 1≤i≤n |α_i|

for all α_1, . . . , α_n ∈ C.

Find a k-dimensional ε-Hilbert subspace Y ⊂ ∨{x_1, . . . , x_n}. Let y = ∑_n i=1 α_ix_i ∈ Y . Then ‖y‖ ≥^1_3 max_i |α_i| so that

‖(T − λ)y‖ ≤ n∑ i=1 |α_i| · ‖(T − λ)x_i‖ ≤ n · max_i |α_i| · ε 3n ≤ ε · ‖y‖.

Much more interesting problem is to find approximate eigenvectors x_1, . . . , x_k corresponding to distinct elements λ_1, . . . , λ_k ∈ σ_{πe}(T ). In general we cannot expect to find x_1, . . . , x_k such that the subspace generated by them is ε-Hilbert. Indeed, consider the operator T = λ_1I ⊕ λ_2I on the space X ⊕ X (the ℓ_1 direct sum). If x_1, x_2 are approximate eigenvectors corresponding to λ_1, λ_2, respectively, then the norm on ∨{x_1, x_2} is ”almost ℓ_1” rather than ”almost Hilbert”.

A variation of this example shows that one cannot even expect to have an ”almost ℓ_p-norm” (for some p) on the space ∨{x_1, . . . , x_k}.

On the other hand, it is always possible to find x_1, . . . , x_k such that the norm on ∨{x_1, . . . , x_k} is ”almost symmetric”, i.e., ‖ ‖ ∑ α_ix_i ‖ ‖ .= ‖ ‖ ∑ α^′_ix_i ‖ ‖ whenever |αi| = |α^′_i| (i = 1, . . . , k). The proof will be based on a powerful combinatorial principle — the Ramsey theorem. The author wishes to thank to K. John for drawing his attention to applications of the Ramsey theorem in the functional analysis (see [DJT], p. 298) and to J. Nešetřil for detailed information about the Ramsey theory.

Let A be a set and n > 0. Denote by P_n(A) the family of all subsets of A of cardinality n. The classical Ramsey theorem says that, given n > 0, r > 0 and m > 0, there exists u > 0 with the property that if A is a set with card A ≥ u and P_n(A) is r-coloured (i.e., there is a partition of P_n(A) into r disjoint parts) then there is a set B ⊂ A with card B = m such that P_n(B) is monochromatic (i.e., it is contained in one of the parts).

We need the following generalization of the Ramsey theorem, see [GRS], Theorem 5.1.5.

Theorem 3. Let k > 0, n > 0, r > 0 and m > 0. Then there exists u > 0 with the following property: if A_1, . . . , A_k are sets with card A_i ≥ u (1 ≤ i ≤ k) and P_n(A_1) × · · · × P_n(A_k) is r-coloured, then there are sets B_i ⊂ A_i with card B_i = m (1 ≤ i ≤ k) such that P_n(B_1) × · · · × P_n(B_k) is monochromatic.

Remark 4. The classical Ramsey theorem has also an infinite version: if card A = ∞, n, r ∈ N and P_n(A) is r-coloured, then there is an infinite subset B ⊂ A such that P_n(B) is monochromatic.

Such an infinite version of Theorem 3 is not true. Let k = 2, n = 1 and A_1 = A_2 = N so that P_1(A_1) × P_1(A_2) is the complete bipartite graph. Consider the 2-colouring {(i, j) : i < j} ∪ {(i, j) : i ≥ j}. It is easy to see that there is no infinite monochromatic complete bipartite subgraph (on the other hand, there are monochromatic bipartite subgraphs of any finite size by Theorem 3).

Lemma 5. Let k, m, n ∈ N, ε > 0. Then there exists u ∈ N with the following property: if X is a Banach space and M_1, . . . , M_k its subspaces with dim M_i ≥ u (1 ≤ i ≤ k), then there are vectors x_{i,t} ∈ M_i (1 ≤ i ≤ k, 1 ≤ t ≤ m) of norm one such that

(1 − ε) m∑ t=1 |β_t|^2 ≤ ‖ ‖ ‖ m∑ t=1 β_tx_{it} ‖ ‖ ‖^2 ≤ (1 + ε) m∑ t=1 |β_t|^2 (i = 1, . . . , k, β_t ∈ C), and ‖ ‖ ‖ k∑ i=1 n∑ l=1 β_{il}x_{i,til} ‖ ‖ ‖ − ‖ ‖ ‖ k∑ i=1 n∑ l=1 β_{il}x_{i,t}′_{il} ‖ ‖ ‖ < ε for all β_{il} ∈ C, |β_{il}| ≤ 1 and 1 ≤ t_{i,1} < · · · < t_{i,n} ≤ m, 1 ≤ t^′_{i,1} < · · · < t^′_{i,n} ≤ m. Proof. Let u and v be positive integers large enough (the precise value of u and v will be clear from the proof; in fact u >> v >> m).

Let M_1, . . . , M_k ⊂ X and dim M_i ≥ u (1 ≤ i ≤ k). If u is large enough, then by the Dvoretzky theorem there are ε-Hilbert subspaces M^′_i ⊂ M_i with dim M^′_i = v (1 ≤ i ≤ k). If we choose an ”orthonormal basis” y_{i1}, . . . , y_{i,v} in M^′_i , then ‖y_{ij} ‖ = 1 for all i, j and (1 − ε) v∑ j=1 |β_j |^2 ≤ ‖ ‖ v∑ j=1 β_j y_{ij} ‖ ‖^2 ≤ (1 + ε) v∑ j=1 |β_j |^2 (β_j ∈ C).

Let F be a finite^ε_{3nk} -net in the unit ball of C^{nk} with the ℓ_∞-norm. Let ⟨0, kn⟩ = G_1 ∪· · ·∪G_s where the sets G_j are pairwise disjoint and diam G_j <^ε_3 for all j. Consider the following colouring of ∏_k i=1 P_n({1, . . . , v}): if j_{i,l}, j^′_{i,l} ∈ N (1 ≤ i ≤ k, 1 ≤ l ≤ n) and 1 ≤ j_{i,1} < j_{i,2} < · · · < j_{i,n} ≤ v, 1 ≤ j^′_{i,1} < j^′_{i,2} < · · · < j^′_{i,n} ≤ v, then ∏_k i=1{j_{i,1}, . . . , j_{i,n}} and ∏_k i=1{j^′_{i,1}, . . . , j^′_{i,n}} are of the same colour if and only if ‖ ‖ ‖ ∑ 1≤i≤k ∑ 1≤l≤n β_{il}y_{i,ji,l} ‖ ‖ ‖ ∈ Gr ⇐⇒ ‖ ‖ ‖ ∑ 1≤i≤k ∑ 1≤l≤n β_{il}y_{i,j}′_{i,l} ‖ ‖ ‖ ∈ Gr for all (β_{il}) ∈ F and 1 ≤ r ≤ s.

If v is large enough, then by Theorem 3 there are subsets L_i ⊂ {1, . . . , v} such that card L_i = m (i = 1, . . . , k) and ‖ ‖ ‖ k∑ i=1 n∑ l=1 β_{il}y_{i,jil} ‖ ‖ ‖ − ‖ ‖ ‖ k∑ i=1 n∑ l=1 β_{il}y_{i,j}′_{il} ‖ ‖ ‖ < ε 3 for all (β_{il}) ∈ F, j_{i,l}, j^′_{i,l} ∈ L_i, j_{i,1} < · · · < j_{i,n}, j^′_{i,1} < · · · < j^′_{i,n}. Since F is an^ε_{3nk} -net in the unit ball of C^{nk} and ‖y_{ij} ‖ = 1, it is easy to show that ‖ ‖ k∑ i=1 n∑ l=1 β_{il}y_{i,jil} ‖ ‖ − ‖ ‖ k∑ i=1 n∑ l=1 β_{il}y_{i,j}′_{il} ‖ ‖ < ε (1) for all β_{il} ∈ C, |β_{il}| ≤ 1, j_{i,l}, j^′_{i,l} ∈ L_i, j_{i,1} < · · · < j_{i,n}, j^′_{i,1} < · · · < j^′_{i,n}. Let L_i = {j_{i1}, . . . , j_{im}} (1 ≤ i ≤ k, j_{i1} < . . . < j_{im}). For x_{it} = y_{i,jit} , (1) gives the statement of Lemma 5.

Theorem 6. Let k ∈ N, ε > 0. Then there exists u ∈ N with the following property: if X is a Banach space and M_1, . . . , M_k its subspaces with dim M_i ≥ u (1 ≤ i ≤ k), then there are vectors x_i ∈ M_i (1 ≤ i ≤ k) of norm one such that ‖ ‖ k∑ i=1 α_ix_i ‖ ‖ − ‖ ‖ k∑ i=1 α^′_ix_i ‖ ‖ < ε (αi, α^′_i ∈ C, |α^′_i| = |αi| ≤ 1).

Proof. Choose n ≥^{2kπ}_ε and m ≥^{256k2n}_{ε2} . Suppose that M_1, . . . , M_k are sufficiently large subspaces of X. By the previous lemma there are vectors y_{ij} ∈ M_i (1 ≤ i ≤ k, 1 ≤ j ≤ mn + n) of norm one such that 1 2 mn+n∑

j=1 |β_j |^2 ≤ ‖ ‖^{mn+n}∑ j=1 β_j y_{ij} ‖ ‖^2 ≤ 2^{mn+n}∑ j=1 |β_j |^2 (β_j ∈ C), and ‖ ‖ ‖ k∑ i=1 mn∑ l=1 β_{il}y_{i,jil} ‖ ‖ ‖ − ‖ ‖ ‖ k∑ i=1 mn∑ l=1 β_{il}y_{i,j}′_{il} ‖ ‖ ‖ < ε 4 for all β_{il} ∈ C, |β_{il}| ≤ 1, 1 ≤ i ≤ k, 1 ≤ j_{i,1} < · · · < j_{i,mn} ≤ mn + n, 1 ≤ j^′_{i,1} < · · · < j^′_{i,mn} ≤ mn+n. Let φ be the primitive n-th root of 1 so that the set {φ, φ^2, . . . , φ^{n−1}, 1} is an^ε_{2k} -net in the unit circle.

Set x_i = a^{−1}_i · ∑_{mn} j=1 φ^j y_{ij} where a_i = ‖ ∑_{mn} j=1 φ^j y_{ij} ‖. Clearly ‖x_i‖ = 1 and a_i ≥^{√mn}_2 .

Let α_i, α^′_i ∈ C, |α^′_i| = |α_i| ≤ 1 (1 ≤ i ≤ k). There are exponents l_1, . . . , l_k ∈ {1, . . . , n} such that |α^′_i − φ^{li} α_i| <^ε_{2k} so that ‖ ‖ ‖ k∑ i=1 α^′_ix_i ‖ ‖ ‖ ≥ ‖ ‖ ‖ k∑ i=1 φ^{li} α_ix_i ‖ ‖ ‖ − ε/2.

Thus it is sufficient to show that ‖ ‖ ∑ φ^{li} α_ix_i ‖ ‖ ≥ ‖ ‖ ∑ α_ix_i ‖ ‖ − ε/2. We have ‖ ‖ k∑ i=1 φ^{li} α_ix_i ‖ ‖ = ‖ ‖ k∑ i=1 α_i a_i mn∑ j=1 φ^{j+li} y_{i,j} ‖ ‖

= ‖ ‖ k∑ i=1 α_i a_i (^{n−l}i∑ j=1 φ^{j+li} y_{i,j} + mn+n−l_i ∑ j=n−l_i+1 φ^{j+li} y_{i,j} − mn+n−l_i ∑ j=mn+1 φ^{j+li} y_{i,j} )‖ ‖

≥ ‖ ‖^k∑ i=1 α_i a_i mn+n−l_i ∑ j=n−l_i+1 φ^{j+li} y_{i,j} ‖ ‖ −^k∑ i=1 2n a_i ≥ ‖ ‖^k∑ i=1 α_i a_i mn∑ j=1 φ^{j+n}y_{i,j} ‖ ‖ − ε 4 − 4kn √ mn ≥ ‖ ‖^k∑ i=1 α_ix_i ‖ ‖ − ε 2 .

Corollary 7. Let T ∈ L(X), λ_1, . . . , λ_k ∈ σ_{πe}(T ), ε > 0, and let M ⊂ X be a subspace of a finite codimension. Then there exist vectors x_1, . . . , x_k ∈ M of norm one such that ‖(T − λ_i)x_i‖ < ε (i = 1, . . . , k), ‖ ‖ ‖ ∑ i α_ix_i ‖ ‖ ‖ ≥ 1 3 max_i |α_i| (α_i ∈ C), ‖ ‖ k∑ i=1 α^′_ix_i ‖ ‖ − ‖ ‖ k∑ i=1 α_ix_i ‖ ‖ < ε (αi, α^′_i ∈ C, |α^′_i| = |αi| ≤ 1).

Proof. Use Corollary 2 and Lemma 1 inductively to construct subspaces M_1, . . . , M_k ⊂ M large enough with the properties ‖(T − λ_i)y‖ < ε‖y‖ (y ∈ M_i, y ≠ 0) and ‖ ‖ ‖ k∑ i=1 y_i ‖ ‖ ‖ ≥ 1 3 max_i ‖y_i‖ (y_i ∈ M_i, i = 1, . . . , k). Corollary 7 now follows immediately from Theorem 6.

Remark 8. By the same methods it is easy to prove also the following variant of the previous result:

Let T ∈ L(X), λ_1, . . . , λ_k ∈ σ_{πe}(T ), s ∈ N, ε > 0. Then there are vectors x_{i,j} ∈ X (1 ≤ i ≤ k, 1 ≤ j ≤ s) of norm one such that ‖(T − λ_i)x_{i,j}‖ < ε (1 ≤ i ≤ k, 1 ≤ j ≤ s),

(1 − ε) ∑ |β_r|^2 ≤ ‖ ‖∑ r β_rx_{i,r} ‖ ‖^2 ≤ (1 + ε) ∑ |β_r|_2 (1 ≤ i ≤ k, β_r ∈ C), ‖ ‖ ‖ ∑ i,r α_{i,r}x_{i,r} ‖ ‖ ‖ ≥ 1 3 max_i ‖ ‖ ‖ ∑ r α_{i,r}x_{i,r} ‖ ‖ ‖ (αi,r ∈ C) and ‖ ‖ ‖ k∑ i=1 s∑ r=1 α_{i,r}x_{i,r} ‖ ‖ ‖ − ‖ ‖ ‖ k∑ i=1 s∑ r=1 α^′_{i,r}x_{i,r} ‖ ‖ ‖ < ε (|α^′_{i,r}| = |αi,r| ≤ 1).

Situations as in Corollary 7 appear naturally if the Scott Brown technique is applied

to Banach space operators.

Let T be a polynomially bounded operator on a Banach space X. Let D be the

open unit disc in the complex plane, and let P be the normed space of all polynomials

with the sup-norm on D. Denote by Q the space of all bounded functionals on P.

Important examples of elements of Q are the evaluations E_λ : p → p(λ) where

λ ∈ D, and functionals x ⊗ x^∗ : p → ⟨p(T )x, x^∗⟩ where x ∈ X and x^∗ ∈ X^∗.

A typical problem in the Scott Brown technique is to approximate a finite linear

combination ∑ i α_iE_{λi} , where λ_i ∈ σ_{πe}(T ) and α_i ∈ C, ∑ i |α_i| = 1, by x ⊗ x^∗ for some

x ∈ X and x^∗ ∈ X^∗, see [E], Corollary 1.11 or [EP], Corollary 5.2. The problem is

relatively easy for Hilbert space operators. In the Banach space context this can be done

by using the Zenger theorem [BD], page 20. Since the Zenger theorem is formulated

only for positive coefficients α_i, it is necessary to consider the decompositions of α_i’s

into the real and imaginary, as well as into the positive and negative, parts. Corollary

7 enables to get the approximation in a more aesthetic way.

Theorem 9. Let T be a polynomially bounded operator on a Banach space X, let

λ_1, . . . , λ_k ∈ σ_{πe}(T ), ε > 0, let M, F be subspaces of X with dim F < ∞ and codim M <

∞. Let α_1, . . . , α_k ∈ C satisfy ∑ i |α_i| = 1. Then there exist x ∈ M and x^∗ ∈ F^⊥ such

that ‖x‖ = 1, ‖x^∗‖ ≤ 2 and ‖x ⊗ x^∗ − ∑ i α_iE_{λi} ‖_Q < ε. Proof. Without loss of generality we can assume that all α_i’s are nonzero. Let δ > 0, δ < 1/2. Let K = sup{‖p(T )‖ : ‖p‖ ≤ 1}. By Lemma 1 there is a subspace M^′ ⊂ X of a finite codimension such that ‖f + m^′‖ ≥ 1 − δ 2 ‖m^′‖ (f ∈ F, m^′ ∈ M^′). By Corollary 7 there are vectors u_1, . . . , u_k ∈ M ∩ M^′ of norm one such that ‖(T − λ_i)u_i‖ < δ (i = 1, . . . , k), ‖ ‖^k∑ i=1 β_iu_i ‖ ‖ ≥ 1 3 max_i |β_i| (β_i ∈ C), ‖ ‖ ‖ k∑ i=1 β^′_iu_i ‖ ‖ ‖ − ‖ ‖ ‖ k∑ i=1 β_iu_i ‖ ‖ ‖ < δ (βi, β^′_i ∈ C, |β^′_i| = |βi| ≤ 1).

By the Zenger theorem there are u^∗ ∈ X^∗ and a linear combination u = ∑ i μ_iu_i such

that ‖u‖ = 1 = ‖u^∗‖ and ⟨μ_iu_i, u^∗⟩ = |α_i| (i = 1, . . . , k). Clearly |μ_i| ≤ 3 for all i.

By the Hahn-Banach theorem there is a functional v^∗ ∈ F^⊥ such that ⟨μ_iu_i, v^∗⟩ = |α_i| = ⟨μ_iu_i, u^∗⟩ (i = 1, . . . , k) and ‖v^∗‖ = sup { |⟨a + f, v^∗⟩| : a ∈ ∨_iu_i, f ∈ F, ‖a + f‖ ≤ 1 } = sup { |⟨a, u^∗⟩| : a ∈ ∨_iu_i, dist {a, F } ≤ 1 } ≤ sup { ‖a‖ : a ∈ ∨_iu_i, dist {a, F } ≤ 1 } ≤ 2 1 − δ ≤ 4. Set v = ∑_k i=1 μ_i^{αi}_{|αi|} u_i. Then ‖v‖ − ‖u‖ < 3δ. Set further x =^v_{‖v‖} and x^∗ = v^∗ max{1,‖v^∗‖/2} . Thus ‖x‖ = 1 and ‖x ∗‖ ≤ 2. Further ‖x − v‖ ≤ 3δ and ‖x^∗ − v^∗‖ ≤ 2 1−δ − 2 =^{2δ}_{1−δ} ≤ 4δ. We have ‖ ‖ ‖x ⊗ x^∗ − k∑ i=1 α_iE_{λi} ‖ ‖ ‖ ≤ ‖x ⊗ (x^∗ − v^∗)‖ + ‖(x − v) ⊗ v^∗‖ + ‖ ‖ ‖v ⊗ v^∗ − k∑ i=1 α_iE_{λi} ‖ ‖ ‖

≤ K‖x^∗ − v^∗‖ + K‖x − v‖ · ‖v^∗‖ + sup {| |⟨p(T )v, v^∗⟩ − k∑ i=1 α_ip(λ_i) | | | : ‖p‖ ≤ 1 }

≤ 16Kδ + sup {| | k∑ i=1 ⟨μ_i α_i |α_i| ( p(T ) − p(λ_i) ) u_i, v^∗⟩ | | : ‖p‖ ≤ 1}.

For ‖p‖ ≤ 1 and 1 ≤ i ≤ k set q_i(z) =^{p(z)−p(λi )}_{z−λi} . Then ‖q_i‖ ≤^2_{1−|λi|} and ‖ ‖ ‖x ⊗ x^∗ − k∑ i=1 α_iE_{λi} ‖ ‖ ‖ ≤ 16Kδ + sup {| | k∑ i=1 ⟨μ_i α_i |α_i| q_i(T )(T − λ_i)u_i, v^∗⟩ | | | : ‖p‖ ≤ 1 }

≤ 16Kδ + k∑ i=1 3K · 8δ 1 − |λ_i| .

For δ small enough we get ‖ ‖x ⊗ x^∗ − ∑_k i=1 α_iE_{λi} ‖ ‖ < ε. Another application of Corollary 7 concerns the local behaviour of operators, see

[M1], [M3]. We need the following lemma [F].

Lemma 10. Let K ⊂ C be a nonempty compact set and k ∈ N. Then there exist

elements λ_0, . . . , λ_k ∈ K such that

max_{z∈K} |p(z)| ≤ k∑ j=0 |p(λ_j )|

for all polynomials p of degree deg p ≤ k.

Proof. The statement is clear if card K ≤ k.

Suppose that card K ≥ k + 1. For x_0, . . . , x_k ∈ K denote by V (x_0, . . . , x_k) = det(x^j_i )^k_{i,j=0} = ∏ i<j (x_j −x_i) the Wandermond determinant. Let λ_0, . . . , λ_k ∈ K satisfy |V (λ_0, . . . , λ_k)| = max_{x0 ,...,xk ∈K} |V (x_0, . . . , x_k)|. Then V (λ_0, . . . , λ_k) ≠ 0. For j = 0, 1, . . . , k set L_j (z) = V (λ_0, . . . , λ_{j−1}, z, λ_{j+1}, . . . , λ_k)/V (λ_0, . . . , λ_k). Then |L_j(z)| ≤ 1 (j = 0, 1, . . . , k, z ∈ K) and L_j (λ_i) = δ_{ij} (the Kronecker symbol). Thus the polynomials L_0, . . . , L_k are linearly independent and form a basis in the space of all polynomials of degree ≤ k.

Let p be a polynomial of degree ≤ k. Then p(z) = ∑_k j=0 p(λ_j )L_j(z) so that max_{z∈K} |p(z)| ≤ ∑_k j=0 |p(λ_j)|. The following theorem was proved for Hilbert space operators in [M1], Lemma 4;

for Banach spaces it improves [M1], Lemma 3.

Theorem 11. Let T ∈ L(X), k ∈ N, ε > 0, let M ⊂ X be a subspace of a finite codimension. Suppose that card σ_{πe}(T ) ≥ k + 1. Then there exists x ∈ M of norm one such that ‖p(T )x‖ ≥ 1 − ε k + 1 r_e(p(T ))

for all polynomials p of degree ≤ k; here r_e denotes the essential spectral radius. Proof. Write K = σ_{πe}(T ). For a polynomial p(z) = ∑_k j=0 β_j z^j write |p| = ∑_k j=0 |β_j |. Since card K ≥ k + 1, p|K ≠ 0 for all non-zero polynomials p of degree ≤ k. Thus there exists a positive constant c such that ‖p‖_K ≥ c · |p| for all polynomials of degree ≤ k.

By Lemma 10 there are elements λ_0, . . . , λ_k ∈ K such that ‖p‖_K ≤ ∑_k i=0 |p(λ_i)| for all polymomials p of degree ≤ k.

By Corollary 7 we can find vectors x_0, x_1, . . . , x_k ∈ M of norm one such that ‖(T − λ_i)x_i‖ < εc 2(k + 1)^3 · max{1, ‖T ‖^k} , ‖ ∑ i α_ix_i‖ ≥ 1 3 max_i |α_i| (α_i ∈ C), ‖ ∑ i α_ix_i‖ − ‖ ∑ i α^′_ix_i‖ < ε 6(k + 1) (|α^′_i| = |α_i| ≤ 1.) Let p(z) = ∑_k j=0 β_j z^j be a polynomial. We have ‖(p(T ) − p(λ_i))x_i‖ = ‖ ‖∑ j β_j (T^j − λ^j_i )x_i ‖ ‖

≤ k∑ j=0 |β_j | · ‖T^{j−1} + λ_iT^{j−2} + · · · + λ^{j−1}_i ‖ · ‖(T − λ_i)x_i‖

≤ k∑ j=0 |β_j | · k‖T ‖^{j−1} · ‖(T − λ_i)x_i‖ ≤ εc 2(k + 1)^2 · |p| ≤ ε‖p‖_K 2(k + 1)^2 .

By the Zenger theorem there are a linear combination x = ∑_k i=0 μ_ix_i and x^∗ ∈ X^∗ such that ‖x^∗‖ = 1 = ‖x‖ and ⟨μ_ix_i, x^∗⟩ =^1_{k+1} (i = 0, . . . , k). Clearly |μ_i| ≤ 3 (i = 0, . . . , k). Let p be a polynomial of degree ≤ k, ‖p‖_K = 1. Then

‖p(T )x‖ = ‖ ‖^k∑ i=0 p(T )μ_ix_i ‖ ‖ ≥ ‖ ‖^k∑ i=0 p(λ_i)μ_ix_i ‖ ‖ − ‖ ‖^k∑ i=0 ( p(T ) − p(λ_i) ) μ_ix_i ‖ ‖

≥ ‖ ‖ ‖ k∑ i=0 |p(λ_i)|μ_ix_i ‖ ‖ ‖ − ε 2(k + 1) − ε 2(k + 1) ≥ | | | ⟨^k∑ i=0 |p(λ_i)| · μ_ix_i, x^∗ ⟩| | − ε k + 1 ≥ 1 k + 1 k∑ i=0 |p(λ_i)| − ε k + 1 ≥ 1 − ε k + 1 .

Thus ‖p(T )x‖ ≥^{1−ε}_{k+1} ‖p‖_K for all polynomials p of degree ≤ k. By the spectral mapping property for the essential spectrum we have ‖p‖_K = sup{|p(z)| : z ∈ σ_{πe}(T )} = sup{|p(z)| : z ∈ σ_e(T )} = sup{|w| : w ∈ σ_e(p(T ))} = r_e(p(T )).

Example 12. The previous result is the best possible.

Let X_0, . . . , X_k be copies of ℓ_1, X = ⊕^k_{j=0}X_j (the ℓ_1 direct sum), let φ = exp(^{2πi}_{k+1} ) and T = ⊕_j φ^j I_{Hj} . Then K = σ_{πe}(T ) = {φ, φ^2, . . . , φ^{k−1}, 1}. We show that for each x ∈ X of norm one there is a polynomial p of degree ≤ k such that ‖p(T )x‖ ≤^1_{k+1} .

Let x = ⊕_j x_j ∈ X and ‖x‖ = ∑_k j=0 ‖x_j‖ = 1. Then there is j such that ‖x_j ‖ ≤^1_{k+1} ; without loss of generality we can assume that ‖x_k‖ ≤^1_{k+1} . Consider the polynomial p(z) =^1_{k+1} (z^k + z^{k−1} + · · · + z + 1) =^{zk+1−1}_{z−1} ·^1_{k+1} (z ≠ 1). Then p(φ^j ) = 0 (j = 1, . . . , k) and ‖p‖_K = |p(1)| = 1. We have ‖p(T )x‖ = ‖x_k‖ ≤^1_{k+1} .

Using standard techniques (see [M1], Theorem 5 and [M2], Theorem 8) it is possible to obtain similar estimates for all polynomials.

Corollary 13. Let T ∈ L(X), let x ∈ X and ε > 0. Then there exist y ∈ X and a positive constant c (depending only on ε) such that ‖y − x‖ < ε and

‖p(T )y‖ ≥ c · r_e(p(T )) (1 + deg p)^{1+ε}

for each polynomial p.

References

[BD] F.F. Bonsall, J. Duncan, Numerical Ranges II, London Math. Soc. Lecture Note Series 10, Cambridge University Press, Cambridge 1973.

[DJT] J. Diestel, H. Jarchow, A. Tonge, Absolutely summing operators, Cambridge Studies in Advanced Mathematics, Cambridge University Press, Cambridge, 1995.

[E] J. Eschmeier, Representation of H^∞(G) and invariant subspaces, Math. Ann. 298 (1994), 167–186.

[EP] J. Eschmeier, M. Ptak, On invariant subspaces of the adjoint operator, to appear.

[F] M. Fekete, Über die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen mit ganzzahligen Koeffizienten, Math. Z. 17 (1923), 228–249.

[GRS] R.L. Graham, B.L. Rothschild, J.H. Spencer, Ramsey theory, John Wiley & sons, New York, 1980.

[M1] V. Müller, Local behaviour of the polynomial calculus of operators, J. reine angew.

Math. 430 (1992), 61–68.

[M2] V. Müller, On the essential approximate point spectrum of operators, Int. Eq.

Oper. Th. 15 (1992), 1033–1041.

[M3] V. Müller, Local behaviour of operators, in: Functional Analysis and Operator Theory, Banach Center Publications, vol. 30, 251–258, Warszawa, 1994.

Institute of Mathematics AV ČR Zitna 25, 115 67 Prague 1 Czech Republic e-mail address: muller@math.cas.cz