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Abstract. Let T1,...,T, be bounded linear operators on a complex Hilbert space H.
Then there are compact operators Ki,...,K, € B(H) such that the closure of the
joint numerical range of the n-tuple (17 — K, ...,T, — K,) equals to the joint essential
numerical range of (71,...,T,,). This generalizes the corresponding result for n = 1.

We also show that if S € B(H) and n € N then there exists a compact operator
K € B(H) such that ||(S — K)"|| = ||S™||e. This generalizes results of C.L. Olsen.

1. Introduction

Let T be a bounded linear operator acting on a complex Hilbert space H. The
properties of T' can be frequently improved by adding to it a compact perturbation.
For example:

e [S] there exists a compact operator K; € B(H) such that
o(T + K1) = ow(T),

where ow (T) = ({o(T' + L) : L € B(H) compact} denotes the Weyl spectrum of
T;

e [CSSW] there exists a compact operator Ko such that W (T + K3) = W,(T'), where
W denotes the numerical range and W, the essential numerical range;

e [OP] if p is a polynomial and p(T") compact, then there exists a compact operator
K3 such that p(T' + K3) = 0.

The present paper studies variations of the second and third result mentioned
above.

In the next section we generalize the second result for n-tuples of operators.

In section 3 we study the following problem of C.L. Olsen which is still open:
if S € B(H) and p a polynomial, does there exists a compact operator L such that
Ip(S+ L) = [p(S)].?

A positive answer is known only for some special polynomials. In [O] it was proved
for p(z) = 2,22, 23. In [CLSW] a positive answer was given for all linear polynomials.

We improve the result of [O] and give a positive answer for all powers p(z) = 2™.
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2. Joint numerical range and compact perturbations

Let T = (T4,...,T,) be an n-tuple of operators on a complex Hilbert space H.
The joint numerical range W (T) is defined by

W(T) ={((Thz,z),...,(Thz,x)) : x € H,||z| = 1}.

It is well known that the numerical range W (T') is convex for n = 1 but not convex
in general for n > 2.

Apart from the (spatial) numerical range W (T) it is also possible to define an
algebraic numerical range. Let A be a Banach algebra with unit e, let a = (aq,...,a,) €
A™. The joint algebraic numerical range V' (a,.A) is defined by

V(a, A) = {(f(a1),..., flan)) : f € A% [If| = 1= f(e)}.

It is well known that V'(a,.A) is always a compact convex subset of C", see [BD1], p
24.

For n-tuples of Hilbert space operators the spatial and algebraic numerical ranges
are closely connected. Denote by B(H) the algebra of all bounded linear operators on
a Hilbert space H. By conv M we denote the closed convex hull of a set M.

Theorem 1. Let T' = (11,...,T,) € B(H)". Then V(T, B(H)) = conv W(T).

Proof. The statement is well known for n =1 (see [BD1], p. 83). For n > 2 it is more
or less a folklore. For the sake of convenience we indicate briefly the proof.

Clearly W(T) c V(T,B(H)). Since V(T,B(H)) is closed and convex, we have
conv W(T) Cc V(T,B(H)).

Let z = (21,...,2,) € C"\ conv W(T). Then there are numbers ag,...,a, € C
such that

Re Z% —- za] O ) € WD)}
(e <Z%Tw 2w e el =1)
{Ren MEW(Z% )}

—cup{Re uev@% )
{
{
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Re Y- a;f(Ty): f € BUH),|Ifll =1 = f(I)}

Re En:ajxj MyeeosAn) € V(T,B(H))}.



Hence (21, . ..,2n) ¢ V(T, B(H)) and V(T, B(H)) = conv W (T). O

Let H be an infinite-dimensional Hilbert space. The joint essential numerical range
We(T) of an n-tuple T'= (11, ...,T,) € B(H)" is the set of all (A1,...,\,) € C" such
that there exists an orthonormal sequence (xx) C H with

)‘j :kli)n;o<zjk’wk> (j: 1,...,71).

The essential numerical range for n = 1 was introduced and studied in [FSW]. The
joint essential numerical range was studied e.g. in [CT], [B], [LP].

Although W(T) is not convex in general for n > 2, it was shown in [LP] that
W, (T) is always convex. In fact, W.(T') is equal to the algebraic numerical range of
the corresponding classes in the Calkin algebra B(H)/K(H), where C(H) denotes the
ideal of all compact operators on H. Denote by 7 : B(H) — B(H)/K(H) the canonical
projection. As usual we write 7(T') = (w(T1), ..., 7(Ty)).

We summarize the basic properties of the joint essential numerical range W, (7T') in
the following theorem:

Theorem 2. Let H be an infinite-dimensional Hilbert space and let T' = (T3, ...,T,) €
B(H)™. Then W,.(T) is a compact convex subset of C" and

We(T)= (| WT+EK)= () eonwW(T+K)=V(x(T),B(H)/K(H)).
KeK(H)" KekK(H)™

Proof. The first two equalities were proved in [LP]. This also implies the compactness
and convexity of W, (T).

If f e (B(H)/KH))" and ||f|]| =1 = f(I+ K(H)) then for € B(H)* and
|fom||=1=(fom)(I). Moreover, for annihilates compact operators. So

V(m(T),B(H)/K(H)) C V(T + K, B(H))
for all K € K(H)™. So

V(m(T),B(H)/K(H))c () V(T+K,B(H))

KeK(H)"
= (] wnvW(T+ K)=W(T).
KeK(H)n
Conversely, let A\ = (A1,...,\,) € W.(T), i.e., there exists an orthonormal sequence

(xx) C H such that \; = limy_,oo(Tjxg, xx) for all j = 1,...,n. Let LIM be any
Banach limit. Define f € B(H)* by f(S) = LIM oo (Szg,x1) (S € B(H)). Then f
annihilates all compact operators and so it induces a functional f € (B(H)/K(H ))*

Clearly ||f| =1 = f(I+K(H)) and f(x(T)) = \. Hence \ € V(n(T), B(H)/K(H)). O

The main result of this section is that for each n-tuple (T1,...,7T,) of Hilbert
space operators there exists an n-tuple of compact operators (K7, ..., K,) such that
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We(Th,...,T,) = W(Ty — K1,...,T,, — K,,)~. This improves the results of [LP] men-
tioned in Theorem 2.

For n = 1 the existence of the optimal compact perturbation was proved in
[CSSW]. We use the operator-theoretical method of [CLSW] (however, this method
is only sketched there in a not very clear way, the paper [CLSW] uses mainly another
method based on the notion of M-ideals).

Remark 3. In fact the joint essential numerical range W, (T") was studied in [LP] only
for n-tuples of selfadjoint operators. However, every operator S € B(H) can be written
as S =ReS +iIm S, where ReS = (5 + 5*) and Im S = (S — S*) are selfadjoint
operators.

Any n-tuple T = (11,...,T,) € B(H)™ can be identified with the (2n)-tuple

(ReTh,ImTy,...,ReT,,,ImT),)

of selfadjoint operators and the joint essential numerical range W, (T) C C" can be
identified with W,(ReTy,ImT1,...,ReT,,ImT,) C R*". So all the statements con-
cerning W, (T') can be reduced to the corresponding statements for tuples of selfadjoint
operators.

An important property of selfadjoint operators is that their numerical range is
real. The next proposition characterizes the numerical range of tuples of selfadjoint
operators.

Proposition 4. Let S = (S1,...,5,) be an n-tuple of selfadjoint operators on a

Hilbert space H. Let z = (21,...,21) € R". Then:
(i) z € V(S,B(H)) if and only if

n n
’Z a2+ )\’ < HZ a;S; + )\H
i=1 i=1

for all aq,...,a,, A €R.
(ii) z € W(S) if and only if

’Z 25 + )\’ < HZ a;jS; + A
j=1 j=1

for all aq,...,a,, A €R.

Proof. Let z € V(S, B(H)). Then there exists f € B(H)* such that [|f| =1 = f(I)
and f(S;) =%, (j=1,...,n). Let aq,..., o, A € R. Then

S a4 A = (30 s 1) < 30 s 2|
J=1 Jj=1 j=1

e

Conversely, let ‘Z?Zl a;zj + )\‘ < szzl a;S; + )\H for all a1, ..., an, A € R. Let
A be the real subspace of B(H) generated by Si,...,S,,I. Let f: A — R be the
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real functional defined by f<2?:1 a;S; + )J) = Z?:l a;z; + A. Then ||f|| <1 and

f(I)=1. S0 ||fl=1and f(S;)=2; (j=1,...,n). )

By the Hahn-Banach theorem there exists a real functional f : B(H) — R ex-
tending f such that 1Kl = |Ifll = 1. Let g € B(H)* be the complex functional
defined by g(V) = f(V) —if(:V) (V € B(H)). Then |g|| = ||f]| =1 and f = Regy,
see [BD2], p. 3. We have |g(I)] < 1 and Reg(I) = f(I) = 1, so g(I) = 1. Thus
g(S1,...,5n) € V(S,B(H)).

Moreover, V(S, B(H)) C [[;_, V(S;, B(H)) C R". So

(21, ..y 2n) = (f(Sl),...,f(Sn)) = (Reg(S1),...,Reg(Sy))
= (9(51),...,9(Sn)) € V(S,B(H)).

(ii) can be proved similarly using the equality W.(S) = V(= (5), B(H)/K(H)). O
Lemma 5. Let H be a Hilbert space and let S € B(H), x € H, ||z|]| = 1, t > 5||5].
Then o2

2
‘||(S+t)ac|| —t—Re(Sm,m>‘ < ”t” .

Proof. We have
1(S + )z = (IS + B)2|2)/2 = (£ + 2t Re (S, z) + || Sz[|?)/* = t(1 + 5)/2,
where s = 28¢ <tsm’$> + ”S:QHZ. Then

C 280, siE sy b

t t2 — b5t 2
It is easy to verify that for s < 1/2 we have

2

S S S
° o2 < 2<14 2,
Lo — 7 <0+92 <145
So
’||(S—|—t)m|| _t—Re <Sm,m>’ - ’t(l +5)Y2 ¢ Re <Sm,m>’
1/2 1/2 1Sz |)?
g’t(1+s) ’+‘——Re(5ww‘§t’(1+s) 2‘4—
15112 IISII2 112 1y _2|S|°
= < R
4 26—t (4-52+2)— t

O

For S € B(H) denote by |S||e the essential norm of S, ||S||c = inf{||S + L : L €
H )} For a subspace M C H denote by Pj; the orthogonal projection onto M.

Proposition 6. Let H be a separable infinite-dimensional Hilbert space, let (e1, e, .. .)
be an orthonormal basis in H. Let S € B(H). Then

I8 = lim 1Py SPy |

where Hy, = \/;?:1

€;j (k‘EN)



Proof. For each k € N, the operator S — PSPy is of finite rank, so 1S]le <
[ Prre SPy 1.
Clearly
1Py Prpll = 1Py SPypll = -,

so the limit klim ||PHkL SPy. || exists and is greater or equal to ||S||.
—00
Suppose on the contrary that limy oo ||[PpsSPys| > |S]le. Then there exists
€ > 0 such that [Py SPy.| > ||S|le 4 ¢ for all k € N. Find z, € Hit, ||lzk]| = 1 such

that ||Sxk| > HPHkLS.ka” > ||S]|e + &. Clearly x, — 0 weakly. Let L € B(H) be a

compact operator. Then | Lzg| — 0 and ||S + L|| > supyey ||(S + L)zl > [|S]e + €.
So [|S|le = infrexc(my IS + L|| > ||S]|e + ¢, a contradiction. O

Corollary 7. Let H be a separable infinite-dimensional Hilbert space, S € B(H),
t,t' > 5||S||?. Then:

. 4)|8))?
() IS+t = IS+ 20 -t + ¢ < B
.. e

(i) 115+ the = 15+ ¢lle = t+¥'] < G2l

Proof. Let x € H, ||z|| = 1. By Lemma 5,

2 2
(S + 1) — ¢ — Re (Sz,2)| < ”f”
and o2
2
(S + )l '~ Re (s a)| < 221
% Is|2
4
/ /
— — < =R
IS+ o)l = 1( + el =t #'| < o b

Let () C H be a sequence of unit vectors such that ||(S + t)xg| — ||S + t||.
Without loss of generality we may assume that limy_. ||(S + ')z exists. Then

| 15
_ n — r< ] — / - ) s
IS+l =118 + ¢l = ¢+ ¢ < Jim (S + Daell = (S + )l — ¢ +1) < o

By symmetry, we get (i).
By Proposition 6, we have [|S + t[le = limg—oo [Py (S + £) P2 ||, where H), =
\/;?:1 e; and (eg, ez, ...) is an orthonormal basis in H. This together with (i) gives
IS+ tlle = IS+l —t+
— lim ) 1Py (S + )Py || — |Py (S + )Py || —t +#
k— 00 k k k k

APy SPyo|> 492
< lim - < — .
T k—oo  min{¢, t'} min{¢, ¢}




Lemma 8. Let T = (T1,...,T,) be an n-tuple of operators on a separable infinite-
dimensional Hilbert space H. Then there exist mutually orthogonal finite-dimensional
subspaces Fj, C H such that H = @, | Fy, and P,T;P, =0 for all 7,s € N, |r — s| > 2
and j =1,...,n (i.e., the operators T} ..., T, are simultaneously block 3-diagonal).
Proof. Let (e1,e2,...) be an orthonormal basis in H. Let F; = \/{e1}. Let G2 =
V{F, T FL, TP F (1< j <n)eaf and Fy = Go © Fi. Then dim Fy < oo, Tj;Fy C
F; @ F5 and T;Fl C F1 & F; for alljz 1,...,n.

We continue this construction for £ € N inductively. If £ > 3 and the subspaces
Fi, ..., Fr_1 have already been constructed, then set

G = \/{FL s B, TP, T Fen (G =1,...,n),ex}

and I, = G © (F1 D---D Fk—l)- Then dim Fj, < oo, Tij_l C (F1 D---D Fk) and
T;-ka_l C (Fl@---@Fk) for alljz 1,...,n.

If we continue this construction for all £ € N we get the required decomposition
(note that @, F, = H since e, € Fy @ --- @ F}, for each k). O

The following lemma was proved in [CLSW], Lemma 6. We formulate it in a more
explicit form.

Lemma 9. Let S € B(H) be block 3-diagonal, i.e., there are finite-dimensional sub-
spaces Fj such that H = )2, Fj and P, SPr, = 0 whenever |r —s| > 2. Denote by
Q. the orthogonal projection onto @5~

Jj=k+1+7J
Let [,d e N, k=14 2d and let V € B(H) satisfy V = QrVQk. Then ||S+ V| <

S
max{[|S||, [|Qi(S + V)Qu|I} + 7.
Proof. Let x € H, ||z|| = 1. Then
HPFz-Hx + PFH-Q':C”Q + HPFLJ,-g':C + pFl+4':C”2 +oeee Tt HPFH—Qd—lw + PFz+2dxH2 < ”33'”2 =L
So there exists jo, [ +1 < jo <1+ 2d —1 < k — 1 such that ||Pp, =+ PF].O_H.IHQ < d 1l
Jjo—1 oo

Write = u + v + w, where u € @ Fj, v= Pr, v+ Pr, ,,vand w € P F}.
J=1 Jj=Jjo+2

We have (S+V)x = Su+Sv+(S+V)w, where || Sv|| < ||S]-[Jv] < %, Su € @;021 F;
and (S +V)w = Qi(S+V)Qw € @, Fj. Thus Su L (S+ V)w and

1S+ (S + V)wl|| < max{|[|S]|, [|Q:(S + V)@l }-
Hence [[(S + V)| < max{||S[|, |Q:(S + V)Qull} + 1. O

Let Ty, ...,T, € B(H) be selfadjoint operators. We show that there exist compact
selfadjoint operators K1, ..., K, € B(H) such that

[Som ], = [ - x| 0
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for all ay, ..., an, A € R. Consequently, W (Ty,...,T,) =W(Ty — K1,..., T, — K,)".
We show (1) first under technical assumptions that the space H is separable and
Int gWe(T4,...,T,) # 0, where Int g denotes the interior in the sense of R". However,
these assumptions are not necessary.
Let T = (Th,...,T,) € B(H)". For a = (a1,...,a,) write |laly = 327 o] and
ol = Z?:l OéJTJ

Theorem 10. Let H be a separable infinite-dimensional Hilbert space, let T =
(Ty,...,T,) € B(H)™ be an n-tuple of selfadjoint operators such that Int g W, (T") # (.
Then there exist compact selfadjoint operators K1, ..., K, € B(H) such that

DI I DICHCRS OR
=1 < =

for all aq,...,an, A € R.

Proof. Without loss of generality we may assume that ||7;| =1 (j=1,...,n) and
(0,...,0) € Int gW,(T). Let € > 0 be such that (p1,...,pu,) € We(11,...,T,) for all
P, Hn € R, |H’j|§€ (j=1,...,n).

By Lemma 8, there exist finite-dimensional subspaces Fi, Fb, ... such that H =
EB;)L F; and the operators T7,...,7T,, are simultaneously block 3-diagonal with re-
spect to this decomposition. Denote by (Qx the orthogonal projection onto the space

@;ik—f—l Fj.

For m = 0,1,... we construct inductively n-tuples S(") = (Sim), e Sflm)) S
B(H)"™ of selfadjoint operators and an increasing sequence (k,,) of nonnegative integers
such that

Qk, 8™ Q1 =27"Qr, TiQk,,  (j=1,...,n), (2)
n " n c

HZO@'(TJ-—SJ(. ))+AH < HZoijj+)\He——2m+l (3)
j=1 j=1

for all ag,..., 00, A € R, 377 |ay| =1 and

P ) "

For m = 0 set formally ky = 0 and SJ(-O) =T, (j=1,...,n). Clearly (2) is
satisfied.

Let ai,...,an,A € R, 377 |a;| = 1. For u € R write signp = 1 if 4 > 0 and
signpu =—1 (pu < 0). We have

Hf:aj(Tj ~ 59 + )\H — |\
j=1
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and

HZ%T +)\H >max{|,u| we We ZO@T +)\)}

=1

> max{)Zajuj —l—)\’ c (V.. n) € We(Tl,...,Tn)}

>)Z €a]s1gn)\ +)\) — et

sign o
Thus
A < HiajTj+)\He—€ (5)
j=1
for all aq,...,an, A €R, ||a||; = 1. In particular, (3) is satisfied for m = 0.

Suppose that we have already constructed the n-tuples S(@, ..., (™ ¢ B(H)"

and numbers ko, . .., k,, € N satisfying (2)—(4).

. 2m+6 . €
Set T = z and (5 = Smta-

By Proposition 6, for all « € R", ||af|; =1 and A € R, |A] < r we have

1Qk(aT + M) Qx| \ laT + Al

and the functions (a, A) — ||Qk (T + N)Qk||, (o, \) — ||aT + A||e are continuous. By
the Dini theorem the convergence is uniform on the set A := {(a, \) € R" X R, ||al|; =
LA <7}

Let | > k,, satisfy

|Qu(aT + M@ — [T + Alle <0

for all (o, \) € A.

Find d € N such that % <9 and set k411 =1 + 2d.

For j=1,...,n set

(m+1) _ a(m) 1
Sj o Sj B om+1 ka+1Tijm+1 .

Clearly Sj(-mH) is selfadjoint, HS](-mH) — Sj(-m)H < 2”3;—1”1 and

1 — _
ka+1sj(m+ )ka+1 =2 kaerlTijerl -2 (m+1)ka+1Tijm+1

1
= 51 Qhrns1 L Qb -



To show (3), let first (o, \) € A. We have

1Qu(a(T — 5™ +D) 4 Q| = @i (1 = 27™)aT + Qi+~ Qi 6T Qs
2m+

<=2 )|QuaT + NQU + 5oy QA

ot Q1 Qi AN@1 — Q) + gy Qu (T + N Qe

|

m A 1
< =27")(laT + Mle +0) + g + gy max{|AL o + Alle + 6}

1 1 3
§<1 - 2m—|—1> (o + Ae +0) + om—+1 (laT + Al =€) < [laT + Alle + 6 — om+1
£ £
=[aT + Ale - omtl T pmtd

(where we used (5)).

To estimate ||a(T — S +1)) 4 A||, we use Lemma 9. Set S = o(T — S™)) 4 X and

V = 525Qk,,, 0T Qk, .- By (3), we have ||S| < ||aT + A|| <r+ 1. Then

r+1
(T — ST £ A = IS + V|| < max{||S], [|Q:(S + V)Qu||} + 7

e e
2m—|—1 + 2m—|—4} + 6

g
SmaX{”O&T—F )\”3 — W, HOéT + )\”6 —

3 3

For |A| > r, by Corollary 7, we have

laT + Alle = lla(T = STHD) + A
A

o o A
— _ T _ gm+1) _H
‘ sign A + sign A lle ’ sign)\( )+ sign A
« « 8
> T - ’ T — §m+h -
_’sign)\ tr e sign)\( S )+ +r
€ € 8 €

—9om+1 B om+3 ; - oam+2"

So S(m+1) satisfies (2)—(4).
Suppose that the n-tuples S("™) e B(H)™ have been constructed for all m € N.

For j =1,...,n, the sequence (S](m))m is norm convergent; denote by K its limit. We
have

15Gle = lim [[S7]le < lim [1Qk,, S{™ Qk,, || < lim 27"|T]| = 0.

Hence the operator K; is compact for all j =1,...,n. Obviously, K is selfadjoint.
For « € R", A € R, |la]|; = 1 we have

la(T — K) + Al = lim_[a(T —S™) + A < |aT + Al.
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The opposite inequality is clear, so |a(T — K)+ A|| = ||aT + Al for all « € R", XA € R,
|a|ls = 1. Consequently, ||a(T — K) + M| = ||aT + Al for all & € R", A € R. O

Corollary 11. Let H be a separable Hilbert space, let T'= (11,...,T;,) € B(H)" be
an n tuple of selfadjoint operators. Then there exists an n-tuple K = (Ky,...,K,) €
B(H)™ of compact selfadjoint operators such that

[T + Alle = [la(T = K) + Al

for all « € R", A € R.

Proof. We prove the statement by induction on n. Let T' = (T4,...,T,) € B(H)™ be
an n-tuple of selfadjoint operators.

If Int gW,(T) # (), then the statement follows from Theorem 10. Suppose on the
contrary that Int gW,(T) = 0.

Since W,(T) is a convex set, there are numbers f1,...,03, € R, (B1,...,0n) #

(0,..,0) such that ", B;v; = 0 for all (1, ...,v,) € We(T). So W, (z;;l ﬁjTj) -
{0}. Thus szzl B;T; H =0and L := Z?Zl B;T; is a compact operator. Without loss

of generality we may assume that 3, # 0. Thus T,, = 3, ! (L — Z;:ll Bj Tj>.

By the induction assumption, there are selfadjoint operators K, ..., K,_1 € K(H)
such that

HSW(T]» - K+ = HS%TJ' )

e

for all ay,...,a,_1,A € R. Set K,, = 3,1 <L — Z;:ll ﬁjKj>. Then K, is a compact
selfadjoint operator.
Let ag,...,a,, A € R. Then

n n—1 n—1
Y (T — Kj) = aj(Ty — Kj) —anf3," Y B(Ty — K).
j=1 j=1 j=1
By the induction assumption,

O

n n—1 n—1 n
HZ a; (T; — Kj) + )\H = HZ%‘TJ' —anB, Y BT+ /\He = HZ a; T+ A
j=1 j=1 j=1 j=1

e

The assumption of separability is not essential and can be omitted.

Theorem 12. Let H be an infinite-dimensional Hilbert space, let T'= (11,...,T),) €
B(H)™ be an n tuple of selfadjoint operators. Then there exists an n-tuple K =
(Ki,...,K,) € B(H)" of compact selfadjoint operators such that

[T + Alle = [la(T = K) + Al

for all « € R", A € R.

11



Proof. There exists a decomposition H = P, ; H (*) such that all the subspaces H )

are separable and reducing for the operators 11, ...,7T,,. Write TJ(V) = Py T Pyo).
For all @« € R", A € R and € > 0 there are only finitely many v € J such that
|aT™) 4 )| > ||aT+\||c+¢. So there are only countable many v € J such that ||aT®) +
M| > ||aT + A||o. Hence there exists a countable subset .J C J such that [|aT*) + \|| <
|aT + M| for all v ¢ Jo and all rational as,...,an, A. Let Hy = @, H®"). Then
Hj is a separable subspace reducing for Ti,...,T,, and ||Pgon,(aT + /\)PH@ ol <
|aT + M|l for all @« € R", A € R. So we can use Corollary 11 for the operators
Py, T; Pr,. O

Corollary 13. Let T = (T1,...,T,) € B(H ) be an n-tuple of selfadjoint operators.
Then there exists an n-tuple K = (Ky,...,K,) € B(H) of compact selfadjoint opera-

tors such that W.(T) = W(T — K).
In particular, W(T — K) is convex.

Proof. Let K = (K3,...,K,) € B(H)" be an n-tuple of compact selfadjoint operators
such that [[a(T — K) + Al = [[aT" + Alle for all « € R", A € R. By Lemma 4,

W (T)=V(T-K)=coowW (T - K)DW(T - K) D W(T).
So W (T) =W (T — K) =conv W(T — K). O
By Remark 3, the same statement is true for an arbitrary n-tuple of operators.

Corollary 14. Let 7' = (T4,...,T,) € B(H)". Then there exists an n-tuple K =
(Ky,...,K,) € B(H) of compact operators such that W (T) = W(T — K).

We do not know whether Theorem 12 remains true for non-selfadjoint operators.
Problem 15. Let T' € B(H)™. Does there exist K € K(H)™ such that
[oT + Ale = lla(T = K) + A
forall « € C", A € C?
Using the method of Theorem 10, it is possible to obtain a positive answer if
Int W.(T) # (). However, there are technical problems if W,.(T) is a set of a lower
dimension.

3. Olsen’s problem

The method from the previous section can be also used to improve the results of
C.L. Olsen [O].

Theorem 16. Let S € B(H), n € N and ||S™||c # 0. Then there exists a compact
operator K € B(H) such that [|(S — K)7| = ||S?||. for j = 1,.

12



Proof. Without loss of generality we may assume that ||S|| = 1. Furthermore, we may
assume that the space H is separable, cf. proof of Theorem 12.

By Lemma 8, there exist finite-dimensional subspaces Fi, F5, ... such that H =
EB;L F; and the operators S, S?,...,S™ is block 3-diagonal with respect to this de-

composition. Denote by Q)i the orthogonal projection onto the space EB]O'; et L

Let 0 < e < 1570e For 1 < j < n we have 26 < [|S™||, < [[S7]|c - |57l < [157]..

Let c =2""!. Form=0,1,...set s, = cfm. So sg =1, s, \,0 and

c < Sm _ SmE

c+m)(c+m+1) ~ ¢ 27

Sm — Sm+41 = (

We construct inductively operators S, € B(H) and an increasing sequence (k)
of nonnegative integers such that:

Qkp SmQk,, = (1 — 81)Qu,, Q. » (6)
[Smt1 = Simll < sm = Smpa (7)

and
157l < 1571le —esm (G =1,...,7n). (8)

For m = 0 set Sp = 0 and k9 = 0. Then clearly (6) and (8) are satisfied.

Let m > 0 and suppose that S, and k,, have already been constructed. Choose a
positive number § < min{(sm — Sm+1)E, sm52_”}.

By Proposition 6, there exists [ > k,, such that

1QSQil < 1S/l +6  (j=1,...,n).
Let kpmi1 > 1+ & + 2. Set

Sm+1 - Sm + (Sm - 5m+1)ka+1 Ska+1'

Clearly (6) and (7) are satisfied.
To show (8), fix j € {1,...,n}. Write W = (55, — 8m+1)Qkynsy SQkypyy and V =
Sy =57, = (Sm+W)I—SJ.. SoV can be expressed as the sum of 2/ —1 operators, each
of which being a product of j elements of the pair {S,,, W}, where W appears at least
once. Since |W|| < sy —8p+1 and ||Sp, || < 1 by (8), we have ||V < (27 —1)($m—Sm1)-
By Lemma 9, /5%, | < max{[|S |, |QuS7, 1 Qil[} +9, where 5%, < [157 ] — =5
by the induction assumption. Further,

1Q1S%, 1 Qull < 1QuST,Qull + IV = (1 — 50) [QuSTQul| + V]
<(1- Sm)(”SjHe +0) + (2j - 1)(3m —8mt1) < (1— Sm)HSjHe +0 +
<[|9]le + sm (=157 ]le +€) <157 ]le — 5m.

(2" — 1)sme
27’L

Hence ||Srjn—|—1|| <[[87]le —esm + 3 < [1S7]le — e8mt1-

13



Suppose that we have constructed operators S,, and the integers k,, satisfying
(6)—(8). Then the sequence (S;,) is norm-convergent. Denote its limit by U. For
j=1,...,n we have ||U7|| = lim,,— [|SZ,]| < ||57||e. Further,

1§ =Ulle = lim [|Q,, (S —U)Qx
m—00

< Jim_ (11Q,. (5 = $) Q|+ 1Qu (Smn = V)Q, 1) < lim (s + 118 = UI]) =

So the opera,tor K := S — U is compact and we have ||(S — K)?|| = [|[U7|| = ||S7||. for
all j =1,. O

Corollary 17. Let S € B(H), n € N. Then there exists a compact operator K € B(H)
such that ||(S — K)™|| = ||S™]|-

Proof. If ||S™||¢ # O then the statement was proved in the previous theorem. If
|S™||e = O then the statement was proved in [OP]. O
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