Littlewood-Richardson Sequences Associated with Cyo-Operators

Wing Suet Li and Vladimir Miiller

Abstract. We generalize the concept of the Littlewood-Richardson sequence associated
with an invariant subspace of a nilpotent operator on a finite dimensional vector space
to the context of Cy-contractions. The similarity invariants of nilpotent operators
(decreasing sequences of sizes of the Jordan blocks) are replaced by the quasisimilarity

invariants of Cy-contractions (sequences of inner functions).
0. INTRODUCTION

Let T be a linear operator on a finite dimensional Hilbert space H and let M be
an invariant subspace of T. A natural but surprisingly difficult problem is to describe
relationships between the similarity invariants for 7', T|M (T restricted to M), and
the quotient map T : H/M — H/M (or, equivalently, Theaq, the compression of T' to
H © M). This problem (and the more general one about p-modules) has been treated
by the use of Littlewood-Richardson sequences (to be described below) first by Azenhas
and de Sa [1] and Thijsse [12] (the case of groups was done earlier by Green [7] and
Klein [8]). More recently, the finite matrix case and extensions of the problem to a
certain class of operators on an infinite dimensional Hilbert space were studied in [6]
and [9].

The present paper, which may be considered to be a continuation of [9], is concerned
with relations between the quasisimilarity invariants for 7', T'|M, and Txoam, where T
is a Cp-operator on an infinite dimensional separable Hilbert space H.

The paper is organized as follows. We recall some basic facts about operators
of class Cy in Section 1. In Section 2 we describe how to associate a Littlewood-

Richardson sequence to a pair (7, M) where T is an operator of class Cy and M is an
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invariant subspace of T. Conversely, in Section 3, we show that, given a Littlewood-
Richardson sequence, one can construct an operator 1" of class Cy and a sequence of
nested invariant subspaces { M}, of T such that the Jordan models of the operators

{T|M}} correspond to the given Littlewood-Richardson sequence.

1. PRELIMINARIES

By an operator we always mean a bounded linear operator on a separable complex
Hilbert space. Let H be a separable complex Hilbert space, and let £(H) be the set
of all operators on H. For T' € L(H), we denote by Lat(7") the lattice of all (closed)
invariant subspaces of T'. For x € H, denote by Kr(z) = V{T"x : n > 0} the invariant
subspace of T generated by z, and similarly, Kr(x1,...,2z,) denotes the invariant
subspace of T' generated by the vectors z1,...,z, € H. Let ur be the multiplicity
of T', which is defined as the smallest cardinality of a subset F' C ‘H with the property
that H = V{T™F : n > 0}. An operator of multiplicity one is also called multiplicity-
free. For T' € L(H) and M € Lat(T'), we denote by T| M the restriction of T' to M. If
L is any subspace of H, the orthogonal projection of H onto L is denoted by P,. For
M, N € Lat(T), and N' C M, the compression of T to the semi-invariant subspace
MEN is Tpmen = PuenT|IMEN.

If # and ¢ are inner functions, then we write 6| if 1) = uf for some inner function
u, and 6 = 9 if and only if |1 and |0. Moreover, 6 A1) is the greatest common inner
divisor and 6 V 1 is the least common inner multiple of # and ), respectively.

We recall some facts from the theory of operators of class Cy. All results stated
below without proof are proved either in [2] or in [11].

Denote by H* the Banach algebra of all bounded analytic functions on the open
unit disk D. A completely nonunitary contraction 7" is of class C if there exists a
nonzero u € H* such that u(7) = 0. For a Cy-contraction T" there exists an inner
function myp (so called minimal function of T') such that u(7") = 0 implies mp|u.

Next we will define the building blocks of Cy operators. Let H? be the set of all
analytic functions f(z) =Y 2 a,2" for z € D such that || f]|3 = > |an|* < co. The
shift operator S € L(H?) is defined by (Sf)(z) = 2f(2) (f € H?,z € D). If ¢ is an

inner function, then ¢H? is invariant for S, and so H(¢) := H? © ¢H? is invariant for
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S*. The Jordan block S(¢) € L(H(¢)) is defined by S(¢)* = S*|H(¢), equivalently,
S(¢) = Pr4)S|H(¢). The operator S(¢) is of class Cp with minimal function ¢. Some

of the basic properties of Jordan blocks are listed below.

Proposition 1.1. ([2], p. 38) Let ¢ € H* be an inner function.

(i) If 0 is an inner divisor of ¢ then
OH? & GH? = ran0(S(0)) = ker(6/0)(S(0)).

(ii) For any inner function u € H*, the operator S(¢)|ranu(S(¢)) is unitarily equiv-
alent to S(¢/(u A ¢)).

Recall that a model function is a sequence of inner functions ® = {¢, : j > 1}
such that ¢;41|¢; for all j > 1. For a model function ®, set H(®) := @;’;1 H(pj)
and the Jordan model operator associated with the model function ® is defined as
S(®) := @;, S(¢;) on H(®). We say that operators T € L(H) and T" € L(H') are
quasisimilar (shortly T ~ T") if there exist quasiaffinities X : H — H and Y : H' — H
such that XT = T'X and YT" = TY. All operators in the class Cy can be classified

up to quasisimilarity by Jordan model operators.

Theorem 1.2. ([4]) Every operator T of class Cy is quasisimilar to a unique Jordan

model operator.

The unique Jordan model operator given above is called the Jordan model of 7. In

addition, if 7'~ S(®), we will also call ® to be the model function associated with 7.

We need the following result about the relationship between multiplicity and the
Jordan model of T'.

Proposition 1.3. (see [2], p.55) Let T' € L(H) be a Cy operator with Jordan model
@;‘;1 S(¢;). Then pp < n if and only if ¢,,.1 = 1. Furthermore, for each j > 1,

¢ =M byprm <J}-

Next result is about the continuity of Jordan models relative to an increasing

sequence of invariant subspaces (cf. [2, p. 195]).
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Theorem 1.4. Let T' € L(H) be an operator of class Cy with model function © =
{0; : j > 1} and let {M}, : k > 0} be a sequence of invariant subspaces of T such
that My, C Myyy for all k > 0 and V2, M = H. Suppose that the model function
associated with each T| My, is &) = {gzﬁgk) :j > 1}. Then 0; = \/{qbgk) : k > 0} for
all j.

We also need the following identities involving the model functions of T', the re-
striction of T to certain invariant subspace, and the compression of 7" to the orthogonal

complement of the invariant subspace. Part (iii) is from [5].

Proposition 1.5. Let T be an operator of class Cy and M € Lat(T'). Suppose that
the Jordan models associated with T|M, Trepm and T are @2, S(6;), @j—; S(¢;),
and @;‘;1 S(0;), respectively. Then, for all j, k > 1,

(D) ¢5105, ;10;,

(i) (0102---0;)[(P102- -~ ;- Yrtpa - -~ 1h;),
(i) (P12~ @5 - Pr1vba -+ )|(0102 -+ 01k,
(iv) (Hff:l ngn) : (Hzo:l wn) =112, 0, if [],2, 0, converges.

Recall from [2] that an operator T" of class Cp with Jordan model @Joil S(6;) has
property (P) if A{f; : j > 1} = 1. In this case we also say that the model function
© = {0, : j > 1} has property (P). The following corollary is a direct consequence of
Proposition 1.5.

Corollary 1.6. Let T' € L(H) be an operator of class Cy with model function © =
{0, : j > 1} and property (P). Let M € Lat(T) and let ® = {¢; : j > 1} be the model
function of T'|M. Assume that Txea Is multiplicity-free. Then the Jordan model of
Trom Is 5(1_[;.;1 Zf)

Proof. Since Tpon is multiplicity-free, we set the Jordan model of TpHoaq to
be S(«). From Proposition 1.5 (ii) and (iii), we immediately have, for each j > 1,
(01 0,)(¢1- ;) and (¢ -+ ¢;)| (61 - 0;0;41). Thus (g—g—)m and o0, 1-

<% . %) Since A{f; : j > 1} =1, we have o = H‘;’;l Z—JJ Q.E.D.
The above corollary is false if 7" does not have property (P). Indeed, if A{6, : j >
1} = 9() and (90 §é 1, then T' @ 8(90) ~T.

Finally, we need to recall some facts about maximal vectors.
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Let T € L(H) be of class Cy and M € Lat(T). Recall that a vector = is said to
be maximal for T if u(7T")z = 0 implies u(7") = 0. For each nonzero vector = € H write
hr(z, M) = A{u € H* : u isinner and u(T)z € M}. A vector z is called (T, M)
- maximal if hr(y, M)|hy(x, M) for all y € H. Equivalently, Py is maximal for
Trom-

Our next result is a consequence of the “splitting principle” (cf. [2]); it can be also

viewed as a special case of Proposition 1.17 of [3].

Proposition 1.7. Let T € L(H) be an operator of class Cy and let ;- S(0;) be the
Jordan model of T'. Suppose that {x; : j > 1} is a sequence of vectors in H satisfying
the following two conditions:
(i) z1 is maximal for T,
(ii) for each j > 2, x; is (T, M_1)-maximal where M;_1 = Kr(z1,...,2j_1).
Then 01 = my and 0; = hy(x;, M;_1) for each j > 2.

For a given M € Lat(T), the set of all (7', M)-maximal vectors is a dense G set
in H. This fact together with the Baire category theorem gives the first part of the

next lemma; the second part is from [6].

Lemma 1.8. Let T € L(H) be an operator of class Cy and {Mg}aca a collection
of invariant subspaces of T'. Suppose that either of the following two conditions is
satisfied:
(i) the set {M, : a € A} is countable,
(ii) the set {M,, : o € A} is totally ordered by inclusion.
Then the set {z € H : z is (T, M,)—maximal for all &« € A} is a dense G5 set.

2. LITTLEWOOD-RICHARDSON SEQUENCES OF Cy OPERATORS

Classical Littlewood-Richardson sequences are certain sequences of partitions where
by a partition we mean a finite decreasing sequence of nonnegative integers. We refer
the interested readers to I. Macdonal’s book [10]. Here we will generalize Littlewood-
Richardson sequences to sequences of model functions. If all the inner functions in the

model functions are of the form z +— 2™, our definition coincides with the classical one.
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As in [9], we define Littlewood-Richardson sequences in terms of Littlewood-Richardson

pairs and triples. This definition is equivalent to that in [6].

Definition 2.1. Let ® = {¢,; : j > 1}, ¥ = {¢; : j > 1}, and © = {6; : j > 1} be
model functions.
(i) (®,¥) is a Littlewood-Richardson pair if 1j11|¢; and ¢;|; for all j > 1.
(ii) (®,¥,©) is a Littlewood-Richardson triple if both (®,¥) and (V,0) are Littlewood-
Richardson pairs and
01---0; |11
1ol dr i’

(In particular for j = 1 this means 61 = 1);.)

forall  j>1. (2.1)

(iii) A sequence of model functions (®*))?°  is a Littlewood-Richardson sequence if

(@1 k) &*k+1)) is a4 Littlewood-Richardson triple for each k > 1.

Remark 2.2.
(i) If (®, V) is a Littlewood-Richardson pair, then Hj21(%) is an inner function and
(I152 3 )l
(ii) If (q)(k))zozo is a Littlewood-Richardson sequence and ®*) = {¢§-k) :j > 1}, then
(ii) in Definition 2.1 implies that qbgj) = qb,(f:) for all i > k.
(iii) If ()32, is a Littlewood-Richardson sequence and ®(°) has property (P) then
®¥) has property (P) for all k.

Let T' € L(H) be an operator of class Cy and let M be an invariant subspace of 7.
Our goal in this section is to associate a Littlewood-Richardson sequence with 7" and M
in the following way: we construct a chain of invariant subspaces M = My C M; C ...
such that Vi>1 M) = H and the model functions o) of T| My form a Littlewood-
Richardson sequence. Note that another, entirely different approach how to associate a
Littlewood-Richardson sequence to a pair (7, M) was given in [6]. Our approach here

is analogous to that in [9].

Proposition 2.3. Let T € L(H) be an operator of class Cy with model function
U ={v,:j>1}. Let M € Lat(T'), and let ® = {¢, : j > 1} be the model function of
T|M. Suppose that T n is multiplicity-free. Then (®, V) is a Littlewood-Richardson

pair.



Moreover, if T has property (P) then the Jordan model of Tygnm is S (H;’il Z)’—j)

Proof. Since T o is multiplicity-free, there exists x € ‘H such that H = MV

Kr(z). For every inner function u we have w(T)H = u(T)M V Kr(u(T)z) so that

w(Tu(T)M) < p(TIw(T)H) < p(Tlu(T)M) + 1.
By Proposition 1.3, we have 1; = A{u : u(T|u(T)H) < j} and
¢j = NMu: p(Tlu(T)M) < j}.

Therefore ¢;|1; and 1;41|¢; for all j.
If T has property (P) then the Jordan model of ThHgaq is S (H;‘;ﬂ;ﬁ—j)) by Corol-
lary 1.6. Q.E.D.

Our next goal is to show that if uz,,.,, = 2, then one can find £ € Lat(T") such
that M C L and the model functions of T'| M, T'|L and T form a Littlewood-Richardson
triple.

For the rest of the section, fix an operator 7' € L(H) of class Cy with minimal

function my. Write mr as

ma(z) = [] a(2))"® exp ( [ gdv@)) ,

Z j—
xeD

where |y] = 1, ba(2) = 2(252) if A # 0 and by(z) = 2z, n: D — {0,1,2...} is the

Blaschke function for §: that is, n satisfies ), pn(A\)(1 — |A|]) < oo, and finally v is

a positive singular measure on T = {z : |z| = 1}.

Let u be an inner divisor of my. Then

u(z) = 70 T (B2(2)™ ™ exp ( [ duu@)) ,

€D z=¢

where |y,| =1, 0 < n,(A) < n(A) (A € D) and v, is a positive measure satisfying
0<y, <v.
Thus we can associate with each inner divisor u of my the function f,, : D — [0, 00)

defined by

fu|D = Ny,
d

fulT = d—y (the Radon — Nikodym derivative).
Vuy



The function f, is integer-valued on D, ", . fu(A)(1 — |A]) < oo and f,|T € L*(v),
0 < fu|T < 1; it is defined for all A € D and a.e.(v) on T.

If w and v are inner divisors of my then
ulp <= fu(z) < fu(2),
fun(2) = ful2) + fu(2),
funo(2) = min{fu(2), fu(2)}

a.e.(v); by a.e.(v) we mean that the relation is true for each z € D and almost every
zeT.

Let b(z) = [[,cp(ba(2))™*{"M):1} and denote by e(z) = exp (fT ifgdﬂ(’)) the

singular part of mp. Thus (a.e.(v)),

fol2) = {g’lin{LfmT} Ez € D),

and

ra={t e
Theorem 2.4. Let T € L(H) be an operator of class Cy and let M € Lat(T') satisfy
w(Trom) = 2. Then there exists L € Lat(T), M C L, such that Tyg,r and Trom
are multiplicity-free and the model functions of T|M, T|L and T form a Littlewood-
Richardson triple.

Proof. It follows from Lemma 1.4 that we can find a vector x € H such that z is
(T, b™(T)M)-maximal for all integers m > 0 and (T, et(T)) M)-maximal for all t € [0, 1].
Fix x with these properties. Set £ = M V Kp(z). Since u(Trom) = 2 and z is also
(T, M)-maximal, we have immediately that both T, and Tzg ¢ are multiplicity-free.

Let ® = {¢; : j > 1}, W ={¢p; : j > 1}, and © = {f; : j > 1} be the model
functions associated with T'|M, T'|L, and T respectively. From Theorem 2.1, we have
that (®, V) and (¥, ©) are Littlewood-Richardson pairs. To finish the proof, it suffices

to show that, for each j > 1,

91---93"%---1/13'_1

101"' j Qsl"'ﬁbjfl,
Z(fei()\) — fy: (M) < Z(fwi(/\) —fo: (V) (ae(v)). (2.4)



We prove (2.4) in several steps. Fix j > 1.
Step I. Let g be either b™ or €' for some integer m > 0 or t € [0,1]. Let u

and v be the minimal functions of - SV Loa(TIM and Tg(T)H (L’ respectively. Then
uw(T)g(T)z € g(T)M and the maximality of z implies that u(T)g(T)YH C g(T)M C
g(T)L, so that v|u.

Step II. Let g,u and v be as in Step I. It is easy to see (using Proposition

1.1) that the Jordan models of T|g(T)M, T|g(T)L, and T|g(T)H are @2, S(-2i-),

gAPi
@D, S (g o) and @, ( ), respectively. From Proposition 1.5, we have
0Tt
EQMJU Egmm
and
J—1 J
i Yi
! 11:[1 g ¢i | }:[1 gNYi
This, together with v|u, gives
J Jj—1
b gAY Vi gAY
g<¢i g/\9i>|£[1<¢7; QAI/%') gAY;
Thus, a.e.(v),
J
Z(f@ ( ) fT/Ji(Z) + min{fg(z)a f"(/)i (Z)} - min{fg(z)7 fe'L(Z)})
=1
j—1 (2.5)

< (fun(2) = fo,(2) + min{ f4(2), £, (2)} — min{fy(2), fy, (2)})

=1
+fy; (2) —min{fo(2), fy, (2)}-
Step IIL Let z € D, and let g = b'%*). Then fq(2) = fy,(2). Therefore, for
1 < i < j we have fy,(2) > fq(2) and fy,(2) > f4(2). Since (®,¥) is a Littlewood-
Richardson pair, for each 1 < i < j — 1 we have fy4,,) > fy(2). Now (2.5) reduces

to

j—

Z — f0.(2)) D (i (2) = f,(2))

=1 =1

so that we have (2.4) for z € D.



Step IV. Since f.:(z) = s for z € T (a.e.(v)), if we set g = €°, then (2.5) reduces

to

Z(fe (2) = fu. (2) + min{s, fy, (2)} — min{s, fo,(2)})

M .
p—Ab—l

(2.6)
Z(fd)z( ) f(ﬁi(z) +min{87 féz(z)} —min{s, fd)z(z)})

i=1
+ [y, (2) — minds, fy,(2)}.
a.e.(v). Denote by A the set of all points z € T for which (2.6) is true for all rational
s € [0,1]. Then v(A) = v(T).
Fix z € A. From the continuity in s we infer that (2.6) is true for all s € [0, 1]. In

particular, for s = fy (.) we have

J Jj—1
> (fo,(2) = £5,(2)) < (F0,(2) = f.(2))
i=1 i=1
for all z € A, so that (2.4) is true. Q.E.D.

Theorem 2.5. Let M € Lat(T). There exists a sequence of invariant subspaces
M = My C My C --- C H, such that V{2, M} = H and the model functions
(k) = {(ﬁgk) :j > 1} of T|My, form a Littlewood-Richardson sequence.

Moreover, if T' has property (P) then the Jordan model of Tyoa is

00 (b(k)

(1T )
k=1 =19,

Proof. Let G ={b™:m=0,1...}U{e' : t € [0,1]}.

We construct the required sequence of invariant subspaces {M;} inductively. As
in Theorem 2.4, let x1 be (T, g(T)M))-maximal for all g € G and M; = M V Kp(z1).
For j > 2, take x; to be (T,g(T)M,_;)-maximal for all ¢ € G and define M; =
M1V Kr(z;). Tt follows immediately from Theorem 2.4 that (®(*)) is a Littlewood-
Richardson sequence. Moreover, since each x; can be chosen from a dense subset of H,
it is easy to achieve that V{2 M = H.

The second statement follows from Proposition 1.7. Q.E.D.
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3. CONSTRUCTION

The aim of this section is to construct an operator T" of class Cy and a chain of
invariant subspaces My C Mj C ... of T such that the model functions of T| M}, form
a given Littlewood-Richardson sequence (®(*)).

To keep the description of the construction clear, we will construct operators similar
to the Jordan model operators. It is clear that the Sz.-Nagy-Foias functional calculus
can be extended to the operators that are similar to completely nonunitary operators.
That is, if T = X7'X~! and T’ is a completely nonunitary contraction, the map
u— u(T) = Xu(T")X ! is a continuous algebra homomorphism. If T" is similar to an
operator T’ in the class Cj, then we define the Jordan model of T to be the Jordan
model of T”. Similarly, we extend the notions of multiplicity and maximal vectors.

We set up some notations that we will need throughout the section. Let S
D H?> — @7 H? be the unilateral shift of infinite multiplicity. Recall that for
a model function ® = {¢; : j > 1} we write H(®) = @2, (H* © ¢;H?). The standard
basis {e;} of S(®) := PH(@)S’|H(<I>) is defined to be

€j = PH(@)((@O) ©1a( é O)>.
i=1 i=j+1

Let T be similar to S(®), say T = XS(®)X ~'. The set of vectors {z; = Xe; : j =
1,2,...} is called a standard basis of T' (induced by X'). Clearly the vectors x; determine
the similarity X uniquely. Set Cy,.y = || X[ X1

Our first step is to build an operator 7" and M € Lat(7) such that the model

functions of T'|M and T coincide with a given Littlewood-Richardson pair.

Proposition 3.1. Let (®,¥) be a Littlewood-Richardson pair, ¢ = {®,}, ¥ = {¥,},
let ® have property (P) and € > 0. Suppose that T' € L(M) is similar to S(®), with
the standard basis {x; : j > 1}. Then there exists an extension V of T (that is,
M € Lat(V) and V|M = T) such that V is similar to S(¥), with a standard basis
{y,}, and:

(i) Vnem is multiplicity-free with minimal function ||
(ii) \/{Z—Z(V)yj,xj} = V{yjy1,2;} forall j =1,2,...,
(iii) C{yj} < (14 E)C{xj}.

oo Y
J=1 ¢;’
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Proof. Let m = ;. We first consider the case when M = @ﬁl(ﬁhﬂ S)
mH?) and T = PuS M. Clearly T is unitarily equivalent to S(®) and the vectors
zj = Prm(gte;) (7 =2 1) form a standard basis for T Set K = @D, (H?> © mH?),

S = P;CS’UC, and let a be a positive constant large enough so that a > 2 and % < e.

Define

i m 1 m ¢;---¢
00 iy
y‘ZEc( 00 —@ e A A >
’ 26:91 J ig?d a™l i Y

Let H = V{S{y; :n>0,j > 1} and V = Sx|H. Tt is obvious from the definition of y;
that

j 1
z—j(V)yj — = Yt (3.1)

Thus (ii) is satisfied.

Also, (3.1) implies M C H, M € Lat(V), and T = V|M. It is easy to show
by induction on j that y; € MV Ky (y1), so that H = MV Ky (y1) and Vi is
multiplicity-free.

Consider the lower triangular operator matrix

b @@
j=1 j=1
defined by
1 0 0 0
1o 1 00
B 1a<;/12¢) 1¢
— 192 2
oy avs L0
Clearly B is a bounded operator, ||B|| < 372 ja™* = =L+ and | B—I|| < 352 a7 F =
a=7 < 1so that B is invertible and B~ = | ;2,(1 — B)¥|| < 302 oo = 473

Thus |B||- ||B7| < 1+e.

Let B : K — K be the operator defined by B = PcB|K. Then B is an invertible
operator and || B - [|[B7Y| < 1 +e.

Let Ky = @]Oil (w—”;HQ o mHQ). Then BKy = H and B is a similarity between
Py, S|Ko (which is unitarily equivalent to S(¥)) and V. From Corollary 1.6 we have
immediately that the minimal function of Vyga is Hj‘;l i—j Further, B carries the
standard basis to {y;}, so that Cy, 1 < 1+ e. This finishes the proof for the case when

T is unitarily equivalent to Sg.
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The general case of T being only similar to S(®) follows immediately from the

following lemma.

Lemma 3.2. Let H, M’ be Hilbert spaces, let V € L(H), M € Lat(V), T = VM,
T € L(M"), and let X : M — M’ be an invertible operator satisfying XT = T'X.
Then there exist a Hilbert space H' > M’, V' € L(H') and an invertible operator
Y : H — H such that M’ € Lat(V'), V/IM' =T, YV = V'Y, and |Y||||]Y || =
XX,

Proof. Let N=HoMand H = M&N. DefineY :' H —-H by Y =X & I
and V' € L(H') by V' =YVY 1. Then V' and Y satisfy all conditions required.
This finishes the proof of Lemma 3.2 and also of Theorem 3.1. Q.E.D.

Corollary 3.3. Let ®, ¥ be model functions. The following conditions are equivalent:
(i) (®,7V) is a Littlewood-Richardson pair.

(ii) There exist an operator T' of class Cy and M € Lat(T), such that Tren Is

multiplicity free and the model functions of T|M and T are ® and ¥, respectively.

Now we are ready to construct an operator 7" similar to an operator in the class Cj
and associated with a given Littlewood-Richardson sequence in the sense of Theorem

2.5.

Theorem 3.4. Let {®()}2° | be a Littlewood-Richardson sequence with /\;";1¢§-0) =1.
Then there exist T' € L(H), and a sequence of increasing invariant subspaces, Mg C
My C ... CH such that H = V2 M), and

(i) T|My, is similar to S(®®*)),

(ii)) Tam,em,_, Is multiplicity-free for all k,

(iii) T is similar to an operator of class Cy with Jordan model @, S( g{)),
(r)
(iv) the Jordan model of Tropm is Pie g S(H;’il %)
Proof. Choose positive numbers €1, €2, ... such that [[;-,(1 + €;) < oco. Let

T € L£(Mg) be an operator unitarily equivalent to S(®(®). Apply Proposition 3.1
inductively, so that we obtain an increasing sequence of subspaces My C M; C My C
. and an extension of T' defined in each My, which we will still denote by T, such

that:

13



(1) T| My, is similar to S(®*)),

(2)

(3) ITIMe] < (1+ eI TIMp | for k=1,2, ..,

(4) for each k > 0, T| M}, has a standard basis {:1:51) :1 < k,j > 1}, with the property

Trm,om,_, 1s multiplicity-free,

that

(b('k) (k) .(k—1) (k) (k=)
J

Let H = V72 (M. Extend T to H, and we still denote the extension by T". Thus
|7 < TleZ;(1+e€x) < co. It follows from Theorem 1.4 that the Jordan model function
of T is {V§2 oo (k) Vo gk), )= {gb(l), (2), ...}. Thus (i)-(iii) are satisfied.

(k)
It remains to prove (iv). To simplify the notation, we set B(k) ¢(f'g_1)' Thus
condition (2.1) in Definition 2.1 becomes
k k)| p(k—1 k—1
G T S (3:3)

and (3.2) gives

5]('k)(T)x§k) c \/{x(k) (k— 1)} and g’i)l c \/{ﬁj(-k)(T)(B;k) (k— 1)} (3_4)

j+10 T

We divide the proof of (iv) into several steps.

Claim 1. For all k > 0 and j > 1,
2 e Mo+ (B - 80 ) (T)M, (3.5)

(we use the convention that B§O) =1).

Obviously (3.5) holds for ¥ = 0 or j = 1. We will prove Claim 1 by double
induction, that is, if (3.5) holds for all (k/, ;") with ¥’ < k, j/ < j and (K, j") # (k,j),
then we prove (3.5) for (k, 7). Suppose that

(k 1) € Mo +(5(k .. ﬁ('li_ll))(T)Mkf1

J

and

2™ e Mo+ (B0 85, (T) M.

14



Using (3.4), we have
2 e vz, 8 ()2
C Mg+ ( (k—1) B(k 1))( YMi_1 + (ﬁik) .. ﬁ](li)l)(T)Mkz
C Mo+ (B B (T) My,

since (3.3) and My_1 C Mj.
This finishes the proof of Claim 1.

Claim 2. For each j > 0,

(B 86® ) (1)2®) € Mo + (B - 8PP ) (T) My 1.

Apply (3.4) repeatedly to obtain
3" - )T
ev{(B" BT (8 ) (1))
R T e A R O [C 0 B G A [ S R
cvAB" BT (B ) (),
(k—1) (k)}

k k k 1 k k—1
S 10/ P SO ) A P A GOl

Using Claim 1 and (3.3), we have, for each i = 1,...,j — 1,
BB DE Y eMo + (87 L aETV B0 L BI(T) Mis
Mo+ (B .. 8" BB, BN T) My,

and thus,

(31 ATt € Mo+ 61 DT Myor + v )

Since ¢§lf21( ) gi)l = 0, we have

(ﬁ%k) B(IC) GZS;?l)( ) (k) € Mg+ (6(k) ﬁj(k) '¢§?1)(T)Mk:—la
which finishes the proof of Claim 2.
00 k
Set ak) = Hj:1 Q; ).
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Claim 3. o (T)M;, € Mo + o (T)My_;.

It is sufficient to show a(®)(T)z} ®) e Mo + aF)(TYMy,_1 since My = My_1 V
Kr(z?). Clearly a®(g{" .. 3" . ") for all j > 0. By Claim 2, g{"...5" .
qﬁg?l( )wgk) € Mg + a®)(T)Mj_;. Furthermore, a¥) = A; >0(»3(k) .ﬁ](-k) '¢§'li)1)’
hence a(k)(T)xg e Mo+ a®M;_;.

Claim 4. The Jordan model function of T, o, is @, S(a®).

Clearly the multiplicity of Th,om, < k. Let @le S(v®) be the Jordan model

of T'hm, om,- Observe that

k
Hv“ H¢ ~ L. (3.6)

= i=1 ¢ i=1
For j < k, a®|a9) and Claim 3 implies that
aD(TYMy, c Mg + a9 (TY)My_4
CMo+ a9 (TIMy_o C ...
CMo+ a9 (TYM;_;.

Thus, (T, o, |ran o) (Thy, onm,)) < § — 1. Consequently, 4 |al?). Using (3.6), we
have a() = ~0),
Finally, apply Theorem 1.4 to T o, with the increasing sequence of invariant

subspaces { M & My}, to establish (iv). Q.E.D.

Combining Theorem 2.2 and Theorem 3.4 we have the following characterization

of all the possible Jordan models of (T, T| M, Tror) when T has property (P).

Corollary 3.5. The following statements are equivalent:
(i) There exist an operator T' € L(H) of class Cy with property (P) and M € Lat(T)
such that the Jordan models of T|M, Tyom, and T are S(®),S(¥), and S(O),

respectively.
(ii) There exists a Littlewood-Richardson Sequence (<I)(0) M ), k) = {<I)§.k) 1324
such that ®© = &, ; = ¢\ and v; =[] (] - for all §.
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