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Non-removable ideals in commutative topological algebras
with separately continuous multiplication.

VLADIMIR MULLER, PRAGUE

ABSTRACT: An ideal in a commutative topological algebra with separately con-
tinuous multiplication is non-removable if and only if it consists locally of joint
topological divisors of zero. Also, any family of non-removable ideals can be re-
moved simultanously.

The notion of non-removable ideals is commutative Banach algebras was intro-
duced by Arens [1] and further studied e.g. in [2],[3]. In [5] it was proved that an
ideal in a commutative Banach algebra is non-removable if and only if it consists
of joint topological divisors of zero. Any countable family of removable ideals can
be removed simultanously [6] which is not true for non-countable families [3].

Non-removable ideals in locally convex and topological algebras were studied in
[7], [8] and [4]. In [4] some partial results for topological algebras with separately
continuous multiplication were obtained. In the present paper we continue the
investigations of [4]. It turns out that there exists a nice characterization of non-
removable ideals in the class of topological algebras with separately continuous
multiplication.

All algebras in this paper will be commutative, complex and with units.

As in [4], by an s-algebra we shall mean a topological linear space with a sep-
arately continuous associative multiplication which makes of it an algebra. The
topology of an s-algebra A can be given by means of a system V(A) of zero -
neighbourhoods which is closed under finite intersections and satisfies

(1) for every U € V(A) there exists V € V(A) such that V+V CU
(2) for every U € V(A) and complex number A with |A\| <1, AU C U
(3) every V € V(A) is absorbent

(4) for every U € V(A) and = € A there exists V € V(A), 2V C U.

Let A, B be commutative s-algebras with unit elements. We say that B is an
extension of A if there exists a unit preserving algebra isomorphism f : A — B
which is also a topological homomorphism. We shall identify A with its image f(A)
and write shortly A C B.

Let I be an ideal in a commutative s-algebra A with unit e. We say that [ is
removable if there exists an extension B D A such that I is contained in no proper
ideal of B. Equivalently, this means that there exist a finite number of elements

n
Z1,...,2, € I and by,...,b, € B such that ) z;b; = e. Otherwise we say that I
s=1
is non-removable. Let {z1,...,2,} be a finite subset of a commutative s-algebra
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A. We say that x1,...,x, are joint topological divisors of zero if there exists a net
{24} C A which does not tend to 0 but limz,zs =0 for s=1,...,n.

If V(A) is a system of zero - neighbourhoods giving the topology of A then
Z1,...,%, are not joint topological divisors of zero if and only if for every U € V(A)
there exists a neighbourhood V' € V(A) such that

z€Azzs €V (s=1,...,n) implies z € U.

Let m > 1. It is easy to prove by induction on m that z1,...,z, are not joint
topological divisors of zero if and only if for every U € V(A) there exists a neigh-
bourhood V' € V(A) such that

n
(5) ze€ A zxl .. zd €V forevery ql,...,qn,th:m implies z € U.
t=1

Let I be an ideal of a commutative s-algebra A. We say that I consists locally
of joint topological divisors of zero (cf. [8]) if every finite subset of I consists of
joint topological divisors of zero. If I consists locally of joint toplogical divisors
of zero than it is non-removable. Indeed, suppose on the contrary that there exist

n
BD>A xy,...,2n € I and by,...,b, € B such that > x;bs = 1. Let {u,} be the

s=1
net satisfying zoxs — 0 (s=1,...,n) and z, # 0.Then

n

Za = ZOL(Z xsbs) == Z(Zaxs)bs

s=1
We have (z,25)bs — 0 (s=1,...,n) so zo, — 0, a contradiction.

The aim of this paper is to prove the converse implication. Also we prove that
any number of removable ideals can be removed simultanously. Thus the situation
in the class of s-algebras differs from that of Banach algebras where only countable
families of removable ideals can be removed simultanously (see [3], [6]).

THEOREM 1. Let A be a commutative s-algebra with unit e. Let A be a set and p; a
positive integer for every l € A. Let u;s (I € A,1 < s < p;) be a system of elements
of A such that, for eachl € A,u;1,...,u;p, are not joint topological divisors of zero.
Then there exists an extension B D A and elements b;s € B (1 € A,1 < s < p)
Pi
such that > wsbjs = e for every l € A.
s=1
PROOF. We may assume that p; > 2 for every | € A (if p; = 1 for some | € A we
can replace the element u; 1 by the pair w; 1,412 = u;1).
Denote by N the set of all non-negative integers,

T:{(Ls)leAalSSSpl}?
D={k:T — N,k((l,s)) # 0 only for a finite number of (I,s) € T}.
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pi
For k,j € D and (I,s) € T denote ks = k((I,s)), |kl; = > kis and (k +j) €
=1

D, (k + 5)is = kus + jis. We write k < j if kis < ji, for all (I,s) € T.
Denote by Q(A) the algebra of all polynomials with coefficients from A and with
variables b; (j € D) i.e.

Q(A) = Z a;bl, a; € A, a; # 0 for finite number of j € D
jebD

Here bJ stands for [] b]%.
(l,s)eT
The algebraic operations in QQ(A) are defined in the natural way.
Let V(A) be a system of zero-neighbourhoods in A giving the topology of A
which satisfies (1) - (4).
We define the topology in Q(A) in the following way: For any mapping d : D —
V(A) define a zero - neighbourhood V; in Q(A) by

Va = Z a;b € Q(A),a; € d(j) for every j € D
jeD

Clearly the system V(Q(A)) = {Vg,d : D — V(A)} satisfies conditions (1)- (4)
(Condition (4) is clear for every a € A and for bi, (j € D) and every z € Q(A) is a
finite combination of these elements).
Therefore Q(A) with the topology determined by this system is an s-algebra.
pPi
Let I C Q(A) be the ideal generated by the elements {e — > wsbs,1 € A} and
s=1
denote by B = Q(A)|I. Then B is an s-algebra (see [4]).
Consider the mapping f : A — B, f = mfo where fo : A — Q(A) is the natural
identification of A with the constant polynomials and 7 : Q(A) — Q(A)|I is the
canonical projection. Clearly f is a continuous homomorphism and

Y4
Zf(uls)w(bls) =ep for every [ € A.
s=1

Therefore it is sufficient to show that f is open.
We must show that for every U € V(A) there exists a mapping d' : D — V(A),
such that

(6) (Vg +D)NACU

(cf. [4]). In fact it is sufficient to show that for every U € V(A) there exists a
mapping d : D — V(A) such that



(7) (Va+I)NAcCU.

Indeed, suppose U € V(A) and V; € V(Q(A)) satisfies (7). Find Vi € V(Q(A))
such that Vg + Vy C Vy.

Let a € A and = € I satisfy a — x € V. Then there exists 2o € I such that
x—xg € Vypanda—z9=(a—x)+(x—x9) € Voo + Vg C Vg. By (7),a € U.
Therefore (6) is also satisfied and f : A — B is open.

Denote by G = {g: A — N, g(I) # 0 for finite number of [ € A}. For g € G put
1= 3= (). For j & D let g(3) € G be defned by (9(3)) () = il (1 < ),
€

Let U € V(A). We define the zero - neighbourhoods U,,U; € V(A) for g € G
inductively. Choose Us € V(A) such that Us + U; C U (here o is the zero function
A — N). Suppose Uy, is defined for all h € G,h < g,h # g. Choose U, € V(A)
such that

(8)

Pi
zuf} ulq;l’ € U; for every q1,...,q € N,qu =pi(g(l)—1)+1 implies z € Uy,

s=1

whenever [ € A, g(l) # 0 and h € G is determined by h(l) = g(I) — 1,h(m) =

g(m) (m#1).
This is possible because of (5) and g(I) # 0 only for finite number of [ € A.

Choose further U, € V(A) such that

(9) Uy+Uy+ -+ Uy CU,.

c

where ¢ =209 T] plg(l)Q.
leA
For j € D find now a zero - neighbourhood V;j € V(A) such that

(10) Viud C Uy for every q € D such that |q|; < pljl7.

Define d: D — V(A) by d(j) =V; (j€ D).
We prove that the corresponding zero - neighbourhood V; € V(Q(A)) satisfies

(7)

Letace Ajzel,a+z €V,

2= (e —unby = =g bup)

leA jeD



O]

where only a finite number of elements a;’ € A are non-zero.

a + = € Vg may be rewritten as follows:

a+Y ay) €Vo=1Up

leA
(11) fieVi (ieD,i#0) where
P Y
leA leA 1<t<p,

i1t #0
and it =it — 1, jms = ims for (m,s) # (1, t).

The condition

Suppose that elements a, a; (j € D) satisfying (11) are fixed. It is sufficient to

show that (11) implies a € U.

In the following we shall need some notations and results of [6].

. . . . .. l
It is convenient to consider linear combinations of aJO

’s as formal expressions.

Therefore we denote by W the free additive group with generators d}l)ﬁk 4,k €

®

D,l € A). Here we consider 4; ak

Define the additive mapping P : W — A by P&;l)ﬁk = aél)uk.

Define the following additive mappings acting in W:
Leti,ke Dk >1i,l,me A de N. Put

Hpa(@{a ) = {

allak=i it |if, =d

0 otherwise ,

as one symbol; there is no multiplication in W.

T (@05 = oMk, @78 = 0 for A1

Fip (a0 = 37 o ek
JjeEM; m

where M; ., = {j € D, there exists t,1 < t < p,, such that ji,; = tye—1, jrs = irs

for (r,s) # (m. )},

Fim(a{"a ) =0 for r #1.
For 1 < s < py, kis > i15 + |i); + 1 put

a{ ok

i i s — its — 1)!
Cru(@D sy = S (Lpyite—ia—1 _Uts = s = 1)
l ( i ) Z( ) H tts (th _]lt!) J

jen1 1<t<p;

where

i

Ji={j €D, jr =ty for r #1, 5 <y for t # s and |j|; = [i|; + 1} .
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We put Gy (a{” ak=1) = 0 if either r # I or ki, < iz, + [i]; + 1.
() )

For o = > > fyi(lj)di(l)ﬁj € W ( a finite sum with integer coefficients ~;;
leAijeD ’
define

~ l
o] = max 3~ 3
i,jeD

By the definition of G;; we have

lil: li:

(1) t! ;
e S S e e B S
t=1

|
n1 1 ny:...Mp—1: =1
nitedng, =t

(see Lemma 2 of [5]).
Further put Z;s = Gis + Z (7TlmGls — T F1m Gis + 7Tmm)-
m#l

The properties of these mappings can be found in [6]. We shall need the following
lemma (Lemma 5.1 of [6]).

LEMMA 2. Letke D,ge G, 0= > 'yi(l)di(l)ﬁk_i € W (finite sums with integer
leAieD

coefficients 'yi(l)). Let Ay = {l € A,’yi(l) = ( for some i € D} .Letl € Apg,1 <5<
pi, kis > 415 + |i|; + 1 whenever fyi(l) # 0. Suppose that
1° |i|, < g(m) whenever ™ # 0 for some m’ € A and |i|,, = g(m) if v{"™ #0

2° Hy g(m/) Tmm® = Tm,m® — Fm/ Tmm 0 for every m,m' € Ao, m # m/

3% Homg(m)Tm'm'0 = T/ Hyt g () Tmm 0 for every m,m’ € A (ie. ,yim) = ,yi(m')

for every m,m’ € Ao,i € D, |i|,, = g(m), |i|m = g(m/).
Then W = Z,,0 satisfies conditions 1° — 3° for ¢’ € G determined by

GO =g +1, g)=g) for U #L.

Further |w| < Zpiq(l)h}\.

PROOF. The statements 1°-3° are proved in Lemma 5.1 of [6].
Further

|le®| = Gls{) + Z(ﬂ_lmGls - WlmﬂmGls + ’/Tmm)'[) =
m#£l

= Z Trmm 0| + |Gi1s0 + ZwlmHm,g’(m)Gls@ <
m#l m#l

~ N N l IATN
<[o] + |Gis0] < 18](1 + pIV) < 2p7Va).

(We used the fact that Gjs = m;;Gs and property 2°).
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Suppose now that elements a;(I) € A (j € D,l € A) satisfying (11) are given
such that only finite number of them are non-zero. Put Ag = {l € A, a 7& 0 for
some j € D}. Choose a sequence go, g1, g2, -+ € G such that go =0 € G Jnt1 >
Gnslgn] =n (n=0,1,...),g,(1) = 0 for [ §Z Ay and such that, for n sufficiently
large,

) >|jli whenever je€ D and anl) £ 0.

Put My = { d>oa } C W and define inductively sets M,, C W (n = 1,2,...)
l€Ao

by My41 = {Z uft . u?}’;;)}, where & € M, € A is determined by g,+1(I) =

P
() +1,>Y ¢t =9.(Op+1,1 < s <pand g > gn(I) + 1.
t=1

LEMMA 3. Let & € M,. Then % satisfies conditions 1° — 3° of Lemma 2 for
g = gn € G and for some k € D, |k|,, < pmgn(m)? (m € A).

5, n ., g5, (m)?
Further || < 2™ - ] pm .
meA

PROOF. By induction on n:
Suppose & € M,, satisfies conditions 1° — 3° of Lemma 2 for g = gn and for some

kK € D, |kl < pmgn(m)? (m € A) and let || < 27 HmeAp%(m) Let I € A be
determined by ¢gn11(l) = g»(1)+1 and let ¢1,...,¢,, € N, Z gt = gm(D)pr + 1. Let
t=1

1<s<p and ¢, > ga(1) + 1. Put § = 24" ...a;"
Then § satisfies conditions 1° — 3° of Lemma 2 for g = g,, and for k’ € D where
K| = [klm < Pmgn(m)? = pmgmi1(m)? for m # 1 and

K'|; = k| + prgm () + 1 < pi(gn()* 4+ (D) + 1 < pi(gn (D) + 1) = prgn+1(1)?.

Hence Z,,1 satisfies conditions 1° — 3° of Lemma 2 for ¢ = g,.1 and for k' € D.
Further

129l < 200 Vgl = 29" O] < 2@ 2 T] pip " < 20 T e
meA meA

We prove PM,, CU,, (n=0,1,2,...).
By the previous lemma PM,, = {0} for n sufficiently large as only finite number

of the elements aém)

are non-zero. Therefore it is sufficient to prove PM,, 1 C
Ugpor = PM,, C Uy, (n=0,1,...).
Let & € M,, and let [ € A be determined by g,+1(!) = g»(I) + 1. To prove

Pz e Uy, it is sufficient to show

pi
Pz .. ﬁf”pl) eU,, .., forevery qi,...qp €N, th =pgn(l) +1
t=1
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~dp;

(see (8)).Fix g1,...qp, and put § = #@/" ... 4," . Then there exists 5,1 < s < p,
such that g5 > ¢g,(l) + 1. Then Z;;§ € M,,+1 by Lemma 2, so PZ;§ € Ugp41.

We shall need the following lemma:

LEMMA 4. Let i,k € D, g(i) = gn, let [kl < pm(gni1(m))? for every m € A, let
kis > s + [il; + 1.
Then
P (a8 = 2,006 ) € Uy, 4 Uy

n(l
pf()

— times

PROOF. By [6], Lemmas 3.1 and 3.2 we have

A Ak—i A(D)~Ak—i i o—i ‘s*ilsfl)! —j
P ({0 - Zia0ak ) = 3 (e Uts —its = D' ey
! .ZJ( ) [T tes Cire — i) 7
JEN 1<t<p
For every j € J; we have fj € Vjso fju¥7 e Uy, .,
for j € Jl)
The rest follows from the estimation

Z (Jis — 11 — 1))! < p?n(l)
I1 .

by (10). (Note that g(j) = gn+1

: t#s (Gt — Jut)!
i€h 1;5;;,( )
(see(12)).

(continuation of the proof of Theorem 1):

‘We have

ZJ = (Q - leg) + ley € Ugn+1 +eee Ugn+1
c— times

where

c<pn@oon I pgp " 41 <ot I pgper
meA meA

hence § € U'gn41 by (9).
We have proved that PM, C Uy, for every n. In particular,

S ) € PMo Uy = U
leAg
and by (11),

a=(a+ Zag))—Zag) ceUs+Us CU.
leAg leA

This finishes the proof of Theorem 1.



COROLLARY. An ideal I in a commutative s-algebra A with unit e is non-removable
if and only if it consists locally of joint topological divisors of zero.

PROOF. If I does not consist locally of joint topological divisors of zero then there

exist elements uq,...,u, € I which are not joint topological divisors of zero. The-

orem 1 for card A = 1 gives the existence of an extension B D A and elements
n

bi,...,by € B such that Y u;by =1, i.e. I is removable.
t=1

COROLLARY. Let {T;}ien be any family of removable ideals in a commutative s-
algebra A with unit e. Then there exists an extension B D A such that, for overy
l € 1,1 is not contained in a proper ideal of B.

PROOF. I; does not consist locally of joint topological divisors of zero so there
exists a finite number of elements w;1,...u;,, € I; which are not joint topological
divisors of zero. Apply Theorem 1.

COROLLARY. Let {uy}aeca be any family of elements of a commutative s-algebra
A with unit e. Suppose that u,, is not a topological divisor of zero for every a € A.
Then there exists an extension B D A such that all u,’s are invertible in B.
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