ON THE ESSENTIAL NUMERICAL RANGE
MOHAMED BARRAA AND VLADIMIR MULLER

ABSTRACT. We introduce and study the essential numerical range
for Banach space operators. This generalizes the corresponding
well-known concept for Hilbert space operators.

1. INTRODUCTION

Let A be a complex normed algebra with unit. Denote by A* the set
of all bounded linear functionals on A. The algebraic numerical range
of an element a € A is defined by

Via,A) ={f(a): f€ A", f(1) =1 = f[I}.
It is well-known that V'(a, A) is a compact convex subset of the complex
plane and o(a) C V(a, A) (see [BD1]). Moreover,

Vi, A) = (1A A= pl < lla—pl)}
pneC
and
exp(—1) - ||a|| < max{|A| : A € V(a, A)} < ||a]|.

Let B(X) be the Banach algebra of all bounded linear operators
acting on a complex Banach space X. For T' € B(X) the spatial
numerical range is defined by

W(T) = {(Tx,a:*) xe Xzt e Xt x| =1=||z"] = <x,:1:*>}
If X is a Hilbert space and T' € B(X) then the above definition assumes
a simpler form
W(T)={(Tz,z):z € X,||z|| =1}.

The algebraic and spatial numerical ranges of an operator are closely
connected. For Hilbert space operators the set W(T") is convex by the
classical Toeplitz-Hausdorftf theorem; moreover,

V(T,B(X)) =W(T).

For Banach space operators this is no longer true. By [BD1], Theo-
rem 9.4, we have only

V(T, B(X)) = como W (T), (1)
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where conv denotes the closed convex hull.
An essential version of the numerical range has also been studied.
Denote by IC(X) the ideal of all compact operators acting on a com-
plex Banach space X, and let 7 be the canonical projection from B(X)
onto the Calkin algebra B(X)/K(X). Denote further by || - || the es-
sential norm ||| = inf{||T + K| : K € £(X)}.

Definition 1.[BD2] Let X be an infinite-dimensional Banach space
and T' € B(X). The essential numerical range V,(T") of T is defined by

Ve(T) = V(m(T), B(X)/K(X), || - lle)-

We summarize the basic properties of the essential numerical range
in the following theorem:

Theorem 2.[BD2] Let X be an infinite-dimensional Banach space and
T € B(X). Then:

(i) V.(T) is a nonempty compact convex set and o.(T) C V.(T);
(ii) Ve(T) = {0} if and only if T' € K(X);

() V.(T) = V(T + K, BX) : K € K(X)}:

(iv) Ve(T) = {f(T) : f € B(X)*, f(I) = L = ||fIl, f(K(X)) = {0} }
(v) exp(=1) - [[T]le <max{|A] : A € Ve(T)} < [T

Here o.(T') denotes the essential spectrum of 7', o.(7) = {\ € C :
T — X is not Fredholm}.

The essential spatial numerical range (defined by property (ii) of the
following theorem) was studied for Hilbert space operators.

Theorem 3.([FSW]) Let H be an infinite-dimensional Hilbert space
and T' € B(H). Let A € C. The following properties are equivalent:
(i) A e Ve(T);
(ii) there exists a sequence (z,) C H such that ||z,| = 1 for all n,
z, — 0 weakly, and lim,, o (T'zp, z,) = A;
(iii) there exists an orthonormal sequence (u,) C H such that
lim (Tup, u,) = A

n—oo

Thus the algebraic and spatial essential numerical ranges for Hilbert
space operator coincide.

The aim of this paper is to study the essential version of spatial
numerical range for Banach space operators. We use the following
natural definition:

Definition 4. Let X be an infinite-dimensional Banach space and
T € B(X). Denote by W,(T) the set of all complex numbers A with
the property that there are nets (u,) C X, (u}) C X* such that

[uall = llugll = (va, ug) =1
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for all a, u, — 0 weakly and (T'uq,ul) — A

In analogy to (1) we prove that the algebraic essential numerical
range is equal to the convex hull of the set W, (T); however, instead
of the essential norm in the Calkin algebra it is necessary to consider
another measure of non-compactness. This is probably the reason why
the essential spatial numerical ranges for Banach space operators have
not been studied before.

Moreover, for reflexive Banach spaces it is sufficient to consider only
sequences (instead of nets) in the definition of W,(7"). The same is true
for a more general class of Asplund spaces (i.e., Banach spaces with the
property that each separable subspace has a separable dual).

2. SPATIAL ESSENTIAL NUMERICAL RANGE

Let X be an infinite-dimensional complex Banach space and T €
B(X). In this section we study the basic properties of the spatial
essential numerical range.

Proposition 5. W,(T') is a closed subset of C.

Proof. Let A\ € W.(T')” and let \,, € W.(T'), A\, — A. Let e > 0 and let
F = {v},...,v;} be afinite subset of X*. Find an n such that |\, —\| <
/2. Since A\, € W(T'), there are elements u.r € X and u! € X*
such that o | = 1 = |2 o) = (te,p, 42 ), | (Tt 1) — M| < 22
and |(ue r,v;)| <e (j=1,...,k). Thus

(Tuep,ul p) — Al < [(Tue,p,ul p) — Aol 4 [An — Al < e

Consider the nets (u.,r), (ul ) ordered by the relation (g, F) < (¢, F”)
if and only if ¢’ < e and F' D F. It is easy to see that u. p — 0 weakly
and (T r, ul p) — A

Hence A € W (T) and W,(T) is closed. O

Proposition 6. Let T € B(X) and A € C. The following properties
are equivalent:
(i) A e We(T);
(ii) for every subspace M C X of finite codimension and each € > 0
there are + € M and z* € X* such that ||z = ||2*]| = 1 =
(z,x*) and [(Tx,z*) — A <e.

Proof. (ii)=(i): For M C X with codim M < oo and € > 0 choose
Tye € M and w3, € X* such that ||| = (23] = 1 = (Tare, 2s0)
and [(T'xps e, 23,.)—A| < . Consider the nets (7)) and (273, .) ordered
by the relation (M,e) < (M’,¢’) if and only if M’ C M and &’ < e.
Clearly w7 — 0 weakly and (Twpze, 73,.) — A Thus A € W(T).
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(i)=(ii): Conversely, let A € W, (T') and let (u,) C X and (u}) C X*
be the nets with the properties required in the definition of W, (T"). Let
M C X be a subspace of finite codimension and let ¢ > 0. We may
assume that M # X since otherwise the statement is obvious. Let
L=MNT M. Then L is a subspace of X of finite codimension. Let
k = codim L.

Consider the finite-dimensional space X/L. By the Auerbach lemma
there are elements wy, ..., w; € X/L and

v up e (X/L) =LY c X*

such that [|@il|x;r = 1 = [|vj|| and (@;,v}) = &;; (the Kronecker
symbol) for all 7,57 = 1,...,k. Choose § > 0 small enough (§ <
min{(4k)_1,W}). Choose v; € X such that v; + L = w; and
vil| <1+6 foralli=1,... k. Thus (v;,v;) =d;; (i, 5=1,...,k).

Moreover, L = ﬂ?zl Ker v}. Find 3 such that [\ — (T'ug, uj)| < /2
and |(ug,v)| <6 for j=1,....k Lety=us— Zle(u5,vj>vj. Then
(y,v;) =0for j=1,...,k and so y € L. Further

k
ly —usll < D 1ug, 05)] - oyl < k6(1 +6) < 2k3.
j=1

u

E"M . We have y; € L C M, yj € M~*,

||UB\MH

Let y; = ﬁ and y] =

ly2ll = 1 = |lyil| and
lyr =yl = 11 = llyll | = [Nlusll = lyll| < [lus —yl| < 2k4.
Thus
Iy — ugll < llyr = yll + lly — upll < 4k0
and
[y, ug) = 1) = [{yr — ug, up)| < llyr — ugl| < 4k0.
Further [luj|a|| < |lujll =1 and
Juglarll = [{yr, up)| = Kug, up)[=[(us—y1, up)| = 1=|lug—y1|| = 1—-4ko.
We have
lyr — uslmll = |1- Jwslal | < 4ko,

and so
(v v7) =11 < Ky, wi) =1+ [y, y1 —uplan)| < 4k6+||lys —ujlar|| < 8ko.

By the Bishop-Phelps-Bollobéas theorem, there are x € M and z* €
M* such that ||z|| = ||z*]] = 1 = (z,2%), ||z — w1 < V32kd < 6VES
and ||z* — y7|| < V32kd < 6V kd. We have

12" — whlnmll < |2 = il + llyi — whlull < 6VES +4ké < 10VkS.
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Let * be an extension of z* to X such that ||z*|| = ||2*|| = 1. Then
lz|| = ||z*|| = 1 = (x,x*). Since T'y; € M, we have
(T,2%) = M <|(Tz — Tyr,a)| + (T, a%) — A

< Tz = il + 1Ty, 27 —

< BITIVAT+|(Tp, u3) — A+ (T (g1 — ). 3) (T, " — w5l

< 6||T||VkS + /2 + 4| T||ké + 10| T ||V ko

< e/2 4 20||T||Vkd < e.

U

We now introduce another seminorm in B(X) (see e.g. [LS], or [M2],
Sec. 23). For T € B(X) let

|||, = inf{||T|n| : M C X a subspace of finite codimension }.

It is well-known that || - ||, is a "measure of non-compactness”, i.e.,
IT|l, = 0 if and only if 7" is compact. Moreover, || - ||, is an algebra
seminorm, i.e.,
1T+ Sl < T+ (15,
TS < [Tl - S,
[Tl = lal- T,

for all T,S € B(X) and o € C. Thus || - ||, defines an algebra norm on
the Calkin algebra B(X)/K(X).
For T' € B(X) we define a new essential numerical range by
Vu(T) = V(T, B(X)/K(X), || ).

Thus V,,(T) is the set of all complex numbers A such that there is a
functional ® € (B(X)/K(X), ||-||,.)* satisfying ||| = 1 = (I +K(X))
and (T + K(X)) = X. Equivalently, there is a functional ® € B(X)*
such that ®(IC(X)) =0, (1) = 1, &(T) = A and |[®(S)| < || S]], for
all S € B(X).

In particular, V,,(T') is a closed convex set and
exp(—=1) - [T, < max{[A] : A € Vu.(T)} < [T,

Remarks 7.

(i) If H is a Hilbert space then ||T'||, coincides with the essential
norm ||7|., and so

Vu(T) = Ve(T).
(ii) In general ||T|, < |||, and so
Vu(T) C Ve(T).

However, in general the norms ||-|[. and [|-]|,, are not equivalent,
see [AT]. Thus the above inclusion can be proper (by Theorem
2 (v) and the corresponding property of V,,(T)).
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(ili) Although in general V,,(T") # V.(T), for any Banach space X
and 7" € B(X) we have V,,(T') = {0} if and only if V.(T") = {0};
this is true if and only if T" is compact.

Theorem 8. Let 7' € B(X). Then V,(T") = conv W,(T).

Proof. Let A € W.(T'). Let (ua), (u),) be the nets with the required
properties.
For ,~ € C define ®(81 +~T') = 5 + yA. We show that

|D(BI +~T)| < ||BI +~T||,

for all 3,v € C. Write for short S = I +~T.

Let M C X be a subspace of finite codimension and ¢ > 0. Then
there are x € M and z* € X* such that ||z|| = ||z*|| = 1 = (z,2*) and
|(Txz,x*) — A\ < e. Thus

[Slacll =[Sz = [(Sz, 27)| = |8 + (T, 27)] = |6+ Al = el

Since ¢ > 0 was arbitrary, we have ||S|u|| > |3+ vA|, and so ||S]|, >
|8+ yA|l. Thus [|S||, > |®(5)| for each S € \/{I,T}. By the Hahn-
Banach theorem, it is possible to extend ® to a functional (denoted
also by ®) on B(X) such that |®(R)| < ||R|, for all R € B(X).
In particular, ®(K) = 0 for each compact operator K € K(X). By
definition, A = ®(T") € V,,(T'). Since V,,(T') is a convex set, we have
conv W.(T') C V,,(T).

To show the opposite inclusion, we first prove the following lemma.
Lemma 9. Let S € B(X) and 0 € V,,(5). Then there exists n € W,(5)
with Ren > 0.

Proof. By definition, there exists a functional ® € B(X)* such that
O(I)=1, &(S) =0 and |®(R)| < ||R||, for all R € B(X).

Let ¢ > 0 and M C X be a subspace of finite codimension. Let
a > 0 be sufficiently large. We have |®(al + 5))| = a < |lal + 5|,
Then there exists © € M, ||z|| = 1 such that ||(al + S)z| > a — . By
the Hahn-Banach theorem, there is an 2* € X* with ||2*|| = 1 and

(ax + Sz, x*) = |lax + Sz|| > a —¢.
We have
Re (Sz,z*) = Re (ax + Sz, z*) — Re (ax,x*) > a — e — [{azx, 2¥)| > —e¢,
and
Re (az,z*) = Re (ax + Sz, 2") — Re (Sz,2*) > a —ec —||5].

Thus Re (x,z*) > 1— % By choosing a sufficiently large, we can find
o € M and z* € X* such that |[z]| = 1 = ||2*|] and |(z,2*) — 1| < &.
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By the Bishop-Phelps-Bollobés theorem, there exist y € X and y* €
X* such that

Iyl =1=1ly"ll =Wy lly—zll<e and [ly"—z"[| <e.
Thus dist {y, M} < ||y — z|| < e and

Re (Sy,y*) = Re (Sz,2") + Re (S(y — z),2") + Re (Sy,y" — 2™)]
> —e —2¢||S].

Therefore we have nets (yar.) C X, (y3,.) C X* (indexed by subspaces
M C X of finite codimension and by € > 0) such that

HyM,eH =1= H?ﬁw,eH = <yM,67y}k\/[,s>7 dist {yM,saM} <e€

and Re (Sywme, yas.) > —¢ — 2¢|S|| for all M and € > 0.

We show that the net (ypr.) converges weakly to 0. Let u* €
X* |lu|| = 1, let 7 > 0 and L = Ker u*. For every (M,e) >
(L,7) (i.e., M C L,e < 1) we have dist{yye, L} < ¢ < 7, and
SO

[(ynre, u™)| < dist{ynme, L} < 7.
Hence the net (yas.) converges weakly to 0.
Set e = (SYme; Yare)- We have Renyre > —e—2¢[|S]|. Find a subnet
(yg) of yare such that the corresponding numbers (13) are converging

to some number 7. Clearly (y3) converges weakly to 0, Ren > 0 and
n € We(S).

Continuation of the proof of theorem 8. Since W, (T) is closed,

its convex hull conv W,(T) is also closed. Suppose on the contrary that
there is a A € V,,(T) \ conv W,(T'). Then there are 1 € C, |¢| =1 and
q € R such that Re (u\) > ¢ and

conv W(T) C {z € C: Re(uz) < q}.
Let S = uT — pAl. Then 0 € V,(S) and
Wo(S)={pz—pur:z€e W, (T} c {z€ C:Rez <0},
a contradiction with Lemma 9.
This finishes the proof of Theorem 8. U
Proposition 10. Let 7' € B(X). Then o.(T) C W.(T).

Proof. Let A € 0.(T), i.e., T'— X is not Fredholm. We distinguish two
cases.

Suppose first that 17" — A is not upper semi-Fredholm. Let £ > 0 and
let M C X be a subspace of finite codimension.

Then there exists x € M with ||z|| = 1 and ||[(T'— N)z|| < €. Find
x* € X* such that ||z*|| = 1 = (x,z*). Then

(T, z%) = Al = [{(T = Nz, 2")| < (T = Nz <e.
By Proposition 6, A € W.(T).
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Suppose now that T'— X is upper semi-Fredholm but not Fredholm.
Then dim Ker (7% — \) = 0.
Let uj,...,u} € X* be of norm one and let ¢ > 0. Denote by

*

F’ the subspace of X* spanned by the elements uj,...,u". Since
dim Ker (T* — \) = oo and dim I’ < oo, there exists v* € Ker (T* — \)
such that ||v*|| = 1 = dist {v*, F'}, see [K], p. 199. Therefore there
exists a functional v** € F't C X** such that [[v**|| = 1 = (v*, v*™).

By the local reflexivity principle, see e.g. [FHH], Theorem 9.15, there
exists v € X such that v € *F’, (v,0*) = 1 and ||v|| < 1+ ¢&. Thus
<HUTH’U*> :ﬁ >z >1-e

By the Bishop-Phelps-Bollobas theorem, there exist w € X, w* €
X* such that ||w| = [Jw*]| = 1 = (w,w"), ‘w - ﬁ‘ < 24/e and
|w* —v*|| < 24/e. Thus

(1o g [ o) ()

v *
< 9T|vE+ 2HTH\/§—|—‘<W,)\U )=
1
< AITIVE+IN- [ = 1] < ITIVE + el
Further,

.5} = o =) < o=l < [lw = [+ = < 2vEe
v v

forallz=1,...,n.

In this way we obtain nets (w,) C X and (w}) C X* indexed by finite
subsets of X* and positive numbers € which satisfy all the conditions
of the definition of W (7).

Hence o.(T') C W.(T). O

3. REFLEXIVE AND ASPLUND SPACES

For operators on reflexive Banach spaces (and more generally, on
Asplund spaces) it is sufficient to consider only sequences instead of
nets in the definition of W, (7). Thus the situation is more similar to
the Hilbert space case.

Recall that a sequence (x,) in a Banach space X is called basic if
every vector u € \/{z, : n € N} can be uniquely expressed as a sum
u=> " a,z, for some complex coeflicients c,.

By a classical result of Banach, see [FHH|, Prop. 6.13, a sequence
(x,) C X consisting of nonzero vectors is basic if and only if there is a
constant k£ > 0 such that for all r,m € N, » < m and complex numbers
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ai, ..., Q,, we have

r m
i=1 i=1

Theorem 11. Let X be a reflexive Banach space and T' € B(X). Let
A € C. Then the following conditions are equivalent:

(i) A € We(T);

(ii) there exist sequences (z,,) C X, (x}) C X* such that

lznll = Nzl = (@n, 27) =

*

{
for all n, z,, — 0 weakly and (T'z,,x}) — X;
(ili) there exists a basic sequence (z,,) C X and a sequence (x}) C
X* such that

Han = H"E:,H = <xn7‘73*> =1

for all n and (T'z,,z}) — A

Proof. (ii)=-(i): Clear.

(iii)=(ii): By the James theorem, see e.g. [FHH], Th. 6.11, every
basic sequence in a reflexive Banach space is weakly converging to 0 (in
fact this property characterizes reflexive Banach spaces). This implies
(ii).

(i)=-(iii): This follows from the following (more general) lemma.

Lemma 12. Let X be a Banach space, let T € B(X), A € W.(T)
and let 0 < ¢, < 1, &, — 0. Then there exist sequences (x,) C
X and (z}) C X* such that (Tz,,z) — A, ||z.]| =1 = ||z} =

n

(xn,x;) (n € N), and for all m,r € N, r < m and complex numbers

ai, ..., q,, we have

In particular, the sequence (x,,) is basic.

Proof. We construct the sequences (z,) C X, (z}) C X* and sub-
spaces X = Lo D Ly D --- of finite codimension inductively. Choose
x1 € X and z7 € X* such that ||z1]| = 1 = ||z7]| = (x1,2]) and
[(Txy,x5) — A < L.

Let £ > 1 and suppose that the vectors x1,...,x, € X, functionals
xy,...,z; € X* and subspaces Ly,...,L;_1 C X have already been
constructed. Set Fy = \/{zy,...,x;}. By [M1], Lemma 1, there exists
a subspace My C X of finite codimension such that || f + m| > (1 —
e) max{|| f||, [|m]|/2} for all f € F}, and m € M.
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Set Ly = Ly N M. Then codim Liyy < oo and Lii1 C L.
By Proposition 6, there exist x311 € Lipy1 and xy,; € X* such that
sl = 01| = 1 = (@et, 250 and [(Tae, o)A < (h+1).

Let (x,), () be the sequences constructed in the above described
way. Clearly im(T'z,,z%) = A. Let rrm € N, r < m and let
o1,..., 00 € C. Since Y7 aur; € Fooand Y7 oyx; € M, we

have
T m
HZ (a7 %] < (1 — Efr)il Z (e7H A
i=1 i=1
Since sup, (1 — &;) ™! < oo, the sequence (x,,) is basic. d

Results similar to those in Theorem 11 are true also for a more
general class of Asplund spaces. Recall that a Banach space X is
called Asplund if each separable subspace of X has a separable dual.

Let (z,,) be a basic sequence in a Banach space X. Let Xy =\/, z,.
The sequence (x,,) is called shrinking if the dual functionals ¢} € X{
defined by (T, i) = 6mn  (m,n =1,2,...) generate X.

Theorem 13. Let X be an Asplund space, ' € B(X), A € C. Then
the following conditions are equivalent:

(i) A € We(T);

(ii) there exist sequences (z,,) C X, (x}) C X* such that

[znll = llznll = (2, 27) =1

for all n, z,, — 0 weakly and (T'z,,x}) — X;

(iii) there exists a shrinking basic sequence (z,) C X and a sequence
(x}) C X* such that
[2nll = 23] = (20, 27) =1

for all n and (T'x,,z%) — .

Proof. (ii)=(i): Clear.

(iii)=-(ii): Any shrinking basic sequence is weakly converging to zero.

(i)=-(iii): Set g, = 1/k. By Lemma 12, there exists sequences (z,) C
X and (z}) C X* with the properties described there. Let Xy =/, z,.
Then X is separable. By [FHH]|, Proposition 8.34 and Theorem 8.19,
(x,) is a shrinking basic sequence. O

4. SEQUENTIAL NUMERICAL RANGE

For a Banach space X and T € B(X) we can define a sequential
essential numerical range W, (T') as the set of all complex numbers A
with the property that there are sequences (x,) C X, (z) C X* such
that

[2nll = 2]l = (2, 27) =1
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for all n € N, z,, — 0 weakly and (T'z,,z}) — .

It is clear that W, (T) C W,(T). For operators on Asplund spaces
we have W, (T') = W,(T) by the previous theorem.

On the other hand, in general W,,(T") # W,(T'). To see this, let T' €
B(X) be a completely continuous operator (i.e., || Tx,| — 0 for every
sequence (z,,) C X weakly converging to 0) which is not compact. Then
Wy (T) C {0} and sup{|z| : z € Wo(T)} = sup{|z| : z € V(T)} >
exp(—1) - [T, > 0.

Corollary 14. Let X be an Asplund space. An operator T' € B(X)
is compact if and only if it is completely continuous.

Example 15. Let X = ¢;. Then every sequence (x,,) C X weakly con-
verging to 0 is also strongly converging, i.e., ||z,|| — 0. Consequently,
W, (T) =  for every operator T' € B(X).

Example 16. Let H be a separable infinite-dimensional Hilbert space
and let X = @°7 | H (the ¢;-direct sum). Let T = >~ (1 —n ") 1y.
Then 1 — n~' € W,(T) for each n and 1 ¢ W, (T). Consequently,
W,(T) is not closed.

Proof. It is easy to see that 1 —n~' € W,,(T) for each n (consider an
orthonormal sequence in the n-th copy of H).

We show that 1 ¢ W, (7). Suppose on the contrary that there are
sequences (z,,) C X, (z}) C X* such that z,, — 0 weakly, ||z,|]| =1 =
lxk|| = (zn, 22) for all n, and (T'x,,, x*) — 1. In particular, ||Tz,| — 1.

For n € N, let z, = @77, i\ with 1" € H, 3 ||h{"] = 1. Let

k-1
[ max{k : Z ||h§n)|| < 1/5}
j=1
and
b, = min{k : Z ||h§n)|| < 1/5}.
j=k+1

Since ||Tz,|| — 1, we have a, — co. By passing to a subsequence if
necessary, we may assume without loss of generality that a; < b; <
ay < bg < .-

(n)

For n,j € N let ¢\ = HZ%—)H if hg»n) # 0 and gj(-") = 0 otherwise.
J

oo bp
Consider the functional 2* = @ P g](-n) € X*. Then

n=1 j=an

||| = sup{[|lg\" || : n € Nya, <j <b,} <1.
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For each n we have

(0, 7))
bn an—1 00
(n) (n) (n) (n) (n) (n)
> [ 1707 = ()] - [ X2 #5707
Jj=an Jj=1 J=bn+1
bn, an—1 (o)
> DU = 3= D0 Ik = 8/5 - 1/5—1/5=1/5,

a contradiction with the assumption that z, — 0 weakly. Hence 1 ¢
W, (T) and W,,(T') is not closed.

Acknowledgment. The papers was written during the stay of both
authors at the University of Lille, France. We would like to thank for
warm hospitality and perfect working conditions there.

The second author was also partially supported by grant of GA CR
No. 201/03/0041.

REFERENCES

[AT] K. Astala, H.-O. Tylli, On the bounded compact approxzimation property and
measures of noncompactness, J. Funct. Anal. 70 (1987), 388—401.

[BD1] F.F. Bonsall and J. Duncan, Numerical Ranges of Operators on Normed
Spaces and of Elements of Banach Algebras, Cambridge University Press, 1973.

[BD2] F.F. Bonsall and J. Duncan, Numerical Ranges II, Cambridge University
Press, 1973.

[FHH] M. Fabian, P. Habala, P. Hajek, V. Montesinos, J. Pelant, V. Zizler, Func-
tional Analysis and Infinite-Dimensional Geometry, CMS Books in Mathemat-
ics, Springer, New York-Berlin-Heidelberg, 2001.

[FSW] P.A. Fillmore, J.G. Stampfli and J.P. Williams, On the essential numerical
range, the essential spectrum and a problem of Halmos, Acta. Sci. Math (Szeged)
33 (1973), 172-192.

[K] T. Kato, Perturbation Theory for Linear Operators, second edition, Springer-
Verlag, Berlin 1966.

[M1] V. Miiller, Local behaviour of the polynomial calculus of operators, J. reine
angew. Math. 430 (1992), 61-68.

[M2] V. Miiller, Spectral theory of Linear operators and Spectral Systems in Banach
Algebras, Birkhiiuser Verlag, 2003.

[LS] A. Lebow, M. Schechter, Semigroups of operators and measures of noncom-
pactness, J. Funct. Anal. 7 (1971), 1-26.

DEPARTEMENT DE MATHEMATIQUES, FACULTE DES SCIENCES, SEMLALIA,
MARRAKECH, MAROC.
E-mail address: barraa@ucam.ac.ma

MATHEMATICAL INSTITUTE AV CR, ZiTNA 25, 115 67 PRAGUE 1, CZECH
REPUBLIC
E-mail address: muller@math.cas.cz



