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Abstract

Let T be a bounded linear operator on a (real or complex) Banach
space X satisfying > 02, ||T71"H < 00. Then there is a unit vector
x € X such that [|[T"z| — oo. If X is a complex Hilbert space then
it is sufficient to assume that Y .2 ; W < 00. The above results are
the best possible. We also show analogous results for weak orbits.
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1 Introduction

Let X be a real or complex Banach space. Denote by £ (X) the set of all
bounded linear operators on X. The orbit of a point x € X under an operator
T € £(X) is the sequence (1T"x)>° , of vectors. Analogously, the weak orbit
of z € X and z* € X* is the sequence ((T"z,z*))>°, of real or complex
numbers.

Orbits and weak orbits are closely connected with many fields of oper-
ator theory, for example local spectral theory, semigroups of operators and
especially with the invariant subspace/subset problem. For a broader study,
see Chapter III in [Be], or [M2].

It is still an open problem whether each operator on a Hilbert space (or
more generally on a reflexive Banach space) has a nontrivial closed invariant
subset (on ¢; a negative solution to this problem was given by Read [R]). It
is easy to see that an operator 7" has a nontrivial closed invariant subset if
and only if there is a nonzero vector x such that its orbit is not dense.



The paper studies the existence of orbits tending to infinity, i.e. ||T"z| —
oo as n — oo. This is an easy way how to obtain a non-dense orbit and
therefore a nontrivial closed invariant subset.

By the Banach-Steinhaus theorem, an operator 7' € £ (X) has unbounded
orbits if and only if sup ||T"|| = oc. With orbits tending to infinity the
situation is not so simple. It is possible (cf. Example 4 or [Be|, p.66) that
|IT"|| — oo but there are no vectors x with ||[7"z|| — oco. However, if the
sequence ||T"|| grows sufficiently fast, the desired orbit exists.

We show that if > ﬁ < o0 then there are always orbits tending to
infinity (and hence nontrivial closed invariant subsets). On the other hand,
there is an operator 7" satisfying ||7"|| = n + 1 for all n but without orbits
tending to infinity.

For operators on complex Hilbert spaces it is possible to obtain better
results. For the existence of an orbit tending to infinity it is sufficient to
assume that W < 00. This result is also sharp.

These results improve Theorems I11.2.A.7 and II1.2.C.1 of Beauzamy [Be]
(for Hilbert space operators) and the results of [M1] in the Banach space
case. They also answer Problem 3.8 of [M2].

We study also the existence of weak orbits tending to infinity. For oper-
ators on complex Hilbert spaces the condition 3 ”T—I,LH < oo implies even the
existence of vectors x,y such that [(T"z,y)| — co. On the other hand, there
is a Hilbert space operator T satisfying ||7"|| = n + 1 for all n, such that
there are no z,y with [(T"z,y)| — oco. This improves the results of [M1].

2 Orbits tending to infinity

The key tool to show this are the following geometric theorems. We call
them “plank theorems” since they solve several versions of the so-called plank
problem.

Theorem 1. (K. Ball [B1]) Let X be a (real or complex) Banach space
and f1, fo,... € X* unit functionals. For each n € N, let a,, > 0 be such
that 3°°, ay, < 1. Then there is a point x € X* such that ||z|| = 1 and
|(z, fu)| > «, for every n.

Theorem 2. (K. Ball [B2]) Let X be a complex Hilbert space and fi, fo €
X unit vectors. For each n € N, let o, > 0 be such that 3°°, a? < 1. Then
there is a point x € X* such that ||z| = 1 and |{(z, f,))| > «, for every n.
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For the proofs, we refer to [B1] and [B2], respectively. Using these deep
results, we obtain our main theorem. In particular, if 7, is a sequence of
powers of an operator, i.e. if T, := T™ for a fixed T € £(X), then the
following theorem gives the existence of an orbit tending to infinity.

Theorem 3. Let X be a (real or complex) Banach space and T,, € £ (X),
n € N. Suppose that one of the following conditions is satisfied:
(i) either
> 1
n=1 ”Tn”

< 00,

(ii)) or X is a complex Hilbert space and

D,
[

n=1
Then there exists a point x € X such that ||T,z| — oo.

Proof. In case (i) set r := 1, in case (ii) set 7 := 2. Choose any sequence
(B,) of positive real numbers tending to infinity such that

> B
5 = - < 00.
2 T

n=1
The sequence of coefficients

1 By
(s + 1)V || T, ||

Qay, =

satisfies both .
dal <1 and an | Tu|| — oo.
n=1

Now consider the adjoint operators 7" € £ (X*). For eachn € Nfind g, € X*
such that ||g,|| < 1 and ||Tg.ll > 51|Tx) = 5 |7%]l- Finally, define unit
functionals f,, € X* by -
fn = Zgn .
17 gl
At this point, we are able to apply the plank theorems. Thus, there is
an x € X with ||z|| = 1 such that |(x, f,,)| > «a, for every n. Therefore

ITozll = ([ Tw ]l {]gnl



(T, gn) | = (2, Trgn) | = [, fu) |- 1T g

Qp

2

AVANAY)

|T.]| — o0, asn — oo.

O

The exponent of ||T"|| in the above statements cannot be improved, as
the following example shows. We show that there is a Banach space (complex
or real) X and an operator T' € £ (X) such that || T"|| = n+ 1 for all n (i.e.,
ZW < oo for each € > 0) but there is no x € X with ||[T"z| — oc.

Similarly, there is a complex Hilbert space H and an operator 7' € £ (H)
such that |T"| = (n + 1)Y/2 for all n (ie., ZW < oo for each € > 0)

but there are no orbits (7"x) tending to infinity.
We construct these operators generally in /P spaces.

Example 4. In the space X = (P, 1 < p < oo, there is an operator
T € £(X) satisfying ||T"|| = (n + 1)'/? for all n, such that there is no z € X
with || T"z|| — oo as n — oo.

Proof. Let (e;);2; be the standard basis in the space X = (P (real or
complex). Let T' € £ (X) be the weighted backward shift defined by

1/
Tey, := (%1) p€k-1 for k > 1,
0 for k =1.

Hence
n+1 k 1/p
I =11 (o) = s 0
s \k—1
for all n. For the contradiction, suppose that there is an x = >"2 cpex € P

such that [|z] = (332, [ex|P)*? < 1 but ||[T"z|| — 0o as n — oo. Conse-
quently,
1 2n—1 . ip
— Z HT%H — 00, as n — oo.
n =
j=n

Let us estimate the above arithmetic mean. First we have

) P [e’s) k 1/p p
|7 = k;ﬂ (,H> CkChj
27 k 00 k
< lexl” — + |ekl” ——,
k:zj-:&-l k- k:%j:—s-l k- J



where the second sum can be estimated by 2 ||z||” < 2 since for k£ > 2j we
have % < 2. If we sum up the inequalities we get

k
on—1 - 2n—1 2j
S ol < ot Y Jal
= j= nk 741
< o+ Z ICklpZ*
k=n+1 ¢
4an
< 2+ 3 e 4n(l+Indn),
k=n+1
so that 1 2nz
2+ 4(1 + In4n) Z |Ck|p> - Z HT] H
k=n+1

Hence, for all n large enough, the left hand 31de is greater than 6, i.e., if we
write s, := S4",11 |cx|” then

>
~— 1+ 1n4dn

But this is a contradiction since for such n we have

o

1 = Z |Ck|p > Sy + Sap + Saan + Sggan + ...
Ly —Y
- ]:11—1—1114371 = +1nn+jln4

O

1 1
If we use a shift on /? with weights (%ﬁfl)) v instead of (k 1) /p,
a similar proof yields the same negative result concerning the operator T €

L (/P) with even faster growth

1/p
17 = (575) (- 2) Inen+ 2

In particular, there is an operator T' € £ (¢') with || T"|| ~ nlnn such there
is no x € ¢! with ||[T"z|| — oc.



Theorem 3 can be formulated also for semigroups of operators.

Corollary 5. Let X be a Banach space, let T'(t) be a Cy-semigroup of
operators on X. Suppose that [;° HTlt)Hdt < o0. Then there exists x € X
such that

Jim [7(0)a] = o

If X is a complex Hilbert space then it is sufficient to assume that
00 1

Proof. Let C :=sup{||T(t)]| : 0 <t < 1}. Let n € N. Fort € (n — 1,n)
we have T(t)T(n —t) = T(n), and so [|[T(t)|| > | T(n)|| - [|T(n — t)||7*
C7Y|T(n)|. Thus the condition [5° ”T—Mdt < oo implies that 77, HT(ln)H
0.

By Theorem 3, there exists x € X such that lim, ., ||7T'(n)z| = co. For
t € (n—1,n) we have [|[T'(n)z| < ||T(n —1t)|| - ||T(t)z| and so ||T'(t)x| >
CHT(n)z||. Thus lim; . ||T(t)z| = cc.

The statement for Hilbert spaces is similar. O

On the other hand, for each p, 1 < p < oo, there is a Cy-semigroup 7'(t)
on X = LP(1,00) such that ||T(t)|| = (¢t + 1)*/? but such that there is no
f € X with lim;_., ||T(t)f|| — oo. Let the semigroup 7'(t) be defined on
LP(1,00) as a weighted backward shift by

=
<

(T()f)(2) =

<z+t
z

)W fz+1),

for f € X,t>0and z > 1, so that ||T(t)|| = (t +1)"/?. If there is an f € X
with ||T'(¢) f|| — oo then it is possible to use an argument analogous to that
in Example 4 to get a contradiction.

3 Weak orbits

We study also the question when there are weak orbits ((1"x,z*)) tending
to infinity.

Theorem 6. Let X be a Banach space and T € £ (X). Suppose that one
of the following conditions is satisfied:

(i) either
> 1
> ———— <
1172 ’
= T
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(ii)) or X is a complex Hilbert space and

% 7 <

Then there exist a point x+ € X and a functional z* € X* such that
(T"z, x*)| — oo.
But first, let us formulate a dual version of the plank theorem, see [B1].

Proposition 7. Let X be a (real or complex) Banach space and x1, zs, . . .
unit vectors in X. For each n € N, let o, > 0 be such that > )7, o, < 1.
Then there is a functional f € X* such that || f|| = 1 and |(z,, f)| > «, for
every n.

Using Proposition 7, we succeed with a proof analogous to that of The-
orem J.

Proof of Theorem 6. Again, in case (i) set 7 := 1, in case (ii) set r := 2.
Choose any sequence (f3,,) of positive real numbers tendmg to infinity such
that

—

r/2
anTH/

The sequence of coefficients

1 gL
(5 + 1)V |17 2

Q, =

satisfies both -
d <1 and o || T]|M? — oo

For each n € N find z,, € X such that ||z,,|| <1 and ||T,2,| > 1 ||T.].

Consider the unit vectors ”;"i"”. In case (i) we apply Proposition 7, in

case (ii) apply Theorem 2. In both cases we obtain a functional z* € X* with
lz*|| = 1 such that [(T,z,,x*)| > o, ||[Thz,||. If we apply again the plank
theorems to the functionals Hg’;x | we obtain a point x € X with |lz|]| =1

such that |(z, T x*)| > a, || T x*

. Therefore

(T, %) [z, Tox")| = an | T7]

|<In7T* *>| 2_ Qnp |<Tnxn7 l’*>| 5

vVl

vV

T, x| > o) T,|| — oo, asn — .
s || Ty | || |



Example 8. There are a Hilbert space H (real or complex) and an oper-
ator T' € £ (H) satistying |T"|| = (n + 1) for each n, such that there is no
pair z,y € H with [(T"z,y)| — oo as n — oc.

Proof. Let H be the Hilbert space with an orthonormal basis {ey ;: k €
N,1<j <k} Let T € £(H) be defined by

J+1 | k—j+1 1/2 ‘ .
Tey,; = ( J k—j ) erj+1  for j <k,
for j = k.

n., _ (j+n  k—j+l
We have T"ej; = (T o
1/2

that (]J;—" . kfj‘iﬂﬂ) < n+ 1. Moreover, T"¢,,, 11 = (n + 1)épi1.11, and
so [|[T"]| = n + 1 for each n.

Let v,y € H, x = ) apjerj, Y = >k Brjér,; With real or complex
coefficients oy, j, Br ;. Suppose on the contrary that |(1"z,y)| — oco. Without
loss of generality we may assume that ||z]| = 1 = ||y]|.

For each n large enough we have

1/2
) / €kjin for 7 < k —mn. It is easy to see

On the other hand, we have

2n—1 2n—1 oo .
. B ]+r_ k—j+1 \1/2 a
7; Tz, y)| = TZL k%;( - r) |t Bk jiir|

< A+B+C+D,

where

2n—1 4n j+1

j+r 1/2
A= 3 3 Z( ]Jrl ) |k, O, g4

r=n k=r+1 j=1
oo 2n—1lk—r—n k?—]—l—l

j+r 1/2
B = > > Z( j+1—r) |k, B4+

k=4n+1 m=n j=n+1

oo  2n—1 n k?_]‘f“l

j—l—r 1/2
c = > ZZ( j+1_7,) |tk i Bk it

k=4n+1 r=n j=1




e ) 2n—1

k=4n+1 7=n j=k—r—n+1 J j+1

We have:

<

<

VAN

IN

IN

IN

IN

IN

IN

Z ZZ\/—|ak36kk z+1’_ 5 Z Z(|O‘k3|)

k=n-+1j=11i=1 k=n+11,j=1

2n(1 + In(4n)) Z Z (kg |* + 1B,51%)-
k=n+1j=1
oo  2n—1k—r—n —lk—r—n

> 3 Y sl 33

k:4n+17’ n j=n+1 j=

00 k

n

2 Yo > ansl? +16k41? )37
k=4n+1 j=1

00 2n—1 n In —1 1/2
Z Z Z( . ) |t Ok, ]
k=dn+1 r=n j=1 J
o] n 3n—1
n
k:4n+1j=1 i=n+1
3n—1

NS z'%‘(z Geal?)

k—dn+1j=1 Vi NAT

75,2 Dol + ZW’” )

4n+1 j=1
3n 3n ad
—+ —=(1+1nn) |ﬁ;“ .

Since the terms C' and D are symmetrical, we have

3n

D < —+—1—|—lnn Z Z vk |

B \/_ \/_ k=4n+11=k—3n

Thus for n large enough we have

2n—1

o< Y ()

|+ kE—74+1 \1/2
D = Z Z Z (]- 'k_-j _7,> |t Bt -

|5k;,k—z‘+1| 2
(Pl

> (angl* + |Bgerel?)
n+1

3n
< 20+ 30v2+ 20(1 + In(4n) 5 Ylaxl? + 1Busl)

k=n+17=1



3 o0
+\/§1+lnn > Z!ﬁk,ﬂ + o n—;*)

k= 4n+lj n

< 6n+n(l+1n(4n)) ( Z Z |k 51”4 [Br.1%)

k=n+1j=1
[e%s) 3n
+3 3 Y (1B + lawsil?)-
k=4n+1 j=n
Thus for all n > ng we have
e 1
2 Z Z P+ 16k51%) +3 > Z 1B s? + laks—s*) > .
k=n+1 j=1 ! ’ k=4n+1 j=n ’ -~ 1_'_111(4”)
In particular, for n = 4°ny (s =1,2,...) we have
oo k
10 =5 > (Jows* + 1Besl)
k=1j=1
oo 45tIng 3-45ng
> 2y Z (law s + 1Be41) +3Z Z Y UBkgl* + lew—s1?)
s=1k=45ng+1 j=1 s=1k=4%nog+1 j=4%ng
© 1 ° 1
> _— = —
- S; 14 In4sting ;::1 l4+Inng+(s+1)In4 o
a contradiction. Hence there are no x,y € H with [(T"z,y)| — 0. g

4 Summary

We summarize the results in the following way. We consider the classes of
all complex (real) Banach spaces and of complex (real) Hilbert spaces. For
each such class X, denote by ay the supremum of all positive ¢ such that the
condition Y ﬁ < 0o (for an operator T on a space from the class) implies
that there is an orbit (7"x) tending to infinity. Similarly, denote by [y the
supremum of all ¢ such that 3 ﬁ < oo implies that there are x, x* with
[(T"x,x*)| — oo.

The known results are summarized in the following tableau (note that
the supremum is in fact maximum whenever the exact value is known):
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X ax B

complex Banach spaces |1 1/2<pxr <1

complex Hilbert spaces |2 1

real Banach spaces 1 1/2< B, <1

real Hilbert spaces 1<ay<2(1/2<8x <1
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