Invariant subspaces for polynomially bounded operators

Călin Ambrozie^∗ and Vladimír Müller^†

Abstract Let T be a polynomially bounded operator on a Banach space X whose spectrum contains the unit circle. Then T^∗ has a nontrivial invariant subspace. In particular, if X is reflexive, then T itself has a nontrivial invariant subspace. This generalizes the well-known result of Brown, Chevreau, and Pearcy for Hilbert space contractions.

Mathematics Subject Classification: primary 47A15, secondary 47A60. Keywords: polynomially bounded operators; invariant subspaces.

1 Introduction

An operator T acting on a complex Banach space X is called polynomially bounded if there is a constant k such that ‖p(T )‖ ≤ k · ‖p‖ for all polynomials p, where ‖p‖ = sup{|p(z)| : |z| ≤ 1}. The smallest constant k with this property is called the polynomial bound of T . By the von Neumann inequality, every Hilbert space contraction is polynomially bounded with constant k = 1.

An early application of the Scott Brown technique gave the existence of invariant subspaces for Hilbert space contractions with dominant spectrum [BCP1]. Further results for Hilbert and Banach space operators were given in [S], [Pr], [AC]. All these results assumed that there are many points of the spectrum in the open unit disc.

∗The first named author expresses his gratitude to the Mathematical Institute of the Czech Academy of Sciences for its kind hospitality during the preparation of this work.

†This research was supported by grant No. 201/03/0041 of GA ČR.

Further development culminated by the well-known ”second generation” result of Brown, Chevreau and Pearcy [BCP2] that each Hilbert space contraction with spectrum containing the unit circle has a nontrivial invariant subspace. This result is much stronger than the corresponding one for operators with dominant spectrum and the proof is much more complicated since it is not possible to use directly the information provided by the points of the spectrum in the unit circle. The proof used essentially the properties of the Sz.-Nagy Foiaş functional model for Hilbert space contractions, and so there is no direct way of generalizing it.

The aim of this paper is to give a new approach and to generalize the Brown, Chevreau, Pearcy result for Banach space operators.

The main result can be formulated as follows:

Theorem A. Let T be a polynomially bounded operator acting on a Banach space X whose spectrum contains the unit circle. Then T^∗ has a nontrivial invariant subspace.

In particular, if X is reflexive then T has also a nontrivial invariant subspace.

The result is new even for Hilbert space operators. Note that there are polynomially bounded operators on a Hilbert space that are not similar to a contraction by [P].

Note also that the situation is not symmetrical for nonreflexive Banach spaces. If M ⊂ X is a nontrivial subspace invariant with respect to an operator T ∈ B(X) then M^⊥ is a nontrivial invariant subspace of T^∗ ∈ B(X^∗).

Conversely, if M^′ ⊂ X^∗ is a nontrivial subspace invariant with respect to T^∗ then^⊥M^′ is an invariant subspace of T but it can be trivial (if M^′ is w^∗-dense).

Since the proof of the main theorem A is rather technical we indicate briefly the plan of the proof in this section.

Without loss of generality it is possible to assume in Theorem A that T is of class C_{0.}, i.e., ‖T^nx‖ → 0 for all x ∈ X. It is sufficient to show the following Theorem B.

Theorem B. Let T be a polynomially bounded operator whose spectrum contains the unit circle. Suppose that ‖T^nx‖ → 0 for all x ∈ X. Then T has a nontrivial invariant subspace.

The reduction of Theorem A to Theorem B is rather standard (at least for Hilbert space operators). It will be shown in the last section. The greatest part of the paper will be devoted to the proof of Theorem B.

Note that in B the invariant subspace is constructed for the operator T (not for T^∗ like in Theorem A). Thus Theorem B is not a consequence of Theorem A, and so it is rather the second main result of the paper.

The basic idea of the Scott Brown technique is to find vectors x ∈ X and x^∗ ∈ X^∗ such that ⟨T^nx, x^∗⟩ = { 0 (n ≥ 1) 1 (n = 0). (1) If x and x^∗ satisfy (1) then ⋁ {T^nx : n ≥ 1} is a closed subspace invariant with respect to T which is different from X.

Let P denote the normed space of all complex polynomials with the supremum norm on the unit disc. Consider the dual space P^∗ with the usual dual norm. It is well known that (1) can be reformulated equivalently by

x ⊗ x^∗ = E_0 (2)

where x ⊗ x^∗ is the functional on P defined by p → ⟨p(T )x, x^∗⟩ and E_0 is the evaluation functional p → p(0) at the origin.

Since T^nx → 0 for all x, all the functionals of the form x ⊗ x^∗ (and in fact all functional that will be of our interest) are w^∗-continuous, i.e., they are of the form M_f : p → ∫_{2π} 0 f(e^{it})p(e^{it})dt for some function f ∈ L^1 on the unit circle. Similarly, all the evaluation functionals E_λ : p → p(λ) for |λ| < 1 are of this form since E_λ = M_{Pλ} where P_λ is the Poisson kernel at λ. In particular, E_0 = M_1 where 1 is the constant function on the unit circle.

The standard way of solving (2) is to find first an approximate solution and then a sequence of better and better solutions; the exact solution of (2) will be obtained as a limit of these approximate solutions.

The starting point of the proof is the result of Apostol that each polynomially bounded operator whose spectrum contains the unit circle has either a nontrivial invariant subspace or there is a large set Λ in the open unit disc consisting of ”almost eigenvalues”. Usually this is formulated that the set Λ is dominant, i.e., sup{|f(z)| : z ∈ Λ} = ‖f‖ for all f ∈ H^∞. We use the full strength of the Apostol theorem that in fact almost all points of the unit circle are radial limits of points of Λ. Sets with this property will be called Apostol sets. Clearly each Apostol set is dominant but we do not use this property; in fact we avoid the use of H^∞ functions almost completely and speak only about polynomials.

It is easy to check that if λ ∈ Λ, x is a corresponding ”almost eigenvector” and x^∗ ∈ X^∗ is arbitrary, then x ⊗ x^∗ ≈ ⟨x, x^∗⟩ · E_λ and so x ⊗ x^∗ is approximately equal (in the sense of the norm in P^∗) to a scalar multiple of the evaluation functional E_λ.

It is a technical fact that the constant function 1 can be approximated by a finite linear combination with positive coefficients of Poisson kernels P_λ with the numbers λ in a given Apostol set Λ. More precisely, there are elements λ_i ∈ Λ and positive numbers α_i such that ‖ ‖1 − ∑ i α_iP_{λi} ‖ ‖_1 < c (3)

where c < 1 is a universal constant; here ‖ · ‖_1 denotes the usual normalized L^1 norm on the unit circle.

Let x_i be the corresponding almost eigenvectors, i.e., ‖x_i‖ = 1 and T x_i ≈ λ_ix_i for all i. An approximate solution of (2) will be found by the Zenger theorem, see Theorem 3.1. Applying this to the vectors x_i and numbers α_i we can find a functional x^∗ ∈ X^∗ and a linear combination x = ∑ i μ_ix_i such that ‖x^∗‖ ≤ 1, ‖x‖ ≤ 1 and ⟨μ_ix_i, x^∗⟩ = α_i for all i. Thus ‖x ⊗ x^∗ − E_0‖ = sup_{‖p‖=1}|⟨p(T )x, x^∗⟩ − p(0)| = sup_{‖p‖=1} | |⟨∑ i μ_ip(T )x_i, x^∗ ⟩ − p(0) | | ≈ sup_{‖p‖=1} | |⟨∑ i μ_ip(λ_i)x_i, x^∗ ⟩ − p(0) | | = sup_{‖p‖=1} | | ∑ i α_ip(λ_i) − p(0) | | = ‖ ‖ ∑ i α_iE_{λi} − E_0 ‖ ‖ ≤ ‖ ‖ ∑ i α_iP_{λi} − 1 ‖ ‖_1 < c. A technical problem here is that the Zenger theorem gives no estimate on the coefficients μ_i. Such an estimate, which is essential in the above calculations, will be obtained by an application of the classical Carleson interpolation theorem.

Having an approximate solution of (2), it is now necessary to improve it by finding perturbations y and y^∗ of x and x^∗, respectively, such that y ⊗ y^∗ approximates E_0 better than x ⊗ x^∗; moreover, ‖y − x‖ and ‖y^∗ − x^∗‖ should be small.

This step is much easier if T is of class C_{00}, i.e., if T satisfies both T^nx → 0 and T^{∗n}x^∗ → 0 for all x ∈ X and X^∗ ∈ X^∗. In this case it is sufficient to use the classical form of the Zenger theorem 3.1 (and even the Carleson theorem can be avoided). Since in general we can assume only one of these conditions, the technical difficulties are solved by an improved form of the Zenger theorem, see Proposition 3.5, which is of independent interest.

The paper is organized as follows. The following three sections discuss the theorems of Apostol, Zenger and Carleson, respectively. These sections are independent of each other.

Section 5 contains the proof of (3). An interested reader can start reading the paper at this section and return to the previous sections 2–4 only for the necessary auxiliary statements.

Section 6 contains the estimate on the coefficients mentioned above. The main theorems A and B are proved in the last section.

The authors would like to thank to M. Engliš and T. Hänninen for drawing their attention to the classical results of Carleson.

2 Apostol’s theorem

Denote by D = {z ∈ C : |z| < 1} the open unit disc in the complex plane and by T = {z ∈ C : |z| = 1} the unit circle.

Definition. A subset Λ ⊂ D is called an Apostol set if

sup{r ∈ [0, 1) : re^{iθ} ∈ Λ} = 1

for all but countably many numbers θ ∈ (−π, π].

Theorem 2.1. (Apostol) [A1] Let T be a polynomially bounded operator on a Banach space such that σ(T ) ⊃ T and T has no nontrivial invariant subspace. Let ε > 0 and let n ≥ 1 be an integer. Then the set Λ := {λ ∈ D : there exists u ∈ X with ‖u‖ = 1 and ‖T u−λu‖ < ε(1−|λ|)^n} is an Apostol set.

This theorem was proved in [A1] for n = 1 and T contractive on a Hilbert space. As it was observed in [B], the same proof also works for general exponent n. For our purpose it is sufficient to use the Apostol theorem with n = 2. In fact this exponent was used already in [B].

The idea of the proof is to show that if there exists an uncountable set S ⊂ T of points that are not radial limits of sequences from Λ, then the kernel of the operator 1 2πi ∫ γ (T − λ)^{−1}(λ − λ_1)^n(λ − λ_2)^ndλ

is a nontrivial invariant subspace, where γ is a well-chosen simple rectifiable closed path crossing T at λ_1 and λ_2.

The existing proofs of Theorem 1 [A1], [B], [Be] were formulated for Hilbert space contractions but the proof remains unchanged also for Banach space operators. Therefore we omit it.

3 Zenger’s theorem

The Zenger theorem proved to be a useful tool in constructions of invariant subspaces for operators on Banach spaces. The idea of using the Zenger theorem in the Scott Brown technique comes from Eschmeier [E]; some similar ideas were implicitly present already in the pioneering work of Apostol [A2].

The classical version of the Zenger theorem can be found in [BD], p. 18–20.

Theorem 3.1. (Zenger) Let X be a complex Banach space, let u_1, . . . , u_n ∈ X be linearly independent. Let α_j (j = 1, . . . , n) be positive numbers with ∑_n j=1 α_j = 1. Then there exist complex numbers w_1, . . . , w_n and φ ∈ X^∗ such that ‖ ‖ ‖ ∑_n j=1 w_j u_j ‖ ‖ ‖ ≤ 1, ‖φ‖ ≤ 1 and φ(w_ju_j) = α_j for all j = 1, . . . , n.

As it was mentioned in the Introduction, Theorem 3.1 can be used to show the existence of nontrivial invariant subspaces for polynomially bounded Banach space operators of class C_{00} whose spectrum contains the unit circle. To get rid of the C_{00} condition, we need a stronger version of the Zenger theorem. Roughly speaking, we need to find the functional φ in a ball centered at some given point, not necessarily at the origin.

The next result is the real version of the required generalization (formulated dually).

Proposition 3.2. Let ‖ · ‖ be a (real) norm on R^n, let α_1, . . . , α_n be positive numbers such that ∑_n j=1 α_j = 1, let s = (s_1, . . . , s_n) ∈ R^n. Then there exist w = (w_1, . . . , w_n) ∈ R^n and ψ ∈ (R^n, ‖ · ‖)^∗ such that ‖ψ‖ ≤ 1, ‖w − s‖ ≤ 1 and ψ(w_je_j ) = α_j (j = 1, . . . , n), where (e_j )^n_{j=1} is the standard basis in R^n, e_j = (0, . . . , 0 j−1 , 1, 0, . . . , 0). Proof. Let B = { x ∈ R^n : ‖x − s‖ ≤ 1 } and B_+ = { (x_1, . . . , x_n) ∈ B : x_j s_j ≥ 0 (j = 1, . . . , n) } . Clearly, B_+ is a compact subset of R^n. Let F : R^n → ⟨0, ∞) be the function defined by F (x_1, . . . , x_n) =^n ∏ j=1 |x_j|^{αj} . Let w = (w_1, . . . , w_n) ∈ B_+ satisfy F (w) = max{F (z) : z ∈ B_+} := m. Clearly w_j ≠ 0 for all j.

Let ψ : R^n → R be the functional defined by ψ(x_1, . . . , x_n) = n∑ j=1 α_j x_j w^{−1}_j .

Then ψ(w) = 1. In a neighbourhood of w we have ∂F ∂x_j (x) = α_j|x_j |^{αj −1}sign x_j · ∏ k≠j |x_k|^{αk} = α_jF (x) x_j . In particular, ∂F ∂x_j (w) = α_j F (w) w_j = mα_j w_j . Thus F^′(w) = mψ = F (w)ψ. For x → w we have F (x) − F (w) = F^′(w)(x − w) + o(‖x − w‖) = mψ(x − w) + o(‖x − w‖), and so F (x) = mψ(x) + o(‖x − w‖). We prove that ψ(x) ≤ 1 for all x ∈ B. Suppose on the contrary that there is an x ∈ B with ψ(x) > 1. For t ∈ (0, 1) let y_t = (1 − t)w + tx = w + t(x − w).

Since B is convex, we have y_t ∈ B for all t. Furthermore, y_t ∈ B_+ for all t small enough. For t → 0 we have F (y_t) = mψ(y_t) + o(t‖x − w‖) = m(ψ(w) + tψ(x − w)) + o(t) = m + mtψ(x − w) + o(t). Since ψ(x − w) > 0, we have F (y_t) > m for all t > 0 small enough, which is a contradiction.

Thus ψ(x) ≤ 1 for all x ∈ B. Note that ψ(s) = ∑_n j=1 α_j s_jw^{−1}_j ≥ 0. Hence ‖ψ‖ = max{ψ(x) − ψ(s) : x ∈ B} ≤ 1. It is easy to see that ψ(w_je_j ) = α_j for all j.

The complex version of Proposition 3.2 is an interesting open problem. We prove it under an additional assumption that the norm is rather regular. This weaker version will be sufficient for our main purpose — the construction of invariant subspaces.

Definition. Let X be a complex Banach space, let u_1, . . . , u_n ∈ X be nonzero vectors, let L > 0. We say that the vectors u_1, . . . , u_n are L-circled if ‖ ‖ ‖ n∑ j=1 β_ju_j ‖ ‖ ‖ ≤ L · ‖ ‖ ‖ n∑ j=1 γ_ju_j ‖ ‖ ‖ whenever β_j , γ_j ∈ C , |β_j| ≤ |γ_j| (j = 1, . . . , n).

It is easy to see that L-circled vectors are linearly independent.

Lemma 3.3. Let L > 0, let ‖ · ‖ be a (complex) norm on C^n such that the standard basis vectors e_1, . . . , e_n are L-circled. Let α_1, . . . , α_n be positive numbers such that ∑_n j=1 α_j = 1, let s = (s_1, . . . , s_n) ∈ C^n. Then there exist w = (w_1, . . . , w_n) ∈ C^n and a complex-linear functional ψ ∈ (C^n, ‖ · ‖)^∗ such that ‖ψ‖ ≤ L √ 2, ‖w − s‖ ≤ 1 and ψ(w_je_j ) = α_j (j = 1, . . . , n).

Proof. For j = 1, . . . , n write s_j = |s_j| · ν_j where ν_j ∈ C , |ν_j| = 1 (if s_j = 0 then choose any ν_j ∈ T). Consider the real-linear subspace X of C^n generated by the vectors ν_je_j (j = 1, . . . , n). Clearly s ∈ X and C^n = X + iX.

By Proposition 3.2, there exist real numbers t_j (j = 1, . . . , n) and a real-linear functional ψ_0 : X → R such that ψ_0(t_jν_j e_j ) = α_j (j = 1, . . . , n), ‖ ‖ ‖ ∑_n j=1 t_j ν_je_j − s ‖ ‖ ‖ ≤ 1 and ‖ψ_0‖ ≤ 1.

Set w_j = t_jν_j . Extend ψ_0 to C^n by ψ(x + iy) = ψ_0(x) + iψ_0(y) for all

x, y ∈ X. It is easy to verify that ψ is a complex-linear functional and

ψ(w_je_j ) = α_j (j = 1, . . . , n).

Let b_j , c_j ∈ R. If ‖ ‖ ‖ ∑_n j=1(b_j + ic_j )ν_je_j ‖ ‖ ‖ ≤ 1, then ‖ ‖ ‖ ∑_n j=1 b_j ν_je_j ‖ ‖ ‖ ≤ L and ‖ ‖ ∑_n j=1 c_jν_j e_j ‖ ‖ ≤ L. So | |ψ (^n∑ j=1 (b_j + ic_j )ν_j e_j )| |^2 = | |ψ_0 (^n∑ j=1 b_j ν_je_j )| |^2 + | |ψ_0 (^n∑ j=1 c_j ν_je_j )| |^2 ≤ 2L^2, and so ‖ψ‖ ≤ L √ 2. The next result is a dual version of Lemma 3.3.

Lemma 3.4. Let ‖ · ‖ be a norm on C^n such that the standard basis vec-

tors e_1, . . . , e_n are L-circled. Let α_1, . . . , α_n be positive numbers such that ∑_n j=1 α_j = 1, let φ ∈ (C^n, ‖ · ‖)^∗. Then there exist w = (w_j, . . . , w_n) ∈ C^n

and a complex-linear functional ψ ∈ (C^n, ‖ · ‖)^∗ such that ‖ψ − φ‖ ≤ 1, ‖w‖ ≤ L √ 2 and ψ(w_je_j ) = α_j (j = 1, . . . , n).

Proof. Let f_1, . . . , f_n ∈ (C^n, ‖ · ‖)^∗ be defined by ⟨e_j , f_k⟩ = δ_{j,k} (the Kro-

necker symbol). We prove first that f_1, . . . , f_n are L-circled in (C^n, ‖ · ‖)^∗. Let β_j , γ_j ∈ C , |β_j| ≤ |γ_j| (j = 1, . . . , n). Let F = {j ∈ {1, . . . , n} : β_j ≠ 0}. Then ‖ ‖ ‖ n∑ j=1 β_jf_j ‖ ‖ ‖ = sup {| | | ⟨∑ j∈F β_j f_j, n∑ j=1 ω_je_j ⟩| | : ‖ ‖ ‖ n∑ j=1 ω_j e_j ‖ ‖ ‖ ≤ 1 }

= sup {| | | ∑ j∈F β_jω_j | | | : ‖ ‖ ‖ n∑ j=1 ω_je_j ‖ ‖ ‖ ≤ 1 }

= sup {| | | ⟨^n∑ j=1 γ_jf_j , ∑ j∈F ω_jβ_j γ^{−1}_j e_j ⟩| | : ‖ ‖ ‖ n∑ j=1 ω_je_j ‖ ‖ ‖ ≤ 1 }

≤ sup {| | | ⟨^n∑ j=1 γ_jf_j , n∑ j=1 μ_je_j ⟩| | : ‖ ‖ ‖ n∑ j=1 μ_je_j ‖ ‖ ‖ ≤ L } = L · ‖ ‖ ‖ n∑ j=1 γ_jf_j ‖ ‖ ‖. By Lemma 3.3, there is a ψ ∈ (C^n, ‖ · ‖)^∗, ψ = ∑_n j=1 ψ_j f_j such that ‖ψ −

φ‖ ≤ 1 and w = (w_1, . . . , w_n) ∈ C^n such that ‖w‖ ≤ L √ 2 and α_l = ⟨ ∑_n j=1 w_je_j , ψ_lf_l⟩ = w_lψ_l = ⟨w_le_l, ψ⟩ for all l = 1, . . . , n.

Proposition 3.5. Let u_1, . . . , u_n be L-circled vectors in a complex Banach

space X. Let α_1, . . . , α_n be positive numbers such that ∑_n j=1 α_j = 1, let φ ∈ X^∗. Then there exist complex numbers w_j ∈ C (j = 1, . . . , n) and a complex-linear functional ψ ∈ X^∗ such that ‖ψ − φ‖ ≤ 1, ‖ ∑_n j=1 w_ju_j‖ ≤ L √ 2 and ψ(w_ju_j ) = α_j (j = 1, . . . , n).

Proof. Let X_0 be the subspace of X generated by the vectors u_1, . . . , u_n. We can identify X_0 with C^n with the norm ‖(w_1, . . . , w_n)‖ = ‖ ∑_n j=1 w_ju_j ‖_X .

By Lemma 3.4, there are w_j ∈ C and ψ ∈ X^∗_0 such that ‖ ∑_n j=1 w_ju_j‖ ≤ L √ 2, ⟨w_ju_j, ψ⟩ = α_j and ‖ψ − φ|X_0‖_X∗_0 ≤ 1. By the Hahn-Banach theorem, we can extend ψ to X such that ‖ψ − φ‖_X∗ ≤ 1.

4 Carleson’s interpolation theorem

For λ = re^{iθ} ∈ D , set I_λ = {e^{it} : |t − θ| < 2(1 − r)}. These sets will play an important role in the proof.

Lemma 4.1. There is a constant a > 0 with the following property: if z, λ ∈ D satisfy I_z ∩ I_λ = ∅ and |λ|, |z| ≥ 3/4, then |^{z−λ}_{1−λz} | ≥ a. Proof. We can assume that λ = r > 0. Write z = se^{iθ} with s ≥ 3/4 and −π < θ ≤ π. Since s, r ≥ 3/4 and |sin^θ_2 | ≥^{|θ|}_2 ·^2_π , we have

|r − se^{iθ}|^2 = (r − s cos θ)^2 + s^2 sin^2 θ = (r − s)^2 + 2rs(1 − cos θ)

≥ 4rs sin^2 θ 2 ≥ 9 4 ( |θ| π )_2 = ( 3|θ| 2π )_2 . Since e^{iθ} ∉ I_r, we have |θ| ≥ 2(1 − r). Thus |z − r| ≥^{3|θ|}_{2π} ≥^{3(1−r)}_π . Furthermore, |1 − rz| ≤ (1 − r^2) + |r^2 − rz| ≤ 2(1 − r) + r|r − z|. Hence |z − r| |1 − rz| ≥ |z − r| 2(1 − r) + r|z − r| = 1 2(1−r) |r−z| + r ≥ 1_{2π} 3 + 1 ≥ 3 2π + 3 . The last constant is independent of the choice of λ and z.

We remind that a positive measure μ on D is called Carleson if there is a constant c_μ such that μ(S_{θ,h}) ≤ c_μ h for every sector S_{θ,h} of the form S_{θ,h} = {re^{it} : 1 − h ≤ r < 1, |t − θ| ≤ h}. (4)

Lemma 4.2. Let F ⊂ D be a finite set such that the sets I_λ (λ ∈ F ) are pairwise disjoint. Then the measure μ = ∑ λ∈F (1 − |λ|)δ_λ is Carleson with the constant ≤ 1, where δ_λ denotes the Dirac measure at λ. Proof. Let S_{θ,h} be a sector of the form (4). Let Γ = {e^{it} : |t − θ| ≤ h}. Let λ = re^{is} ∈ F ∩ S_{θ,h}. Then there are three possible cases: e^{i(s+2(1−r))} ∈ Γ, e^{i(s−2(1−r))} ∈ Γ, or I_λ ⊂ Γ. In all three cases we have m(I_λ ∩ Γ) ≥ 2(1 − |λ|), where m denotes the Lebesgue measure on T. Thus μ(S_{θ,h}) = ∑ λ∈S_{θ,h}∩F (1 − |λ|) ≤ 1 2 m ( Γ ∩ ⋃ λ∈F ∩S_{θ,h} I_λ ) ≤ 1 2 m(Γ) = h.

As usually, denote by H^∞ the algebra of all bounded analytic functions on D with the norm ‖f‖ = sup{|f(z)| : z ∈ D }.

It follows from the Carleson interpolation theory, see [G], Section VII.1, that, given a finite set F ⊂ D such that I_λ (λ ∈ F ) are pairwise disjoint and |λ| ≥ 3/4 (λ ∈ F ), and numbers c_λ ∈ C , then there exists f ∈ H^∞ such that f(λ) = c_λ (λ ∈ F ) and ‖f‖ ≤ b · sup_{λ∈F} |c_λ|, where b is an absolute constant, independent of F and c_λ. Since the results in [G] are formulated for the upper half-plane, we indicate briefly the argument in the disc case, following the comments preceding Theorem VII.1.1.

Lemma 4.3. There is a constant δ > 0 with the following property: if F ⊂ D is a finite set such that the sets I_λ (λ ∈ F ) are pairwise disjoint and |λ| ≥ 3/4 (λ ∈ F ), then ∏ λ∈F \{λ_0} | | λ_0 − λ 1 − λλ_0 | | ≥ δ for each λ_0 ∈ F .

Proof. Let μ = ∑ λ∈F (1 − |λ|)δ_λ. Since μ is a Carleson measure with the constant ≤ 1, by [G], lemma VI.3.3 we have

sup_{w∈} D ∫ 1 − |w|^2 |1 − wz|^2 dμ(z) = sup_{w∈} D ∑ λ∈F (1 − |λ|)(1 − |w|^2) |1 − wλ|^2 ≤ σ < ∞, where σ is a universal constant independent of F . In particular, ∑ λ∈F (1 − |λ|)(1 − |λ_0|^2) |1 − λ_0λ|^2 ≤ σ for each λ_0 ∈ F .

Let a be the constant from Lemma 4.1. Note that a < 1, and so ln a < 0. Since ln t is a concave function, for any t ∈ (a^2, 1) we have ln t ≥ 2 ln a 1 − a^2 (1 − t). Let λ ∈ F \{λ_0}. Using the identity |1−λλ_0|^2 −|λ_0 −λ|^2 = (1−|λ|^2)(1−|λ_0|^2) we have ln | | λ_0 − λ 1 − λλ_0 | |^2 ≥ 2 ln a

1 − a^2 ( 1 − | | λ_0 − λ 1 − λλ_0 | |^2 ) = 2 ln a 1 − a^2 · (1 − |λ|^2)(1 − |λ_0|^2) |1 − λλ_0|^2 ≥ 4 ln a 1 − a^2 · (1 − |λ|)(1 − |λ_0|^2) |1 − λλ_0|^2 . Set B(z) = ∏ λ∈F \{λ_0} z−λ 1−λz . Then

ln | B(λ_0) |^2 ≥

4 ln a 1 − a^2 ∑ λ∈F \{λ_0} 1 − |λ_0|^2 |1 − λ_0λ|^2 (1 − |λ|) ≥ 4 ln a 1 − a^2 σ. Thus |B(λ_0)| ≥ δ for some constant δ independent of F .

Proposition 4.4. There is a constant b with the following property: if F ⊂ D is a finite set such that the sets I_λ are pairwise disjoint and |λ| ≥ 3/4 (λ ∈ F ), and c_λ ∈ C (λ ∈ F ) are given, then there exists f ∈ H^∞ such that f(λ) = c_λ (λ ∈ F ) and ‖f‖ ≤ b · sup_{λ∈F} |c_λ|.

Proof. The proof follows from [SS], Theorem 1. More precisely, it is possible to take b =^2_{δ5} (1 − 2 ln δ), where δ is the constant from Lemma 4.3.

5 Preliminary steps

For every λ ∈ D , let P_λ(t) =^{1−|λ|2}_{|λ−eit|2} (t ∈ R) denote the Poisson kernel. It is well known that ∫_π −π P_λdt = 2π and max_t P_λ(t) =^{1+|λ|}_{1−|λ|} .

Recall that for λ = re^{iθ} ∈ D we write I_λ = {e^{it} : |t − θ| < 2(1 − r)}.

Notation. For λ ∈ D define the 2π–periodic function Q_λ on R by: Q_λ(t) = P_λ(t) if e^{it} ∈ I_λ, and Q_λ(t) = 0 otherwise. Denote by m the Lebesgue measure both on the real line R and on the unit circle T.

Lemma 5.1. For any λ ∈ D with |λ| ≥ 3/4 we have ∫_π −π Q_λ(t)dt ≥^{7π}_6 .

Proof. Without loss of generality we can suppose that λ = r ≥ 3/4. We have sin^2(1 − r) ≤ sin(1 − r) ≤ 1 − r. If e^{it} ∈ I_λ then cos t ≥ cos 2(1 − r) = 1 − 2 sin^2(1 − r) ≥ 2r − 1, and so 1 − r ≥ cos t − r ≥ r − 1. Thus |r − e^{it}|^2 = (r − cos t)^2 + sin^2 t ≤ (1 − r)^2 + t^2.

Hence ∫_π −π Q_λ(t)dt = ∫_{2(1−r)} −2(1−r) 1 − r^2 |r − e^{it}|^2 dt = 2(1 − r^2)

∫_{2(1−r)} 0 dt |r − e^{it}|^2 ≥ 2(1 − r^2)

∫_{2(1−r)} 0 dt (1 − r)^2 + t^2

= 2(1 − r^2) [ 1 1 − r tan^{−1} t 1 − r ]_{2(1−r)} 0 = 2(1 + r)tan^{−1} 2 ≥ 7 2 · tan^{−1} √ 3 = 7π 6 .

Corollary 5.2. For each λ ∈ D with |λ| ≥ 3/4 we have ∫_π −π (P_λ(t) − Q_λ(t))dt ≤ 5 7 ∫_π −π Q_λ(t)dt.

Proof. By Lemma 5.1, we have the estimates ∫_π −π(P_λ(t) − Q_λ(t))dt ∫_π −π Q_λ(t)dt = ∫_π −π P_λ(t)dt ∫_π −π Q_λ(t)dt − 1 ≤ 2π · ( 7π 6 )_{−1} − 1 = 5 7 .

Theorem 5.3. Let Λ ⊂ D be an Apostol set. Let t_1, t_2 ∈ R satisfy −π ≤ t_1 < t_2 ≤ π. Let f(t) := 1 if t_1 ≤ t ≤ t_2, and f(t) := 0 otherwise. Then there is an n_0 ≥ 1 such that for every n ≥ n_0 there exist a finite set F ⊂ Λ and positive real numbers α_λ (λ ∈ F ) with the following properties: (i) I_λ ⊂ {e^{it} : t_1 < t < t_2} for all λ ∈ F ; (ii) the sets I_λ (λ ∈ F ) are pairwise disjoint; (iii) m(∪_{λ∈F} I_λ) ≥^1_{40π} (t_2 − t_1);

(iv) |λ| ≥ 3/4 and |λ^n − 1| <^1_9 for all λ ∈ F ; (v) ∑ λ∈F α_λ ≤^{t2−t1}_7 ; (vi) ∫_π −π | ∑ λ∈F α_λλ^nP_λ(t) − f(t)|dt ≤ c_1 (t_2 − t_1), where c_1 = 1 −^1_{1920} .

Proof. For every n ≥ 1, set M_n = {t ∈ (t_1, t_2) : |e^{i nt} − 1| ≤ 1/10}. Clearly for all n sufficiently large we have m(M_n) > t_2 − t_1 10 · 2π

. (5)

Fix n satisfying (5). Let ε > 0 satisfy m(M_n) − ε > (t_2 − t_1)/ 20π. Let S ⊂ (t_1, t_2) be the exceptional set of the Apostol set Λ, i.e., sup{0 ≤ r < 1 : re^{iθ} ∈ Λ} = 1 for all θ ∈ (t_1, t_2) \ S. Since S is at most countable, it can be covered by a countable union U of open intervals with m(U) < ε/2. Then the set M^′ defined by

M^′ = ( M_n ∩ [t_1 + ε/4, t_2 − ε/4] ) \ U is compact with m(M^′) > (t_2 −t_1)/ 20π. For each t ∈ M^′ we can find r_t ≥ 3/4 such that λ_t := r_te^{it} ∈ Λ, |λ^n_t − 1| < 1/9 and I_{λt} ⊂ {e^{is} : t_1 < s < t_2}. Then {e^{is} : s ∈ M^′} ⊂ ∪_{t∈M} ′ I_{λt} . Since {e^{is} : s ∈ M^′} is a compact subset of the 1–dimensional set T, there exists a finite subcover of (I_{λt} )_{t∈M} ′ such that any three of these subsets have empty intersection. Considering a cover of the minimal cardinality with this property it is easy to see that there are numbers λ_1, . . . , λ_k ∈ Λ with λ_j = |λ_j |e^{isj} such that t_1 < s_1 < · · · < s_k < t_2, ⋃_k j=1 I_{λj} ⊃ {e^{is} : s ∈ M^′} and I_{λj} ∩ I_{λj′} = ∅ if |j^′ − j| ≥ 2. Let F_1 = {λ_1, λ_3, . . .} and F_2 = {λ_2, λ_4, . . .}. Let F be one of the sets F_1, F_2 such that m ( ⋃ λ∈F I_λ ) = max { m ( ⋃ λ∈F_1 I_λ ) , m ( ⋃ λ∈F_2 I_λ )} .

Then I_λ ∩ I_λ′ = ∅ for all distinct λ, λ^′ in F , and m (⋃ λ∈F I_λ ) ≥ m(M^′)/2 > (t_2 − t_1)/ 40π. For any λ ∈ F , set α_λ = (1 − |λ|)(1 + |λ|)^{−1}. Then α_λ > 0 and ∑ λ∈F α_λ ≤ 4 7 ∑ λ∈F (1 − |λ|) = 1 7 ∑ λ∈F m(I_λ) ≤ t_2 − t_1 7 . Finally, ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − f(t) | | |dt ≤ ∫_π −π | | | ∑ λ∈F α_λλ^n(P_λ(t) − Q_λ(t)) | | |dt + ∫_π −π ∑ λ∈F α_λ|λ^n − 1|Q_λ(t)dt + ∫_{t2} t_1 ( 1 − ∑ λ∈F α_λQ_λ(t) ) dt ≤ ∑ λ∈F α_λ ∫_π −π (P_λ(t) − Q_λ(t))dt + 1 9 ∫_{t2} t_1 ∑ λ∈F α_λQ_λ(t)dt + (t_2 − t_1) − ∫_{t2} t_1 ∑ λ∈F α_λQ_λ(t)dt ≤ t_2 − t_1 + (5 7 + 1 9 − 1 ) ∫ t_2 t_1 ∑ λ∈F α_λQ_λ(t)dt ≤ t_2 − t_1 − 1 7 ∫_{t2} t_1 ∑ λ∈F α_λQ_λ(t)dt ≤ t_2 − t_1 − 1 7 ∑ λ∈F 1 − |λ| 1 + |λ| · 7π 6 ≤ t_2 − t_1 − π 12 ∑ λ∈F (1 − |λ|) = t_2 − t_1 − π 48 · m ( ⋃ λ∈F I_λ ) ≤ c_1(t_2 − t_1),

where c_1 = 1 −^1_{1920} .

Corollary 5.4. Let c_1 be the constant from the previous lemma and let c_2 ∈ (c_1, 1). Let f : (−π, π] → [0, ∞) be an integrable function and let Λ be an Apostol set. Then for any n sufficiently large there are a finite set F ⊂ Λ and positive numbers α_λ (λ ∈ F ) such that: (i) the sets (I_λ)_{λ∈F} are pairwise disjoint; (ii) |λ| ≥ 3/4 and |λ^n − 1| ≤^1_9 for all λ ∈ F ; (iii) ∑ λ∈F α_λ ≤^1_{2π} ∫_π −π f(t)dt; (iv) ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − f(t) | | |dt ≤ c_2 ∫_π −π f(t)dt. Proof. Let ε > 0 be sufficiently small (ε < min{^{c2−c1}_2 ,^7_{2π} − 1}). Let g be a step function g : (−π, π] → [0, ∞) such that ∫_π −π |f − g|dt ≤ ε ∫_π −π f(t)dt.

By Theorem 5.3 applied to each interval where g is constant, we can find a finite set F ⊂ Λ and positive numbers α_λ (λ ∈ F ) satisfying (i), (ii) and ∑ λ∈F α_λ ≤ 1 7 ∫_π −π g(t)dt ≤ 1 7 (∫ π −π f(t)dt + ∫_π −π |f − g|dt )

≤ 1 7 (1 + ε) ∫ f(t)dt ≤ 1 2π ∫_π −π f(t)dt. Further, ∫_π −π | | ∑ λ∈F α_λλ^nP_λ(t) − g(t) | |dt ≤ c_1 ∫_π −π g(t)dt. Then we have ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − f(t) | | |dt ≤ ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − g(t) | | |dt + ∫_π −π |f(t) − g(t)|dt ≤ c_1 ∫_π −π g(t)dt + ε ∫_π −π f(t)dt ≤ (c_1 + 2ε) ∫_π −π f(t)dt ≤ c_2 ∫_π −π f(t)dt.

6 Polynomially bounded operators

Let T ∈ B(X) be a polynomially bounded operator with polynomial bound k. Denote by A(D ) the disc algebra consisting of all functions continuous on D and analytic on D , with the norm ‖f‖ = sup{|f(z)| : z ∈ D }. It is well known that functions from A(D ) are uniform limits of polynomials. Therefore we can extend the polynomial calculus for T to functions from A(D ) with the same constant k, i.e., ‖f(T )‖ ≤ k · ‖f‖ (f ∈ A(D )).

Lemma 6.1. Let T ∈ B(X) be a polynomially bounded operator with polynomial bound k. Let b be the constant from Proposition 4.4. Let F ⊂ D be a finite set with (I_λ)_{λ∈F} pairwise disjoint and |λ| ≥ 3/4 (λ ∈ F ).

Suppose that there are vectors u_λ ∈ X and complex numbers μ_λ (λ ∈ F ) such that ‖u_λ‖ = 1, ‖(T − λ)u_λ‖ <^1_{2kbπ} (1 − |λ|)^2 and ‖ ∑ λ∈F μ_λu_λ‖ = 1. Then |μ_λ| ≤ 2kb for all λ ∈ F .

Proof. Let λ_0 ∈ F satisfy |μ_{λ0} | = max_{λ∈F} |μ_λ|. By Proposition 4.4, there is a function f ∈ H^∞ such that ‖f‖ ≤ b, f(λ_0) = 1 and f(λ) = 0 for λ ∈ F \ {λ_0}. For r ∈ (0, 1) and z ∈ D define f_r(z) = f(rz). Clearly ‖f_r‖ ≤ ‖f‖ ≤ b and f_r is a function analytic on a neighbourhood of D , and so f_r ∈ A(D ). Thus we can define f_r(T ) and ‖f_r(T )‖ ≤ kb for all r.

Let u = ∑ λ∈F μ_λu_λ. Then ‖f_r(T )u‖ ≤ kb‖u‖ = kb for all r. For λ ∈ F define g_{r,λ}(z) =^{fr(z)−fr (λ)}_{z−λ} . Clearly g_{r,λ} is analytic on a neighbourhood of D and ‖g_{r,λ}‖ ≤ 2‖f_r‖(1 − |λ|)^{−1} ≤ 2b(1 − |λ|)^{−1}. Hence kb ≥ lim sup_{r→1−} ‖f_r(T )u‖ ≥ lim sup r→1_− (‖ ‖ ∑ λ∈F f_r(λ)μ_λu_λ ‖ ‖ − ‖ ‖ ∑ λ∈F μ_λ ( f_r(λ) − f_r(T ) ) u_λ ‖ ‖ )

≥ ‖μ_{λ0} u_{λ0} ‖ − lim inf_{r→1−} ∑ λ∈F |μ_λ| · ‖g_{r,λ}(T )(T − λ)u_λ‖ ≥ |μ_{λ0} | − |μ_{λ0} | ∑ λ∈F 2kb(1 − |λ|)^{−1} 1 2kbπ (1 − |λ|)^2 ≥ |μ_{λ0} | ( 1 − ∑ λ∈F π^{−1}(1 − |λ|) ) ≥ |μ_{λ0} | 2 , since ∑ λ∈F (1 − |λ|) ≤^1_4 m (⋃ λ∈F I_λ ) ≤^π_2 . Hence |μ_λ| ≤ |μ_{λ0} | ≤ 2kb for each λ ∈ F . Proposition 6.2. Let T ∈ B(X) be a polynomially bounded operator with polynomial bound k. Suppose that σ(T ) ⊃ T and that T has no nontrivial invariant subspace. Let b be the constant constructed in Proposition 4.4. Then there is a positive constant c_2, c_2 < 1 with the following property: if f : (−π, π] → [0, ∞) is an integrable function and 0 < ε <^1_{2kbπ} , then for any n sufficiently large there are a finite set F ⊂ D , vectors u_λ ∈ X and positive numbers α_λ (λ ∈ F ) such that (i) the sets (I_λ)_{λ∈F} are pairwise disjoint; (ii) |λ| ≥ 3/4 and |λ^n − 1| ≤^1_9 for all λ ∈ F ; (iii) ∑ λ∈F α_λ ≤^1_{2π} ∫_π −π f(t)dt;

(iv) ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − f(t) | | |dt ≤ c_2 ∫_π −π f(t)dt; (v) ‖u_λ‖ = 1 and ‖(T − λ)u_λ‖ < ε(1 − |λ|)^2 for all λ ∈ F ; (vi) the vectors u_λ (λ ∈ F ) are 2kb-circled.

Proof. Properties (i) – (iv) were proved in Corollary 5.4. Property (v) follows from the Apostol theorem, see Theorem 2.1.

To show property (vi), let β_λ, γ_λ ∈ C , |β_λ| ≤ |γ_λ| (λ ∈ F ). Suppose that ‖ ∑ λ∈F γ_λu_λ‖ ≤ 1. By Proposition 4.4, there is a function q ∈ H^∞ such that ‖q‖ ≤ b, q(λ) = β_λγ^{−1}_λ for all λ ∈ F with γ_λ ≠ 0, and q(λ) = 0 if γ_λ = 0.

For r ∈ (0, 1) and z ∈ D define q_r by q_r(z) = q(rz). Then q_r ∈ A(D ), ‖q_r‖ ≤ ‖q‖ ≤ b for all r and lim_{r→1−} q_r(λ) = q(λ) (λ ∈ F ). Write g_{r,λ}(z) = q_r(z)−q_r (λ) z−λ . Then ‖g_{r,λ}‖ ≤ 2‖q_r‖(1 − |λ|)^{−1} ≤ 2b(1 − |λ|)^{−1}. Using Lemma 6.1, we have ‖ ‖ ∑ λ∈F β_λu_λ ‖ ‖ = ‖ ‖ ∑ λ∈F q(λ)γ_λu_λ ‖ ‖ = lim_{r→1−} ‖ ‖ ∑ λ∈F q_r(λ)γ_λu_λ ‖ ‖ ≤ lim sup r→1_− (‖ ‖ ‖ ∑ λ∈F q_r(T )γ_λu_λ ‖ ‖ + ‖ ‖ ∑ λ∈F (q_r(T ) − q_r(λ))γ_λu_λ ‖ ‖ )

≤ kb ‖ ‖ ∑ λ∈F γ_λu_λ ‖ ‖ + lim sup r→1_− ∑ λ∈F ‖g_{r,λ}(T )‖ · ‖(T − λ)u_λ‖ · |γ_λ| ≤ kb + ∑ λ∈F 2kb(1 − |λ|)^{−1}ε(1 − |λ|)^2|γ_λ| ≤ kb + (2kb)^2 2kbπ ∑ λ∈F (1 − |λ|) ≤ kb + 2kb π · π 2 = 2kb. Hence the vectors u_λ (λ ∈ F ) are 2kb-circled.

7 Invariant subspaces

Denote by P the normed space of all polynomials with the norm ‖p‖ = sup{|p(z)| : z ∈ D }. Let P^∗ be its dual with the usual dual norm.

Let φ ∈ P^∗. By the Hahn-Banach theorem, φ can be extended without changing the norm to a functional on the space of all continuous function on T with the sup-norm. By the Riesz theorem, there exists a Borel measure μ on T such that ‖μ‖ = ‖φ‖ and φ(p) = ∫ p dμ for all polynomials p.

Let L^1 be the Banach space of all complex integrable functions on T with the norm ‖f‖_1 = (2π)^{−1} ∫_π −π |f(e^{it})|dt.

Of particular interest are the following functionals on P:

(i) Let λ ∈ D . Denote by E_λ the evaluation functional defined by E_λ(p) = p(λ) (p ∈ P). Clearly ‖E_λ‖ = 1.

(ii) Let f ∈ L^1. Denote by M_f ∈ P^∗ the functional defined by

M_f (p) = (2π)^{−1} ∫_π −π p(e^{it})f(e^{it})dt (p ∈ P). Then ‖M_f ‖ ≤ ‖f‖_1.

In particular, if g = 1 then M_g(p) = p(0) for all p and M_g is the evaluation at the origin. More generally, if λ ∈ D and g(e^{it}) = P_λ(t) then M_g is the evaluation at the point λ.

(iii) Let T : X → X be a polynomially bounded operator with polynomial bound k, let x ∈ X and x^∗ ∈ X^∗. Let x ⊗ x^∗ ∈ P^∗ be the functional defined by (x ⊗ x^∗)(p) = ⟨p(T )x, x^∗⟩ (p ∈ P). Since T is polynomially bounded, x⊗x^∗ is a bounded functional and we have ‖x ⊗ x^∗‖ ≤ k‖x‖ · ‖x^∗‖. Of course the definition of x ⊗ x^∗ depends on the operator T but since we are going to consider only one operator T , this cannot lead to a confusion.

Suppose that T also satisfies the condition that ‖T^nu‖ → 0 for all u ∈ X. It is a folklore result that then all the functionals x ⊗ x^∗ where x ∈ X and x^∗ ∈ X^∗ can be represented by absolutely continuous measures, and so these functionals are of the form (ii). Various versions of this result can be found in [Sz], [KO], [A2], [E]. Usually such results are proved by defining the H^∞ calculus for T (by means of radial limits) and by showing that this functional calculus is (w^∗, SOT ) continuous. Since we have not found the precise form of the necessary statement, we include the proof below; we present a more direct argument using some classical results from measure theory.

Lemma 7.1. Let T be a polynomially bounded operator on a Banach space X. Suppose that ‖T^nu‖ → 0 for all u ∈ X. Let x ∈ X, x^∗ ∈ X^∗. Then there exists f ∈ L^1 such that ⟨p(T )x, x^∗⟩ = ∫_π −π p(e^{it})f(e^{it})dt for all polynomials p.

Moreover, it is possible to choose f ∈ L^1 such that ‖f‖_1 = ‖x ⊗ x^∗‖. Proof. Recall that a sequence (f_n)_n ⊂ A(D ) is called Montel if sup ‖f_n‖ < ∞ and lim_{n→∞} f_n(z) = 0 for all z ∈ D.

We show that ⟨f_n(T )x, x^∗⟩ → 0 for any Montel sequence (f_n). Without loss of generality we can assume that sup ‖f_n‖ ≤ 1, ‖x‖ ≤ 1 and ‖x^∗‖ ≤ 1. Let f_n(z) = ∑_∞ j=0 c_{n,j}z^j be the Taylor expansion of f_n.

By the Cauchy formula and the Lebesgue domination theorem, we have lim_{n→∞} c_{n,j} = 0 for each j ≥ 0.

Let ε be a positive number such that ε < 2k, where k is the polynomial bound of T . Choose l such that ‖T^lx‖ ≤ ε/ 4k. There exists n_0 sufficiently large such that for every n ≥ n_0 we have |c_{n,j}| < ε/ 2lk (j = 0, . . . , l). Fix such an n and write g(z) = ∑_{l−1} j=0 c_{n,j}z^j . Then f_n(z) = g(z) + z^lh(z) for some function h ∈ A(D ). Clearly ‖g‖ ≤ ∑_{l−1} j=0 |c_{n,j}| ≤ ε/ 2k and ‖h‖ = ‖f_n − g‖. Thus |⟨f_n(T )x, x^∗⟩| ≤ ‖f_n(T )x‖ ≤ ‖g(T )x‖ + ‖(f_n − g)(T )x‖ ≤ k‖g‖ + ‖h(T )‖ · ‖T^lx‖ ≤ ε 2 + k‖f_n − g‖ · ε 4k ≤ ε 2 + ε 4 · (‖f_n‖ + ‖g‖) < ε. Thus ⟨f_n(T )x, x^∗⟩ → 0.

Now let μ be a measure representing the functional x ⊗ x^∗ such that ‖μ‖ = ‖x ⊗ x^∗‖. Since we have (x ⊗ x^∗)(f_n) → 0 for each Montel sequence (f_n), μ is a Henkin measure. By the Val’skii theorem and the M. and F. Riesz theorem, μ is absolutely continuous with respect to the Lebesgue measure. For details we refer to [R], Theorem 9.2.1 and Remark 9.2.2 (c).

The Radon-Nikodym theorem now implies the statement of the Lemma.

Let c_3 be a constant satisfying c_2 < c_3 < 1, where c_2 is the constant from Proposition 6.2. Let b be the universal constant form Proposition 4.4.

Theorem 7.2. Let T : X → X be a polynomially bounded operator with constant k, such that σ(T ) ⊃ T and T has no nontrivial invariant subspace. Let f ∈ L^1 be non–negative with ‖f‖_1 = 1, and let y^∗ ∈ X^∗ be arbitrary. Then for every positive integer n sufficiently large there exist x ∈ X and x^∗ ∈ X^∗ such that ‖x‖ ≤ 2kb √ 2, ‖x^∗‖ ≤ 1 and ‖x⊗(T^{∗n}x^∗ +y^∗)−M_f ‖ < c_3.

Proof. Let ε be a positive number satisfying ε <^1_{2kbπ} , ε‖y^∗‖^2 < 1 and 12k^3b^2π √ ε < c_3 − c_2.

For any n sufficiently large there exist, by Proposition 6.2, a finite set F ⊂ D and positive numbers α_λ (λ ∈ F ) such that the intervals (I_λ)_{λ∈F} are pairwise disjoint and 1 2π ∫_π −π | | | ∑ λ∈F α_λλ^nP_λ(t) − f(t) | | | dt ≤ c_2. Also, there exist 2kb-circled vectors u_λ ∈ X (λ ∈ F ) such that ‖u_λ‖ = 1 and ‖(T − λ)u_λ‖ < ε(1 − |λ|)^2 for all λ ∈ F .

We define, on the linear span of (u_λ)_λ, the linear functional φ by φ(u_λ) = λ^{−n}y^∗(u_λ) (λ ∈ F ). By the Hahn-Banach theorem, we can extend it to a bounded functional on X denoted by the same symbol φ. By Proposition 3.5, there exist complex numbers μ_λ and a functional ψ ∈ X^∗ such that ‖ ∑ λ∈F μ_λu_λ‖ ≤ 2kb √ 2, ‖ψ − φ‖ ≤ 1 and ψ(μ_λu_λ) = α_λ for every λ ∈ F .

Note that we have the estimates |μ_λ| ≤ 4k^2b^2 √ 2 < 6k^2b^2 by Lemma 6.1. We take x = ∑ λ∈F μ_λu_λ and x^∗ = ψ − φ. Let g ∈ L^1 be defined by g(e^{it}) = ∑ λ∈F α_λλ^nP_λ(t). Thus ‖M_g − M_f ‖ ≤ ‖g − f‖_1 ≤ c_2 and for any polynomial p ∈ P we have M_gp = 1 2π ∫_π −π g(e^{it})p(e^{it}) dt = 1 2π ∑ λ∈F α_λλ^n ∫_π −π P_λ(t)p(e^{it}) dt = ∑ λ∈F α_λλ^np(λ). Therefore ‖x ⊗ (T^{∗n}x^∗ + y^∗) − M_f ‖ ≤ ‖T^nx ⊗ x^∗ + x ⊗ y^∗ − M_g‖ + ‖M_g − M_f ‖ ≤ sup_{‖p‖≤1} | | ⟨p(T )T^nx, x^∗⟩ + ⟨p(T )x, y^∗⟩ − M_gp | | + c_2. Now ⟨p(T )T^nx, x^∗⟩ = ∑ λ∈F μ_λ⟨T^np(T )u_λ, x^∗⟩ = ∑ λ∈F μ_λ ⟨ (T^np(T ) − λ^np(λ))u_λ, x^∗ ⟩ + ∑ λ∈F μ_λ ⟨ λ^np(λ)u_λ, x^∗ ⟩

and ⟨p(T )x, y^∗⟩ = ∑ λ∈F μ_λ⟨p(T )u_λ, y^∗⟩

= ∑ λ∈F μ_λ ⟨ (p(T ) − p(λ))u_λ, y^∗ ⟩ + ∑ λ∈F μ_λ⟨p(λ)u_λ, y^∗⟩. Using the equalities ⟨u_λ, y^∗⟩ = λ^n⟨u_λ, φ⟩, x^∗ + φ = ψ and ⟨μ_λu_λ, ψ⟩ = α_λ, we obtain that ∑ λ∈F μ_λ⟨λ^np(λ)u_λ, x^∗⟩ + ∑ λ∈F μ_λ⟨p(λ)u_λ, y^∗⟩ = ∑ λ∈F μ_λ⟨λ^np(λ)u_λ, x^∗ + φ⟩ = ∑ λ∈F μ_λ⟨λ^np(λ)u_λ, ψ⟩ = ∑ λ∈F α_λλ^np(λ) = M_gp. Therefore we have | | |⟨p(T )T^nx, x^∗⟩ + ⟨p(T )x, y^∗⟩ − M_gp | | | = | | | ∑ λ∈F μ_λ (⟨ (T^np(T ) − λ^np(λ))u_λ, x^∗ ⟩ + ∑ λ∈F ⟨ (p(T ) − p(λ))u_λ, y^∗ ⟩)| | |. (6) We estimate the right-hand side of (6) in a standard way. Write q(z) = z^np(z)−λ^np(λ) z−λ . Clearly ‖q‖ ≤ 2‖p‖(1 − |λ|)^{−1} ≤ 2(1 − |λ|)^{−1}. Then ‖q(T )‖ ≤ 2k(1 − |λ|)^{−1}. Hence ‖( T^np(T ) − λ^np(λ))u_λ‖ = ‖q(T )(T − λ)u_λ‖ ≤ 2k(1 − |λ|)^{−1}ε(1 − |λ|)^2 ≤ 2kε(1 − |λ|). Similarly, one obtains the estimate ‖(p(T ) − p(λ))u_λ‖ ≤ 2kε(1 − |λ|). Since ‖x^∗‖ ≤ 1 and ε‖y^∗‖^2 < 1, from (6) we obtain | | |⟨p(T )T^nx, x^∗⟩ + ⟨p(T )x, y^∗⟩ − M_gp | | | ≤ ∑ λ∈F |μ_λ| ( 2kε(1 − |λ|) + 2k √ ε(1 − |λ|) ) ≤ 6k^2b^2 · 4k √ ε · π 2 because |μ_λ| ≤ 6k^2b^2 and 4 ∑ λ∈F (1 − |λ|) = m( ⋃ λ∈F I_λ) ≤ 2π. Thus ‖x ⊗ (T^{∗n}x^∗ + y^∗) − M_f ‖ ≤ 12k^3b^2π √ ε + c_2 < c_3.

This completes the proof.

Theorem 7.3. Let T : X → X be a polynomially bounded operator with constant k. Suppose that σ(T ) ⊃ T and that T has no nontrivial invariant subspace. Assume that ‖T^nx‖ → 0 for all x ∈ X. Let w ∈ X, z^∗ ∈ X^∗, δ > 0 and f ∈ L^1 with f ≥ 0. Then there exist u ∈ X and u^∗ ∈ X^∗ such that (i) ‖u ⊗ (u^∗ + z^∗) − M_f ‖ ≤ c_3 · ‖f‖_1; (ii) ‖w ⊗ u^∗‖ < δ; (iii) ‖u‖ ≤ 2kb √ 2‖f‖^{1/2}_1 and ‖u^∗‖ ≤ k‖f‖^{1/2}_1 .

Proof. The statement is trivial if ‖f‖_1 = 0. Assume that ‖f‖_1 ≠ 0. Choose n large enough such that ‖T^nw‖ < δ‖f‖^{−1/2}_1 k^{−1} and such that, by Theorem 7.2 applied to the function f ·‖f‖^{−1}_1 and the functional z^∗‖f‖^{−1/2}_1 , there exist v ∈ X and v^∗ ∈ X^∗ with ‖v‖ ≤ 2kb √ 2, ‖v^∗‖ ≤ 1 and ‖ ‖ ‖v ⊗ (T^{∗n}v^∗ + z^∗‖f‖^{−1/2}_1 ) − M_{f‖f‖}−1 ‖ ‖ ‖ ≤ c_3. Set u = ‖f‖^{1/2}_1 v and u^∗ = ‖f‖^{1/2}_1 T^{∗n}v^∗. Then ‖u‖ ≤ 2kb √ 2‖f‖^{1/2}_1 and ‖u^∗‖ ≤ k‖f‖^{1/2}_1 . Furthermore, ‖w ⊗u^∗‖ = ‖f‖^{1/2}_1 ·‖w ⊗T^{∗n}v^∗‖ = ‖f‖^{1/2}_1 ·‖T^nw ⊗v^∗‖ ≤ ‖f‖^{1/2}_1 k ·‖T^nw‖ < δ. Finally,

‖u ⊗ (u^∗ + z^∗) − M_f ‖ = ‖f‖_1 · ‖ ‖ ‖v ⊗ (T^{∗n}v^∗ + z^∗‖f‖^{−1/2}_1 ) − M_{f‖f‖}−1_1 ‖ ‖ ‖ ≤ c_3‖f‖_1.

We fix an integer N such that c_3 + πN^{−1} < 1 and a positive constant c such that 1 − N^{−1}(1 − c_3 − πN^{−1}) < c < 1.

Theorem 7.4. Let T : X → X be a polynomially bounded operator with constant k. Assume ‖T^nu‖ → 0 for all u ∈ X. Suppose that σ(T ) ⊃ T and T has no nontrivial invariant subspace. Let x ∈ X, x^∗ ∈ X^∗ and h ∈ L^1. Then there exist y ∈ X and y^∗ ∈ X^∗ such that (i) ‖y − x‖ ≤ 2kb √ 2‖h‖^{1/2}_1 ;

(ii) ‖y^∗ − x^∗‖ ≤ k‖h‖^{1/2}_1 ; (iii) ‖y ⊗ y^∗ − x ⊗ x^∗ − M_h‖ ≤ c‖h‖_1.

Proof. For j = 0, . . . , N − 1 let B_j be the set of all complex numbers that are of the form re^{it} with r > 0 and −^π_N ≤ t−^{2πj}_N <^π_N . Fix a representative of h and define A_j = h^{−1}(B_j ) (j = 0, . . . , N − 1). Then ‖h‖_1 = ∑_{N−1} j=0 ‖hχ_j ‖_1 where χ_j is the characteristic function of A_j (j = 0, . . . , N − 1).

Fix j_0, 0 ≤ j_0 ≤ N − 1 such that ‖hχ_{j0} ‖_1 ≥ N^{−1}‖h‖_1. Set ν = e^{2πj0i/N} . For each z ∈ A_{j0} we have | | ||h(z)|ν − h(z) | | | = |h(z)| · | | |ν − h(z) |h(z)| | | | ≤ |h(z)|πN^{−1}, and so ‖ ‖|h|νχ_{j0} − hχ_{j0} ‖ ‖_1 ≤ πN^{−1}‖hχ_{j0} ‖_1.

Without loss of generality we can assume that ‖h‖_1 ≠ 0. Let δ be a positive number such that δ‖h‖^{−1}_1 + 1 − N^{−1}(1 − c_3 − πN^{−1}) < c.

By Theorem 7.3, there are vectors u ∈ X and u^∗ ∈ X^∗ such that ‖u‖ ≤ 2kb √ 2‖hχ_{j0} ‖^{1/2}_1 , ‖u^∗‖ ≤ k‖hχ_{j0} ‖^{1/2}_1 , ‖x ⊗ u^∗‖ < δ and ‖u ⊗ (u^∗ + x^∗) − M_{|h|χj0} ‖ ≤ c_3‖hχ_{j0} ‖_1. Set y = x+νu and y^∗ = x^∗+u^∗. Then ‖y−x‖ = ‖νu‖ ≤ 2kb √ 2‖hχ_{j0} ‖^{1/2}_1 ≤ 2kb √ 2‖h‖^{1/2}_1 and ‖y^∗ − x^∗‖ = ‖u^∗‖ ≤ k‖h‖^{1/2}_1 .

Furthermore, ‖y ⊗ y^∗ − x ⊗ x^∗ − M_h‖ ≤ ‖x ⊗ y^∗ − x ⊗ x^∗‖ + ‖νu ⊗ y^∗ − M_h‖ ≤ ‖x ⊗ u^∗‖ + ‖ ‖ν ( u ⊗ (x^∗ + u^∗) − M_{|h|χj0} )‖ ‖ + ‖νM_{|h|χj0} − M_h‖ ≤ δ + c_3‖hχ_{j0} ‖_1 + ‖ ‖ ‖ν|h|χ_{j0} − hχ_{j0} ‖ ‖ ‖_1 + ∑ j≠j_0 ‖hχ_j ‖_1 ≤ δ + (c_3 + πN^{−1})‖hχ_{j0} ‖_1 + ‖h‖_1 − ‖hχ_{j0} ‖_1 ≤ ‖h‖_1 − ‖hχ_{j0} ‖_1 ( 1 − c_3 − πN^{−1} ) + δ ≤ ‖h‖_1 · ( 1 − N^{−1}(1 − c_3 − πN^{−1}) ) + δ ≤ c‖h‖_1.

Now we are ready to prove the main theorem B.

Theorem B. Let T be a polynomially bounded operator on a complex Banach space X. Assume that ‖T^nx‖ → 0 for all x ∈ X and that the spectrum of T contains the unit circle. Then T has a nontrivial invariant subspace.

Proof. Suppose on the contrary that T has no nontrivial invariant subspace. We construct inductively convergent sequences (x_j) ⊂ X and (x^∗_j ) ⊂ X^∗ such that ‖x_j ⊗ x^∗_j − M_1‖ → 0, where 1 denotes the constant function equal to 1 on T.

Set x_0 = 0 and x^∗_0 = 0. Let φ_0 = x_0 ⊗ x^∗_0 − M_1. Then ‖φ_0‖ = 1. Suppose that we have already constructed vectors x_j ∈ X and x^∗_j ∈ X^∗ such that ‖φ_j‖ ≤ c^j where φ_j = x_j ⊗ x^∗_j − M_1. Let h_j ∈ L^1 be a function representing the functional φ_j such that ‖h_j‖_1 = ‖φ_j‖ ≤ c^j . Let k be the polynomial bound of T . By Theorem 7.4, there are x_{j+1} ∈ X and x^∗_{j+1} ∈ X^∗ such that ‖x_{j+1} − x_j ‖ ≤ 2kb √ 2‖h_j ‖^{1/2}_1 ≤ 2 √ 2kbc^{j/2}, ‖x^∗_{j+1} − x^∗_j ‖ ≤ k‖h_j ‖^{1/2}_1 ≤ kc^{j/2} and for φ_{j+1} := x_{j+1} ⊗ x^∗_{j+1} − M_1 we have

‖φ_{j+1}‖ = ‖x_{j+1} ⊗ x^∗_{j+1} − x_j ⊗ x^∗_j + φ_j‖ = ‖x_{j+1} ⊗ x^∗_{j+1} − x_j ⊗ x^∗_j + M_{hj} ‖ ≤ c‖h_j ‖_1 ≤ c^{j+1}.

Clearly (x_j ) and (x^∗_j ) are Cauchy sequences. Let x = lim_{j→∞} x_j and x^∗ = lim_{j→∞} x^∗_j . For each polynomial p with ‖p‖ ≤ 1 we have | |⟨p(T )x_j, x^∗_j ⟩ − ⟨p(T )x, x^∗⟩ | | ≤ | | |⟨p(T )x_j, x^∗_j ⟩ − ⟨p(T )x_j, x^∗⟩ | | | + | | |⟨p(T )x_j, x^∗⟩ − ⟨p(T )x, x^∗⟩ | | | ≤ k‖x_j‖ · ‖x^∗ − x^∗_j ‖ + k‖x_j − x‖ · ‖x^∗‖ → 0 uniformly on the unit ball in P. Thus x ⊗ x^∗ = lim_{j→∞} x_j ⊗ x^∗_j = M_1 and ⟨p(T )x, x^∗⟩ = p(0) for each polynomial p. It is well known that this implies that T has a nontrivial invariant subspace. Indeed, either T x = 0 (in this case x generates a 1-dimensional invariant subspace) or the vectors T^kx (k ≥ 1) generate a nontrivial closed invariant subspace.

The condition T^nx → 0 (x ∈ X) in the previous theorem can be omitted. However, in this case we obtain an invariant subspace for T^∗ instead of T . Theorem A. Let T be a polynomially bounded operator on a Banach space X such that σ(T ) ⊃ T. Then T^∗ has a nontrivial closed invariant subspace.

In particular, if X is reflexive, then T itself has a nontrivial closed invariant subspace.

Proof. We reduce the problem in a standard way. Let X_1 = {x ∈ X : ‖T^nx‖ → 0} and Y_1 = {x^∗ ∈ X^∗ : ‖T^{∗n}x^∗‖ → 0}. Then X_1 and Y_1 are closed subspaces invariant with respect to T and T^∗, respectively. So X^⊥_1 is invariant with respect to T^∗. Thus it is sufficient to consider only the cases that X_1 and Y_1 are trivial.

If X_1 = X then T has a nontrivial invariant subspace by Theorem B, and so has T^∗. If Y_1 = X^∗ then T^∗ has a nontrivial invariant subspace by Theorem B.

The remaining case of X_1 = {0} and Y_1 = {0} (i.e., the class C_{11} in the terminology of Sz. Nagy and Foiaş [NF]) was discussed in [CF], cf. p. 136. Since in [CF] it was considered only the case of reflexive Banach spaces, we indicate briefly the argument in the general situation as a separate theorem, which will finish the proof of our main result.

Theorem 7.5. If T is a power bounded operator of class C_{11} on a complex Banach space X, then either T^∗ has a nontrivial hyperinvariant subspace, or T is a scalar multiple of the identity.

Proof. We follow closely the lines of the original proof, avoiding the reflexivity assumption on X required in [CF]. For x ∈ X define

‖x‖_1 = lim sup_{n→∞} ‖T^nx‖.

Note that ‖x‖_1 ≤ k‖x‖. Let X_1 be the completion of X with respect to the norm ‖ · ‖_1. Let A : X → X_1 be the natural embedding of X into X_1. Then A is a quasiaffinity, i.e., it is a bounded injective linear operator with dense range.

Since ‖T x‖_1 = ‖x‖_1 for all x ∈ X, the operator T extends continuously to an isometry T_1 on X_1. We can assume that T X is dense in X, since otherwise ker T^∗ = (T X)^⊥ is a nontrivial subspace hyperinvariant with respect to T^∗. Hence T_1X_1 is dense in X_1. Therefore T_1 is an invertible isometrical operator. By [CF], Proposition 5.1.4, T_1 is C^2(T)–unitary, where C^2(T) denotes the algebra of all complex functions of class C^2 on T (we refer to the Definitions 3.1.3, 3.1.18 and 5.1.1 of [CF]). Hence T_1 is decomposable by Theorem 3.1.19.

It is easy to see that AT = T_1A. Hence T is a quasiaffine transformation of T_1. In the standard notation this is denoted by T ≺ T_1. Consequently, T^∗_1 ≺ T^∗.

Applying the same argument to T^∗ instead of T , we get a decomposable operator T_2 such that T^∗ ≺ T_2. Thus T^∗_1 ≺ T^∗ ≺ T_2 where both T^∗_1 and T_2 are decomposable, see [LN], Theorem 2.5.3. Now [CF], Theorem 2.4.5 leads to the desired conclusion, except for the case when the spectrum of T^∗_1 is a single point {λ}. In this case the arguments in the proof of Theorem 5.1.9 and Lemma 4.3.5, show that T = λI.

References

[AC] E. Albrecht, B. Chevreau, Invariant subspaces for certain representations of H^∞(G), in: Functional Analysis, editors Bierstedt, Pietsch, Ruess, Vogt, Marcel Dekker, New York, 1994, pp. 293–305.

[A1] C. Apostol, Ultraweakly closed operator algebras, J. Operator Theory, 2 (1979), 49–61.

[A2] C. Apostol, Functional calculus and invariant subspaces, J. Operator Theory 4 (1980), 159–190.

[Be] H. Bercovici, Notes on invariant subspaces, Bull. Amer. Math. Soc. 23 (1990), 1–36.

[BD] F.F. Bonsall, J. Duncan, Numerical ranges II, Cambridge University Press, 1973.

[B] S. Brown, Contractions with spectral boundary, Integral Eq. Operator Theory, 11 (1988), 49–63.

[BCP1] S. Brown, B. Chevreau, C. Pearcy, Contractions with rich spectrum have invariant subspaces, J. Operator Theory, 1 (1979), 123–136.

[BCP2] S. Brown, B. Chevreau, C. Pearcy, On the structure of contraction operators II, J. Funct. Anal. 76 (1988), 30–55.

[C] L. Carleson, An interpolation problem for bounded analytic functions, Amer. J. Math. 80 (1958), 921–930.

[CF] I. Colojoară, C. Foiaş, Theory of Generalized Spectral Operators, Mathematics and its Applications, A series of Monographs and Texts Vol. 9, Gordon and Breach, New York-London-Paris, 1963.

[E] J. Eschmeier, Representations of H^∞(G) and invariant subspaces, Math.

Ann., 298:1 (1994), 167–186.

[G] J.B. Garnett, Bounded analytic functions, Academic Press, New York, 1981.

[KO] M. Kosiek, A. Octavio, Representations of H^∞(D^N ) and absolute continuity for N-tuples of contractions, Houston J. Math. 23 (1997), 529–537.

[LN] K.B. Laursen, M.M. Neumann, An Introduction to Local Spectral Theory, London Mathematical Society Monographs New Series vol. 20, Clarendon Press, Oxford, 2000.

[NF] B. Sz.-Nagy, C. Foiaş, Harmonic analysis of operators on Hilbert space, North–Holland, Amsterdam, 1970.

[P] G. Pisier, A polynomially bounded operator on Hilbert space which is not similar to a contraction, J. Amer. Math. Soc. 10 (1997), 351–369.

[Pr] B. Prunaru, K-spectral sets and invariant subspaces, Integral Equations Operator Theory 26 (1996), 367–370.

[R] W. Rudin, Function Theory in the Unit Ball of C^n, Springer Verlag, Berlin Heidelberg New York, 1980.

[SS] H.S. Shapiro, A.L. Shields, Interpolation problems for analytic functions, Amer. J. Math. 83 (1961), 513–532.

[S] J. Stampfli, An extension of Scott Brown’s invariant subspace theorem:

K - spectral sets, J. Operator Theory 3 (1980), 3–21.

[Sz] F.H. Szafraniec, Some spectral properties of operator-valued representations of function algebras, Ann. Polon. Mat. 25 (1971), 187–194.

Călin Ambrozie Mathematical Institute Romanian Academy PO Box 1-764 Bucharest Romania

calin.ambrozie@imar.ro

Vladimír Müller Institute of Mathematics Czech Academy of Sciences Žitná 25, 115 67 Prague Czech Republic

muller@math.cas.cz