AN OPERATOR IS A PRODUCT OF TWO QUASI-NILPOTENT
OPERATORS IFF IT IS NOT SEMI-FREDHOLM
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ABSTRACT. We prove that a (bounded linear) operator acting on an infinite-dimensional,
separable, complex Hilbert space can be written as a product of two quasi-nilpotent
operators if and only if it is not a semi-Fredholm operator. This solves the problem
posed by Fong and Sourour in 1984. We also consider some closely related questions.
In particular, we show that an operator can be expressed as a product of two nilpotent
operators if and only if its kernel and co-kernel are both infinite-dimensional. This
answers the question implicitly posed by Wu in 1989.

1. INTRODUCTION

Throughout the paper, let H denote a complex, separable, infinite dimensional Hilbert
space. Denote by B(H) the algebra of all operators (i.e., bounded linear transformations)
on H and by K(H) the ideal of all compact operators. The essential spectrum o.(7"), left
essential spectrum o (7") and right essential spectrum o,.(7") of an operator 7' € B(H) is
defined as the spectrum, left spectrum and right spectrum of the class 7'+ IC(H) in the
Calkin algebra B(H)/K(H).

Recall that an operator 7' € B(H) is called upper semi-Fredholm if its range T'(H) is
closed and dimker 7" < oo, and it is called lower semi-Fredholm if codim 7'(H) < oo (then
the range T'('H) is closed automatically). One can show that 7" is not upper semi-Fredholm
if and only if for each ¢ > 0 and each subspace M C 'H of a finite codimension there
exists a unit vector € M such that ||Tz| <e.

It is well known that o.(T"), 05.(T) and o,..(T) are the sets of all complex numbers A such
that T'— X is not Fredholm, upper semi-Fredholm and lower semi-Fredholm, respectively.
For the details of Fredholm theory we refer to the books [2] and [7].

In 1984, Fong and Sourour [4] considered the question which operators on H are prod-
ucts of two quasi-nilpotent operators. Their first observation was the following necessary

condition for such operators.
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Proposition 1.1. If T € B(H) is a product of (two) quasi-nilpotent operators, then
0€ 0.(T*T) N o (TT), or equivalently 0 € 0y.(T) N 0,e(T).

In other words, a necessary condition for such operators is that 7" is not a semi-Fredholm
operator. Proposition 1.1 follows from the following assertion that is an easy consequence
of the fact that a quasi-nilpotent element in a unital Banach algebra is a topological

divisor of zero (see e.g. [5, section XXIX.3]).

Proposition 1.2. Let t and q be elements in a unital Banach algebra. If q is quasi-

nilpotent, then tq is not left invertible, and qt is not right invertible.

Fong and Sourour found the following sufficient condition for an operator to be the

product of two quasi-nilpotent operators (see [4, Theorems 5 and 6]).

Theorem 1.3. Let T' € B(H). If 0 € o0 .(T*T +TT*), then T is a product of two quasi-
nilpotent operators. Moreover, if T is a compact operator, then T is a product of two

compact quasi-nilpotent operators.

The authors of [4] left open the question whether the necessary condition from Proposi-
tion 1.1 is also sufficient for an operator to be the product of two quasi-nilpotent operators.
The main result of our paper, proved in Section 2, gives an affirmative answer to this ques-
tion. In Section 3 we consider a question of finding common quasi-nilpotent factors for a
given finite collection of operators. Finally, in Section 4 we study similar problems replac-
ing quasi-nilpotent operators by nilpotent ones. We show that an operator 7' can be ex-
pressed as a product of two nilpotent operators if and only if dim ker 7" = dim ker 7™ = oo.

This answers the question implicitly posed in the survey paper [8, p.55].

2. PRODUCTS OF TWO QUASI-NILPOTENT OPERATORS
We start with the following description of a non-semi-Fredholm operator.

Proposition 2.1. Suppose that T' € B(H) is not a semi-Fredholm operator. Then H can
be decomposed as a direct sum of three infinite-dimensional closed subspaces, so that T is

stmilar to an operator of the form

o= o
=~ Q

0
D
0

where K and L are compact operators.
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Proof. Since neither T" nor T™ is upper semi-Fredholm, we can find inductively an or-
thonormal sequence f1, g1, f2, g2, ... in H such that |Tf,|| < £ and ||T%g,| < &.

Let M be the closed linear span of the vectors {f,}, and let N be the closed linear
span of {g,}. Then H = M & L & N, where £ = (M & N)". The matrix of T relative

to this decomposition is

K, A B
Ky, C D,
K; Ky Ks;
where K7, ..., K5 are Hilbert-Schmidt operators, and hence compact.

We now claim that the subspaces M and N in the decomposition H = M & L &N
can be reduced to suitable infinite-dimensional closed subspaces (and so the subspace
L is enlarged) so that the corresponding operator B is equal to 0. To end this, we
choose decompositions N' = N; @ Ny and M = M; & M, such that Ny and M, are
infinite-dimensional closed subspaces and B(N;) € M,. Then B as an operator from
N =N, &Ny to M = M; & M, has the form : 2 . Hence the operator T relative to
the decomposition H = M; & (M, & L & N1) & N has the upper right corner equal to
0. This shows what we have claimed. So, we may assume that B = 0.

Using the same argument we can also show that there is no loss of generality in assuming
that K5 = 0.

In order to complete the proof, we apply [1, Theorem 2] to show that the operators

*

K, and Kj are similar to operators of the form (S : and . ; respectively, where

both zeroes act on infinite-dimensional Hilbert spaces. This fact easily implies the desired

conclusion. O

As in [4], the following lemma is useful for our study.

Lemma 2.2. If A and C are quasi-nilpotent operators and B is any operator, then

4 B s quasi-nilpotent
0 C q P .
Now we state the main result of this paper.

Theorem 2.3. An operator T € B(H) is a product of two quasi-nilpotent operators if

and only if it is not a semi-Fredholm operator.

Proof. By Proposition 1.1 the condition is necessary. To show that it is also sufficient,

assume that 7T is not a semi-Fredholm operator. By Proposition 2.1, we may assume that
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T can be represented as

on H = H, ® Hy ®© Hs, where each H; is isomorphic to H, and K and L are compact
operators.
Since ‘H; and H3 are infinite-dimensional, we can write each of them as an infinite sum

of Hilbert spaces that are isomorphic to H so that in the obtained decomposition of the

0 A 0
K C D
0 L 0

space H the operator T' can be represented as

where {K,,} and {L,} are compact operators satisfying max{||K,||, || L.||} < 47" for all

n > 2. Now define the operators (J; and ()2 on H by

and

Q1=

0
0 A
0 A
2721 27'1 1 [o] C
0 0
0
0
0 22K,
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To prove that the operator )1 (and similarly, (2) is quasi-nilpotent, it suffices, by Lemma

2.2, to show that the operator

is quasi-nilpotent. But this follows easily from the following estimate

HR”H = Sup{”(2]+1L]+1)(2]+2Lj+2)(2]+nLJ+n)|| j 207172’}
< max{||2/L,|| : j € N} .2-@#3+tn)

Since a direct computation shows that T = (12, the proof is complete. Il

Theorem 2.3 has an interesting connection with the theory of integral operators.

Corollary 2.4. Let T be an operator on L*(X, ), where (X, p) is a o-finite measure
space which is not completely atomic. Then the following assertions are equivalent:

(a) The operators T and T* are unitarily equivalent to integral operators on L*(X, ).
(b) The operator T is a product of two quasi-nilpotent operators.

(c) The operator T is not a semi-Fredholm operator.

Proof. Recall [6, section 15] that an operator A on L?*(X,u) is unitarily equivalent to
an integral operator on L?(X, p) if and only if 0 € 0,.(A). Therefore, the assertion (a)
holds if and only if 0 € 0.(T) N 0,e(T), i.e., T is not a semi-Fredholm operator. Thus,
the assertions (a) and (c) are equivalent. The equivalence of (b) and (c) was shown in

Theorem 2.3. O

If in Corollary 2.4 the operators 7" and T™ are simultaneously unitarily equivalent to
integral operators on L*(X, ), i.e., there exists a unitary operator U on L*(X, ) such
that both UTU* and UT*U* are integral operators, then we have 0 € o .(TT* 4+ T*T), so
that even the assumption of Theorem 1.3 is satisfied. However, the unitary equivalence in
Corollary 2.4 is not necessarily simultaneous. Namely, it is shown in [6, Example 15.10]
that there exists an operator A such that both A and A* are unitarily equivalent to in-
tegral operators, but A + A* is invertible. It follows that the operators A and A* cannot

be simultaneously unitarily equivalent to integral operators on L*(X, ).
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3. COMMON QUASI-NILPOTENT FACTORS

In this section we consider the following related problem. Given operators 771,...,7T,
on ‘H, we are searching for quasi-nilpotent operators (J; and (); and operators Si,...,.5,
such that T; = Q)1.5;Q), for all i = 1,...,n. Using Proposition 1.2 it is easy to verify that
a necessary condition for these factorizations is that 0 € o.(> "\, T;T7") N o (> TT;).
Theorem 3.3 below shows that this condition is also sufficient.

We begin with a simple lemma, and first consider the case when 77, ..., T, are compact

operators.

Lemma 3.1. Let A and K be positive operators in B(H) such that A < K. If K is a

compact operator, then A is also compact.

Proof. Let B be the positive square root of A, so that A = B?. It is sufficient to show
that B is compact. To prove this, let {x,},en be an arbitrary bounded sequence in H.
Since K is compact, the sequence { Kz, }nen has a convergent subsequence {Kx,, }jen.
If the inequality ||Bz|* = (Az,z) < (Kz,z) < ||Kz||||z| is applied to x = x,, — @y,

(4, k € N), we conclude easily that {Bz,, }en is a convergent sequence. This shows that

B is a compact operator. U

Proposition 3.2. For compact operators K1, ..., K, onH the following assertions hold.

(a) There exist a quasi-nilpotent operator Q) and compact operators Ly, ..., L, such
that

K,=LQ, i=1,...,n.
(b) There exist a quasi-nilpotent operator Q and compact operators L, ..., L, such
that
K,=QL;, i=1,...,n.
(c) There exist quasi-nilpotent operators Q1 and Q2 and compact operators Ly, . .., L,

such that
Ki=0Q:1LiQ2, i=1,...,n.

Proof. First we prove part (a). Since K = ) | K/K; is a positive compact operator,
there exists an orthonormal basis {¢;}jen with respect to which K has a diagonal form
diag (A1, A2, ...), where {);};en is a decreasing sequence of non-negative numbers con-

verging to 0.
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Define the operator ) on ‘H by

Qng = \4/ )‘j Pji+1 for all j e N.

To show that @ is quasi-nilpotent, we simply notice that [|Q*'] = vAiAa... Ay, <
(A Ans1)%, and therefore lim HQ"H% =0.
Now define linear transformations L, ..., L, on H by
1
Ligpl =0 and ngOJ = TK“‘OJA fOI'j > 1.
j—1

Since we have, for all 7 > 1,

. 1
1? = (K Kipj_1,p5-1) < Vv (Kpj_1,05-1) </ Ajo1,
i1

J

Lip;
|| P N

J

we conclude that Lq, ..., L, belong to B(H). Define the operator L on H by

L=> LiLi = diag (0, /A, V2o, ..
=1

—_

Since lirglo Aj = 0, the operator L is compact. By Lemma 3.1, the operators L;L, are
compajct, an so are the square roots (L!L;)'/?. Using the polar decomposition we conclude
that the operators L, ..., L, are compact as well. Since L;)Q = K; for all i, the assertion
(a) is proved.

For the proof of part (b) we apply part (a) for the operators K7,..., K} and then take
the adjoints. Since part (c) is an immediate consequence of parts (a) and (b), the proof

is complete. Il

Part (c) in the following result can be considered as a generalization of [4, proposition

4].

Theorem 3.3. For operators 11, ...,T, on 'H the following assertions hold.

(a) If 0 € 0. (> 1 T;T}), then there exist a quasi-nilpotent operator Q and operators
St, ..., 8, on 'H such that

(b) If 0 € 0.(>_ | T¥T;), then there exist a quasi-nilpotent operator ) and operators
S1,...,8, on'H such that

,I‘Z:SZQ, Zzl,,’n
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() If 0 € o3 i TT) Noe(3oi T7T;), then there exist quasi-nilpotent operators
Q1 and Q2 and operators Sy, ..., S, with 0 € o.(> 1 | S;:SF)Noe(> | S;S;) such
that

T, =Q15:Qs, 1=1,...,n.

Proof. Let T = /> TiT;. Since 0 € 0.(T), by [4, Proposition 2] there exists a quasi-
nilpotent operator Q on H such that 7? = QQ*. Since T, T} < T? = QQ* fori=1,...,n,
it follows from the well-known theorem of Douglas [3] that there exist operators S, ..., .S,
such that T; = @S, for i = 1,...,n. This completes the proof of part (a). Part (b) follows
from part (a) by duality.

Let us now prove part (c).

We claim that there exist an invertible operator V' on H and a decomposition of the

space H such that

0 A4 O
VIV'=|K; C; D;]|,
0 L, 0
where K; and L; are compact operators for i = 1,... n.

Let A = /Y i T;T; and B = /> . T;T7. Since the selfadjoint operators A and

B are not Fredholm, they are not upper semi-Fredholm. Therefore we can construct
inductively an orthonormal sequence fi,g1, f2,g2,... in H such that ||Afi| < + and
|Bgx|| < 1 for all k. Note that for i = 1,...,n and k € N we have ||T;fi| < |Afil <
and || T fill < |Bfill < 7

Let M be the closed span of the vectors f1, fo, ..., and N the closed span of the vectors

g1, 0o, . ... Let £ be the orthogonal complement of M & A. Then in the decomposition
H=M®®L®N the operators {T;}I , are of the form
KY A, B

T,=k? ¢ b |,
Kz’(3) Ki(4) Kz'(5)
where Kfj ) are compact operators.

We now claim that the decomposition of the space can be chosen in such a way that
all B; are equal to 0. As in the proof of Proposition 2.1 we may assume that B; = 0. The
subspaces M and A can be reduced to infinite-dimensional closed subspaces M; and N;
so that in the decomposition of the space H = M; @ £, ® N, both operators B; and
B, are equal to 0. After finitely many reductions of M and N we obtaine the desired

decomposition.
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Using the same argument as in Proposition 2.1 we can now find an invertible operator

V on 'H and a decomposition of the space such that

0 A O
VLV = | K G Dif,
0 L, 0
where K; and L; are compact operators for i = 1,... n.

By Proposition 3.2 there exist quasi-nilpotent operators () and R and compact operators
Hl,...,Hn,Ml,...,Mn such that Kz = HzQ and Lz = RMZ for i = 1,...,n.
Define operators @)}, Q5 and {S/} ; on H by

0 I 0 0 I 0 M, 0 0
Q=0 0 1], Q=100 1I]andS =4 0 0
R 00 Q 00 C; D; H;

Thus VT,V = Q,5!Q), for all i = 1,...,n. Since Q"> = diag (R, R, R), the operator @
is quasi-nilpotent. The same holds for the operator Q).

Let Q1 = VIQUV, Qs = V'Q4V and S, = V-USIV (i = 1....,n). Clearly, the
operators ()1 and )2 are quasi-nilpotent, 0 € o.(>_ ), S:SF) No.(> i, SS:), and T; =
015:Q, for alli = 1,....m.

Note that we there exists an orthonormal sequence (hy) C H such that ||Sih|| —
0 (k— oo)foralli=1,...,n This implies easily that (Z?:l SZ*SZ) V~=1h;, — 0 and so
0€o.(d 1, SS;). Similarly it is possible to show that 0 € o.(D>_", 5;57).

This completes the proof of (c). O

4. CASE OF NILPOTENT OPERATORS

In the last section we prove the nilpotent analogs of Theorems 2.3 and 3.3. We first

characterize operators that are products of two nilpotent operators.

Theorem 4.1. An operator T € B(H) is a product of two nilpotent operators (with index
of milpotency at most 3) if and only if dimker T = dim ker T = oo.

Proof. Suppose that we can write T' = M N, where M and N are nilpotent operators.
Since ker N C kerT" and ker M* C kerT™, and dimker N = dim ker M* = oo, we have
dim ker 7" = dim ker 7™ = oo.

Conversely, suppose that dim ker 7" = dim ker 7" = co. We can choose a decomposition

of H as a direct sum of infinite-dimensional subspaces H;, H> and Hs such that H; C ker T’
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and Hsz C ker 7. Then the matrix of T' relative to this decomposition is of the form

0 A B
0 C D
0 0 0

Using the same argument as in the proof of Proposition 2.1 we can also achieve that

B = 0. Define operators M and N on H by

00 A 0 0 D

M=1|1 0 C and N=|0 0 O

00 0 0 I 0
It is easy to verify that T'= M N and that M and N are nilpotent operators with index
of nilpotency at most 3. u
We now consider the nilpotent analog of Theorem 3.3. Given operators 77, ...,T, on
‘H, we are seeking nilpotent operators N; and Ny and operators Si,...,S, on H such

that T; = N1S;N, for all « = 1,...,n. It is easy to see that the necessary condition for
these factorizations is infinite-dimensionality of both ker(} " | T;7;) and ker(> " | T*T;).
Note that ker(d>"r |, T;T7) = (i, ker T; and ker(>_ | T*T;) = (;_, ker T;*. The following

result shows that this condition is also sufficient.

Theorem 4.2. Let Ty, Ts, ..., T, be operators in B(H) such that

dim ker (Z TiTi*> = dim ker (Z T:‘Tz> = 00.
i=1 i=1

Then the following assertions hold:

(a) There exist nilpotent operators N, N1, No, ..., N, on H with index of nilpotency
at most 3 such that T; = NN;N for alli=1,2,...,n.

(b) There exist nilpotent operators Ny and Ny on H with index of nilpotency at most
3 and operators Sy, ..., S, on H such that T; = N1S;Ns for alli =1,2,... n, and
the products N1.S; and S; Ny are nilpotent operators for all i =1,2,... n.

Proof. We can choose a decomposition of H as a direct sum of infinite-dimensional sub-
spaces Hj, Ho and Hs such that Hy C ker(>") , T7T;) and Hs C ker(d> ;" T;T;). Since
ker(3 0 T;T;) C kerT;T; = kerT; and ker(3 L, T;T;) C kerT;T; = kerT; for all
j=1,2,...,n, the operators {T;}_, are of the form

0 A B;
;=10 C; D,
0 0 0

As in the proof of Theorem 3.3 we can also achieve that B; =0 foralli=1,... n.
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In order to show part (a), we define operators N and {N;}; on H by

0710 0 0 0
N=10 0 I and N;=1A4 0 0
0 00 C; D; 0O

Clearly, all of them are nilpotent operators with index of nilpotency at most 3. Since
T; = NN;N for all i = 1,2,...,n, the proof of (a) is complete.

For part (b) we define nilpotent operators N; and Ny on H (with index of nilpotency
at most 3) and operators {S;}, on H by

00 I 00 I D, 0 C;
Ny=|I 00}, Na=1{0 0O and S;=|(0 0 O
000 01 0 0 0 A

It is easy to check that T; = N1.S; N, for alli = 1,2,...,n, and products N,.5; and S; N, are
nilpotent operators for all = 1,2,...,n. This completes the proof of the theorem.  [J
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