On spectral properties of linear combinations of idempotents
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Abstract. Let P,(Q be two linear idempotents on a Banach space. We show that the
closeness of the range and complementarity of the kernel (range) of linear combinations
of P and () are independent of the choice of coefficients. This generalizes known results
and shows that many spectral properties do not depend on the coefficients.

The non-singularity of the difference and sum of two idempotent matrices P and
Q@ was first studied in [KRS]. In [BB] it was proved that the non-singularity of P 4+ Q
is equivalent to the non-singularity of any linear combination ¢; P 4 co@Q where c1, ¢y #
0,c1 4¢3 # 0. The result was further generalized [DYD] to Hilbert space operators and
in [KR1] the stability of the nullity and the rank of linear combinations of idempotents
was proved.

Finally, in [KR2] it was proved (for Banach space operators) that the Fredholmness
and semi-Fredholmness of linear combinations of two idempotents is independent of the
choice of coefficients.

We improve these results and show that for two idempotents P, () on a Banach
space the closeness of the range of ¢; P+ c2() and the complementarity of its kernel and
range are independent of the choice of the coefficients ¢y, co. Moreover, the kernel and
range behave continuously in the gap topology. This implies the independence of many
spectral properties of linear combinations ¢; P + ¢2() from the coefficients c¢q, co.

Let T € B(X) where B(X) denotes the set of all bounded linear operators on a
Banach space X. Denote by N(7T) and R(T') the kernel and range of T', respectively.
An operator P € B(X) is called an idempotent if P? = P. Note that the range of
an idempotent is always closed since R(P) = N (I — P), where I is the identity operator.
The main result of this paper is the following theorem:

Main Theorem. Let P,QQ € B(X) be idempotents. Let ci,co € C\ {0}, ¢1 +
co # 0. If ¢1 P 4 c2Q is invertible (left invertible, right invertible, injective, bounded
below, surjective, Fredholm, upper semi-Fredholm, lower semi-Fredholm, left essentially
invertible, right essentially invertible or has a generalized inverse, respectively), then
21 P + 29Q) has the same property for all z1,z5 € C\ {0}, 21 + 22 # 0.

Let M, L be closed subspaces of a Banach space X. Let

0(M,L) = sup{dist {z,L} :x € M,|jz| < 1}.
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The gap 6(M, L) between M and L is defined by
0(M, L) = max{5(M,L),5(L, M)}.
The reduced minimum modulus of an operator T' € B(X) is defined by
Y(T) = inf{||Tz|| : dist {z, N(T)} < 1}.

The most important property of the reduced minimum modulus is that v(7') > 0 if
and only if 7" has closed range. For basic properties of the gap and reduced minimum
modulus see [K], p. 197-201, or [M], Sec. 10.

Let P, @ be idempotents on a Banach space X. It is easy to see that instead of
the function (c1,c2) — ¢1 P 4 c2@Q of two variables (c1,¢2), ¢1,¢0 # 0,¢1 + ¢co # 0, it is
sufficient to study the function z — P — 2Q) Where z#0,1.

For z,2"' € C\ {0,1} write V, ,» = I + e 1)P

Lemma 1. Let 2,2 € C\ {0,1}. Then:
(1) Vz,z"/z’,z = Vz’,z‘/z,z’ = I7

(ii)) Vo N(P —2Q) = N(P — 2'Q);

(iii) 5(N(P—ZQ)’N(P )) <[P ‘m

Proof. (i) Clearly V, ,/V,/ ., =V, .V, . and we have

/ /

VourVre = (14 %P) (r+ %P>
— 1 (s e S,

B (z —2) e 1) — 2(s — S _\P =
=1+ ZZ/(Z—l)(Z’—l)( ( 1) ( 1)+ )P L.

(ii) Let € N(P — 2Q), ||z|| = 1. Then Qz = 1PX and QPzx = Pz. We have

z—2 2z’ Z'(z—2')
_ or=Pr+ —— 2 pp_fpy_ 2" %)p
(P-2'Q)V, .z x + 27— 1) z-—Pz 7= 1) x
:<zz'—z+z—z'—z/2+z'—z’z+z/2)Pa}:0‘
z2(z/ = 1)

Hence V, ., N(P — 2Q) C N(P — 2'Q).

Similarly, V. ,N(P—-2'Q) C N(P—2Q) and N(P—2'Q) =V, V. .N(P—-2'Q) C
V..o N(P — 2Q). Hence V, . N(P — zQ) = N(P — Z/Q).

(iii) Let x € N(P — 2Q), ||z|]] = 1. By (ii), Vo »z € N(P — ZQ), and so
dist {2, N(P — 2/Q)} < ||z — Vi ooz < H( 1)PIH <|P|- . So

z2—2z'
2(2'~1)
!/

Z—Z

§(N(P—2Q),N(P-2'Q)) <|IP| - ‘m)
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Corollary 2. The function z — N (P — zQ)) is continuous in the gap topology for z €
C\ {0, 1}. Consequently, the function z — dim N (P — zQ) is constant for z € C\ {0, 1}.

Proposition 3. Let P,Q € B(X), P> =P,Q*=Q. Let 2 € C\{0,1} and0 < ¢ < 1/3.
Then there exists a neighbourhood U of z such that

1
1+¢

V(P —2Q) < (P~ 2Q) < (1 +e)y(P - 2Q)

for all 2/ € U.
Proof. Let U be the set of all 2z’ € C\ {0,1} such that
S(N(P—2Q),N(P—2'Q)) <e/6

and

€
6 max{1, || P|, ||Q|}

|z — 2| <

Y

z(z/ = 1) ‘

Z/

z'(z—l)‘}.

z

. min{\z(z' — 1,12 (z = 1),

It is sufficient to show that v(P — 2’Q) < (1 + €)y(P — 2Q) for all 2’ € U since the
conditions are symmetrical for z and 2’.
Let 2 € U. Let (z,) be a sequence of vectors in X satisfying

dist {z,,, N(P — zQ)} =1

for all n and [|(P — 2Q)x,|| — v(P — 2Q). Without loss of generality we may assume
that [|z,| — 1.

For each n set x,, =V, . x,. We have
o I ot
liTrLrLsolip (P —2'Q)zl,|| = liisolipHPxn —2'Qx, + %Pmn — ;f/—_?QPxn
z—2
=lim supH(Pa:n —2Qzy) + (2 — 2)Qx, + Pz,

n— 00 Z(Z/ — 1)

_ %an + %(2@%1 — QPx,)
<P -2 + QI 5= P -2
+ z,__ / lim sup ‘(z’ - 1)Qz, + Pan _ 2'Quxy,

limsup || Pz, — 2Qzy,|| < (1+¢/3)y(P — 2Q).

n—oo

z—2
St efonP )+ |
We estimate dist {z],, N(P — 2'Q)}. For all n large enough we have
dist {z},, N(P—2'Q)} > dist {zp,, N(P—2'Q)}—||zpn—2},|| > dist {z,, N(P—2'Q)}—¢/6.
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For each n thereis a y, € N(P—2'Q) with ||z, —y,| < dist {z,,, N(P—2'Q)}++ <
||| + +. Hence

1 =dist {z,, N(P — 2Q)} < ||lxn — yn|| + dist {yn, N(P — 2Q)}
< Nl = yull + Iyalld (N (P = 2'Q), N(P - 2Q))

< dist {an, N(P — 2Q)} + % + (2wl + %)5<N(P — Q). N(P - 2Q))

and
lim inf dist {z,,, N(P — 2/Q)} > 1 - 2(5(N(P —2'Q),N(P - zQ)) >1-¢/3.
Hence
liminf dist {z],, N(P — 2'Q)} > 1 —¢/2
and . 5
WP -2Q) < 1T 227(13 Q) < (141 (P - Q).

O

Corollary 4. The function z — ~(P — 2Q) is continuous in C\ {0,1}. The set
{z € C\{0,1} : v(P — 2Q)) = 0} is both open and closed, so it is either empty or equal
to C\ {0,1}.

Proof. Follows from the previous proposition and the connectivity of C\ {0,1}. O

Recall that a closed subspace M of a Banach space X is called complemented if
there exists a closed subspace L C X such that X = M & L. Equivalently, M is
complemented if and only if there exists a bounded linear idempotent P € B(X) with
R(P) =M.

Corollary 5. Let P,Q € B(X) be idempotents. Let zo € C\ {0,1}. Then:
(i) dim N(P — 2Q) = dim N (P — 29Q) for all z € C\ {0,1};

(ii) if N(P — 20Q) is complemented, then N(P — zQ)) is complemented for all z €
C\{0,1};

(iii) if R(P — 29Q) is closed then R(P — 2Q) is closed for all z € C\ {0,1}. Moreover,
the function z — R(P — z(Q) is continuous in the gap topology. In particular,
codim R(P — zQ) = codim R(P — 29Q);

(iv) if R(P—20Q) is complemented then R(P—z()) is complemented for all z € C\{0,1}.

Proof. (i) was proved in Corollary 2.

(ii) Let N(P —20@®) be complemented and z € C\{0,1}. By Lemma 1 (ii), we have
N(P —2Q) =V,, . N(P — 20Q) where V, , is an invertible operator. So N(P — 2Q) is
complemented.

(iii) Suppose that R(P — zo@Q) is closed. Then (P — 2pQ) > 0 and, by Corollary
4, v(P —2Q) > 0 for all z € C\ {0,1}. Hence R(P — zQ) is closed. By Corollary 2 for
P*,Q* € B(X™), we have

codim R(P — 2Q) = dim N(P* — 2Q™) = dim N(P* — 20Q") = codim R(P — z,Q).
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Similarly, the function z — R(P — z@Q) is continuous in the gap topology by duality.

(iv) Suppose that R(P — zp(@) is complemented. Let X = R(P — zQ) @ Lo and
z € C\ {0,1}. Then N(P* — 20Q*) = R(P — Q)" and X* = N(P* — 2Q*) ® Lg .
Note that Ly is w*-closed. By (ii), N(P* — 2Q*) is complemented in X*. Moreover,
by the proof of (i), N(P* — 2Q*) = V/N(P* — Q") where V' = I + _2=55P" is
invertible. Hence X* = N(P* — 2Q*) ® L' where L' = V'Lg and L’ is w*-closed.

Let L = +L'. Since R(P — 2Q)* + L+ = N(P* — 2Q*) + L' = X*, which
is closed, R(P — zQ) + L is a closed subspace of X, see [LN], Theorem A.1.9. We
have (LN R(P — 2Q))* = L+ + R(P — 2Q)* = L' + N(P* — 2Q*) = X*, and so
LN R(P — 2Q) = {0}. Furthermore,

(L+R(P—2Q))" =L*NR(P—-2Q)" =L'nN(P* - 2Q*) = {0},

and so L + R(P — 2Q) = X.
Hence R(P — z(Q)) is complemented. O

Recall that T' € B(X) is left (right) invertible if there exists S € B(X) such that
ST =1 (TS = 1I). It is well known that T is left (right) invertible if and only if
T is injective and R(T) is complemented (7" is surjective and N(7T) is complemented,
respectively). T has a generalized inverse if there exists S € B(X) such that TST =T.
Equivalently, T' has a generalized inverse if and only if 7" has closed range and both
N(T) and R(T') are complemented.

T € B(X) is called upper (lower) semi-Fredholm if R(T") is closed and dim N(T") <
oo (codim R(T) < oo, respectively). T is left (right) essentially invertible if there
are S, K € B(X), K compact and ST = I+ K (TS = I+ K, respectively). It is
well known that T is left (right) essentially invertible if and only if 7" is upper (lower)
semi-Fredholm and R(T") is complemented (N(7T') is complemented, respectively).

The Main Theorem is now an easy consequence of Corollary 5.
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