QUASISIMILARITY OF POWER BOUNDED OPERATORS AND BLUM-HANSON PROPERTY

VLADIMIR MÜLLER AND YURI TOMILOV

Abstract. We construct a power bounded operator on a Hilbert space which is not quasisimilar to a contraction. To this aim, we solve an open problem from operator ergodic theory showing that there are power bounded Hilbert space operators without the Blum-Hanson property. We also find an example of a power bounded operator quasisimilar to a unitary operator which is not similar to a contraction, thus answering negatively open questions raised by Kérchy and Cassier. On the positive side, we prove that contractions on ℓp spaces (1 ≤ p < ∞) possess the Blum-Hanson property.

1. Introduction

One of the most challenging problems in operator theory was to decide whether every polynomially bounded operator on a Hilbert space is similar to a contraction. The problem was posed by Halmos in 1970 as a refined version of a B. Sz.-Nagy question (1959) on similarity to contractions of power bounded operators on Hilbert spaces. While the B. Sz.-Nagy problem was answered in the negative quite soon by S. R. Foguel [F], see also [H], the Halmos problem remained open for a long time. It was solved in the negative by G. Pisier in 1996 [P], following substantial contributions in [Pe], [Bo] and [AP], see also [DP].

The present paper deals with the following refined version of the Sz.-Nagy problem.

Quasisimilarity Problem Is every power bounded operator on a Hilbert space quasisimilar to a contraction?

The problem was implicitly considered in a number of papers.

Date: October 16, 2006.

1991 Mathematics Subject Classification. Primary 47A20; Secondary 47A35. Key words and phrases. power bounded operator, contraction, quasisimilarity, Blum- Hanson property.

This work was completed with the support of Marie Curie ”Transfer of Knowledge” program, project ”TODEQ”. The first author was also partially supported by grant No. 201/06/0128 of GA ČR and by the Institutional Research Plan AV 0Z 10190503. The second author was partially supported by KBN grant 1P03A 03826. The second author would also like to thank M.Lin and S. Bermudo for stimulating discussions. 1

Note that by [BP] each polynomially bounded operator T on H is ”almost” quasisimilar to a contraction in the following sense: there exist Hilbert spaces H_1, H_2, contractions T_1 ∈ B(H_1), T_2 ∈ B(H_2) and injective linear operators X_1 : H_1 → H, X_2 : H → H_2 with dense ranges such that X_1T_1 = T X_1 and T_2X_2 = X_2T . It is still unknown whether one can choose T_1 = T_2 so that to make T quasisimilar to a contraction.

In the present paper we show that the quasisimilarity problem has a negative solution. Moreover, we construct a power bounded operator T on a Hilbert space H such that T^nx ↛ 0 for every nonzero vector x ∈ H and such that even no contraction is a quasiaffine transform of T . To this aim we solve another open problem from operator ergodic theory concerning also power bounded operators.

The well-known mean ergodic theorem asserts that if T is a power bounded operator on a reflexive Banach space X, then M_n(T ) :=^1_N

∑_N n=1 T^n converge in the strong operator topology. From the point of view of ergodic theory, it is natural to ask which property of T would guarantee the convergence not only of the conventional Cesáro averages M_n(T ), but also the convergence of Cesáro averages along any subsequence of (T^n).

The following theorem proved in [AS2], [JK] and [Li] answers the question in the case when T is a Hilbert space contraction.

Theorem 1.1. Let T be a contraction acting on a Hilbert space H. Then the following two properties are equivalent:

(i) the sequence (T^nx) converges weakly for every x ∈ H; (ii) for each x ∈ H and every increasing sequence (k_n) of positive integers, the limit lim N→∞ 1 N N∑ n=1 T^{kn} x

exists in the norm topology.

The equivalence of the properties (i) and (ii) was first noted by Blum and Hanson [BH] for unitary operators induced by measure preserving transformations.

Let now T be a bounded linear operator (not necessarily a contraction) on a Banach space.

Definition 1.2. We say that T has the Blum-Hanson property if T satisfies the condition (ii) of Theorem 1.1.

Note that the Blum-Hanson property implies condition (i) (convergence of the sequence (T^n) in the weak operator topology), see e.g. [Kr, p. 253], which in turns implies that T is power bounded. It is also worth to note that the limits in (i) and (ii) are equal for each x. Furthermore, condition (i) is equivalent to the Blum-Hanson property for all subsequences (k_n) of positive lower density, see [J2].

The Blum-Hanson property was thoroughly studied in the 60’th and 70’s in relation with mixing in ergodic theory. Apart from the class of Hilbert space contractions, the equivalence of (i) and (ii) in Theorem 1.1 was proved

a) for contractions on L^1-spaces [AS2], b) for positive contractions on L^p-spaces, 1 < p < ∞ [AS1], see also [Bel], c) for a class of positive power bounded operators on L^1 [M], d) for some power bounded operators on Hilbert spaces [K].

The proofs relied either on some dilation theorems or on certain specific inequalities in L^p spaces. The Blum-Hanson property for sequences of elements in Hilbert spaces was treated in [BB], see also [Z].

On the other hand, it was shown in [AHR] that Theorem 1.1 does not hold for a certain positive contraction on a space C(K), where K is a compact Hausdorff space. As far as we know, this was the only known example of an operator such that the sequence (T^n) is converging in the weak operator topology but T has not the Blum-Hanson property.

The problem whether Theorem 1.1 holds for all power bounded operators on Hilbert spaces was left open.

Ergodic Problem Does every Hilbert space operator T such that the sequence (T^n) is convergent in the weak operator topology possess the Blum- Hanson property?

We give a negative answer to this problem. On the other hand, we prove that contractions on ℓ_p spaces, 1 ≤ p < ∞, do possess the Blum-Hanson property. On ℓ_2 the result is known but our proof seems to be new.

Our approach to the Quasimilarity Problem is to link it to the Ergodic Problem stated above. Note that the Blum-Hanson property is preserved under quasisimilarity, see Lemma 3.3. Since Theorem 1.1 holds for contractions, a power bounded operator for which Theorem 1.1 is not true cannot be quasisimilar to a contraction. This fact is exploited in Section 3 to produce a negative answer to the Quasimilarity problem.

Another main result of the paper deals with similarity to a contraction of special classes of power bounded operators. Recall that, by classical result due to B. Sz.-Nagy and C. Foia̧s, a power bounded operator T on a Hilbert space such that T^nx ↛ 0 and T^{∗n}x ↛ 0 for every x ∈ H is quasisimilar to a unitary operator [NF]. (It is also not difficult to show that the class of such power bounded operators is exactly the class of quasisimilarities of unitary operators.) Thus it is natural to ask whether such operators are, in fact, similar to contractions [Ke1, Question 1], [Ke2, Question 3]. This problem was studied intensively in the last years, see e.g. [C], [CF], [Ke2], [Ke1], [Ku]. Using technique developed in the present paper, we show that the answer to this question is also negative.

2. Blum-Hanson property

Let T be a power bounded operator on a Hilbert space H. We say that T is of class C_{1,·} if inf_n ‖T^nx‖ > 0 for each nonzero x ∈ H. We say that T is of class C_{·,1} if T^∗ is of class C_{1,·}. We say that T is of class C_{1,1} if it is both of class C_{1,·} and C_{·,1}.

Example 2.1. There exists a bounded linear operator T of class C_{1·} acting on a Hilbert space H, x ∈ H and an increasing sequence (k_n) of positive integers such that T^n → 0 in the weak operator topology and^1_N

∑_N n=1 T^{kn} x does not converge as N → ∞.

Construction. Let H be the Hilbert space with an orthonormal basis formed by the vectors e_i (i ≥ 0) and f_{i,j} (i ≥ 1, j ∈ Z).

Define function r : N → N by r(k) = [log_2 k] + 1, where [·] denotes the integer part, i.e., r(k) = s whenever 2^{s−1} ≤ k < 2^s (k ≥ 1, s ≥ 1).

Define T ∈ B(H) by

T f_{i,j} = f_{i,j−1} (i ≥ 1, j ≠ 0), T f_{i,0} = 4^{−i}f_{i,−1} (i ≥ 1), T e_j = e_{j+1} (j /∈ {3^k : k = 1, 2, . . . }), T e_3k = e_3k_{+1} + f_{r(k),3}k (k = 1, 2, . . . ).

Let H_0 = ⋁ {e_j : j ≥ 0}. For i = 1, 2, . . . let H_i = ⋁ {f_{i,j} : j ∈ Z}. Then H = ⨁_∞ i=0 H_i. In this decomposition T can be written in the matrix form as

T = S_0 0 0 . . . Q_1 S_1 0 . . . Q_2 0 S_2 . . . . . . . . . .. .

where S_0 is the unilateral isometrical shift and S_i (i ≥ 1) is a bilateral weighted shift. Note that all weights of S_i (i ≥ 1) but one are equal to 1. Note also that S_0 is a ”forward” shift and S_i (i ≥ 1) are ”backward” shifts.

We show first that T is power bounded. Fix n ∈ N. We have

T^n =

S^n_0 0 0 . . . Q^′_1 S^n_1 0 . . . Q^′_2 0 S^n_2 . . . . . . . . . .. .

Clearly the diagonal part of T^n,

D = S^n_0 0 0 . . . 0 S^n_1 0 . . . 0 0 S^n_2 . . . . . . . . . .. .

is a contraction.

Let H_+ = ⋁ {f_{i,j} : i ≥ 1, j ≥ 0} ∨ H_0 and let P_+ be the orthogonal projection onto H_+.

Let Q^′ : H_0 →

⨁_∞ i=1 H_i be defined by Q^′e_j =

∑_∞

i=1 Q^′_ie_j . For j ≥ 0 we have

Q^′e_j = ∞∑ i=1 ∑ 0≤a≤n−1

S^{n−a−1} i Q_iS^a_0 e_j = ∞∑ i=1 ∑ k:j≤3^k<j+n

S^{n−3k+j−1} i Q_iS^{3k−j}_0 e_j

= ∞∑ i=1 ∑ k:j≤3^k<j+n

S^{n−3k+j−1} i Q_ie_3k = ∑ k:j≤3^k<j+n

S^{n−3k+j−1}

r(k) fr(k),3^k .

Clearly P_+S^{n−3k+j−1}

r(k) fr(k),3^k ≠ 0 if and only if n − 3

k + j − 1 ≤ 3^k, i.e., if n + j − 1 ≤ 2 · 3^k. Note that this happens for at most one k satisfying j ≤ 3^k < j + n. Indeed, suppose on the contrary that there are k < k^′ satisfying these conditions. Then n + j − 1 ≥ 3^{k′} > 2 · 3^k, a contradiction.

Moreover, if j ≠ j^′ then P_+Q^′e_j ⊥ P_+Q^′e_j′ . Suppose on the contrary that there are j ≠ j^′ and k, k^′ ∈ N such that n + j − 1 ≤ 2 · 3^k, j ≤ 3^k < j + n, n + j^′ − 1 ≤ 2 · 3^{k′} , j^′ ≤ 3^{k′} < j^′ + n and 2 · 3^k − n − j + 1 = 2 · 3^{k′} − n − j^′ + 1, i.e., 2 · 3^k − j = 2 · 3^{k′} − j^′. Since j ≠ j^′ we have k ≠ k^′. Suppose without loss of generality that k < k^′. Then j^′ − j = 2 · 3^{k′} − 2 · 3^k > 3^{k′} , a contradiction with the assumption that j^′ ≤ 3^{k′} .

Hence P_+Q^′ is a partial isometry and ‖P_+Q^′‖ ≤ 1. It remains to estimate ‖(I − P_+)Q^′‖. We have

(I − P_+)Q^′e_j = ∑ k S^{n−3k+j−1}

r(k) fr(k),3^k = ∑ k 4^{−r(k)}f_{r(k),2·3}k_{−n−j+1},

where the sums are taken over all k satisfying j ≤ 3^k < j + n and 2 · 3^k − n − j + 1 < 0. Thus (I − P_+)Q^′ =

∑_∞

k=1 V_k, where

V_ke_j = 4^{−r(k)}f_{r(k),2·3}k_{−n−j+1}

if j ≤ 3^k < j + n and 2 · 3^k − n − j + 1 < 0 and V_ke_j = 0 otherwise. Clearly every V_k is a scalar multiple of a partial isometry and ‖V_k‖ ≤ 4^{−r(k)}.

Hence ‖ ‖^∞∑ k=1 V_k ‖ ‖ ≤^∞∑ k=1 4^{−r(k)} = ∞∑ s=1 4^{−s} · card {k ∈ N : r(k) = s} = ∞∑ s=1 4^{−s}2^{s−1} = ∞∑ s=1 2^{−s−1} = 1/2.

Hence ‖T^n‖ = ‖ D + P_+Q^′ +

∑_∞ k=1 V_k ‖ ≤ 5/2 for all n and T is power bounded.

We show now that T^ne_0 → 0 weakly. Let t ≥ 1. For n sufficiently large (n > 2 · 3^{2t−1} + t + 1) we have

T^ne_0 ⊥ ⋁ {f_{i,j} : 1 ≤ i ≤ t, j ≥ −t} ∨ ⋁ {e_0, . . . , e_{n−1}}.

Since T is power bounded, this implies that T^ne_0 → 0 weakly.

Let M = {x ∈ H : T^nx → 0 weakly}. Since T is power bounded, M is a closed T -invariant subspace. Clearly f_{i,j} ∈ M for all i ≥ 1, j ∈ Z. Hence M ⊃ ⨁_∞

i=1 H_i. Also, we have e_0 ∈ M. By induction we show that e_j ∈ M for each j. Indeed, if e_j ∈ M, then T e_j ∈ M and also P_0T e_j ∈ M, where P_0

is the orthogonal projection onto H_0 = (⨁_∞ i=1 H_i

)_⊥ . Since P_0T e_j = e_{j+1}, we have e_{j+1} ∈ M. Thus H_0 ⊂ M. Hence M = H and T^n → 0 in the weak operator topology.

We show that T is of class C_{1·}. Let x ∈ H be a nonzero vector. Write x = ⨁_∞

i=0 x_i where x_i ∈ H_i. If x_0 ≠ 0 then inf_n ‖T^nx‖ ≥ inf_n ‖S^n_0 x_n‖ = ‖x_0‖ > 0.

Suppose that x_0 = 0. Then there exists i ≥ 1 with x_i ≠ 0. We have

inf_n ‖T^nx‖ ≥ inf_n ‖S^n_i x_i‖ ≥ 4^{−i}‖x_i‖ > 0.

Hence T is of class C_{1·}.

Let k_n = 2 · 3^n + 1 (n = 1, 2, . . . ). Then

T^{kn} e_0 = e_{kn} + f_{r(n),0} + n−1∑ j=1 4^{−r(j)}f_{r(j),2·3}j_{−2·3}k .

Thus 1 2^s − 1 ‖ ‖^{2s−1}∑ n=1 T^{kn} e_0 ‖ ‖ ≥ 1 2^s − 1 | |^{2s−1}∑ n=1 ⟨T^{kn} e_0, f_{s,0}⟩ | | = 2^{s−1}

2^s − 1 ≥ 1 2 for each s ∈ N. Hence the sequence^1_N ‖ ‖∑N_{n=1} T_{kn} e_0 ‖ ‖ does not converge

to 0 as N → ∞. Since the^1_N

∑_N n=1 T^{kn} e_0 → 0 weakly, the sequence 1 N ∑_N

n=1 T^{kn} e_0 does not converge in the norm topology.

Remark 2.2. The construction becomes simpler if we do not require the property C_{1·}. Indeed, then it is sufficient to consider the operator P_+T |H_+ acting in the Hilbert space H_+. The proof of the power boundedness of this operator becomes simpler.

Remark 2.3. Let T ∈ B(H) be the operator constructed in Example 2.1. We can introduce on H a new norm ||| · ||| by |||x||| = sup_n ‖T^nx‖ (x ∈ H). Then ||| · ||| is equivalent to the original norm, and so the space (H, ||| · |||) is reflexive (even superreflexive). Furthermore, T becomes a contraction on this space which does not satisfy Theorem 1.1.

Remark 2.4. Example 2.1 can be also used to produce a positive contraction on the space C(K), where K is a compact Hausdorff space, not having the Blum-Hanson property. This provides an alternative construction to that in [AHR].

As in the previous remark we can assume that T is a contraction on a reflexive Banach space X such that T^n → 0 in the weak operator topology

(for short T^n → 0 (W OT )) and such that T has not the Blum-Hanson property. Note that in this case, T^{∗n} → 0 (W OT ). Let B^∗ be the unit ball in X^∗. Then B^∗ with the w^∗ topology is a compact Hausdorff space. Define a linear operator U on the Banach space C(B^∗) by

(Uf)(x^∗) = f(T^∗x^∗) (f ∈ C(B^∗), x^∗ ∈ B^∗).

Observe that U is a positive contraction on C(B^∗). Let

X_0 := {f ∈ C(B^∗) : (U^nf)(x^∗) → 0 for all x^∗ ∈ B^∗}.

Clearly X_0 is a closed subspace of C(B^∗). For all x ∈ X the functions f_x(x^∗) := ⟨x, x^∗⟩ belong to X_0 and separate points in B. Moreover, if f, g ∈ X_0 then fg ∈ X_0. Indeed, we have

(U^n(fg))(x^∗) = (fg)(T^{∗n}x^∗) = f(T^{∗n}x^∗) · g(T^{∗n}x^∗),

where g(T^{∗n}x^∗) → 0 and sup_n |f(T^{∗n}x^∗)| ≤ ‖f‖_{C(B}∗_) < ∞. Hence fg ∈ X_0. Furthermore, if f ∈ X_0, then its complex conjugate f̄ also belongs to X_0. Thus, X_0 is a closed selfadjoint algebra and by the Stone-Weierstrass theorem, X_0 ⊕ {constants} = C(B^∗). By the Lebesgue bounded convergence theorem, U^n converges in the weak operator topology on C(B^∗).

On the other hand, there exist (k_n) and x ∈ X such that the limit lim_{N→∞}^1_N

∑_N

n=1 T^{kn} x does not exist. Since 1 N ‖ ‖ ‖ N∑ n=1 T^{kn} x ‖ ‖ ‖ = sup_{x∗∈B∗} | | |x^∗ ( 1 N N∑ n=1 T^{kn} x )| | |

= ‖ ‖ ‖ ‖ 1 N N∑ n=1 U^{kn} f_x ‖ ‖ ‖ ‖_{C(B∗)}

and U^nf_x → 0 weakly we conclude that lim_{N→∞}^1_N

∑_N

n=1 U^{kn} f_x does not exist.

On the other hand, we prove that contractions on ℓ_p spaces have the Blum-Hanson property.

Theorem 2.5. Let 1 ≤ p < ∞, T : ℓ_p → ℓ_p a contraction and x ∈ ℓ_p. Suppose that the sequence (T^nx) is weakly convergent and let (n_i) be an increasing sequence. Then the limit lim N→∞ 1 N N∑ i=1 T^{ni} x

exists in the norm topology.

Proof. Let x̄ be the weak limit of T^nx. Clearly T x̄ = x̄. Replacing x by x − x̄ if necessary, we may assume without loss of generality that T^nx → 0 weakly.

The statement is clear for p = 1 since the weak convergence in ℓ_1 implies the convergence in the norm.

Let 1 < p < ∞. Let e_1, e_2, . . . be the standard basis in ℓ_p. Denote by P_r the canonical projection onto the span of e_1, . . . , e_r.

Since T is a contraction, the limit lim_{n→∞} ‖T^nx‖ exists. Since the statement is clear if this limit is equal to 0, we may assume without loss of generality that lim_{n→∞} ‖T^nx‖ = 1.

Let δ > 0. Find a positive integer t such that t^{1p −1} < δ/2. Since 1 + 2^ps < 2^p(s + 1) for all s, there exists ε ∈ (0, 1) such that

((1 + ε)^p + 2^ps)^{1/p} < 2(s + 1)^{1/p} − (s + 1)ε

for s = 1, . . . , t − 1.

Find k such that ‖T^kx‖ < 1 + ε. Find r such that ‖(I − P_r)T^kx‖ < ε. Find d such that ‖P_rT^{k+j}‖ < ε for all j ≥ d.

We show that ‖ ‖T^m1 x + · · · + T^ms x‖ ≤ 2s^{1/p} (1)

whenever k ≤ m_1 < m_2 < · · · < m_s, s ≤ t and m_{i+1} − m_i ≥ d for all i.

We prove (1) by induction on s. Clearly (1) is true for s = 1. Suppose that (1) is true for s < t and that m_1, . . . , m_{s+1} satisfy the required conditions. We have ‖ ‖T^m1 x + · · · + T^ms+1 x ‖ ‖ ≤ ‖ ‖T^kx + T^m2^{−m}1^{+k}x + · · · + T^ms+1^{−m}1^{+k}x ‖ ‖ ≤ ‖ ‖P_rT^kx + (I − P_r)(T^m2^{−m}1^{+k}x + · · · + T^ms+1^{x−m}1^{+k}x) ‖ ‖ +‖(I − P_r)T^kx‖ + ‖ P_r(T^{m2−m1+k}x + · · · + T^{ms+1−m1+k}x) ‖ ≤ ( ‖P_rT^kx‖^p + ‖ ‖(I − P_r)(T^m2^{−m}1^{+k}x + · · · + T^ms+1^{−m}1^{+k}x) ‖ ‖^p

)_{1/p}

+(s + 1)ε ≤ ((1 + ε)^p + 2^ps)^{1/p} + (s + 1)ε < 2(s + 1)^{1/p}.

This proves (1) for s ≤ t.

Let (n_i) be an increasing sequence and let N be large enough. Write N = k + mt + r, where 1 ≤ r ≤ t and m is a positive integer, m ≥ d. Then ‖ ‖^N∑ i=1 T^{ni} x ‖ ‖ ≤ ‖ ‖^{k+r}∑ i=1 T^{ni} x ‖ ‖ +^m∑ s=1 ‖ ‖^{t−1}∑ i=0 T^{nk+r+s+im} x ‖ ‖ ≤ (k + r)‖x‖ + m · 2t_{1/p}.

Thus 1 N ‖ ‖^N∑ i=1 T^{ni} x ‖ ‖ ≤ (k + r)‖x‖ N + 2mt^{1/p} tm = (k + r)‖x‖ N + 2t^{−1+1/p}, and lim sup N→∞ 1 N ‖ ‖^N∑ i=1 T^{ni} x ‖ ‖ ≤ 2t_{−1+1/p} < δ.

Since δ > 0 was arbitrary, we have lim N→∞ 1 N ‖ ‖^N∑ i=1 T^{ni} x ‖ ‖ = 0.

Hence T has the Blum-Hanson property. □

Problem 2.6. It is an interesting open problem whether Theorem 2.5 remains valid for contractions in L_p spaces (1 < p < ∞), or more generally, in uniformly smooth spaces.

It was claimed in [Br] that Theorem 1.1 holds for invertible isometries on uniformly convex Banach spaces. However, the proof given there seems to be false.

3. Quasisimilarity

Definition 3.1. Let T ∈ B(H) and S ∈ B(K) be Hilbert space operators. We write T ≺ S if there exists an injective operator A : H → K with dense range such that AT = SA. In this case, T is called a quasiaffine transform of S. We say that T is quasisimilar to S if both T ≺ S and S ≺ T .

The following two simple lemmas allow us to transfer the weak convergence and Blum-Hanson property via intertwinning relations.

Lemma 3.2. Let H, K be Hilbert spaces, let T ∈ B(H) and S ∈ B(K) be power bounded operators. Suppose that T ≺ S. Then

(i) T^n → 0 (W OT ) if and only if S^n → 0 (W OT ); (ii) (T^nh) is weakly convergent for each h ∈ H if and only if (S^nk) is weakly convergent for each k ∈ K.

Proof. (i) Let A : H → K be an operator with dense range satisfying AT = SA.

We have ⟨T^nh, h^′⟩ → 0 for all h, h^′ ∈ H. Thus for all h ∈ H, k ∈ K we have ⟨S^nAh, k⟩ = ⟨AT^nh, k⟩ = ⟨T^nh, A^∗k⟩ → 0 as n → ∞. Hence S^nx → 0 weakly for all x ∈ AH. Since S is power bounded and AH is dense in K, we have S^n → 0 (W OT ).

Conversely, suppose that S^n → 0 (W OT ). Then S^{∗n} → 0 (W OT ) and S^∗ ≺ T^∗. Hence T^{∗n} → 0 (W OT ) and so T^n → 0 (W OT ).

(ii) Let h ∈ H. Note first that the sequence (T^nh) converges weakly if and only if ⟨T^nh, h^′⟩ is convergent for each h^′ ∈ H. Indeed, suppose that this condition is satisfied and define f(h^′) = lim_{n→∞}⟨T^nh, h^′⟩. Then f is a bounded antilinear functional, and so there is an h̄ ∈ H such that ⟨h̄, h^′⟩ = f(h^′) for all h^′ ∈ H. Hence T^nh → h̄ weakly.

¿From this it follows easily, that (T^nh) is weakly convergent for each h ∈ H if and only if (T^{∗n}h) is weakly convergent for each h ∈ H. Furthermore, {h ∈ H : (T^nh) converges weakly} is a closed subspace of H.

Suppose now that (T^nh) converges weakly for each h ∈ H, and let A : H → K be an injective operator with dense range such that AT = SA.

Let h ∈ H and T^nh → h̄ weakly. Then T h̄ = h̄ and T^n(h−h̄) → 0 weakly. Thus H = ker(I − T ) + H_0, where H_0 = {h ∈ H : T^nh → 0 weakly}. It is easy to see that A ker(I − T ) ⊂ ker(I − S) and AH_0 ⊂ {k ∈ K : S^nk → 0 weakly}.

Thus (S^nk) converges weakly for each k ∈ AH, and therefore for each k ∈ K.

Conversely, suppose that (S^nk) converges weakly for each k ∈ K. Then S^∗ ≺ T^∗ and (S^{∗n}k) converges weakly for each k ∈ K. By the previous case, (T^{∗n}h) converges weakly for each h ∈ H, and so (T^nh) converges weakly for each h ∈ H. □

Lemma 3.3. Let H, K be Hilbert spaces, let T ∈ B(H) and S ∈ B(K) be power bounded operators. Suppose that T ≺ S and that T has the Blum- Hanson property. Then S has the Blum-Hanson property.

Proof. Let A : H → K be an injective operator with dense range satisfying AT = SA.

Since T has the Blum-Hanson property, for each increasing subsequence of positive integers (n_j ) and every h ∈ H the limit lim N→∞ 1 N N∑ j=1 T^{nj} h

exists (in the norm topology). Thus lim N→∞ 1 N N∑ j=1 S^{nj} Ah = lim_{N→∞} 1 N N∑ j=1 AT^{nj} h

exists for each h ∈ H. Since AH is dense in K and the sequence^1_N

∑_N j=1 T^{nj} is bounded, the limit lim N→∞ 1 N N∑ j=1 S^{nj} k

exists for all k ∈ K. Hence S has the Blum-Hanson property. □

Our main result is now a direct consequence of Example 2.1.

Theorem 3.4. Let T ∈ B(H) be the operator of class C_{1,·} which was constructed in Example 2.1. Then there is no Hilbert space contraction C ∈ B(K) such that C ≺ T .

Proof. Suppose on the contrary that there are a Hilbert space contraction C ∈ B(K) and an injective operator A : K → H with dense range satisfying AC = T A.

Since T^n → 0 (W OT ) we have C^n → 0 (W OT ) by Lemma 3.2. By Theorem 1.1, C has the Blum-Hanson property. Then Lemma 3.3 implies that T has the Blum-Hanson property, a contradiction. □

The operator without the Blum-Hanson property constructed in Example 2.1 was of class C_{1,·}. It is interesting to note that a similar example of class C_{·,1} is not possible.

Corollary 3.5. Let T be a power bounded operator of class C_{·,1} acting in a Hilbert space H. Then the following two properties are equivalent:

(i) the sequence (T^nx) converges weakly for every x ∈ H; (ii) for every x ∈ H and an increasing sequence (k_n) of positive integers, the limit lim N→∞ 1 N N∑ n=1 T^{kn} x

exists in the norm topology.

Proof. Let T ∈ B(H) be a power bounded operator of class C_{·,1}. It is well known that there exist a Hilbert space K and an isometry V ∈ B(K) such that T^∗ ≺ V , see e.g. [Ke1, p. 174]. Then V^∗ ≺ T .

Suppose that T^n is convergent in the weak operator topology. Then V^{∗n} is convergent in the weak operator topology by Lemma 3.2, and since V^∗ is a contraction, it has the Blum-Hanson property. Consequently T has the Blum-Hanson property. □

Remark 3.6. Let T ∈ B(H) be the operator of class C_{1,·} without the Blum- Hanson property constructed in Example 2.1. Then T^∗ is of class C_{·,1} and by the previous theorem, it has the Blum-Hanson property. Hence the Blum- Hanson property is not preserved by taking adjoints.

Corollary 3.7. There exists a power bounded operator S such that (i) there is no contraction C with C ≺ S; (ii) there is no contraction C^′ with S ≺ C^′.

Proof. Let T be the operator constructed in Example 2.1. Let S = T ⊕T^∗ ∈ B(H ⊕H). Suppose that there is a contraction C^′ ∈ B(K) such that S ≺ C^′. Then there is an injective operator A : H ⊕ H → K with A(T ⊕ T^∗) = C^′A. Consider the restriction of A to the subspace {0} ⊕ H. Thus there exists an injective operator A_0 : H → K such that A_0T^∗ = C^′A_0. Let K_0 = A_0H. Clearly K_0 is invariant for C^′. Thus T^∗ ≺ C^′_0 where C^′_0 is the restriction C^′|K_0. Hence C^{′∗}_0 ≺ T , a contradiction with Lemma 3.4.

If C is a contraction and C ≺ (T ⊕T^∗) then (T^∗ ⊕T ) ≺ C^∗, a contradiction with the previous case.

4. Similarity and final remarks

We prove that there are power bounded operators of class C_{1,1} which are not similar to contractions, thus answering negatively Kerchy’s question from [Ke1, Question 1] (see also [Ke2, Question 3]). It is instructive to recall from Introduction that each power bounded operator of class C_{1,1} is quasisimilar to a contraction.

Example 4.1. There exists a power bounded operator of class C_{1,1} which is not similar to a contraction.

Proof. Recall the operator constructed in [F], see also [H]. Let e_i, f_i (i ≥ 0) be an orthonormal basis in a Hilbert space K. Define T ∈ B(K) by T f_j = f_{j−1} (j ≥ 1), T f_0 = 0, T e_j = e_{j+1} (j ≠ 3^k), T e_3k = e_3k_{+1} + f_3k . It is known that T is power bounded but not polynomially bounded, see [L]. Thus there exists a sequence of polynomials p_n such that ‖p_n‖ = 1 for all n and ‖p_n(T )‖ > n.

Let n ∈ N. There exists x ∈ K such that ‖x‖ = 1 and ‖p_n(T )x_n‖ > n. Without loss of generality we may assume that x_n is a finite linear combination of the basis vectors e_j , f_j , i.e., there is an N ∈ N such that deg p_n ≤ 3^N and x_n ∈ ⋁ {e_j , f_j : 0 ≤ j ≤ 3^N }.

Fix n ∈ N and consider x_n, p_n and N as above. We construct an operator V_n of class C_{1,1} acting in a Hilbert space H_n ⊃ K such that sup_k ‖V^k_n ‖ ≤ 3 and ‖p_n(V_n)x_n‖ > n. The required non-polynomially bounded operator of class C_{1,1} will be then the direct sum

⨁_∞ n=1 V_n.

Let H_n be the Hilbert space with an orthonormal basis e_j , f_j (j ∈ Z). Thus H_n ⊃ K.

Define V_n ∈ B(H_n) by

V_nf_j = f_{j−1} (j ≠ 0);

V_nf_0 = 1 N f_{−1};

V_ne_j = e_{j+1} (j ≠ −1, j ≠ 3^k with 1 ≤ k ≤ N);

V_ne_{−1} = 1 N e_0;

V_ne_3k = e_3k_{+1} + f_3k (k = 1, . . . , N).

Note that we have x_n ∈ K ⊂ H_n and p_n(T )x_n = P_K p(V_n)x_n, where P_K is the orthogonal projection onto K. Thus ‖p_n(V_n)‖ ≥ ‖P_n(V_n)x_n‖ > n.

It is easy to see that inf_k ‖V^k_n u‖ > 0 for each nonzero vector u ∈ H_n. Note also that V^∗_n is unitarily equivalent to V_n (the unitary equivalence is given by the operator interchanging e_j and f_j). So V_n is of class C_{1,1}.

It remains to show the power-boundedness of V_n. The argument is similar to the argument in Example 2.1.

Let E = ⋁ {e_j : j ∈ Z}, E_+ = ⋁ {e_j : j ≥ 0}, F = ⋁ {f_j : j ∈ Z} and F_+ = ⋁ {f_j : j ≥ 0}. In the decomposition H_n = E ⊕ F we have

V_n = ( S_E 0 Q S_F )

where S_E , S_F are weighted bilateral shifts.

Fix m ∈ N. Then

V^m_n = ( S^m_E 0 Q^′ S^m_F )

where the diagonal part D = ( S^m_E 0 0 S^m_F )

is a contraction.

For j ∈ Z we have

Q^′e_j = ∑ 0≤a<m

S^{m−a−1}

F QS^a_Ee_j = ∑ 1≤k≤N j≤3k<j+m

S^{m−3k +j−1}

F QS^{3k−j}_E e_j

= ∑ 1≤k≤N j≤3k <j+m

S^{m−3k +j−1}

F f_3k .

Thus Q^′ =

∑_N

k=1 W_k where W_ke_j = S^{m−3k +j−1}

F f_3k if j ≤ 3^k < j + m and W_ke_j = 0 otherwise.

Note that W_ke_j is a multiple of f_s, where s = 2 · 3^k − m − j + 1. We have

W_ke_j = 1 N^2 f_s (j < 0, s < 0),

W_ke_j = 1 N f_s (j < 0, s ≥ 0),

W_ke_j = 1 N f_s (j ≥ 0, s < 0), W_ke_j = f_s (j ≥ 0, s ≥ 0),

Thus ‖W_k − P_{F+} W_kP_{E+} ‖ ≤^1_N and

‖Q^′ − P_{F+} Q^′P_{E+} ‖ = ‖ ‖^N∑ k=1 (W_k − P_{F+} W_kP_{E+} ) ‖ ‖ ≤ 1.

It remains to estimate ‖P_{F+} Q^′P_{E+} ‖. However, as in [F] or in the argument in Example 2.1, one can show that P_{F+} Q^′P_{E+} is a partial isometry, and so ‖P_{F+} Q^′P_{E+} ‖ ≤ 1.

Thus

‖V^m_n ‖ = ‖ ‖D + P_{F+} Q^′P_{E+} + (Q^′ − P_{F+} Q^′P_{E+} ) ‖ ‖ ≤ 3.

Consider now the operator V =

⨁_∞ n=1 V_n acting in the Hilbert space H = ⨁_∞ n=1 H_n. Clearly ‖V^m‖ = sup_n ‖V^m_n ‖ ≤ 3 for every m ∈ N, and so V is power bounded. Clearly V is of class C_{1,1} since it is a direct sum of C_{1,1} operators. Finally, for every n we have ‖p_n(V )‖ ≥ ‖p_n(V_n)‖ > n, and so V is not polynomially bounded.

Consequently, V is not similar to a contraction. □

Using a similar idea, it was shown in [ER] that there is a power bounded operator T on a Hilbert space H such that

lim_{n→∞} ‖T^nx‖ = lim_{n→∞} ‖T^{∗n}x‖ = 0

for every x ∈ H, and T is not similar to a contraction.

Note finally that there also exists a power bounded operator S on a Hilbert space K such that

inf_{n≥0} ‖S^nx‖ > 0 and lim_{n→∞} ‖S^{∗n}x‖ = 0 for every x ∈ K \ {0}, and S is not similar to a contraction. Indeed, let T ∈ B(H) be the operator constructed in Example 2.1. Consider the weighted forward shift S defined by

S(x_0, x_1. . . . ) = (0, T x_0, T x_1, . . . )

for all (x_0, x_1, . . . ) ∈ K := ℓ_2(N, H). As T is of class C_{1,·}, the operator S is of the same class. Moreover, the power boundedness of T implies that lim_{n→∞} ‖S^{∗n}x‖ = 0. By [Ku, Proposition 8.9], since T is not similar to a contraction, S is not similar to a contraction, either.

Thus, in general, asymptotic properties of T^n in the strong operator topology are too weak to imply similarity of T to a contraction.

References

[AS1] M. Akcoglu and L. Sucheston, Weak convergence of positive contractions implies strong convergence of averages, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 32 (1975), 139–145.

[AS2] M. Akcoglu and L. Sucheston, On operator convergence in Hilbert space and in Lebesgue space, Period. Math. Hungar. 2 (1972), 235–244.

[AHR] M. Akcoglu, J. Huneke and H. Rost, A counter example to the Blum Hanson theorem in general spaces, Pacific J. Math. 50 (1974), 305–308.

[AP] A. Aleksandrov and V. Peller, Hankel operators and similarity to a contraction, Internat. Math. Res. Notices 6 (1996), 263–275.

[ABFP] C. Apostol, H. Bercovici, C Foia̧s and C. Pearcy, Quasiaffine transforms of operators, Michigan Math. J. 29 (1982), 243–255.

[Bel] A. Bellow, An Lp-inequality with application to ergodic theory, Houston J. Math.

1 (1975), 153–159.

[BB] D. Berend and V. Bergelson, Mixing sequences in Hilbert spaces, Proc. Amer. Math.

Soc. 98(1986), 239–246.

[BP] H. Bercovici and B. Prunaru, Quasiaffine transforms of polynomially bounded operators, Arch. Math. (Basel) 71 (1998), 384–387.

[BH] J. R. Blum and D. L. Hanson, On the mean ergodic theorem for subsequences, Bull.

Amer. Math. Soc. 66 (1960), 308–311.

[Bo] J. Bourgain, On the similarity problem for polynomially bounded operators on Hilbert space, Israel J. Math. 54 (1986), 227–241.

[Br] G. Bray, A propos de la généralisation d’un résultat de théorie ergodique a des espaces uniformément convexes, J. Math. Anal. Appl. 47 (1974), 91–110.

[CF] G. Cassier and T. Fack, On power-bounded operators in finite von Neumann algebras, J. Funct. Anal. 141 (1996), 133–158.

[C] G. Cassier, Generalized Toeplitz operators, restrictions to invariant subspaces and similarity problems, J. Operator Theory 53 (2005), 49–89.

[DP] K. Davidson and V. Paulsen, Polynomially bounded operators, J. Reine Angew.

Math. 487 (1997), 153–170.

[ER] G. Eckstein et A. Rácz, Sur une conjecture concernant la similitude de certains opérateurs a des contractions, C. R. Acad. Sci. Paris Sér. A-B 275 (1972), 421–423.

[F] S. R. Foguel, A counterexample to a problem of Sz. Nagy, Proc. Amer. Math. Soc.

15 (1964), 788–790.

[H] P. Halmos, On Foguel’s answer to Nagy’s question, Proc. Amer. Math. Soc. 15 (1964), 791–793.

[J1] L.K. Jones, A generalization of the mean ergodic theorem in Banach spaces, Z.

Wahrscheinlichkeitstheorie Verw. Geb. 27 (1973), 105–107.

[J2] L.K. Jones, A mean ergodic theorem for weakly mixing operators, Advances in Math.

7 (1971), 211–216 .

[JK] L. K. Jones and V. Kuftinec, A note on the Blum-Hanson theorem, Proc. Amer.

Math. Soc. 30 (1971), 202–203.

[K] C. K. Kan, On Fong and Sucheston’s mixing property of operators in a Hilbert space, Acta Sci. Math. (Szeged) 41 (1979), 317–325.

[Kr] U. Krengel, Ergodic theorems, de Gruyter Studies in Mathematics 6, Walter de Gruyter, Berlin, 1985 [Ku] C. S. Kubrusly, An introduction to models and decompositions in operator theory, Birkhäuser Boston, Boston, 1997.

[Ke1] L. Kérchy, Isometric asymptotes of power bounded operators, Indiana Univ. Math.

J. 38 (1989), 173–188.

[Ke2] L. Kérchy, Unitary asymptotes of Hilbert space operators, Functional analysis and operator theory (Warsaw, 1992), Banach Center Publ., 30, Polish Acad. Sci., Warsaw, 1994, 191–201.

[L] A. Lebow, A power-bounded operator that is not polynomially bounded, Michigan Math. J. 15 (1968), 397–399.

[Li] M. Lin, Mixing for Markov operators, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 19 (1971), 231–242.

[M] A. Millet, Sur le théorème en moyenne d’Akcoglu–Sucheston, Math. Z. 172 (1980), 213–237.

[Pe] V. Peller, Estimates of functions of power bounded operators in Hilbert spaces, J.

Operator Theory 7 (1982), 341–372.

[P] G. Pisier, A polynomially bounded operator on Hilbert space which is not similar to a contraction, J. Amer. Math. Soc. 10 (1997), 351–369.

[NF] B. Sz.-Nagy and C. Foia̧s, Harmonic analysis of operators on Hilbert space, North- Holland, Amsterdam-London; American Elsevier, New York; 1970.

[Z] L. Zsido, Weak mixing properties of vector sequences, 2005, preprint

Institute of Mathematics AV CR, Zitna 25, 115 67 Prague 1, Czech Republic E-mail address: muller@math.cas.cz

Faculty of Mathematics and Computer Science, Nicholas Copernicus University, ul. Chopina 12/18, 87-100 Torun, Poland

E-mail address: tomilov@mat.uni.torun.pl