On smooth local resolvents

Vladimir Miiller

Abstract. We exhibit an example of a bounded linear operator on
a Banach space which admits an everywhere defined local resolvent
with continuous derivatives of all orders.

Let T be a bounded linear operator acting on a complex Banach space X. It is well
known that the resolvent z + (T — z)~! defined on the complement of the spectrum
o(T) is unbounded. More precisely, ||(T — 2)71|| — oo whenever z approaches the
spectrum o (7).

Let x € X be a nonzero vector. By a local resolvent of T" at x we mean a function
f:U — X defined on aset U D C\ o(T) such that (T'—z)f(z) =2 (z € U). Clearly
the local resolvent is uniquely determined for all z € C\ o(T) and f(z) = (T — 2z) " 'x.
Thus any local resolvent is analytic on the complement of the spectrum.

It was observed in [G] that a local resolvent can be bounded. Bounded local
resolvents were further studied in [BG], [N], [BM] and it was shown that they are rather
frequent. In [BM], an example of a continuous everywhere defined local resolvent was
given (such a local resolvent is necessarily bounded since each local resolvent vanishes
for z — o00).

The aim of this note is to exhibit an example of an everywhere defined C'*° local
resolvent. Note that by a basic result of local spectral theory there are no analytic
everywhere defined local resolvents.

Denote by C,R and Z the sets of all complex numbers, real numbers and non-
negative integers, respectively.

Let X be a complex Banach space and f : C — X a function. As usually we
identify C with R? and consider f to be a function of two real variables z and y. We

k41
say that f is a C°°-function if it has continuous derivatives 977 of all orders.
ozkoy

Theorem 1. There exist a Banach space X, an operator T' € B(X), a nonzero vector
x € X and a C*®-function f : C — X such that

(T —2)f(2) == (z €C).
Proof. Let ¢ : C — (0,1) be a C°°-function such that

_J1r o (el < 1)/3),
plz) = {0 (2] > 2/3).
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Let g : C — C be defined by g(z) = @ (z # 0), g(0) = 0. Clearly g is a
C°°-function and g(z) = —2 for |z| > 2/3.

k+1
Write 2z = x 4 iy and let gy = aaxk—tagl; formally we write gogo = ¢g. It is easy to
show by induction that

1\ k41
) (k + )i

gu () = (—

for all z, |z| > 2/3 and k,l € Z.. In particular, all derivatives gj; are bounded functions.

For n = 0,1,... choose positive constants K, such that K,, > nK,_; (n > 1) and

max{|gri(z)| : z € C} < Kj4, for all k,1 > 0. Clearly Ky > 1 and K,, > n! for all n.
Denote by D = {z € C: |z| < 1} the open unit disc in the complex plane.

Let Xy be the vector space with a Hamel basis formed by the vectors u and
ukt (k1 €Zi,a €D).
k4141

For || = 1 write for short uf = (—%) (k + 1)li'u. Note that ul' = gri(n)u.

Let M C Xq be the subset formed by the following elements:

u?
! uft (aeD k1l eZy),
Ky
S
Ko(1 —|af)?

au®® 4 u) ( €D,2/3 < |af),

1 _

e (ull, —ull =t (aeD,k,leZi,teR |t|<1/3,a+tcD),
2 Kgqi142

1 ( ki kl Sul;,lﬂ)

7 (Uartis — Ua (aeD,klcZ,,scR,|s| <1/3,a+iscD).
Kk ti42

Let U be the absolutely convex hull of M. Clearly U is absorbing. Let || - || be the
Minkowski seminorm determined by U, i.e., for v € Xy we have

loll = inf{ >yl v = 3 mm},

meM meM

where the coeflicients ~,, are complex and only a finite number of them are nonzero.

We show first that ||u|| = 1. Clearly ||u|| < 1. Define the linear functional A :
Xo — Cby h(u) =1 and h(uf) = gri(a) (€D, k,l€Zy).

We show that |h(v)| < ||v]| for all v € X(. To this end, it is sufficient to show that
|h(m)| <1 for all m € M.

For k,l € Z,,a € D we have |h(u*!)| = |gri(a)] < Ki1y, and for a € D, |a| > 2/3,
|h(aul® + u)| = ag(a) +1 = 0.
Further, for k,1 € Z,,a € D,t,s € R,|t|,|s] < 1/3,a +t,a +is € D we have

|h(ull  — ull =t = |gr(a +t) — gri(e) — tgpy1(a))
< t*max{|gr+2,(2)] : 2 € C} < t*Kypr42
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and similarly,

atis — Uq

| (ug! = sul )| = gk +is) — gri(a) = sgriri(a)] < 5°Kpqipo.

Thus |h(m)| < 1 for all m € M and consequently, |h(v)| < ||v| for all v € X(. In
particular, ||u|| > |h(u)| =1, and so ||ju|| = 1.

Define now the linear mapping T : Xg — Xo by

Tou = 0
Tou® = au®® +u (a € D),
Tou];l = aulgf + ku’;_l’l + ilu’oi’l_l (aeDkle€Zy,k+1>1)

(here we set formally u*! = 0 if either k < 0 or [ < 0).
We show that [|[Thv|| < 4||v|| for all v € Xy. To this end, it is again sufficient to
show that | Tom|| < 4 for all m € M.

We have
1Tou || = llog” +ull < ol Ko +1 < 2Ko
and, for k+1> 1,
| Tour!|| = |lour! + kul =t il Y| < || Kpyy + kK jyi1 + 1K1 < 2Ky

For 2/3 < |a| < 1 we have
1 To(cue + u)l| = |a] - [[Toug’ | < [’ + ull.
Let k,lcZ,,acD,tscR,|t,|s| <1/3, a+tcD, a+iscD. Then
ufly s — ull || < ||ully, —wll =tV 4 ] ul Y < P Ko + 1t Kepr (1)

«

and similarly,
Hua+zs —ud | < S Kiyigo + |8/ Kpgis1- (2)

ForaeD,a+teDand a+ is € D we have

HTO a+t — uOO — tug, 1,0 || = || (a+t)u a+t — auoo atuclx’o — tugOH
<|af- Hua+t ug) — tuy H“a+t‘UOOH <Ko+ [tPKy + 2Ky < 3t2Ko.
Similarly,
||To aﬂs —u20 — su? H < 352 K,.

For |n| =1, |t| < 1/3, [n+t| <1 we have

|To (e =y’ = tug?) || = IToungell = (|0 + Dudy +ul| < (1= +1)° K < 7K
and analogous estimate holds for ||Tp(ud9 ;, — ud’ — sud)||.
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Let k+1>1, a,a+t,a+is € D. We have

| To(utlys —ug! — tulltH)]|

—H (a+t)u a+t+k’ ’;ﬁl—k ilu Zitl—aukl—kuk_“ ilufl=1

<la] - Hua+t_ukl QH’ZH%—kHuZ;?l—u}; 171_ le
+l““§i?—u’;’l*1 BV ] ([, — |

<Kpiiro + (k+ D Kipip1 + |t|3Kk+l+2 + * K41 < AP Kj 140,

Similarly,
HTO a—l—zs - uloil - Sulgjlﬂ)H
<ol - s — ! — s Rk s

+ lHuk’lfl —ublt=l gk ZH + |s\ Hu

a+1is «

- Ung S 482Kk+l+2.

a+tis

Let k+1>1,|n|=1,t€R, |t| <1/3 and n+t € D. We have

) kE+I1+1

Recall that u, = (—% (k + D)'i'u. Hence

ki k | =
”TO 77+t —u, —tu i H - ”Tou?H—t”
k 1l kyl—1
—||77—|—t n+t+kun+t +iluy g H
<||(n+1) un +(n+ t)tuf;le Ly k:u,';_l’l + k:tu,lgl + iluﬁ’l_l + iltuﬁ“’l_lH + 3t2 K149
9 —1\ A+l -1
<3t" K442 + H(—) (k—|—l ) UH

IRURLIP )+kz—%(’<+l)+ l‘%z(k”)‘

(n+t)
n

‘(17+t)n(l<:+l)

5 LNy RS .
—3¢ Kk+l+2+H<7) (k+ Dtitu]| - [n+ ¢ - (k+1+1) —n+kt+1t

t
=3t Ky y142 + (K +Dt] - ‘1—(k+l+1)— E(k:+l+1)+k+l
=3?Kpyipo+ (E+14+ D)1 < 42K gp0.
Similarly, for |n| =1, s € R, |s| < 1/3 and n + is € D we have

HTo ,H_Zs — ufgl — suf;’“rl)H <A4AKpipyo-

Hence || Tom|| < 4 for all m € M and consequently, ||Tyv|| < 4[|v|| for all v € X.

Let X; = {v € Xo : ||v|| = 0}. Then ToX; C X;. Let X be the completion of
Xo/X;. Then Ty induces the operator 7': X — X and ||T| < 4.
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Define the function f: C — X by

_Jud+ X, (Jz] < 1),
f(z)—{—gug (2] > 1).

Clearly (T'— 2)f(z) = u+ X; for all z € C and u + X; # 0.
It remains to show that f is infinitely differentiable.
Clearly f is even analytic for |z| > 1. For |z| < 1 we can show by induction that

k41 . .
fka—agl(z) = uk + X;. Indeed, this follows from the estimates
GF
limHzH—Z—ukH’l‘ < lim [t| K =0
t—0 t i - t—>0‘ [ Khpie2
and similarly,
Sk
. z+1is z k,+1| __
iy |0 ]| g
s—0 S

. . . . ok tls okl
Finally, for [2| =1 we show by induction that 5777 (2) = u;" 4+ Xi. Clearly

e e gri(z +t) — gri(2)

u — U
. z+t z . . _ k+1,l
lim ———— = lim ; U= gr+1,(2)u = uz
lz+t]>1 |z4t]>1
and Kkl Kkl
. U —u
lim ‘ z+t z ul;—kl,l” —0.
t—=z
[z+t|<1 t

Similar statements hold for derivatives in the imaginary direction y. Thus for all k,[ €

8k+l kl

By (1) and (2), all the derivatives z — u*! are continuous.

Z, and |z] =1 we have

Remark 2. In [BM], there was constructed an example of an operator T' € B(X) and
x # 0 such that into(T) = () and there is a continuous local resolvent f : C — X
satisfying (T'— 2)f(z) = x (z € C). It was raised a question whether there is a similar
example with smooth local resolvent.

As it was observed by J. Kolaf, such an example with C1- local resolvent cannot
exist. Indeed, each local resolvent is analytic on the complement of the spectrum.
Therefore it satisfies the Cauchy-Riemann conditions on C\ o(T"). If the local resolvent
is C1 and int o(T') = (), then the local resolvent satisfies the Cauchy-Riemann conditions
everywhere, and so it is an entire function. It is well known (and an easy consequence
of the Liouville theorem) that such a local resolvent cannot exist.
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