On the Kato decomposition of quasi-Fredholm and B-Fredholm operators

V. Müller*

Abstract. We construct a Kato-type decomposition of quasi-Fredholm operators on Banach spaces. This generalizes the corresponding result of Labrousse for Hilbert space operators. The result is then applied to B-Fredholm operators.

Denote by B(X) the set of all bounded linear operators acting on a Banach space X. For T ∈ B(X) denote by N(T ) = {x ∈ X : T x = 0} and R(T ) = T X its kernel and range, respectively.

Let T ∈ B(X). For n ≥ 0 set α_n(T ) = dim N(T^{n+1})/N(T^n) and β_n(T ) = dim R(T^n)/R(T^{n+1}). For n = 0 these numbers reduce to the well-known defect numbers α_0(T ) = dim N(T ) and β_0(T ) = codim R(T ).

It is possible to show that α_n(T ) = dim ( N(T ) ∩ R(T^n) ) , and similarly, β_n(T ) = codim ( R(T ) + N(T^n) ) . This implies that the sequences α_n(T ) and β_n(T ) are nonincreasing.

Further we define the ”difference sequence” k_n(T ), see [4], by

k_n(T ) = dim ( R(T^n) ∩ N(T ) ) / ( R(T^{n+1}) ∩ N(T ) ) . Equivalently, k_n(T ) = dim ( R(T ) + N(T^{n+1}) ) / ( R(T ) + N(T^n) ) . From this one can see easily that k_n(T ) = α_n(T )−α_{n+1}(T ) whenever the difference has meaning, i.e., if α_{n+1}(T ) < ∞. Similarly, k_n(T ) = β_n(T ) − β_{n+1}(T ) if β_{n+1}(T ) < ∞.

The numbers α_n(T ), β_n(T ) and k_n(T ) enable to define many interesting classes of operators that have been studied by many authors. For a survey of such classes see [10].

One of the most important classes is that of semiregular operators. An operator T ∈ B(X) is called semiregular if R(T ) is closed and k_i(T ) = 0 for all i ≥ 0. Semiregular operators have been studied intensely, see e.g. [3], [5], [9], [11], [12].

Let T ∈ B(X) be a semiregular operator. It is well-known that N(T^i) ⊂ R(T^j) for all i, j. Further T^∗ is semiregular and T^n is semiregular for all n. Conversely, if T^n is semiregular for some n ≥ 1, then T is semiregular.

In the present paper we concentrate on classes of quasi-Fredholm and B-Fredholm operators.

Definition 1. Let d ≥ 0. An operator T ∈ B(X) is called quasi-Fredholm of degree d if k_n(T ) = 0 (n ≥ d), and subspaces N(T^d) + R(T ) and N(T ) ∩ R(T^d) are closed.

An operator is quasi-Fredholm if it is quasi-Fredholm of some degree d.

* Partially supported by the grant No. 201/00/0208 of GA ČR

Definition 1 is due to Labrousse [8] who introduced and studied quasi-Fredholm operators on Hilbert spaces. The same definition can be used for Banach space operators. The assumption that the subspaces N(T^d) + R(T ) and N(T ) ∩ R(T^d) are closed can be replaced by other equivalent conditions.

First we need the following lemma.

Lemma 2. Let T ∈ B(X) be a quasi-Fredholm operator of degree d and let j ≥ 1. Then N(T^j ) ∩ R(T^d) ⊂ ⋂_∞ n=0 R(T^n).

Proof. We prove the statement by induction on j.

Since k_j (T ) = 0 (j ≥ d), we have N(T ) ∩ R(T^d) = N(T ) ∩ R(T^{n+1}) = · · ·. Hence N(T ) ∩ R(T^d) ⊂ ⋂_∞ n=0 R(T^n).

Suppose that the statement is true for some j ≥ 1. Let x ∈ N(T^{j+1}) ∩ R(T^d) and let n ≥ d. Then T x ∈ N(T^j ) ∩ R(T^d) ⊂ R(T^{n+1}), and so T x = T^{n+1}y for some y ∈ X. Thus x − T^ny ∈ N(T ) and x = T^ny + u for some u ∈ N(T ). Clearly also u ∈ R(T^d), and so x ∈ R(T^n) + ( N(T ) ∩ R(T^d) ) ⊂ R(T^n).

This finishes the proof.

Proposition 3. Let T ∈ B(X), d ≥ 0 and let k_n(T ) = 0 for all n ≥ d. The following statements are equivalent:

(i) T is quasi-Fredholm, i.e., R(T ) + N(T^d) and N(T ) ∩ R(T^d) are closed; (ii) R(T^{d+1}) is closed;

(iii) R(T^n) is closed for all n ≥ d;

(iv) R(T^i) + N(T^j ) is closed for all i, j with i + j ≥ d.

Proof. The equivalences (ii)⇔(iii)⇔(iv) were proved in [10].

The implication (iv)⇒(i) is trivial.

(i)⇒(ii): We shall use repeatedly a lemma of Neubauer, see [8], Proposition 2.1.1: if M, N ⊂ X are paracomplete subspaces (= ranges of bounded operators) such that both M ∩ N and M + N are closed, then M and N are closed.

To show that R(T^{d+1}) is closed, it is therefore sufficient to prove that R(T^{d+1}) + N(T^d) and R(T^{d+1}) ∩ N(T^d) are closed.

(A) We prove by induction on j that N(T^j) + R(T^d) is closed. This is true for j = 1. Let j ≥ 1 and let N(T^j ) ∩ R(T^d) = N(T^j ) ∩ R(T^{d+1}) be closed. Then the space T^{−1} ( N(T^j) ∩ R(T^{d+1}) ) = N(T ) + ( N(T^{j+1}) ∩ R(T^d) ) is closed. Further N(T ) ∩ ( N(T^{j+1}) ∩ R(T^d) ) = N(T ) ∩ R(T^d) is closed and the space N(T^{j+1}) ∩ R(T^d) is paracomplete. By the lemma of Neubauer, N(T^{j+1}) ∩ R(T^d) is closed.

This proves that N(T^j) ∩ R(T^d) is closed for all j ≥ 1. In particular, N(T^d) ∩ R(T^d) = N(T^d) ∩ R(T^{d+1}) is closed.

(B) We show first that N(T^{d+1}) ⊂ R(T^j) + N(T^d) for each j ≥ 1. Let x ∈ N(T^{d+1}) and j ≥ 1. Then T^dx ∈ N(T )∩R(T^d) = N(T )∩R(T^{d+j} ). Thus T^dx = T^{d+j} y for some y ∈ X and x−T^j y ∈ N(T^d). Hence x ∈ N(T^d)+R(T^j) and N(T^{d+1}) ⊂ N(T^d)+R(T^j).

Consider the operator T̂ : X/N(T^d) → X/N(T^d) induced by T . The previous inclusion gives that N(T̂ ) ⊂ ⋂_∞ j=1 R(T̂^j ). Further R(T ) + N(T^d) is closed and thus R(T̂ ) is a closed subspace of X/N(T^d). Hence T̂ is semiregular and, consequently, R(T̂^{d+1}) is closed. Let Q be the canonical projection Q : X → X/N(T^d). Then the space R(T^{d+1}) + N(T^d) = Q^{−1}R(T̂^{d+1}) is closed.

This completes the proof.

Lemma 4. Let T ∈ B(X) be quasi-Fredholm of degree d. Then T^∗ ∈ B(X^∗) is quasi-Fredholm of the same degree d.

Proof. Since R(T^{d+1}) is closed, the space R(T^{∗d+1}) is also closed.

Let j ≥ d. We have N(T^{∗j} ) + R(T^∗) ⊂ ( R(T^j) ∩ N(T ) )_⊥ . Thus

R(T^j) ∩ N(T ) =^⊥ (( R(T^j) ∩ N(T ) )_⊥) ⊂^⊥ ( N(T^{∗j} ) + R(T^∗) ) = R(T^j ) ∩ N(T ).

Therefore

k_j (T^∗) = dim ( N(T^{∗j+1}) + R(T^∗) ) / ( N(T^{∗j}) + R(T^∗) ) = dim ( R(T^j) ∩ N(T ) ) / ( R(T^{j+1}) ∩ N(T ) ) = k_j (T ) = 0.

Hence T^∗ is quasi-Fredholm of degree d.

The main result of Labrousse [8] is that any quasi-Fredholm operator T on a Hilbert space admits a Kato-type decomposition T = T_1 ⊕ T_2 with T_1 nilpotent and T_2 semiregular. We prove an analogues result for Banach space operators under an additional assumption that the subspaces that appear in the definition of quasi-Fredholm operators are complemented. For Hilbert space operators this condition is satisfied automatically.

Theorem 5. Let T ∈ B(X) be a quasi-Fredholm operator of degree d and let the subspaces R(T ) + N(T^d) and N(T ) ∩ R(T^d) be complemented. Then there are closed subspaces X_1, X_2 such that X = X_1 ⊕ X_2, T X_i ⊂ X_i (i = 1, 2), T^d|X_1 = 0 and T |X_2 is semiregular.

Proof. Let T ∈ B(X) be a quasi-Fredholm operator of degree d. By Lemma 2 and Proposition 3, R(T^d) is closed and N(T^i) ∩ R(T^d) ⊂ R(T^j) for all i, j ≥ 0.

If d = 0 then T is semiregular and the decomposition is trivial. In the following we assume that d ≥ 1.

By the assumption, there exists a closed subspace L such that X = ( R(T^d) ∩ N(T ) ) ⊕ L. We define closed subspaces N_j (j = 0, . . . , d) inductively by N_0 = {0} and N_{j+1} = T^{−1}N_j ∩ L (j < d). Clearly T N_{j+1} ⊂ N_j ∩ R(T ). Conversely, let x ∈ N_j ∩ R(T ). Then x = T u for some u ∈ X. Express u = l + v with l ∈ L and v ∈ N(T ) ∩ R(T^d). Then u − v = l ∈ L and T (u − v) = T u = x. Thus u − v ∈ N_{j+1} and x ∈ T N_{j+1}.

Hence T N_{j+1} = N_j ∩ R(T ) (j < d). We prove by induction on j that N_j ⊂ N_{j+1}. The statement is clear for j = 0.

Suppose that j ≥ 0, N_j ⊂ N_{j+1}, and let x ∈ N_{j+1}. Then T x ∈ N_j ⊂ N_{j+1}, and so x ∈ T^{−1}N_{j+1}. Since also x ∈ N_{j+1} ⊂ L, we conclude that x ∈ N_{j+2}.

Hence N_j ⊂ N_{j+1} (j = 0, 1, . . . , d − 1). Also one can see easily that N_j ⊂ N(T^j) for all j.

We prove now by induction on j that

N(T^j ) ⊂ N_j + N(T^j ) ∩ R(T^d). (1)

The inclusion is clear for j = 0. For j = 1 we have N(T ) = N(T ) ∩ L + N(T ) ∩ R(T^d) = N_1 + N(T ) ∩ R(T^d). Let j ≥ 1, N(T^j) ⊂ N_j + N(T^j) ∩ R(T^d) and let x ∈ N(T^{j+1}). Then T x ∈ N(T^j), and so T x = v_1 + v_2 for some v_1 ∈ N_j and v_2 ∈ N(T^j ) ∩ R(T^d) = N(T^j ) ∩ R(T^{d+1}) = T (N(T^{j+1}) ∩ R(T^d)). Thus v_1 ∈ N_j ∩ R(T ) = T N_{j+1} and

x ∈ N_{j+1} + N(T^{j+1}) ∩ R(T^d) + N(T )

= N_{j+1} + N(T^{j+1}) ∩ R(T^d) + N(T ) ∩ L + N(T ) ∩ R(T^d)

= N_{j+1} + N(T^{j+1}) ∩ R(T^d).

This proves (1).

Finally, we prove by induction on j that N_j ∩ R(T^d) = {0}. This is clear for j = 0. Let j ≥ 0, N_j ∩ R(T^d) = {0} and let x ∈ N_{j+1} ∩ R(T^d). Then T x ∈ N_j ∩ R(T^d) and so, by the induction assumption, T x = 0. Thus x ∈ N(T ) ∩ R(T^d) and x ∈ N_{j+1} ⊂ L. Consequently, x = 0. Hence N_j ∩ R(T^d) = {0} (j ≤ d). Set N = N_d. Then T N ⊂ N and N ⊂ N(T^d). Further N(T^d) ⊂ N + R(T^d) and N ∩ R(T^d) = {0}. Note also that the space N + R(T^d) = N(T^d) + R(T^d) is closed.

Since T^∗ is quasi-Fredholm of degree d, we can use the same construction for T^∗. Moreover, since R(T ) + N(T^d) is complemented and N(T^∗) ∩ R(T^{∗d}) = ( R(T ) +

N(T^d) )_⊥ , we can choose a w^∗-closed space L^′ such that ( N(T^∗) ∩ R(T^{∗d}) ) ⊕ L^′ = X^∗.

As above, construct subspaces M^′_i ⊂ X^∗ by M^′_0 = {0} and M_{i+1} = T^{∗−1}M_i ∩ L^′ (0 ≤ i ≤ d − 1). Clearly all speces M^′_i are w^∗-closed. Set M^′ = M^′_d. Thus we have T^∗M^′ ⊂ M^′ ⊂ N(T^{∗d}), M^′ ∩ R(T^{∗d}) = {0} and N(T^{∗d}) ⊂ M^′ + R(T^{∗d}). Further M^′ + R(T^{∗d}) is a closed subspace.

Set M =^⊥M^′. Then T M ⊂ M and

M =^⊥M^′ ⊃^⊥N(T^{∗d}) = R(T^d),

M + N(T^d) =^⊥M^′ +^⊥R(T^{∗d}) =^⊥ ( M^′ ∩ R(T^{∗d}) ) = X, and

R(T^d) =^⊥N(T^{∗d}) ⊃^⊥ ( M^′ + R(T^{∗d}) ) =^⊥M^′ ∩^⊥R(T^{∗d}) = M ∩ N(T^d)

(the equality^⊥M^′ +^⊥R(T^{∗d}) =^⊥ ( M^′ ∩ R(T^{∗d}) ) follows from the fact that the space M^′ + R(T^{∗d}) is closed, see [7], p. 221). Thus

M + N ⊃ M + R(T^d) + N ⊃ M + N(T^d) = X and M ∩ N ⊂ M ∩ N(T^d) ∩ N ⊂ R(T^d) ∩ N = {0}. Hence X = N ⊕ M, T N ⊂ N, T M ⊂ M and (T |N)^d = 0.

Let T_2 = T |M.

If x ∈ N(T_2) then x ∈ N(T ) ∩ M ⊂ N(T^d) ∩ M ⊂ M ∩ N(T^d) ∩ R(T^d) ⊂ M ∩ ⋂_∞ i=0 R(T^i) = ⋂_∞ i=0 R(T^i_2). Further R(T^d_2 ) = T^d_2 M = R(T^d), and so R(T^d_2 ) is a closed subspace. Thus T^d_2 is semiregular and so is also T_2.

We apply the previous result to B-Fredholm operators.

Definition 6. An operator T ∈ B(X) is called B-Fredholm if there exists d ≥ 0 such that R(T^d) is closed and the restriction T |R(T^d) is Fredholm.

B-Fredholm operators were introduced and studied by Berkani [1], [2]. In [1] it was proved that an operator T is B-Fredholm if and only if T = T_1 ⊕ T_2 with T_1 nilpotent and T_2 Fredholm. The proof, however, is based on the decomposition of quasi-Fredholm operators of Labrousse [8], which was proved only for Hilbert space operators.

Theorem 7. Let T be an operator on a Banach space X. The following statements are equivalent:

(i) T is B-Fredholm;

(ii) there are closed subspaces X_1, X_2 such that X = X_1 ⊕ X_2, T X_i ⊂ X_i (i = 1, 2), T |X_1 is nilpotent and T |X_2 Fredholm.

Proof. (ii)⇒(i): Let X = X_1 ⊕ X_2, T X_i ⊂ X_i (i = 1, 2), T |X_1 nilpotent and T |X_2 Fredholm. Let T^n|X_1 = 0. Then R(T^n) = R(T^n|X_2), which is of finite codimension in X_2. Therefore R(T^n) is closed. It is easy to see that T |R(T^n) is Fredholm.

(i)⇒(ii): Let n ≥ 0 satisfy that R(T^n) is closed and the restriction T_0 = T |R(T^n) is Fredholm. Then α_n(T ) = dim N(T ) ∩ R(T^n) = dim N(T_0) < ∞ and β_n(T ) = dim R(T^n)/R(T^{n+1}) = codim R(T_0) < ∞. Since the sequences α_j(T ) and β_j (T ) are non-increasing, they are constant for j large enough, i.e., there exists d such that α_d(T ) = α_{d+1}(T ) = · · · < ∞ and β_d(T ) = β_{d+1}(T ) = · · · < ∞. This means that k_j (T ) = α_j (T )−α_{j+1}(T ) = 0 for j ≥ d. Further dim ( N(T )∩R(T^d) ) = α_d(T ) < ∞ and codim ( R(T ) + N(T^d) ) = β_d(T ) < ∞, and so these two subspaces are complemented.

Thus T is quasi-Fredholm of degree d and, by Theorem 5, X = X_1 ⊕ X_2 where X_1, X_2 are closed subspaces, T X_i ⊂ X_i (i = 1, 2), (T |X_1)^d = 0 and T_2 = T |X_2 is semiregular. Further α_d(T_2) = α_d(T_1) + α_d(T_2) = α_d(T ) < ∞ and β_d(T_2) = β_d(T_1) + β_d(T_2) = β_d(T ) < ∞. Since k_j (T_2) = 0 for all j, we conclude that α_0(T_2) = α_d(T_2) < ∞ and β_0(T_2) = β_d(T_2) < ∞, and so T_2 is Fredholm.

References

[1] M. Berkani, On a class of quasi-Fredholm operators, Integral Equations Oper.

Theory 34 (1999), 244–249.

[2] M. Berkani, Restriction of an operator to the range of its powers, Studia Math.

140 (2000), 163–175.

[3] M.A. Gol’dman, S.N. Krachkovskiǐ, On the stability of some properties of a closed linear operator, Dokl. Akad. Nauk SSSR 209 (1973), 769–772 (Russian); English translation: Soviet Math. Dokl. 14 (1973), 502–505.

[4] S. Grabiner, Uniform ascent and descent and bounded operators, J. Math. Soc.

Japan 34 (1982), 317–337.

[5] M.A. Kaashoeck, Stability theorems for closed linear operators, Indag. Math. 27 (1965), 452–465.

[6] T. Kato, Perturbation theory for nullity, deficiency and other quantities of linear operator, J. Math. Anal. 6 (1958), 261–322.

[7] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin, 1966. [8] J.P. Labrousse, Les operateurs quasi Fredholm: une generalization des operateurs semi Fredholm, Rend. Circ. Mat, Palermo 29 (1980), 161–258.

[9] M. Mbekhta, Résolvant généralisé at théorie spectrale, J. Operator Theory 21 (1989), 69–105.

[10] M. Mbekhta, V. Müller, On the axiomatic theory of spectrum II, Studia Math.

119 (1996), 129–147.

[11] V. Müller, On the regular spectrum, J. Operator Theory 31 (1994), 363–380. [12] V. Rakočević, Generalized spectrum and commuting compact perturbations, Proc.

Edinburgh Math. Soc. 36 (1993), 197–209.

Mathematical Institute Czech Academy of Sciences 115 67 Praha 1, Zitna 25 Czech Republic

muller@ math.cas.cz