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ABSTRACT.
A new example of a non-zero quasi-nilpotent operator T' with reflexive
commutant is presented. Norms ||T"|| converge to zero arbitrarily fast.

Let H be a complex separable Hilbert space and let B(H) denote the
algebra of all continuous linear operator on H. If T' € B(H) then {T'}' =
{A € B(H): AT =TA} is called the commutant of 7. By a subspace we
always mean a closed linear subspace. If A C B(H) then Alg A denotes the
smallest weakly closed subalgebra of B(H) containing the identity I and
A, and Lat A denotes the set of all subspaces invariant for each A € A. If
L is a set of subspaces of H, then Alg L ={T € B(H): L C Lat{T'}}. T
is said to be hyperreflexive if {T'} = AlgLat{T}', i.e., if the algebra {T'}/
is reflexive.

It can be shown (see [1]) that if 7" is a nilpotent hyperreflexive operator
on a separable Hilbert space then T = 0. This is not true for quasinilpo-
tent operators. An example of a non-zero quasinilpotent hyperreflexive
operator was given in [5] using a modification of an idea of Wogen [4].
The powers of the example converged to zero slowly, more precisely the
following inequality was true for all positive integers:

1

(A A= :
logn

In [6] it was shown that the convergence of powers of T' to zero can be
faster, namely for each p > 0 there exists a non-zero hyperreflexive oper-

ator T for which .
Tt < —
npbP

The aim of this note is to show that the convergence | T"}/™ — 0 can
be arbitrarily fast:
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Theorem 1. Let (5,)n>1 be a sequence of positive numbers. Then there
exists a mon-zero hyperreflexive operator T on a separable Hilbert space
H such that | T™||*/™ < B, for all n > 1.

Proof. The set of all non-negative integers will be denoted by N. Set

formally By = 1. Without loss of generality we can assume that 1 = (G, >

B1 > B2 > -+ (if necessary, we can replace 3, by min{g; : 0 < j < n}).
For k=0,1,... set my =3k(k+1). For n € N let

f(n) = min{k : my > n}. Thus f(n) =k if and only if mi_1 < n < my.
Finally, set so = 1 and, for k,j € N, j2 < k < (5 + 1)? set

1 B
. n+f(n
sk:mln{— 0 <n<my; 2}.
fn) By oy
Clearly 1 = s9 > 51 > s3 > ---. Further s;2,1 = 82,0 = -+ = $(j41)2 SO

that the sequence (s,,) contains constant subsequences of arbitrary length.
Ifne N, f(n)=kand j2 <k < (j+1)% then my_1 < n < my <
m(j+1)2 SO that

6”4‘]0(”)

n+f(n)
Sf(n)STn)T (n€ N).

Now let R be a complex Hilbert space with dimR = 2. Let {a,b} be

its orthonormal basis and let ¢ = \%(a +b),d= \/Li(a —b). Note that

{c,d} is also an orthonormal basis of R.

For x € R, x # 0 we denote by P, the orthogonal projection in B(R)
onto the one-dimensional space spanned by {x}. For any integer n > 0
write

An=I—P,)+s051..-5,P0 = Py + 5081 ...5,P,,
B,=(I—Py)+081.--5,FPy =Py +5081...5.P%,
Ch=U—-P.)+5081-. 8P =Py + 8051...5,Pc.

Note that Ay = By = Cy = I. Define the sequence {R, },>o of operators
in B(R) as follows:
I,Ay,1,By,1,C1,1,A1,A5, Ay, 1,By,Bs, By, I,C1,Co,Ch,
I,A{, Ay, A3, Ag, ...

More precisely, if i, k € N then
(A ifn=my+i, 0<i<k+1,
A ifn=mp+2k+1)—i, 1<i<k,

i fn=mp+2(k+1)+i, 0<i<k+1,
cifn=my+ak+1)—i, 1<i<k,
ifn=my+4(k+1)+i, 0<i<k+1,
ifn=mgy —1, 1<i<k.

O ® W
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For n € N set g(n) =i if and only if R,, € {4;, B;, C;}. By the definition
of f(n) we have g(n) < f(n) for all n > 0.
Note that R, is invertible, ||R,|| =1 and

_ S0S1 S
HRn-l-anl” :max{l, 9(n+1)}
S051° " Sg(n)

where |g(n +1) —g(n)| = 1. If g(n + 1) g(n) then |R, 1R Y| < 1. If
g(n +1) < g(n) then ||[Rp 1 R = < o Thus R R <

g(n Sf(n)
S;) (n € N). For 0 <i < j we have

1R R < IR Ry |- Ry R+ | Riga R
1

SG-1)5F(i—2) """ SF(i)

<

Let H be the orthogonal sum of infinitely many copies of R
(1) H=R®R®D---

For n > 0 set

n+1
= S¢(n) ﬂ and T, = aan+1R_1.
ﬁ" "

Let T € B(H) be the weighted shift with weights T,
T(xo@x1®-+-) =00 Toxg ®Thix1 ®---

We show that T satisfies the required conditions.
Let n > 1. Then

o (e @]
o (EB xz) =0®--- & O@EB%O%H c Qg1 Rnyi Ry i
- i=0

i=0 M
Thus )
|T"]| = sup icviy1 - - Qin—1 || Rni ;||
7
i+1 3i+2 i+
< sup SO - Sprn-) Piva Bivz - Pign
< — L T
i Sf(i4n—1) """ Sf(i) By Bt BTy
i+n BH_n
< sup —ot S sup ot =sup B, < B
? ﬁl 1 i+n ?
Hence

Y™ < B, (n>1).
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The above defined operator-weighted shift 7" is reflexive since it has
injective weights of dimension 2 [2, Corollary 3.5]. We shall show that
{T} = AlgT and then T is also hyperreflexive. Similarly as in [5, p. 281]
let (Uij)i, ;>0 be the matrix of an operator U € {T'}’ in the decomposition
(1). Then

—Uo1Th —Up2T1 —Up3T> e

ToUoo — Ui Ty ToUor — Uiy ToUoz — UssTy ...

0=TU —~UT = | T1Uio — Ua1Ty ThUr1 — U171 11Uz — U3y ...
15Uz — Uz1To 12Uz — U3y 13Uz — UssTs ...

Since T},’s are invertible we obtain from the first row Uy; = 0 for all 7 > 1.
Similarly we obtain by induction U;; = 0 if ¢ < j, i.e., the matrix U is
lower triangular.

Further, for ¢ > j > 1, we have T;_1U;_1 j_1 — U;;T;—1 = 0 so that

Ui = Ti—lUi—l,j—lTj__ll-
Thus for 2,7 > 0 we have by induction

Unvin=Tnri1Tpyi—o-TUpTy ' T4
= (Tp+i-1Tpti—2 - T0)Si(Tn-1Tp—2 -+ Tp) ™"
= 0nQny1 - an—i—i—an—l—z’SiRy_Ll )
where S; = (Ti_lTi_Q . To)_lUi().

We are going to show now that each S; is a scalar multiple of identity.
Fix ¢ > 0. Suppose that S;a = M\;a + p;b. To show that u; = 0 find

k€ N, k> 1such that s, =sx_1=---=5r_;. Let n=mp_1 + k. Then
Ry = A, Rnyi = Ap—i, f(n) = f(n+1) =--- = f(n+1i) =k and we
have

1UN = [Untimll = [[Untipall = anongr - . cgiza HRn-i-iSiRgl(IH

_ QnOn4i .. Qnii-il | Ag—i(Nia + ) ||

S0S81...Sk
aAnOpt1...Q i—1
— —nont ntt ||8031 e SE_iNia + /LJ)“
5081 ...S5k
ApQnyl .. Opyi—1 S;c Bgi;
> il = [pil —an
S081...S8k So..-Sk Bn
i +1 +1
- T - K3
Sk—i---Sk DBy Sk PO

/Bn 7L+’.L‘ ﬁ ) n—+i 1
> il kbt = =k 5 —r 2 lmalk

2
Bty Bn Btk ok
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Since k could have been chosen arbitrarily large, we conclude that u; = 0.
Thus S;a = M;a. Similarly (for n = mg_1 + 3k and n = myg_1 + 5k,
respectively) we can prove that S;b = A.b and that S;c = \/c for some
complex numbers \;, \/. Thus

1

1 1 1 1
—=N(a+b) = Ne=Sic=8;(—z(a+b)) = —zha+ —=Xb.
e @D = Ne=Sie=Si( et h) = o

Thus )\7, = )\;/ = )\;, i.e., Sz = AZI Hence Un—l—i,n = )\iTn+i—1Tn+i—2 .. Tn
for all z,n > 0.

Observe that the only non-zero entries of the matrix of the operator
T" are (T )ntin = Tnti—1Tpyi—2... Ty for n =0,1,2,... and so formally
U= \NT.

The rest of the proof is exactly the same as that of Lemma 2.3 in [3].
The operator U can be written as a formal power series > \;T%. The series
need not converge but its Cesaro means converge to U strongly. So the
commutant of T coincides with AlgT and therefore it is reflexive. This
finishes the proof of Theorem 1.
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