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Abstract
By following the idea that a conditional measure is more than a sort of
a rearrangement of an unconditional measure, we are interested in study-
ing the controversial concept of conditional belief function as a generalized
decomposable conditional measure, that is a suitable real function ¢(+|-),
defined on a family of conditional events, ruled by a set of axioms involved
two composition rules @ and ©.

1 Introduction

A1 12y popper 161, Rényi

Starting from the pioneering papers by de Finetti (
(7] (for probability), Cox (101 (for general measures), many authors discussed
about the convenience to give a direct definition of a conditional measure (for
a thorough exposition and bibliography, see Halpern [14]). In the last years,
starting from the concept of conditional event E|H, represented by a suitable
three—valued random variable whose values are 1,0,t(E|H), the latter turning
out to be the relevant conditional measure ¢(+|-), a new methodology to discover
axioms for defining conditional measures has been presented and by it a general
definition of decomposable conditional uncertainty measure has been introduced
(see for instance 4] or [6]).

Then different (decomposable) conditional measures can be obtained by par-
ticular choices of the two operations @& and ®. For example, choosing ordinary
sum and product ([31), max and min ([1]), or maz and any t-norm T' ([21), we
get, respectively, finitely additive conditional probability, conditional possibility
or generalized conditional possibility. The definitions introduced by following
this process generalize the partial ones, obtained by means the restriction of an
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unconditional measure to a conditioning event. Moreover the systems of axioms
are a tool for discovering and removing the inconsistencies produced by intro-
ducing ad hoc rules to cover the lacks due to the partial definitions and so to
extend it to all the pairs of events.

In [4], in particular, the interest has been focused on searching the mini-
mal (necessary and sufficient) conditions for @ and @ which render a condi-
tional measure ¢(+|-) formally (or, better, essentially) “similar” to a conditional
probability, in the sense that it can be represented in terms of classes of &-
decomposable uncertainty measures.

By using the above framework, at WUPES 2004 Conference a definition of
conditional belief has been presented by Coletti and Scozzafava (m).

Nevertheless it generalizes only one of the many definitions present in the lit-
erature, obtained starting from an unconditional belief function (see for instance
[13], [15]’ [18]7 (19 )

The main aim of this paper is to study the different definitions, or better
their possible generalizations (if exist), as (@, ®)-decomposable measures and to
analyze, in this context, their properties in terms of properties of the operation
(®,0).

2 Preliminaries

In this section we briefly recall the framework of reference, the connection be-
tween coherent conditional probabilities and belief function and finally some of
the (partial) conditioning rules known in the literature.

2.1 From Conditional Events to Conditional Measures

In order to deal adequately with conditional measures, we need to introduce
the concept of conditional event, denoted by FE|H, with H # 0 (where 0 is
the impossible event): it is a generalization of the concept of event, and can
be defined through its truth-value T(E|H). When we assume H true, we take
T(E|H) equal to 1 or 0 according to whether E or its contrary E° is true, and
when we assume that H is false we take T(E|H) equal to a suitable function
t(E|H) with values in [0, 1].

This truth-value T(E|H) extends the concept of indicator Ip = T(E|Q)
concerning an (unconditional) event F.

Since the conditional event E|H, or better its boolean support that is the
(ordered) pair (E, H), induces a (unique) partition of the certain event (2, that
is (EANH,E°A H,H¢): one puts in fact

t(E|H) = t(EAH,E° A\ H,H°).

It follows t(E|H) = t(EAH|H), and so T(E|H) =T((EAH)|H).
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In conclusion we require for ¢(.|.) only the following conditions:

i) the function ¢(E|H) depends only on the partition E A H, E° AN H, HC.

ii) the function t(-|H) must be not identically equal to zero).

A useful representation of T'(F|H) (that will be denoted from now on by
Ig|g) can be given by means of a discrete real random quantity

(%) Igig =1-Ipag +0-Igepy +t(E|H) - Iye .

In 4 has been showed that, by introducing suitable (partial) operations
among conditional events, the choice of these operations determines the various
conditional measures t(F|H) representing uncertainty. More precisely, if we
operate only with those elements of T x T such that the range of each operation is
T, we get “automatically” (so to say), conditions on ¢(E|H ) that can be regarded
as the “natural” axioms for a conditional measure ¢ defined on C = £ x H?,
with He = H\ {0}, ie.

(C1) o(E|H) = ¢(ENH|H), for every E € £ and H € H°,

(C2) for any given H € H° and for any E, A € £, with ANE A H # (), we
have

e((EVA)H) =p(E|H)® p(AlH) , p(QH)=1, ¢0|H)=0,
(C3) for every A€ £ and E, H EANH € H°,
o((ENA)H) =¢(E|H)®@(A|(EAH)).

Then different (decomposable) conditional measures can be obtained by par-
ticular choices of the two operations @& and ®. For example, choosing ordinary

sum and product (see[gl), or max and min (see[?]), or max and a t-norm T
(see[Q]), we get, respectively, conditional probability, conditional possibility, or
generalized conditional possibility.

The above properties hold also for arbitrary sets £ and H, but a sensible
definition of conditional measure requires to put “natural” algebraic structures
on these sets.

Definition 1 Let ¢ be a real function defined on C = € x H®, with £ a Boolean
algebra, H C & an additive set (i.e., closed with respect to finite logical sums)
and H° = H \ {0}, and denote by »(C) the range of w. Then the function ¢
is a (@, ®)—decomposable conditional measure if there exist two commutative,
associative and increasing operations @, ® from p(C) x ¢(C) to R", having,
respectively, 0 and 1 as neutral elements, and with ©® distributive over @, such

that (C1), (C2), (C3) hold.

To deal with more general conditional measures (such as conditional be-
liefs) we need to introduce the definition of generalized (®, ®)-decomposable

conditional measure(given in [7]), which extends that of (&, ®)-decomposable
conditional measure.
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Definition 2 Given a family C = £ x H® of conditional events, where £ is a
Boolean algebra, H an additive set, with H C & and H® = H\{0}, a real function
¢ defined on C is a generalized (&, ®)—decomposable conditional measure if

(1) ¢(E|H) = p(ENH|H), for every E € £ and H € H°,

(v2) for any given H € H° | it is p(QH) =1, o(B|H) =0 and ¢o(-|H) is a
capacity; there exists an operation @ : {p(C)}*> — (C) whose restriction to the
set

A= {(p(E|H),p(E;|H)): E;,E; € £, HeH, E; NE; NH =0}

is such that
¢(E; V Ej|H) = o(Ei|H) ® ¢(E;|H)
for every E;, Ej € €, with E; NE; = 0.

(v3) there exists an operation ® : {¢(C)}? — »(C) whose restriction to the
set
r— {(w(E|H),ga(A|(E A H))) Ae& EJHENH € H"}

18 increasing, admits 1 as neutral element and is such that, for every A € € and
E, HeH°, ENH #1,

o((ENA)H) =¢(E|H)® ¢(A|(EANH)).
(v4) The operation © is distributive over @ ouly for relations of the kind
(HIK) © (o (EI(H A K)) @ o(FI(H A K)))
with K, HNK € H, EAFAHANK =1).

Remark 1 — It is easily seen that, with respect to the elements of A and ', the
operations ® and ® are commutative and associative.

We recall that in (7] it has been proved that there exists an operation @
from Bel(€) x Bel(€) to Bel(E), with @ increasing only with respect to pairs
of events ordered by implication, that is in the set

{(#(4),2(C)), (¢(B).¢(C)) : A, B,C € €, AC B, BC =, Bel(B) > Bel(A) },

such that Bel is a generalized ®-decomposable measure on €. So, for the defini-
tion of conditional belief function as particular generalized (&, ®)-decomposable
conditional measure, it is necessary only to focus on ® operation: in fact the
first two axioms are

i) Bel(E|H) = Bel(EH|H);
ii) Bel(-|H) is a belief function VH € K;
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2.2 Lower coherent conditional probabilities and belief func-
tions

We say that the assessment P(:|-) on C is coherent if there exists C' D C, with
C' =& x H° (£ a Boolean algebra, H an additive set), such that P(:]-) can be
extended from C to C’ as a conditional probability.

A fundamental result concerning coherent conditional probabilities is the
following, essentially due (for unconditional events, i.e. the particular case in

which all conditioning events coincide with Q) to de Finettil2l.

Theorem 1 Let C be a family of conditional events and P a corresponding
assessment; then there exists a (possibly not unique) coherent extension of P to
an arbitrary family KC O C, if and only if P is coherent on C.

Given an arbitrary set C = £ x H of conditional events (with § ¢ H), a
coherent lower conditional probability on C is a nonnegative function P such that
there exists a non-empty dominating family P = {P(:|-)} of coherent conditional
probabilities on C whose lower envelope is P, that is, for every E|H € C,

P(E|H) = inf P(E|H).

In particular, by taking H = {2}, we get a coherent lower probability on £.

The next result, given in [7], shows that a coherent conditional lower prob-
ability P(-|K) extending a coherent probability P(H;) — where the events H;’s
are a partition of the certain event Q and K is the union of some (possibly all)
of them — is a belief function.

Theorem 2 Let H = {Hy,...,H,} be a finite set of pairwise incompatible
events. Denoting by KC the additive set spanned by them, and given an algebra
A of events, put C = A x K.

If P(-) is a coherent probability on H, let P be the class of coherent con-
ditional probabilities P(-|-) extending P(-) on C. Consider, for E|K € C, the
lower probability

P(E|K) = inf P(B|K): (1)

then for any K € K the function P(-|K) is a belief function on A.
It is possible to prove also a sort of viceversa of the previous theorem:

Theorem 3 — Let A be a finite algebra of events and ¢ a belief function on
A The there exists a partition H = {Hy,...,H,} of Q and a (coherent) prob-
ability on 'H such that the lower envelope of the class of coherent conditional
probabilities P(-]-) extending P(-) on C coincides with ¢ on A.

(7]

The proof is essentially given in '), section 3.1
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2.3 Some conditioning rules

We recall now some conditional rules presents in the literature: obviously them
are partial (from our point of view), and are given starting from an unconditional
belief function.

Definition 3 Let Bel be a function on an algebra of events A, for any B € A
with Bel(B) > 0 and for every A € A we have:
Bel(AB)
Bel(A|B) = —————= 2

el(4lB) = S 2
Definition 4 (Dempster rule:) Let Bel be a function on an algebra of events
A, for any B € A such that PI(B) =1 — Bel(B¢) > 0 and for every A € A we
have:
Bel(AV B¢) — Bel(B¢)  Pl(B) — PI(A°B)

Bel(AlB) = 1 — Bel(B°) PI(B) ' ®)

Definition 5 Let Bel be a function on an algebra of events A, for any B € A
such that Pl(B) =1 — Bel(B¢) > 0 and for any A € A we have:

Bel(AV B)

Bel(AlB) = =5

(4)
Definition 6 (Bayes rule:) Let Bel be a function on an algebra of events A,
for all B € A* and for any A € A, such that Bel(AB) + PI(A°B) > 0 we have:

B Bel(AB)
BellAIB) = 5acam) + PiacB) 5)

3 Conditional belief functions

We will discuss about the possibility to see each condition introduced in the
previous section as a partial definition of a conditional belief function, element
of the class of generalized (@, ®)-decomposable conditional measures with a
particular choice of ©.

First of all we note that the first two definition are strictly related, or better
are in a sense ”"dual”: in fact both them come from the choice of ® equal to
the usual product, in a general definition of conditional belief or conditional
plausibility, respectively, as (@, ®)—-decomposable conditional measures.

So the Definitions 3 and 4 can become:

Definition 7 A function Bel defined on C = € x H°, with H° = H \ {0}, is a
conditional belief if satisfies condition (i), (i1) and the following:

iii) For every E € A and H /K € K
Bel(E|K) = Bel(E|H) - Bel(H|K).
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Definition 8 (Dempster conditional Belief) A function Pl defined onC =
E X H°, with H° = H\ {0}, is a conditional plausibility if satisfies the following
conditions

d) PI(E|H) = Pl(FH|H);
dd) PI(-|H) is a plausibility function VH € K;
ddd) For every E € A and H K € K
PIEH|K) = PI(E|HK) - PI(H|K).
Moreover, given a conditional Plausibility, a conditional belief function Bel(-|)
is defined by duality as follows: for every event E|H € C
Bel(E|H) =1 — PI(E|H).
It is very easy to obtain by ddd), for H = Q2 and F = E€, the equality:
PI(H)Bel(F|H) = PI(H)Pl(F°H)

and so condition (2) for H with PI(H) > 0.

Obviously it is possible to give a ”direct” axiomatization Dempster condi-
tional Belief, in terms of conditional belief, but in this case the third axiom
links conditional events different from the triple EH|K, E|HK, H|K. In fact an
equivalent set of axioms to define Dempster conditional belief is 7),i7) and the
following:

1it)p For every E € Aand H,K € K

Belp(E|K) =1~ [1 — Belp(E|H)] - [1 — Belp(H°|K)]

Consider now condition in Definition 5. The ”"most natural” generalization
is given by 4) and i) and the following axiom:

jjj) For every E € Aand H,K € K
Bel(E|K) = Bel(E|H) - [1 — Bel(H°|K).

Nevertheless this axiom does not work, in fact, assuming jjj) we force the
conditional belief to be a conditional probability, as the next theorem shows:

Theorem 4 Let H{H;,i = 1,...,n} be a set of atoms with n > 4 and Bel a
function defined on C = A x A°, with A = algebra spanned by H. Then Bel
satisfies condition 1),4i) and jjj) if and only if for every K € A° Bel(|K) is a
probability.
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Proof: We only sketch the proof. Consider any 4 atoms A, B, C, D and put
K =Av BV CVD. By condition jjj), we have

(*) Bel(A|JAV BV C) = Bel(A|AV B)[1 — Bel(C|AV BV O)];

(

(**) Bel(A
(
(

K) = Bel(A|AV B)[1 — Bel(C'V D|K)] ;
(***) Bel(C|K) = Bel(C|AV BV CO)[1 — Bel(D|K)).

If Bel(C|K) + Bel(D|K) = 1, then trivially follows that Bel(:|K) is a prob-
ability. If Bel(C|K) + Bel(D|K) # 1, then by simple computations we obtain:

1 — Bel(C|K) — Bel(D|K)Bel(A|AV B) = Bel(A|K)
and so, taking into account (**) we obtain
Bel(C'V D|K) = Bel(C|K) + Bel(D|K).

With a similar procedure we prove the additivity for all the element of the
algebra spanned by K.

On the other hands we easily obtain the assert for Bel(-|C'V D), by using
the last equality and the following ones

Bel(C|K) = Bel(C|C v D)[1 — Bel(AV B|K)] ;
Bel(D|K) = Bel(D|C Vv D)[1 — Bel(AV B|K)];
Bel(CV D|K) = [1 — Bel(AV B|K)].
In the literature (see [7}) a different generalization of condition in Definition

5 has been presented. In such a definition the third axiom can be expressed as
follows:

jij’) For every G € K there exists a number Bel(G|G) € [0,1] such that for
every FE € Aand H, K € K , with E C H C K one has

Bel(E|H) ® Bel(H|K) = Bel(E|K) .
® defined as follows
0, if Bel(H|H)=0,
Bel(E|H) ® Bel(H|K) = (6)

Bel(E|H) Bel(H|K)
Bel(H[H) ’

Nevertheless to give a direct definition of Bel(G|G) it is necessary to have
recourse to the results recalled in section 2.2: in fact, if P(:|-) is a conditional
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probability defined on the events (H|H’), where H, H' are elements of the alge-
bra spanned by the partition related to a belief function, then we have

H;H#)

Be(H|H)=P( \/ H;
H,CH

As proved in [7], the above operation ® defined in jjj') turns out to be
associative and commutative in the set I' and has 1 as neutral element. Moreover
® is monotone with respect to the set IV C I" of the pairs

I = { (Bel(E|H), Bel(H\K)), (Bel(F|H), Bel(H|W)> } .
Moreover it is distributive with respect to @ in * x I', where

ic* = { (Bel(E|H), Bel(F|H)), H € B, E, F € G, EFH = 0},

Finally we consider the so called Bayes rule (Def. 4). What we are able to
say at this moment is that, if some generalization of this rule in terms of ©®-
product rule is possible, surely the operation ® should be not monotone I' (and
also in I". To see that it is sufficient to consider the following simple example:

EXAMPLE 1 Let H = {H1, Ha, H3} a partition of Q and P the class {P1, P2}
with Pl(Hl) = 2/7, Pl(Hg) = 1/7, Pl(Hd) = 4/7 and PQ(Hl) = 2/7, PQ(HQ) =
5/7, Py(H3) = 0. It is simple to check that the lower envelope Bel of P is a belief
function on the algebra generated by H . By using as conditional rule Bayes rule,
then we have Bel(Hy) > Bel(Hs) but Bel(Hi|Hy V Hy) < Bel(Hz|Hy V Hj).

By using an algebra spanned by more than 3 atoms it is possible to build
chains of conditional events E|H;, F|H;, with E C Hy, F C Hy, and H; C
H, C ... C H, and a (Bayes) conditional belief such that the inequality between
P(E|H;) and P(F|H;) changes any time we replace H; with H;,1.

3.1 Characterization of Dempster-conditional Belief

In this section we show, by a characterization theorem, the importance of re-
garding a conditional belief function as a (@, ®)-decomposable measure. In
fact this permits to study the structure underlying the conditional measure and
also to build an algorithm to check the consistence (with the model of refer-
ence) of a partial assessment (concept known as ”coherence”). This kind of
characterizations is also the starting point to give more convincing definitions
of independence among events with respect to a measure, agreeing with logical
independence (see for instance [6], (6] for probability or O and & for possibility).
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Definition 9 A Bel(:|-) on C is coherent if there exists C' O C, withC' = ExH°
(€ a Boolean algebra, H an additive set), such that P(:|-) can be extended from
C to C' as a conditional Belief.

The following theorem characterizes (coherent) Dempster-conditional Belief
in terms of a class of Plausibilities {Ply, ..., Pl,,} with Pl defined on the ad-
ditive set generated by the conditioning events with Pl;_; = 0, agreeing in the
sense of Definition 7.

Theorem 5 Let F = {E1|F1, Eq|Fs, ..., EnlFn} be a finite family of con-
ditional events and denote by K = {Hiy,Ha,...,H,} the algebra spanned by
{E1,...,Emn,F1,...,Fy}. For a real function Bel on F the following state-
ments are equivalent:

(a) Bel : F — [0,1] is a coherent Dempster conditional belief assessment;

(b) There exists (at least) a class {Pl,, Bely} of plausibility functions and
relevant dual belief functions such that, called HS the greatest set of K

for which Pl,_1y(Hg) = 0, we have Plo(H§) =1 and H§ C HY for all
0 < a.

Moreover, for every E;|F;, there exists a 8 such that, Pl,(F;) =0 for all
a < B, Plg(F;) >0 and

Plg(E{F;)

Bel(E;|F)) =1 — Ply(F) (7)

(c) all the following systems (S%), with « = 0,1,2,...k < n, admit a solution
X =z = mq(Hy):

> zy-[1—Bel(Ej|F)]= > xf, VF,CH{
HyFi#0 HyGSF;#0
(5%) = 2wy =1
Hk-EHg
where G; = E;F; and H) = HiV Hy V...V H,,,
Hy = \/ H; and HY is the mazimum element of K (with respect to
H HG#0
C) such that Y. m—1)(H;) = 0.
H;H;#0
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