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A BOTTLE IN A FREEZER*

PAVEL KREJCIT, ELISABETTA ROCCA}, AND JURGEN SPREKELS?

Abstract. We propose here a model for solidification of the liquid content of an elastic bottle
in a freezer. The main goal is to explain the occurrence of high stresses inside the bottle. As a by-
product, we derive a formula for the undercooling coefficient in terms of the elasticity constants, latent
heat, and the phase expansion coefficient. We investigate the well-posedness of the three-dimensional
model: we prove the existence and uniqueness of a solution for the corresponding initial-boundary
value problem which couples a PDE with an integrodifferential equation and an ordinary differential
inclusion ruling the evolution of the phase parameter. Finally, we prove some results on the long
time behavior of solutions.
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1. Introduction. We derive a simple model for solid-liquid phase transition of
a medium inside a deformable elastic container. The main goal is to give a qualitative
and quantitative description of the interaction between volume, pressure, phase, and
temperature changes in the situation that the specific volume of the solid phase ex-
ceeds the specific volume of the liquid phase. We compute the undercooling coefficient
for the special case of water and ice.

There is an abundant classical literature on the study of phase transition pro-
cesses; see, e.g., the monographs [3], [5], [21] and the references therein. It seems, how-
ever, that only a few publications take into account different mass densities/specific
volumes of the phases. In [6], the authors proposed to interpret a phase transition
process in terms of a balance equation for macroscopic motions, and to include the
possibility of voids. Well-posedness of an initial-boundary value problem associated
with the resulting PDE system is proved there.

The microscopic approach has been pursued in [7] in the case of two different
densities g1 and g5 for the two substances undergoing phase transitions. The evolution
of a liquid substance, e.g., water, in a rigid container subject to freezing is described
by a mass balance in Eulerian coordinates, an entropy balance, and a phase field
equation. The flow is governed by a counterpart of the Darcy law. Since the density
02 of ice is lower than the density o1 of water, experiments—for instance, the freezing
of a glass bottle filled with water—show that the water pressure increases up to the
rupture of the bottle. When the container is not impermeable, freezing may produce
a nonhomogeneous material, for instance, water, ice, or sorbet. This effect is mainly
produced by the choice of boundary conditions. This particular example is treated
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in [7], where the model is presented and a suitable variational formulation of the
resulting nonlinear and singular PDE system is solved. In the present paper, we have
also other applications in mind.

Let us also mention the papers [18] and [19] dealing with macroscopic stresses in
phase transitions models, where the different properties of the viscous (liquid) and
elastic (solid) phases are taken into account and the coexisting viscous and elastic
properties of the system are given a distinguished role, under the working assumption
that they indeed influence the phase transition process. The model there includes
inertia, viscous, and shear viscosity effects (depending on the phases), while thermal
and phase expansions of the substance are neglected. This is reflected in the analyt-
ical expressions of the associated PDEs for the strain u and the phase parameter y:
the y-dependence, e.g., in the stress-strain relation, leads to the possible degeneracy
of the elliptic operator therein. In [18] and [19], respectively, local existence (in the
three-dimensional case) and well-posedness (in the one-dimensional case) for the cor-
responding initial-boundary value problems are proved. Finally, we can quote in this
framework the model analyzed in [14] and [15], which pertains to nonlinear thermo-
viscoplasticity: in the one-dimensional (in space) case, the authors prove the global
well-posedness of a PDE system, incorporating both hysteresis effects and modeling
phase change, which, however, does not display a degenerating character.

Another coupled system for temperature, displacement, and phase parameter
has been derived in order to model the full thermomechanical behavior of shape
memory alloys. The first mathematical results were published in [4], while a long list
of references for further developments can be found in the monographs [5] and [21].

Here, in section 2, we derive a completely different model without referring to
any microscopic balance laws, and we deal exclusively with physically measurable
quantities. We assume that the displacements are small. This enables us to state the
system in Lagrangian coordinates. The main difference with respect to the Eulerian
framework in [7] is that in Lagrangian coordinates, the mass conservation law means
that the mass density is constant and does not depend on the phase, while the specific
volumes of the liquid and solid phases are possibly different. For simplicity, we as-
sume that the speed of sound, specific heat, heat conductivity, viscosity, and thermal
expansion coefficient do not depend on the phase; the evolution is slow; and the shear
viscosity, shear stresses, and inertia effects are negligible. In particular, if the heat
conductivity and the speed of sound are allowed to depend on the phase, the resulting
mathematical problem will no longer be accessible to our method.

The process is driven by energy balance, quasi-static momentum balance, and
a phase dynamics equation. Continuing in section 2, we verify the thermodynamic
consistency of the model, and in section 3 we study the equilibria. We observe there
that a pure solid state can be reached only if the external temperature is below a
certain threshold, which is lower than the freezing point and depends in particular on
the elasticity of the boundary. For water and ice, we explicitly compute the under-
cooling rate, which turns out to be around 5% of the absolute melting temperature
if the container is rigid. For intermediate temperatures between freezing point and
undercooling limit, there exists a continuum of distinct equilibria with mixtures of
solid and liquid. If in this situation the bottle breaks, an instantaneous solidification
takes place. The quantitative values are indeed related to our simplified model and
we do not pretend that they describe the physical process with high accuracy. They
are intended only to give a rough idea about the orders of magnitude.

The main results of this paper are stated in the last two sections. The well-



A BOTTLE IN A FREEZER 1853

posedness of the three-dimensional model is established in section 4, and the asymp-
totic stabilization of the process is proved in section 5.

2. The model. As the reference states, we consider a liquid substance contained
in a bounded connected bottle @ C R3 with boundary of class C*!'. The state
variables are the absolute temperature # > 0, the displacement u € R3, and the
phase variable x € [0,1]. The value x = 0 means solid, x = 1 means liquid, and
X € (0,1) is a mixture of the two.

We make the following modeling hypotheses.

(A1) The displacements are small. Therefore, we state the problem in Lagrangian
coordinates, in which the mass conservation is equivalent to the condition of a constant
mass density gg > 0.

(A2) The substance is isotropic and compressible, and the speed of sound does
not depend on the phase.

(A3) The evolution is slow, and we neglect shear viscosity and inertia effects.

(A4) We neglect shear stresses and gravity effects.

In agreement with (A1), we define the strain € as an element of the space T
of symmetric tensors by the formula

3x3
sym

(2.1) e=Vsu:= %(Vu + (Vu)™).

Let 0 € T2X3 denote the Kronecker tensor. By (A4), the elasticity matrix A has the
form

(2.2) Ae = M\e:d)o,

W
H

where is the canonical scalar product in Tgyxni, and A > 0 is the Lamé constant
(or bulk elasticity modulus), which we assume to be independent of x by virtue of
(A2). Note that A is related to the speed of sound vy by the formula vy = 1/A\/0o.
We want to model the situation where the specific volume V4 of the solid
phase is larger than the specific volume Vj;quiq of the liquid phase. Considering the
liquid phase as the reference state, we introduce the dimensionless phase expansion
coefficient & = (Vsoria — Viiguid)/ Viiquia > 0, and we define the phase expansion strain
€ by
Q@

(23) 200 = §

(I1—x)d.

We fix positive constants ¢o (specific heat), Ly (latent heat), 6. (freezing point at
standard atmospheric pressure), vy (phase relaxation coefficient), and S (thermal
expansion coefficient), and we assume the specific free energy f in the form

(2.4) f=cob (1 —log (3» + i((s —&(x)):6)% — ﬁ(e —0.)e:6

0. 200 00

n(x (1= 2) 1)

where T is the indicator function of the interval [0,1]. We show in (2.32)—(2.34) that
this choice is compatible with the principles of thermodynamics.

To derive the balance equations, we first proceed formally, assuming that the
temperature is positive. This assumption will be justified in the subsequent sections.
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The stress tensor ¢ is decomposed into the sum ¢” 4 ¢¢ of the viscous component
o? and elastic component o¢. The state functions ¥, o€, s (specific entropy), and e
(specific internal energy) are given by the formulas

(2.5) " =v(e:0)d,
of
(26) 0° = a2 = (\e:6—all ) — A0~ 0)),

(2.7) s=——=-=colog <£) —l—@x-i- P

—e:d
00 oc 908 ’

(28) e=f+0s=cof+ L(a:d—a(l—x))Q—l— £906:5+L0(x+1(x)),
200 )

where v > 0 is the volume viscosity coefficient. The scalar quantity
(2.9) pi=—ver:d—Ae:d—a(l—x))+6(0—06.)

is the pressure, and the stress has the form ¢ = —p . The process is governed by the
balance equations

(2.10) dive =0 (mechanical equilibrium),
(2.11) ooer +divg =o0:¢; (energy balance),
(2.12) —YoXt € Oy f (phase relaxation law),

where 0y, is the partial subdifferential with respect to x, and q is the heat flux vector
that we assume, for simplicity, is in the form

(2.13) q=—kVH

with a constant heat conductivity £ > 0. The equilibrium equation (2.10) can be
rewritten in the form Vp = 0; hence

(2.14) pla,t) = P(1),

where P is a function of time only, which is to be determined. Recall that in the
reference state e: 6 = e;:9 =0, x = 1, and at standard pressure Pgiqnq, the freezing
temperature is 6.. We thus see from (2.9) that P(t) is in fact the deviation from
the standard pressure. We assume also that the external pressure is in the form
P.it = Pstana + po with a constant deviation pg. The normal force acting on the
boundary is (P(t) —po)n, where n denotes the unit outward normal vector. We assume
an elastic response of the boundary, and a heat transfer proportional to the inner and
outer temperature difference. On 02, we thus prescribe boundary conditions for u
and 6 in the form

(2.15) (P(t) — po)n = k(z)u,
(2.16) q-n=h(z)® —0r)

with a given symmetric positive definite matrix k (elasticity of the boundary), a
positive function h (heat transfer coefficient), and a constant 6r > 0 (external tem-
perature). This enables us to find an explicit relation between divu and P. Indeed,
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on 9Q we have by (2.15) that u-n = (P(t) — po)k !(z)n(x) - n(x). Assuming that
k~!'n-n belongs to L1(99), we set

(2.17) L / k! (2)n(z) - n(z) ds(z)
Kr 00
and obtain by Gauss’s theorem that
1
(2.18) Ua(t) == / divu(z,t)de = —(P(t) — po) -
Q Kr

Under the small strain hypothesis, the function divu describes the local relative vol-
ume increment. Hence, (2.18) establishes a linear relation between the total relative
volume increment Uq(t) and the relative pressure P(t) — po. We have €:6 = divu,
and thus the mechanical equilibrium equation (2.14), due to (2.9) and 2.18, reads

(2.19) vdivuy + A(diva — a(l — x)) — 8(0 — 0.) = —po — KrUq(t) .

As a consequence of (2.4), the energy balance and the phase relaxation equation in
(2.11)—(2.12) have the form

(2.20)  gocob — KAO = v(divuy)? — BOdivu, — (aX(divu — a(l — x)) + 00Lo) Xt

. 0
(2.21) —00v0x¢ € ai(divu — a(1 — x)) + goLo (1 ~ 7 + 81()()) ,

where 0 denotes the subdifferential. For simplicity, we now set

(2.22) c:=00Co, Y:=00v, L:=o0lo.

The system now reduces to the following three scalar equations: one PDE and two
“ODEs” for three unknown functions 6, x, and U = divu. Note that, mathematically,
0I(x) is the same as LOI(x):

(2.23) by — kA0 = vU? — BOU;, — (aA(U — a(1 — x)) + L)X,
(2.24) vU+ AU = aX(1 — x) + 8(0 — 0.) — po — KrUq(t),
(2.25) —vxt € aANU —a(l —x))+ L (1 - g) +90I(x),

with Uq(t) = [, U(z,t) dz, and with boundary conditions (2.16), (2.13). To find the
vector function u, we first define ® as a solution of the Poisson equation A® = U
with the Neumann boundary condition V® - n = KrUq(t)k~!(z)n(x) - n(z). With
this @, we find u as a solution to the problem

(2.26) divi=0 in Qx oo,
(227) @-n =0, (@+V®—-KrUgk 'n)xn=0  on 99Q x (0,00),

and set u = u+ V®. Then u satisfies a.e. in €2 the equation divu = U, together with
the boundary condition (2.15), that is, u = KrUgk!n on 99Q.

For the solution to (2.26)—(2.27), we refer to [9, Lemma 2.2] which states that for
each g € H/2(99)? satisfying Jo0 & nds(z) = 0 there exists a function u € H'()?,
unique up to an additive function v from the set V of divergence-free H*(§2) functions
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vanishing on 92 such that diva = 0 in Q, 1 = g on 9. In terms of the system
(2.26)—(2.27), it suffices to set g = ((V® — KrUgk 'n) x n) x n and use the identity
(b xn) xn=(b-n)n— b for every vector b. Moreover, the estimate

(2.28) If o+ vlaie) < Cllglaizen < Cl1®| 2o

holds with some constants C, C'. The required regularity is available here by virtue of
the assumption that Q is of class C™!, provided k="' belongs to H'/2(99). Note that
a weaker formulation of problem (2.26)—(2.27) can be found in [1, section 4].

Due to our hypotheses (A3), (A4), we thus lose any control on possible volume
preserving turbulences v € V. This, however, has no influence on the system (2.23)—
(2.25), which is the subject of our interest here. Inequality (2.28) shows that if U is
small in agreement with hypothesis (A1), then also v can be chosen in such a way
that hypothesis (A1), interpreted in terms of H!, is not violated.

The reader may notice indeed some similarity of the above system to the ther-
momechanical model for shape memory alloys proposed in [4]. Our system differs,
however, by the occurrence of the quadratic terms on the right-hand side of the en-
ergy balance equation.

In terms of the new variables 6, U, x, the energy e and entropy s can be written as

A
(2.29) e=cof + —(U —a(l —x))*+ EHCU + Lo(x +1(x)),
200 00
0 Ly B
2. = ¢l — — —U.
(2.30) s coog<oc)+96X+QOU
The energy functional has to be supplemented with the boundary energy term
Kr po \’
2.31 Er(t) = — [ Uqlt — .
(2.31) o) = 5 (vt + 2)

The energy and entropy balance equations now read

(2.32) % (/Q ooe(z,t) dx+Ep(t)> = /8Q h(z)(Or — 0) ds(z),

a_K[VO? v 5
(2.33) 008t + div 7= ¢ T 5Xf + gUtz >0,
(2.34) i/ oos(x,t) dx z/ M(GF —0)ds(x)
dt Jo oo 0

’<3|V0|2 Y. .2, Vi

The entropy balance (2.33) says that the entropy production on the right-hand side is
nonnegative in agreement with the second principle of thermodynamics. The system
is not closed, and the energy supply through the boundary is given by the right-hand
side of (2.32).

We prescribe the initial conditions

(2.35) 0(x,0) = 6°(x),
(2.36) Ul(x,0) = U%x),
(2.37) x(z,0) = x°(x)
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for z € Q, and compute from (2.29)-(2.30) the corresponding initial values e°, ER,
and s° for specific energy, boundary energy, and entropy, respectively. Let E° =
fQ 0oe’ dz, SO = fQ 005" dz denote the total initial energy and entropy, respectively.
From the energy end entropy balance equations (2.32), (2.34), we derive the following
crucial (formal for the moment) balance equation for the “extended” energy oo(e —
91*8):

(2.38)/ (09+ (U —a(1 - ))2+59cU+LX> (@, t)de’KT (UQ( H%)z
o / /Q nlzz 2 %x?+%U3> (v,7)dzdr

/ /89 % Or — 0)*(x,7)ds(x) dr

:E0+Eg—9p5’0+6‘r/ (clog(;)—F:X—FﬁU)( t)dz.
Q

We have log(6/6.) = log(6/20r) — log(6./260r) < (6/20r) — 1 — log(6./26r), hence
there exists a constant C' > 0 independent of ¢ such that for all ¢ > 0 we have

(2.39) /(0+U2 (z,t) da:+/ / (|w|2+—2+%t) (z,7)dzdr

//ag (Or —0)*(z,7)ds(z)dr < C.

3. Equilibria. It follows from (2.16) and (2.23) that the only possible equilib-
rium temperature is § = 6, and the equilibrium configurations U, Xoo for U, x
satisfy for a.e. x € Q the equations

(3.1) Ao () — a1 — xoo(2)) = B(6r — 0.) — po — K1 /Q Uso(z')da’,

(3.2) —As(z) + aA(l — xeo(x)) € z <1 - Z—F) + 0I(xoo()),

C

as a consequence of (2.24), (2.25); hence

6
(3.3) S (G_F - 1) B(0r —0.) + po + Kr /Q Uso(2')da' € 0I(xso(x)) a.e.
The equilibrium pressure P, is given by (2.18), that is,
(3.4) Py =po+ Kp/ Uso(2')da’ .
Q

Integrating (3.1) over {2 yields

3.5) (A + Ko|o)) /Q Un (') da’ = |90(B(0r — 6) — po) + oz/\/ﬂ(l (@) da .

Hence, a necessary and sufficient condition for xo(z) to be an equilibrium phase
distribution reads
(3.6)
L (or B(0r —0.) — po r / ’

1)— 1—Xoo d OI(Xoo ..
a/\( ) Nt Kr|Q) +/\+KF|Q|/Q( Xeol@))de' € Ol(xeo(a) ae

0.
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Let us introduce a positive dimensionless parameter

052)\KF|Q|

(8.7) S IO K

Assume first that 8/(A + Kr|Q|) and po/(A + Kr|Q|) are negligible with respect to
the other terms. We then rewrite (3.6) in a simpler form:

(3.8) 9—0 |Q|/ ))dr' € OI(xoo(x)) ace.

We distinguish three cases.

Case 1. Op > 6.. Then (3.8) can be satisfied only if xoo = 1 a.e.; hence, by
(3.5), Uxo = 0 a.e., and by (3.4), the pressure P, is in equilibrium with the external
pressure. We only have the liquid phase in 2 and the system is stress-free.

Case 2. d < 1 and 6r < (1 — d)f.. Then, similarly, (3.8) can be satisfied only if
Xoo = 0 a.e.; hence

oA aKr|Q| a\
U I a Uoo = - = .
/ T K9 @) == SR ~ AT &9

We have only the solid phase subject to a balance between a positive volume expansion
Us and pressure Py, —pg = K1|Q|Us. In the limit case Kt — 0 (stress-free boundary
condition, i.e., infinitely soft bottle), we get Poo — po, Use — «, d — 0. Hence, «
indeed measures the relative volume expansion in the stress-free case. Similarly, in
the limit case Kt — oo (rigid bottle), we have P, —pg — a\, Uss — 0. In this case,
a\ is the pressure difference between inside and outside the bottle.

Case 3. (1 —d)f. < 6p < 0..Set d, =1 — (0r/0.) < d. Then every function Yo
with values in [0, 1] satisfying the condition (1/|Q]) [,(1 — Xoo(2’)) d2’ = d./d is an
equilibrium. Hence, in this temperature range, we have a large number of possible
equilibria.

We thus observe stable undercooled mushy regions in a nonzero temperature
range, and full solidification takes place only if the temperature is below the value
(1 — d)f.. Theoretically, we cannot exclude the case d > 1, which would mean that
the solid phase can never be achieved. We show now that in the case of water and
ice, which is relevant for applications, the undercooling coefficient d is less than 1.
Approximate values of the physical constants are listed in Table 3.1; see [8].

The maximum of d is achieved in a rigid bottle (i.e., Kt — o00). By Table 3.1
we have o = (Vice — Vwater)/Vawater = 0.09, X = 2.25-10° J/m?. Using (2.22) we
obtain L = goLg ~ 0.33-10° J/m3; hence d = o?\/L =~ 5.5%. Note that the standard
atmospheric pressure is about 10° J/m?, while the pressure inside the bottle attains
a) ~ 2-10% J/m3. This corresponds to a gravitational mass of 20 kilograms pressing
on each square millimeter.

In reality, some values of the constants are different in water and in ice (the
specific heat, for instance, is only 2-10%.J/(kg K) in the ice). A phase field model
without mechanical effects for this situation was considered in [13]. Also the speed of
sound in ice is about double that in water. We can in principle state the problem with
coefficients depending on 6 and x here, too, but this would lead to serious technical
difficulties that we want to avoid here. Moreover, in water and ice, the thermal
expansion coefficient 3 is not constant and depends strongly on the temperature
as well as on the phase. It may even become negative for temperatures in a right
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TABLE 3.1
Physical constants for water.

Specific volume of water Vwater = 1/00 10—3 m3/kg
Specific volume of ice Vice 1.09-10—3 mS/kg
Speed of sound vo = /A 0o 1.5-10°% m/s
Freezing point 0. 273 K
Specific heat co 4.2.10° J/(kg K)
Latent heat Lo 3.3-10° J/kg
Thermal expansion coefficient B/ 2.0-107% K1

neighborhood of the freezing point. The values given in Table 3.1 are obtained by a
rough linearization in order to have an idea about the orders of magnitude.

For the coefficient 3 we compute the estimate /09 = v3B/\ ~ 450 J/(kg K),
while Lo/(af.) = L/(00af.) =~ 13400 J/(kg K). Let us define a new constant Lg :=
Lo — Bab./ oo as a small (3.3%) correction to the latent heat L. Using (3.4), we may
rewrite (3.3) as

(3.9) onﬂ (Z—F—1) + P € 0(xeolz)) ae.

We now show that (3.9) contains the Clausius-Clapeyron equation; cf. [10, Book 5,
Chapter 5] or [22, pp. 124-126]. The pressure P, is defined as the difference 6P
between the absolute pressure and the standard pressure. The phase transition takes
place at temperature 6 if the right-hand side of (3.9) vanishes. The temperature
difference is 060 = Or — 6., and we get the Clausius—Clapeyron relation in the form of
equation (288) of [22], that is,

0P QQLﬂ - LB

(3.10) 50 " afe 0o(Veater — Vi) |

For general B > 0 and pg, we have an analogous classification as above. We
introduce further dimensionless quantities
alpi. aApg

(3.11) = Tor ko) YT T K]

The counterpart of (3.8) reads
= [ 0Or d , ,
(3.12) 1-p5) 0——1 —l—w-i—@ (1 = xoo(z"))da" € II(xoo(x)).
c Q

Assuming that 5 < 1, we thus observe pure liquid for Op > 0.(1 —w/(1 - 3)), while
pure solid corresponds to Or < 6.(1 — (w + d)/(1 — f)). The dimensionless external
pressure deviation w can be assumed small. However, 3 is a material constant, and
the condition 5 < 1 might be restrictive. Again, for water and ice, the maximal value
B = (Lo — Lg)/Lo =~ 0.033 corresponding to K = 0 shows that the influence of
thermal expansion on the undercooling coefficient is negligible.

4. Existence and uniqueness of solutions. We construct the solution of
(2.24)—(2.25) by the Banach contraction argument. The method of proof is inde-
pendent of the actual values of the material constants, and we choose for simplicity

(4.1) L=2 c=0.=a=Ff=v=rk=A=v=1.
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System (2.23)—(2.25) with boundary condition (2.16) then reads
(4.2)
/ Orw(x)dx + / VO - Vw(z)dz = / (U —0U, — (U + x +1)x¢)w(z) dz
Q Q Q

— h(z)(0 — Or)w(z) ds(z),

o0
(4.3) U+ U+ x+ KrUq(t) =0 — po
(4.4) xt+U+x+0I(x) 2201,

where (4.2) is to be satisfied for all test functions w € W12(Q) and a.e. t > 0, while
(4.3)—(4.4) are assumed to hold a.e. in Qo := Q x (0, 00).
In this section we prove the following existence and uniqueness result.
THEOREM 4.1. Let 0 < 0, < 0p < 0*, h >0, h € L*(99Q), and po € R be given
constants, and let the data satisfy the conditions
90

XO

@ e WI2AQ)NLeQ), 6.
U x" € L>Q), 0

o* a.e.,
1 a.e.

T
x

INIA
INIA

)
)

—_

Then there exists a unique solution (0,U,x) to (4.2)—(4.4) and (2.35)—(2.37) such
that 8 > 0 a.e., x € [0,1] a.e., U,Us, x4,0,1/0 € L™(Quo), 01, A0 € L*(Qs), and
VO € L>(0,T; L*(Q)) N LZ(Q )

Remark. For existence and uniqueness alone, we might allow the external tem-
perature fr to depend on z and ¢, and assume only that it belongs to the space
Wll)f (0, 00; L2(09Q)) N L2, (92 x (0, 00)). For the global bounds, the assumption that
Or is constant plays a substantial role.

The proof of Theorem 4.1 will be carried out in the following subsections. Notice
first that the term U2 — 0U; — (U + x + 1)x: on the right-hand side of (4.2) can be
rewritten alternatively, using (4.4) and (4.3), as

(4.5) U2 —0U; — (U + x + V)xs = U2 — 0U; + X7 — 20x;
—(x+U +po+ KrUa)Up — (U + x + 1)x¢ -

We now fix some constant R > 0 and construct the solution for the truncated system

/Gtw dx—f—/VG Vw(x dx—/ (U2 +x7 — Qr(0)(Ur + 2x1)) w(z) dz

/h (0 — Or)w(z)ds(x) Yw e WH(Q),
on

(4.7) U+ U+ x + KrUq(t) = Qr(0) — po,
(4.8) xt + U+ x+0I(x) 2 2Qr(f) — 1,

first in a bounded domain Qr := Q x (0,T) for any given T' > 0, where Qr is the
cutoff function Qr(z) = min{z*, R}. We then derive upper and lower bounds for
6 independent of R and T, so that the local solution of (4.6)—(4.8) is also a global
solution of (4.2)-(4.4) if R is sufficiently large.
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4.1. A gradient flow. In a separable Hilbert space H with norm | - |, consider
a gradient flow
(4.9) o(t) +0P((t)) > f(t), v(0)=1",

where ¢ : H — [0, 00] is a proper convex lower semicontinuous functional such that
lim, 00 ¥(v) = 400, Y is its subdifferential, and v° € Dom 1, f € L?(0,00; H) are
given. A classical existence and uniqueness result in [2, Théoréme 3.6] states that
for every T > 0 there exists a unique solution v € C([0,T]; H) to (4.9) such that
v € L*0,T; H), and

T 1/2 T 1/2
(/ wvnﬁv) <w@%+—</ uvﬂ%h> .
0 0

We prove here the following lemma.
LEMMA 4.2. Let f, f belong to L*(0,00; H). Then lim;_, 0(t) = 0.
Proof. For each h > 0 and a.e. t > 0 we have

1d v(t+h)—v(t)'2 _ ‘f(t+h)—f(t) v(t+h)—v(t)"
2 dt h - h h '
hence
(4.10) [o()]> = o(s)* < 2/ |f()llo(r) dr

for almost all 0 < s < t. Hence, the function ¢ — 2]3 |f(D)|Jo(r)|dr — [0(t)]? is
a.e. equal to a nondecreasing function in (0, c0). We are thus in the situation of [16,
Proposition 5.2], which gives the desired statement. a

We apply the above result to the case H = L?(Q2) x L?(Q2), and

(4.11) v=<g),

(4.12) ¢(v):/g(%(U—l—x—1)2+(U+2x)(1—0p)+1(x)> dz
+%</QUC1$+%> —|—O¢,
_(Qr(0)—06
(4.13) f‘(mgmm—kn)’

where Oy, is a suitable constant such that 1(v) > 0 for all v, and 6 is a given function.
The initial condition v° is given by (2.36), (2.37). We have

n n = U+X—9F+KngUd$+p07
(4.14) (<>66w(v) — {C € U+x+1—20p+0I(x),

and we see that (4.7)-(4.8) with @ replaced by # can be equivalently written as the
gradient flow (4.9), (4.11)—(4.13). For this system, we prove the following result.
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~ ProprosiTION 4.3. Let the hypotheses of Theorem 4.1 hold, and let a function
0 € L2 _(0,00; L?(Q2)) be given. Let (U, x) be the solution of (4.9), (4.11)-(4.13). Then

loc
there exists a constant Cy, independent of x,t, and R such that a.e. in Qs we have

(4.15) U (@, ) + [Ue(z, ) + [xe (2, 8)] < Co(1 + R).

Let furthermore 6,0, € L% (0,00; L%(Q)) be two functions, and let (Uy,x1), (Ua, x2)

be the corresponding solutions of (4.9), (4.11)—(4.13). Then the differences 04 = 01 —
02, Uy =Uy — Us, xq = x1 — X2 satisfy for every t > 0 and a.e. x € § the inequality

@16) [ (] + ) 7) dr < Colt+0) [ (Jato )]+ ()l ) dr.

where the symbol | - |2 stands for the norm in L*(Q2).
In what follows, we denote by Cq, Cs, ... any constant independent of x, ¢, and R.
Proof. Put Xq(t) = [(1 — x(a',t))dz’. Integrating (4.7) with 6 replaced by 0
over () yields

U + (1+ Kr|Q))Uq = Xq + / (Qr(d) — 1)dz — polQ] ac.
Q

Since x attains values in [0, 1], we easily obtain |Uq|+ |Uq| < C1(1+ R) a.e. Equation
(4.7) now has a right-hand side bounded by a multiple of 1 + R; hence |U;| + |U| <
C2(1 4+ R) a.e. To obtain the same bound for |x,|, it suffices to multiply (4.8) by x.
This completes the proof of (4.15).

To prove (4.16), we rewrite (4.9), (4.11)—(4.13) as two scalar gradient flows

(4.17) U+ 001 (U) =a,
(4.18) Xt +0v2(x) 20,
where ¢y (U) = 3U%, ¢z = 5x°+1(x), a = Qr(0) —x—po—KrUa, b= 2Qr(9) ~1-U.
Consider now two different inputs. As above, we denote the differences {}; — {}2 by

{}4 for all symbols {}. By [11, Theorem 1.12], we have for all ¢ > 0 and a.e. z € Q
that

(4.19) / (U0l + [Oxa)el) (@, 7) dr < 2 / (laal + [bal) (&, 7) dr

We multiply the difference of (4.17) by Uy, the difference of (4.18) by x4, and sum
them up to obtain that

(4.20) (U)eUa + (xa)exd + (Ua + xa)? + KrUqaq Ug < |04|(|Ua| + 2|xa|)  ace.

We first integrate (4.20) over Q. Using the symbol |- |2 for the norm in L2(Q2), we get
for a.e. t > 0 that

(4.21)
1 d

5 5 1/2
o (1Ual3 + [xal2) + KrU2g < [6alo([Ualo + 2l xal2) < V5|0al2 (1Ual3 + [xal2)? .
Hence, L (|Uq|3 + |xal3)'/? < V5/04]2 a.e., and integrating over ¢, we find that

(4.22) (Ul + Ixal2)* (1) < V5 / Ba(r)> dr
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This implies in particular that
t ~
(123 Uaat)] < V50 [ Batr)zar.
0
Using again (4.20), we find for a.e. (z,t) € Q the inequality

(24) 3 0 (0P + xal?) 1) < (KrelUna(t)] + 1aCa,0]) (Ul + 2bal) ).

N | =

This is for almost all x € Q an inequality of the form (d/dt)(Y?2(t)) < 2¢(t)Y(t),
Y (0) = 0, with Y = (|Uq|? + |xa|?)'/?, which implies Y () < fot e(r)dr for all t > 0.
Hence,

2 2\1/2 L 5
(4.25) (U + [xal?) (x,t)gCl/O (|9d(:c,7)|+t|6‘d(7)|2) dr ae.

This enables us to estimate the right-hand side of (4.19) and obtain the bound

@26) [ (i+0 (o) ar < Co [ (14 0l0uta )] + 1+ Dldu(r)la) ar

for a.e. x € Q and all ¢t > 0. This completes the proof. |

4.2. Existence of solutions for the truncated problem. We construct the
solution of (4.6)—(4.8) for every R > 0 by the Banach contraction argument on a fixed
time interval (0,T).

LEMMA 4.4. Let the hypotheses of Theorem 4.1 hold, and let T > 0 and R > 0
be given. Then there exists a unique solution (8,U,x) to (4.6)-(4.8), (2.35)—(2.37)
such that U € WH®(Qr), 0 > 0 a.e., x1,0,1/0 € L>®(Qr), 6:, A0 € L*(Qr), and
VO € L*(0,T; L?(%)).

Proof. Let g e L2 (Qr) be a given function, and consider the system

(4.27)
/ Brw(z) da + / V0 V() de = / (U2 412 — Qu(B) (U + 2x0))w(z) dz
Q Q Q

- h(z)(0 — Or)w(x)ds(x) Yw e WH3(Q),
o0

(4.28) Uy + U + x + KrUa(t) = Qr(9) — po.
(4.29) xe +U +x +0I(x) 3 2Qr(0) —1.

Equations (4.28)—(4.29) are solved as the gradient flow problem from subsection 4.1,
while (4.27) is a simple linear parabolic equation for 6. Testing (4.27) by ¢, we obtain
by Proposition 4.3 that

(4.30) /OT ; 62 dz dt + sup ess </Q |VO* dz + /69 h(x)(0 — 6r)? ds(x))

t€(0,T)

< T|Q| (Co(1+ R)(2Co(1 + R) + 3R))* =: Mp.
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Hence, we can define the mapping that with § associates the solution 6 of (4.27)—(4.29)
with initial conditions (2.35)—(2.37). We now show that it is a contraction on the set

(4.31) Zr.r = {0 € L*(Qr) : conditions (4.32)(4.35) hold},
where
(4.32) 6, € L*(Qr);

(4.33) VO e L®(0,T; LA());

T
(4.34) / /92dxdt+bupe85 </ |V0|2da:+/ h(z)(0 — 0p)? ds(z ))gMR;
0 JQ te(0,T)

(4.35) 6(z,0) = 6°(z) ae
Let él, 05 be two functions in Er R, and let (61, Uy, x1), (02, Uz, x2) be the correspond-
ing solutions to (4.27)—(4.29) with the same initial conditions §°, U°, x°. We see from

(4.30) that 61, 03 belong to Zr r. Integrating (4.27) for 6; and 02 with respect to time
and testing their difference by w = 64 := 6; — 62, we obtain, using Proposition 4.3,
(4.36)

that
t 2
/Hda:tdx+—< /deT T da:—l—/ h(x) / Oa(x,7)dT ds(x))
o0 0

§03(1+R)/Q (/O (U] + [(xa)e |+|éd|)(x,r)dr> bu(z,t)dz ace.

From (4.16) and Minkowski’s inequality, it follows that

t
§C4(1+t)2/ |6‘d(7')|2d7'
0

< Oy(1+1)? </|0d |2dr>

By Young’s inequality, we rewrite (4.36) as
(4.37)

/Hda:tdx+—< /deT T da:—l—/ h
o0

t
< Cs(1+ R)(1 +t)5/ 04(7)2d7  ace.
0

/O (el +1Gca)e) (o 7) dr

2

/2

ds(x))

Set ©2(t fo 04(7)[3 dr, ©2(t fo 04(7)|3 d7. Integrating (4.37) with respect to
time, we obtam

x) /Ot Oa(x,7)dT

(4.38) ©2%(t) < C5(1 + R?) /t(l +7)50%(r)dr
0
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We set Cr := (C5(1 + R?)/6) and introduce in L>(0,7T) the norm

||wHC = S]iépT]e*CR(l+T)6|w(T)| .
T€|(0,

Then [|©]|2 < 3/©]|%, and hence the mapping § — 0 is a contraction in L?(Qr) with
respect to the norm induced by ||-||c. The set Z7 g is a closed subset of L?(Qr). This
implies the existence of a fixed point § € Zr g, which is indeed a solution to (4.6)-
(4.8). The positive upper and lower bounds for € follow from the maximum principle.
Indeed, the right-hand side (4.5) of (4.6) is bounded from above by Cg(1 + R)? and
from below by —2(67)2. Let us define the functions

0.

For every nonnegative test function w and a.e. t € (0,7) we have

(4.39) /Q Orw(x) dx + /Q VO - Vw(x)dz + - h(z)(0 — Or)w(x)ds(z)

< Cﬁ(1+R)2/Qw(x)dx,

(4.40) /Q Orw(x) dx + /Q VO - Vw(z)dx + - h(z)(0 — Or)w(x) ds(z)

> _2/Q(o+)2w(x) dz,

(4.41) /QHtﬁw(x) dz + /Q Vo' . Vw(z)dz + /BQ h(zx)(0* — Op)w(x) ds(z)

> Cﬁ(1+R)2/Qw(x)dx,

(4.42) /Q O2w(x)da + /Q VO - Vw(z)dz + - h(z)(6° — Op)w(x) ds(x)
<

— b2wx xX.
< 2/9(9) (2)d

We now subtract (4.41) from (4.39) and test by w = (6 — "), which yields the
pointwise bound 6(z,t) < 6%(¢). Similarly, we subtract (4.40) from (4.42) and test by
w = (6" — 0)". We thus have the inequalities

(4.43) 0°(t) < 0(x,t) < O5(t) ae.,

which complete the proof of Lemma 4.4. 0

4.3. Proof of Theorem 4.1. The unique solution (6, U, x) to the system (4.6)—
(4.8), (2.35)—(2.37) exists globally in the whole domain .,. We now derive uniform
bounds independent of ¢ and R. Take first, for instance, any R > 26*. By (4.43),
we know that the solution component 6 of (4.6)—(4.8) remains smaller than R in a
nondegenerate interval (0,7) with 7' > 0*/(Cs(1 + R)?). Let (0,Tp) be the maximal
interval in which 6 is bounded by R. Then, in (0,7p), the solution given by Lemma 4.4
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is also a solution of the original problem (4.2)—(4.4). Moreover, due to estimate (2.39),
we know that 6 admits a bound in L>°(0,Tp; L' (Q2)) independent of R. In order to
prove that Ty = +oo if R is sufficiently large, we need the following variant of the
Moser iteration lemma.

PROPOSITION 4.5. Let Q C RY be a bounded domain with Lipschitzian boundary.
Given nonnegative functions h € LY(9) and r € L>(0,00; LY(Q)) with a fized q >
N/2, an initial condition v° € L>(Q), and a boundary datum vp € L>(9Q x (0,0)),
consider the problem

(4.44) vi — Av+ov=r(z,t)H[v] a.e in Qs

(4.45) Vuv-n=—h(z) (f(z,t,v(z,t)) —vr(z,t)) a.e on I x (0,00),

(4.46) v(x,0) =1 a.e in Q

under the assumption that there exist positive constants Ho,Cy,V,Vr, Ey such that

the following hold:
(1) The mapping H : LS. (Qoo) — LS. (Qoo) satisfies for every v € LS (Qoo)

loc

and a.e. (z,t) € Qo the inequality

t
v(z,t) Hlv](x, t) < Holv(z,1)] (1 + [v(z, 1) +/ §(t — 7')|U(3:,T)|d7') ,
0
where £ € W11(0,00) is a given nonnegative function such that

(4.47) £(t) < —€(0)€(t)  ace

(ii) f is a Carathéodory function on 2 x (0,00) x R such that f(x,t,v)v > Cfv?
a.e. for all v e R.

(iii) |0%(z)| <V a.e. in Q.

(iv) Jor(z,t)] < Vi a.e. on 9Q x (0,00).

(v) System (4.44)—(4.46) admits a solution

v € Wil (0,005 (WH2)' () N Lif o (0, 00; WH(9)) N i (2c)

satisfying the estimate
/ |v(z,t)|de < Ey a.e. in (0,00).
Q

Then there exists a positive constant C* depending only on |h|p1aq), Cr, Ho, £(0),
and r* := || oo (0,00;La(2)) Such that

(4.48) [v(t)| e () < C"max{1,V,Vp, Ep}  for a.e. t > 0.

Remark As a consequence of (4.47), we have £(t) < £(0)e~¢(O¢ for all t > 0;
hence fo t)dt < 1. As a typical function satisfying (4.47), let us mention, for
example,

(4.49) E(t) = e > re
D k=1 Tk k=1
withanyO<mi; <---<mpandry; >0, k=1,...,n

We split the proof of Proposition 4.5 into several steps.
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LEMMA 4.6. Let & be as in Proposition 4.5, let x € VVIOC (0,00) and y € Li,.(0,00)
be nonnegative functions, and let a > 0, C > 0, § € (0,1) be given constants. Set
w=min{a,£(0)(1 — )}, and assume that for a.e. t > 0 we have

(4.50) #(t) + az(t) +y(t) < C + 5/0 €(t— ) y(r)dr.

Then z(t) < max{x( ), C/u} for all t>0.
Proof. Set z( fo &(t — 1)y(r)dr. Then (1/£(0))2(t) + 2(t) < y(t) a.e.; hence

L+ a-s:m<C ae

z(t) + ax(t) + £0)

With p as above, we have

: 1. 1
(x(t) + Z0) (t)) +p (x(t) + mdﬂ) <C ae.,
which yields

1 1 C
x(t) + wz(i) < max {a:(()) + ——2(0), —} ,

and the desired inequality follows easily. O
LEMMA 4.7. Let H be as in Proposition 4.5, and let | - |, denote the norm in
Lr(Q) for 1<p<oo. Letve LY (Qx) and p,s > 1 be arbitrary. For (z,t) € Qo
set hy, = H[v]v [v|P~2. Then, for all t > 0 we have

o ()]s < Ho <;+3|v /ft—rlv s dr)

where & is as in (4.47).
Proof. We have for a.e. (x,t) € Qo that

|hp(z,t)| < Hy (|v(x,t)|p_1 + 2lv(x, t)|P + wp(a:,t)) ,

w, :%</§t—7|vx7)|d7>p
([ eman)” ([ e panrar)”Y

1 P
S];/o E(t—7)|v(z,7)|Pdr.

where

Here, we have used Holder’s inequality with conjugate exponents p, p’ and the remark
after Proposition 4.5. The assertion now follows from Minkowski’s inequality

}/{t—7|v |pd7'

LEMMA 4.8. Let the hypotheses of Proposition 4.5 hold, and let || p denote the
norm in L°°(0,00; LP(Q)). Let v € W22(0, 00; (Wh2)(Q)) N L2 (0, 00; W12(Q)) N

loc loc

/5t—7|v )b dT . a
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L5 (Q2e0) be a solution to (4.44)-(4.46) such that |v|wp < 00 for some p > 1. Then
there exists a constant C' > 0 independent of v and p such that

(4.51) [V]oo,2p < (CP'T)V2P max {1,V, Vi/Cy, [v]sop}
where

N(g+1)
4.52 b=—1""7

Proof. Let r* = || (0,00;9()) be as above. Test (4.44) by v|v|?’~2 to obtain,
using Lemma 4.7, that

(4.53)
1 d 9 2p—1/ 9 / 9
—— v(x, )P de + V|v|P|*(x,t) dz + v(x,t)|?P dx
o L o) el A ARG LR U]

—l—/ h(x)Cf|v|*P — vpolv|*P~2 ds(x)
o9

1 2 I 2
< *H - 3 t P ’ P t - P ’ d .
<o (5o + 3008 + 5 [ =Dl or
We estimate the boundary integral using Young’s inequality

2p—1 1 -
vrolv[?P72 < p2—pCf|U|2p + Z_pC} Py

Set vy (xz,t) = |v(z,t)|P. Then

d
(4.54) Elvp(t)@ +2|Vup(t)[3 + 2plvp(t)[3

t
< C}f2p|h|L1(aQ)VF2p + ’]"*HQ (1 + 6p|vp(t)|%q/ + / §(t — T)l’l}p(’r)ng dT) a.e.
0

By the Gagliardo—Nirenberg inequality [17], there exists a constant G such that for
all > 0 and t > 0 we have

(4.55) |Up(t)|§q/ <G (5|va(t)|§ + 5_b|vp(t)|%) <G (5|va(t)|§ + 6_b|v|§g,p) )
with b given by (4.52). We now choose ¢ such that
6pr*HoGd =1,

and obtain

d Ve \
(456) ~lop) + Ve, (O + 2plup(0)3 < Cr <1+<C—j) +p1+b|v|%.£,,,>

1 st
+—/ £t — )|V (T)3dr  ae.,
6p Jo
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with a constant C7 depending only on £(0), Cf, |h|z1(aq), 7", Ho, and G. We now
use Lemma 4.6 with z(t) = |v,(¢)[3, y(t) = |Vu,(t)|3, a = 2p, 6§ = 1/(6p), u >
min{2, (5/6)¢(0)}, and C = C7(1 + (Vi /Cy)?? + p* o[22 ), which yields that
(4.57) (5 < Cs (L+ VP + (Ve /Cp)? +p o2 )

with a constant Cys independent of p and ¢, and (4.51) immediately follows. d
We are now ready to finish the proof of Proposition 4.5.
Proof of Proposition 4.5. For k = 0,1,2,... set y, = max {1,V,V1/Cy, |v]o 2+ }.
We have yo < max{1,V,Vr/Cy, Ep}, and, as a consequence of Lemma 4.8,

Y1 < (C2ROT027E,,

This yields
log Yrs1 < logyr + 2~ Y (log C + k(1 + b)log2) .
Hence,
(4.58) logyn <logyo+ Y (27 (logC + (k — 1)(1+b)log2)) .
k=1

The sum on the right-hand side of (4.58) is convergent, and we easily complete the
proof. 0

We now finish the proof of Theorem 4.1 by showing that T, introduced at the
beginning of this subsection is +oo if R is sufficiently large. In (4.3), set again Uq(t) =
Jo U(2',t)da’. Then

Ualt) + (1 + Kr|Q)Ual(t) = / (6 - 0@ e’ — Qo ae.

By (2.39), the right-hand side of this ODE is uniformly bounded independently of R;
hence |Uq(t)| < Cy in (0,Tp). Using (4.3) once again, we obtain that

t
(4.59) |U(z,t)| < Cio <1 —|—/ e 0(x, 7) dT) a.e.,
0
t
(4.60) |Us(x,t)] < Cy <1 + 0(x,t) —|—/ e '0(x, 7) dT) a.e.;
0

hence also (cf. 4.4)

(4.61) Ixt(z,t)] < Ciz (1 +0(x,t) + /Ot e 0(x,T) dT) a.e.

As in (4.5), we rewrite the right-hand side of (4.2) as
—(x+U +po+ KrUa)Ur = (U + x + 1)xz -

By (2.39), the function U is in L®°(0, co; L?(€2)) and the bound does not depend on R.
Equation (4.2), with 8 added to both the left- and the right-hand side, thus satisfies
the hypotheses of Proposition 4.5 for N = 3 and ¢ = 2. This enables us to conclude
that 6(z,t) is uniformly bounded from above by a constant, independently of R, so
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that 6 never reaches the value R if R is sufficiently large, which we wanted to prove.
By (4.59)—(4.61), also U, Uy, and x; are uniformly bounded by a constant.

We proceed similarly to prove a uniform positive lower bound for . Set Ry :=
sup#, and in (4.6) with R > Rg put w = —w/0, w € W%(Q). For a new (nonnega-
tive) variable v(z,t) := log Ry — log §(z, t) we obtain the equation

(4.62) /Qvtﬁ)(x) dz + /Q Vo - Vo(x)dz + /BQ h(x) (% - 1) w(x)ds(z)

U2 2 VGZ
:/ <— t;_Xt —|92| —|—Ut+2Xt)tb(x)dx.
Q

We now set

, UZ+x?2 |VO)?
H[v] = sign(v) (- — Xe _ | 92| +Ut+2Xt>

and check that the hypotheses of Proposition 4.5 are satisfied with the choice f(v) =
(Or/Ro)(e” —1), vr = (Ro —0r)/Ro, r = 1, and vH[v] < 2C|v|, where C is a common
upper bound for U; and y;. Hence, v is bounded above by some v*, which entails
0> Roe’”*. This concludes the proof of Theorem 4.1.

5. Long time behavior. In order to emphasize the relation to section 3, we keep
the original physical constants as in (2.23)—(2.25). We prove the following statement.

PROPOSITION 5.1. Let the hypotheses of Theorem 4.1 hold, and let the constants
B,w introduced in (3.11) satisfy the condition 1 ~ B> max{0,w}. Then we have

(5.1) /000 </Q (07 + U7 + X7 + |VO]?) dz + /BQ h(z)(0 — Or)? ds(x)) dt < oo,

(5.2) lim </Q (U +x3 +|VO]°) (z,t) dz +

t—o0

h(z)(0 — 0r)*(x,t) ds(a:)) =0.
o0

Furthermore, the functions Uq(t) = [, U(z,t)dx, Xa(t) = [o(1—x(x,t)) dz converge
to their equilibrium values as t — oo.

The condition 1 — 3 > max{0,w} is certainly satisfied if [po| + 86, < L/c; hence
it is not restrictive in standard situations.

The function on the left-hand side of (5.2) is a.e. equal to a function of bounded
variation. The limit is to be understood in this sense.

We see in particular that the temperature converges strongly in W12(Q) to its
equilibrium value fr, and the total ice content Xq, as well as the pressure, converges
to a constant as t — oco. For temperatures 0 above the freezing point or below the
undercooling limit, this means, in agreement with the discussion in section 3, that also
both x(z,t) and U(z,t) converge strongly in L*(Q) (hence, strongly in every LP(Q)
for p < 00) to their respective equilibrium values. For intermediate temperatures,
only the limit total ice content can be identified, but we are not able to decide about
the convergence of the individual trajectories to some of the equilibria.

Proof. By (2.39), since 6 is uniformly bounded from above, we have

(5.3)
/ / (U2 + X3 +|VO?) (z,t) dzdt + / / h(x)(0 — 6r)*(x,t) ds(x) dt < co.
0o Ja 0o Joq
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We rewrite (2.23) in the form

L
(5.4) ey — kAO = v(U;)* — BOUL + vx? — 70Xt

Due to the uniform L°° upper bounds for § and U, we can test (5.4) by 6, and obtain
(5.5) / 02 (x,t) dz + 4 (/ V0|2 (x,t) da + / h(z)(0 — 0r)? ds(x))
Q dt \Jo o9

< 013/ (Ut2 + xf) dx a.e.,
Q
with C13 independent of ¢, and (5.3) with (5.5) together with [20, Lemma 3.1] yield
(5.6) lim / V6 (z, 1) dx+/ h(@)(0 — 00)2(2, ) ds(z) = 0.
t— o0 Q 20

System (2.24)—(2.25) can be again considered as a gradient flow of the form (4.9),
with v and ¥ (v) analogous to (4.11)—(4.12); more precisely

(5.7) v:<:g)

68 v = [ (5O -a-0p+ @ s00) (1-F) +100) @0

Kr po \’
ar d 0
+ 5 <‘/QU :U-I—KF) +C¢,

56— or)
69 1= (oo 0n)-

We have f € L2(0,00; L2(Q) x L?(2)) by (5.3), and f € L?(0,00; L2(Q) x L*(Q)) by
(5.5). From Lemma 4.2 we conclude that

(5.10) lim [ (U} +x7) (z,t)dz =0.

t—o0 Q

Set O (t) = [, 0(x,t) dz. The equation for Up now reads

(5.11) vUq + (A + Kr|Q)Uq = aXXq + 80q — (po + 50.)|9;
hence
(5.12) Jim (A + Kr[Qf)Ua(t) — aAXa(t) = (B(0r — 0c) — po)|Q].

From (2.24) and (2.25) we obtain for a.e. (z,t) € Qs that
(5.13) MU =-a(l —x)) =—-vU+ B0 —0.) —po — KrUq,
(5.14)

7% € QU000 - KU+ L (1 5 )+ (o = 31 ) (0-60) 010
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We define an auxiliary function

(5.15)  A(x,t) :== —yxe(x, t) + avU(x, t) — <aﬁ — 9£> (0(x,t) — 6r)

C

Oz2)\KFXQ(t) + Oé(ﬂ(ap — 6‘6) — pO)KI‘|Q|
A+ Kr|Q| '

With the notation of (3.7), (3.11) we rewrite (5.14) in the form

(5.16) +aKrUq(t) —

1 d ~ (0
(5.17) EA(x,t) + @Xg(t) +(1-p) <9—F — 1) +w e dl(x(z,t) ae.,
as an evolution counterpart of the equilibrium condition (3.12). The above computa-
tions show that lim; . [A(t)[2 = 0. We now prove the following implications:

(i) If Or > 6.(1 —w/(1 = B)), then [, |1 — x(z,t)|dz — 0 as t — oo.

(ii) If Or < 0.(1 — (w+d)/(1 — B)) then [, x(x,t)dz — 0 as t — oc.
(iii) If 0.(1 — (w+d)/(1 — B)) < Op < 0.(1 —w/(1 — B)), then
Xo(t) = (1Q1/d)((1 = B)(1 = (6r/6.)) — w)
as t — oo.
The corresponding convergence of U then follows from (5.12)—(5.13).
To prove the above statements (i)—(iii), set

X" = % <(1 - 5) (1 — Z—F) —w) . AY(x,t) = LidA(x,t).

Equation (5.17) reads

(5.18) A*(z,t) + ﬁXQ(t) —x" € 0I(x(x,t)) ae.,
that is,
(5.19) (A*(x,t) + ﬁXQ(t) — x*) (x — x(z,t)) <0 ae. Vxel0,1].

Integrating over Q, we obtain for every y € [0,1] and a.e. ¢ > 0 that

(5.20) (ﬁxgw - x*) (ﬁxme) - >z>) < —ﬁ [ A4 0) .

The right-hand side of (5.20) tends to 0 as ¢ tends to co. Hence,
G21)  lmewp (ﬁXQ(” - x*) <ﬁxg<zﬁ> . >z>) <0 vieln).
Implications (i)—(iii) now follow easily from (5.21) by putting
1 if x*<0 (case (1)),
X = 0 if x*>1 (case (ii)),
I—x* if O0<x*<1 (case (iii)). a

Note that in all cases the difference U — a(1 — x) converges in L%(Q) to its
equilibrium value as ¢ — co. The question of whether x(z,t) and U(x,t) separately
converge in case (iii) is still open.
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