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Abstract

We consider a rate independent evolution variational inequality with an arbitrary
convex closed constraint Z in a Hilbert space X . The main results consist in proving
that it is well-posed in the Young integral setting in the space of functions of essentially
bounded variation for every Z and in the space of regulated functions provided 0 lies in
the interior of Z.
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Introduction

We consider a real Hilbert space X endowed with a scalar product (-,-) and norm |z| :=
(x, x>1/ ? for x € X . Throughout the paper we assume that

Z is a convex closed subset of X such that 0 € Z. (0.1)

We mainly work with the so-called requlated functions (cf. [1]), that is, functions of real
variable which at each point of their domain of definition admit both finite one-sided limits,
see Definition 1.1 below. The space of regulated functions [0,7] — X will be denoted by
G(0,T; X) according to [21].

We assume that an initial condition zy € Z and an input v € G(0,7; X) are given, and we
look for a function ¢ € G(0,7; X) such that

(P) (i) u(t)—E&(t)y ez Yeelo,T],
(if) u(0) = €(0) = @,

(iii) for every y € G(0,T; Z), the function 7 — u(7+)—&(7+)—y(7) is Young integrable
on [0,7T] with respect to £ according to Definition 3.1, and

/Ot (u(r+) — E(T+) — y(7),dé(T)) > 0 Yt [0,T].
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If u is continuous, then Problem (7P) can be stated either as a limit of classical variational
inequalities with smooth inputs, see [10, 22|, or in the context of the Riemann-Stieltjes integral,
see [12, 5]. The solution operator (zq,u) + £ called the play is one of the main building blocks
of the theory of hysteresis operators and its properties have been extensively studied in various
settings. If u is of bounded variation, Problem (7P) can also be interpreted as a special case
of a sweeping process, see [16], defined as a limit of time-discrete approximations. Theorem
2.3 and Proposition 4.3 below not only illustrate this property, but also show that the time-
discrete approximations in the sense of [16] coincide with the exact solutions of Problem (7P)
for piecewise constant inputs.

The aim of this paper is to propose an extension of the play onto the space of regulated functions
via the Young integral in the form given in [8]. An alternative, which we however do not pursue
here, would be to use Kurzweil’s integral introduced in [14]. Although the Kurzweil integral
calculus is in general simpler, its main drawback in connection with Problem (7P) consists in
the fact that one of the key lemmas (Lemma 3.3 below) which is nearly trivial for the Young
integral, does not hold for the Kurzweil integral, and the analysis would have to be restricted
to, say, left-continuous inputs.

Another approach can be found in [4] in the scalar case X = R: the rate independence
makes it possible to use directly the ‘continuous’ methods by ‘filling in’ the discontinuities with
segments traversed with an infinite speed. In the case dim X > 1, this procedure turns out to
be trajectory-dependent which makes the analysis difficult even if we restrict ourselves to some
canonical (the shortest, say) trajectories filling in the jumps.

As the main results of this paper (Theorems 2.3, 2.4), we show that Problem (7P) always
defines an input-output mapping p, : Z x BV(0,T; X) — BV(0,T; X) : (wg,u) — & which
is continuous with respect to the uniform convergence. Here, BV (0,7 ; X) denotes the space
of functions with essentially bounded variation, see (1.7) below. Moreover, if 0 € Int Z, then
the output ¢ is well-defined in BV (0,T; X) for every u € G(0,7; X), and the operator
py: ZxG(0,T; X)— BV(0,T; X) is continuous with respect to the uniform convergence. It
is interesting to note that inputs u;, us which are equivalent in the sense that u;(t—) = ug(t—)
for every t € [0,T], generate equivalent outputs &, &;.

The paper is organized as follows. In order to fix the notation and to keep the presentation
consistent, we list in Section 1 the main concepts from convex analysis and vector-valued
functions that are used throughout the text. In Section 2 we state the main results. Section
3 is devoted to a self-contained extension of the Young integration theory to functions with
values in a Hilbert space. Detailed proofs of statements from Section 2 are given in Section 4.
In Section 5 we illustrate the connection between Problem (7P) and the concept of e-variation
introduced by Frankova in [7].

Acknowledgement. The authors wish to thank J. Kurzweil, S. Schwabik and M. Tvrdy for
stimulating suggestions and comments.

1 Preliminaries

The aim of this section is to recall some basic facts about the convex analysis in Hilbert spaces
and vector-valued functions of a real variable. Most of the results are well-known and we refer



the reader e.g. to the monographs [2, 17] for more information.

For a given convex closed set Z C X such that 0 € Z we fix the number
p:=dist (0,07) :=inf {|z|; 2 € 0Z} > 0. (1.1)
It is clear that p > 0 if and only if 0 € Int Z. In this case we have B,(0) C Z, where
B (xg) :={z € X; |xv —xo| <7} (1.2)
denotes the ball centered at xy with radius r.

We introduce in the usual way the projection Q% : X — Z onto Z and its complement
PZ:=1— Q% (I is the identity) by the formula

Q%r € 7, |P?z| =dist (v,7) forx € X. (1.3)

In the sequel, we call (PZ Q%) the projection pair associated with Z. The projection can be
characterized by the variational inequality

¢ =Q% & (xt—qq—2) >0 VzeZ. (1.4)

Let now [a,b] C R be a nondegenerate closed interval. We denote by D,; the set of all
partitions of the form

d:{to,...,tm}, a=ty<t;1 <...<t,=0bH.

For a given function ¢ : [a,b] — X and a given partition d € D,; we define the variation
Vai(g) of g on d by the formula

Vilg) = ilwg@j) ~ g(ty)|

and the total variation Var .y g of g by

\[fabl]" g = sup{Vu(g); d € Dyp}.

In a standard way (cf. [2]) we denote the set of functions of bounded variation by

BV (a,b; X) := {g:[a,b]—>X;\[/a;31"9<oo}. (1.5)
Let us further introduce the set S(a,b; X) of all step functions of the form
W(t) = Z ék X{tk} (t) + Z CL X}tk—lytk[ (t) s t e [a,, b] s (16)
k=0 k=1

where d = {to,...,t,n} € D,y is a given partition, x4 for A C [a,b] is the characteristic
function of the set A and ¢o,...,¢n,c1,- .., ¢y are given elements from X .

It is well-known (see e.g. the Appendix of [2]) that every function of bounded variation with
values in a Banach space admits one-sided limits at each point of its domain of definition.
Following [1], we separate this property from the notion of total variation and introduce the
following definition.



Definition 1.1 We say that a function f : [a,b] — X is regulated if for every t € [a,b] there
exist both one-sided limits f(t+), f(t—) € X with the convention f(a—) = f(a), f(b+) = f(b).

According to [21], we denote by G(a,b; X) the set of all regulated functions f : [a,b] — X .

For a given function g € G(a,b; X) and a given partition d € D,; we define the essential
variation V4(g) of g on d by the formula

Vilg) = f:l|g<tj—>—g<tj_1+>| T §)|g<tj+>—g<tj—>|

and the total essential variation @[a,bl g of g by

[aabl]" g = sup{Vi(g); d € Doy} .

We denote the space of functions of essentially bounded variation by

BV(a,b; X) = {g:[a,b]%X;%g<oo}. (1.7)

The terminology has been taken from [6], although we restrict ourselves a priori to regulated
functions which makes the analysis easier. This however means here in particular that V,(g)
is defined for every function ¢ : [a,b] — X, but V,;(g) only for a regulated function g¢.

We summarize some easy basic properties of the above spaces in Lemma 1.2 below the proof
of which is left to the reader.

Lemma 1.2

(i) Ewvery regulated function is bounded.
(ii) For every g € G(a,b; X) we have Var 45 g < Var|,y g.
(iii) The sets S(a,b; X), BV(a,b; X), BV(a,b; X), G(a,b; X) are vector spaces satisfying

the inclusion

S(a,b; X) C BV(a,b; X) C BV(a,b; X) C G(a,b; X).

(iv) Let Gr(a,b; X) be the subset of left-continuous functions in G(a,b; X). Then we have
Gr(a,b; X)NBV(a,b; X) C BV(a,b; X).

We introduce in G(a,b; X) a system of seminorms

[l = sup{lf(T)]; 7 € [s, ]} (1.8)

for any subinterval [s,?] C [a,b]. Indeed, [|-[|,, is a norm.

Let us note that the space C(a,b; X) of continuous functions f : [a,b] — X is a closed
subspace of G(a,b; X) with respect to the norm [[-[|, ;-

We now list some characteristic properties of regulated functions which are needed in the sequel.
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Proposition 1.3
(i) The space G(a,b; X) is complete with respect to the norm |||, -
(ii) Given C >0, the set Vo :={g € BV(a,b; X); Var g, g < C} is closed in G(a,b; X).
(iii) For f € G(a,b; X) and t € [a,b] put
osc f(t) = max{[f(t) — f(t=)], [f(t+) = F@OI, [f(t+) = FE=)]}
Then for every € > 0 the set
U; == {t€la,b];o0sc f(t) > e} (1.9)
is finite, and f is continuous except in a countable number of points.

iv) Let f € G(a,b; X) and € > 0 be given and let Us be the set defined by (1.9). Then
(iv) Y f Y
there exists h > 0 such that for every [s,t] C [a,b], [s,t]NU; =0, 0 <t —s<h we

have |f(t) — f(s)| <e.

(v) Forevery f € G(a,b; X) and € > 0 there exists w € S(a,b; X) such that || f —wl|,
g, w(t) € Ureap{f(7)} for every t € [a,b], Varpyw < Varpy f and Var [, 5 w
Var [a,b] f

<
<

(vi) Let f € G(a,b; X) be such that

! .
—(b— : < C.
30 >0 Vhe}O,Q(b a){ Nar f<c

Then f € BV(a,b; X) and Vat < C+ [ flat) — f(a)| + [F(b) — F(b—)].

Proof.
(i) Let {f.} be a Cauchy sequence in G(a,b; X). For t € [a,b] put f(t) := lim, . fn(t).

For every t €]a,b] and every sequence t; /'t we have

[f(tk) = f(E < 1 (k) = Sfulti)| + [fa(te) = fu(te)| + |f () = fulte)],

hence {f(tx); k € N} is a Cauchy sequence whose limit is independent of the choice of the
sequence tj, and we conclude that f(t—) exists. In the same way we check that f(t+) exists
for t € [a,b] .

(ii) Let {g,} be asequence in Vi which converges uniformly to ¢ in [a,b]. Then, for d € D,
Va(gn) converge to Vy(g), hence (ii).

(iii) For every ¢ € [a,b] there exists d(t) > 0 such that |f(7) — f(t+)] < €/4 for 7 €
Jt,t+0(t)[N[a,b], |f(1)— f(t—=)| < €/4 for T €]t —§(t),t[N]a,b]. In particular,

(Jt=0(t),t+ 3@\ {t}) NU; = 0 Vteab].
As [a,b] is compact, we can select from the covering

la,b] € |J Jt—0d(t),t+46(t)]

t€[a,b]



a finite covering

a.t] < U Jty —8(t5).4; + 8(t,)]

j=1
hence Us C {t1,...,tn}.
(iv) Let U; = {t1,...,tu}, tjya >t; for j=1,....,n—1, and put Iy := [a,t1[, I, :=]tn, 0]
(which might possibly be empty), I; :=1t;,¢;41[ for j=1,...,n—1. Let f;, 7=0,...,n be
the functions f[;; continuously extended to I;. The assertion holds provided we put

h = 1Ilf{|t— S|7 [S7t] - ij ’f](t) - f](8)| >e,]= O,...,?’L} )
and we easily check that h > 0.
(v) Let € >0 be given and let Uj, h >0 and I, j =0,...,n be as in the proof of (iv). In

each interval I; we find a partition t; = s) < sj < ... < s?j = t;11 (with the convention ¢y = a,

tag1 = b) such that s},..., s are continuity points of f, s¥ —s~' < b for k=1,....4;.
For j =0,...,n we now put
w(ty) = f(t)
w(t) = { f(sg)1 for te]sg.ZS?L k=1,...,0;—2,
f(sf ) for ¢ €]sy il

Then w € S(a,b; X) and from (iii) we immediately obtain that |f(t) — w(t)] < e for every
t € [a,b]. Moreover, putting

n

d = {ayU{b}U{ts,... .t} U (U{s;,...,sﬁﬂ—l}) € Day

=0
we have Var oy w = Va(f), Var, g w < Vy(f), and the assertion follows.
(vi) Let d = {to,...,tm} € Dyyp be an arbitrary partition. For 0 < h < min{t; —a,b —t,,_1}
we have
Va(f) < [ajéiagfh]f +[fla+) = fla)| + |flath) = fla+)] + |f(0) = f(b=)] + | f(o—) = F(b=h)],

and letting h tend to 0+ we obtain the assertion. The proof of Proposition 1.3 is complete.
|

2 Main results

We will see in Section 3 that the integral in Problem (7P) is meaningful if £ € BV(0,T; X).
Let us denote by Dom (P) C Z x G(0,T; X) the set of all (zg,u) € Z x G(0,T; X) such that
there exists a solution & € BV(0,7; X) to Problem (P). We first show that the solution &
is unique for every (xg,u) € Dom (P). In fact, we prove more, namely

Lemma 2.1 Let (zg,u), (yo,v) € Dom (P) be given and let £&,n € BV(0,T; X) be respective
solutions to Problem (‘P). Then for every t € [a,b] we have

() —n(®)* < 1€(0) = n(0)]* + 2 lu — vl i (&—n). (2.1)



Proof.  Putting y(7) := (1/2) (u(7+) + v(7+) — £(74) — n(7+)) in the inequalities (P (iii)
for ¢ and for n and summing them up we obtain

[ ) = o(r4) = €(r4) e, dE = m)() 2 0,
Corollary 3.15 then yields that

5 (160~ n(0) ~160) —nO)F) < [ {ulr+) — (7). dle — m(r)
and (2.1) follows from (3.16). ]

Lemma 2.1 enables us to define the operator
py : Dom (P) — BV (0,T; X) : (wg,u) — &, (2.2)
where & =: p,[zo,u] is the unique solution to Problem (P).

We summarize the main results of this paper as Proposition 2.2 and Theorems 2.3 — 2.4 below.
The proofs will be given in Section 4.

Proposition 2.2 Let xy € Z be given, and for u € G(0,T; X), t € [0,T] put u_(t) := u(t—).
Then (x¢,u) € Dom (P) if and only if (xo,u—) € Dom (P), and in this case we have

pzlro, ul(t=) = pzlzo,u(t), pzlwo,ul(t) = pzlro, ul(t=) = P?(u(t) — pzlzo, ul(t—)) (23)
for every t € [0,T], with P# defined by (1.3).

Theorem 2.3 For each set Z satisfying (0.1) we have Z x BV(0,T; X) C Dom (P) and
Var o7 P20, u] < Varpqu for every (zo,u) € Z x BV(0,T; X). Moreover, for every

($07U),(y0,?)) € Z X BV(OvTa X): 5 = pZ[ZE07U], n = pZ[y07'U] and every l e [OaT] we
have

50~ < 160) ~ w0 + 2~ ol (o Vi o) - (24

Theorem 2.4 If 0 € Int Z, then Dom (P) = ZxG(0,T; X). Moreover, if {(x,u,); n € N}
is a sequence in Z x G(0,T; X) such that |zg — 20| — 0, [[up —ullgq — 0 as n — oo,
then there exists a constant C' > 0 independent of n such that Var o p,lzg, u,) < C and
[Pz [z, un] — p2lzo, ulll g7y — 0.

Remark 2.5 We cannot replace the variational inequality (iii) in Problem (7P) by

i) [ (ulr) —€(r) —y(r). de(r)) 2 0 Wy EGO,T2) Vee[nT)

which might seem to be a natural extension of the continuous case in [12]. It suffices to consider
the scalar case X = R, Z = [—r,r] for some 7 > 0, 29 = 0, u(7) = U xj97 (7) With some
u > r. Assume that there exists { € BV(0,T'; X) satisfying (iii)’, [|u — &g <7, £(0) =0.
Putting y(7) = 7 X0y (7) + (u(7) = &(7)) Xjo,r1 (1) We obtain from (iii)” and Proposition 3.7
that .

0 < [ () =€) =) x gy (1) d(r) = =r&(04),

hence £(04) <0 and u(0+) — £(04+) > @ > r, which is a contradiction.



3 The Young integral

We give here a survey of those elements of the Young integral calculus that are related to
Problem (P) using the ideas of [8, 19, 20, 21].

We fix a compact interval [a,b] C R and as in Section 1, we denote by D,; the set of all
partitions d = {tg,...,tm}, a =1ty <t1 <...<t, =0b of [a,b].
We say that a partition dis a refinement of d € D, and write d=difde Doy and d C d.

Let d = {to,...,tm} € Dayp be a partition. We denote by B(d) the set of special refinements
D of d (the so-called P -partitions, see [19]), of the form

D = {tOHQl’tl;---;tmflagmytm}y a:t0<Q1<t1<Q2<t2<...tm,1<gm<tm:b. (31)

For given functions f : [a,b] — X, g € G(a,b; X) and partitions d € D,;, D € B(d) of the
form (3.1) we define the integral sum Sp(f Ag) by the formula

p(f Ag) Z (tj—) —g(tjat)) + Z —g(t;=)) (3.2)

Jj=1

again with the convention g(a—) = g(a), g(b+) = g(b).

Definition 3.1 We say that J € R is the Young integral over [a,b] of f with respect to g
and denote

b
J = [w.de) (33)

if for every € > 0 there exists d. € D,y such that for every d > d. and D € B(d) we have
] — Sp(fAg)| < e. (3.4)

It is an easy exercise to check that if the value J in Definition 3.1 exists, then it is uniquely
determined. In what follows, whenever we write [ (f(t),dg(t)) = .J, we interpret it as ‘the
function f is Young integrable with respect to g in [a,b] and the integral equals to J.’

Similarly as for other integration theories (cf. e.g. [19] for the Perron-Stieltjes or Kurzweil
integral), the Young integral admits the following ‘Bolzano-Cauchy-type’ characterization.

Lemma 3.2 Consider f : [a,b] — X and g € G(a,b; X). Then f is Young integrable with
respect to g in [a,b] if and only if for every € > 0 there exists d. € D,y such that for every
d; = d. and D; € B(d;), i = 1,2 we have

S, (f Ag) — Sp,(fAg)| < e. (3.5)

Proof. If [P (f(t),dg(t)) exists, then (3.5) obviously holds. Conversely, let (3.5) hold. For
every n € N we find a partition dy/, € Dy such that (3.5) holds with ¢ = 1/n, and put
dy :==dy, & :==d;_,Udy, for n=2,3,.... For each n € N we fix some D,, € B(d}) and put
Jn = Sp,(fAg). By (3.5), {J,} is a Cauchy sequence in R, and putting J := lim,, . J,, we
easily check that J = [ (f(t),dg(t)) by Definition 3.1. ]

The reason we decided for the Young integral is its following property which is an immediate
consequence of the definition and which plays an important role in our arguments. Surprisingly
enough, identity (3.6) does not hold for the Kurzweil integral in general [13].
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Lemma 3.3 Consider f : [a,b] — X and g € G(a,b; X), and assume that there exists a
countable set A C [a,b] such that g(t) =0 for every t € [a,b] \ A. Then we have

[ 450, dg(0) = (10),90) ~ (@), 9() (36)

The Young integral is linear with respect to both functions f and ¢g. For the sake of complete-
ness, we state this result explicitly.

Proposition 3.4

(1) Let [P(fi(t),dg(t)), [P{fa(t),dg(t)) exist. Then we have
[+ 200 = [(h@.dgo) + [ (0o 37)

(i) Let [P(f(t),dgi(t)), [2(f(t),dgs(t)) exist. Then we have

[ dto +am) = [ G@.dn) + [ 070, do) (38)

a

(iil) Let [P(f(t),dg(t)) exist. Then for every constant X € R we have
[0se.dg) = [0.d000) = A [ 3.9)

Proof. (i) Let & > 0 be given. We find dl,, d2,, € Dy such that for all d; ~ d.,,
D; € B(d;), i =1,2 we have

< (3.10)

{0 dg(0) ~ 50,529

DO | M

Putting d. := dl,UdZ,, we obtain (3.7) immediately from (3.10). The same argument applies
to the case (ii), while (iii) is obvious. ]

The Young integral behaves in the following way with respect to the variation of the integration

domain.

Proposition 3.5 Let f: [a,b] — X, g € G(a,b; X) be given functions and let [r,s] C |a, b
be a nondegenerate interval.

(i) Assume that [P(f(t),dg(t)) exists. Then [*(f(t),dg(t)) exists.

T

(ii) Assume that [*(f(t),dg(t)) exists. Then we have

[ ) 0.90) = [0, dg(0) — {7, o) — gr)) — (), 0(s) — ()
(3.11)



Remark 3.6 Proposition 3.5 needs some comment. Here and in the sequel, whenever we
integrate functions f, g defined in [a,b] over an interval [r,s] C [a,b], we implicitly consider
their restrictions f|j 4, 9| - In particular, we have e.g. f|p.q(s+) = f(s), flps(r—) = f(r),
similarly as in Definition 1.1.

Proof of Proposition 3.5.

(i) Let € > 0 be given. By Lemma 3.2 we find d. € D,; such that for every d; > d. and
D; € B(d;), i = 1,2 we have

|SD1(ng) - SDz(ng” < g,

and put df := (d.N]r,s[) U{r} U{s}. Then df € D,;, and we arbitrarily fix d; > d} and
D; € B(d;), i=1,2. Put d; :=d; Ud.. Then dl,d2 may be written in the form

di = {a=to<ti<..<tp=r<ti,<..<s=tl _,<.. <th =b},
dy = {a=to<ti<..<tp=r<ti, <..<s=t ,<.. <t =b},
where ¢, = tr, ; for j=10,...,£. We now fix arbitrary ¢; €]t;_1,t;[ for i =1,... k and
0; €1ty i tmy el for]—l,...,é,andput
A Al 1 A1
D, = {t[)vglatl?"'7tk—17gkaD1aQ€7tm1—£+17'"7tm1—1a017tm1}a
D2 = {tﬂaglatlw"7tk—1ygkaD2aé€7t3n2—é+17'"7t72nQ—1a@17t3n2} .

Then D; € B(c@-), i =1,2, and we have

hence the assertion follows from Lemma 3.2.

(ii) Let € > 0 be given and let d. = {t¢,...,tm} € D, s be such that for every d > d. and
D € B(d) we have

[t dgt) - Sp(fag) < <. (3.12)

T

Put df :=d.U{a,b}. Then d} € D,;, and every D* € B(d*) with d* > d} is of the form

D* = {t5, 00,81, .ty 1, O tii b
where r = £/, s = t; for some 0 < i < k < m*. By construction, d := {£,£.....#} is a

refinement of d. and D := {t}, 0/, ,,t;,,,..., 05,15} belongs to B(d). On the other hand, for
j <iand j >k we have f xy,y(0j) =0, hence

So- ((f X ) 89) = SolF Ag) = (1), 9(r+) — g(r)) — (F(5), 9(s) — g(s—)
and the assertion follows. [ ]

We next investigate some typical cases.

Proposition 3.7 For every f:]a,b] = X, g € G(a,b; X), a<r <b and v € X we have
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6) [ (v xp (0. dg(0) = (v, 90r+) — 9lr-))

0 if €la,bl,
v) if r=a,

(o)) if r=b,
() [ (00 (0, d0(0)) = {v,9(5-) —glr ) ¥s €l

() [ (700 (0 x00) ) = (G0~ fs)0) Vs elnb]

Proof.  ldentity (iii) follows immediately from Proposition 3.5 for f(¢) = v and from the
obvious fact (cf. Remark 3.6) that [’(v,dg(t)) = (v,g(s) — g(r)). For a < r < b we obtain
(i) from (iii) and from Proposition 3.4 using the formula X, = Xjap = Xjas[ — Xjrp[ - 1O
treat the case r = a, we just note that for each d € D,;, and D € B(d), the integral sum
Sp(v X{q Ag) contains only one nonzero term, namely (v, g(a+) — g(a)). For r = b we argue
analogously. Statement (ii) is a trivial consequence of Lemma 3.3.

To prove (iv), we set dy := {a,r,s,b}. Then for every d > dy and D € B(d) of the form
(3.1) we have r =t;, s =t} for some 0 <i <k <m, where Xy, (t;—) = Xj.q (tj—1+) for
every j =1,....m, X]rs ( ) X]r s[ (t+) for every ] 7é , k7 X]r,s[ (t1+) - X]r,s[ (ti_) =1,

Xir.s (k) = X ((—) = —1, hence Sp (fA (v Xirs| )) = (f(r)— f(s),v), and Proposition
3.7 is proved. m

Corollary 3.8 Let f:|a,b] — X, g € G(a,b; X) and s €la,b| be such that [;(f(t),dg(t)),
[2(f(t),dg(t)) exist. Then we have

[ .asw) = [ 0w.d) + [, ag0) (3.13)

Proof. We clearly have f = f xjo 5 + [ Xjspp T Xga3 +J Xgsy +J Xy - By Propositions 3.5
and 3.7 (i), each of these five functions is Young integrable with respect to ¢ in [a,b]. Owing
to Proposition 3.4, f is Young integrable with respect to ¢ in [a, ], and (3.13) readily follows
from (3.11), Proposition 3.7 (i), and the identity

[ gy + [ = [0 (ot + 000)) (), 0
+ (fa), gla+) —g(a)) + (f(s),9(s+) —g(s=)) + (f(b),g(b) — g(b=))
= /ab <(f (X]a,s[ + Xjspl T X{ay T Xgsp T X{b})) (t),dg(t)> = /ab (f(t).dg(t)) .
n

In order to preserve the consistency of (3.13) also in the limit cases s = a and s = b, we set

/: (1), dg)) = 0 Vselabl, ¥ g:lab — X. (3.14)
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Propositions 3.4 and 3.7 enable us to evaluate the integral [°(f(t),dg(t)) provided one of the
functions f, g belongs to S(a,b; X). The next strategy consists in exploiting the density of
S(a,b; X) in G(a,b; X) stated in Proposition 1.3 (iv). We first notice that for all functions
f,g:]a,b] — X and every P-partition D of the form (3.1) we have

Sp(fAg) = i (f(0j).9(tj—) — g(tj—1+)) + i (f(t),9(t;+) — g(t;—))

= f b)>g<b>>_ <f(a)vg(a)>
+—§;f@»—f@ 3% (0501) — £(t5), 9(t;+))
hence -
So(f Ag) < min {[If g Valg)s (F@) + 1O +Valf) oy} - (315

The extension of the Young integral to G(a,b; X) is based on Theorem 3.9 below.

Theorem 3.9 Consider f, [, : [a,b] — X, n € N such that lim, .o || f — fullj,p) = 0. Then
the following implications hold.

(i) If g € BV(a,b; X) and /ab (fn(t),dg(t)) exists for each n € N, then /b (f(t),dg(t))

a

crists and [ e dotey = Jim [ (o). dote)

(i) If g € BV(a,b; X) and / t),df.(t)) exists for each n € N, then /ab -4
caists and [ totarwy = Jim [ o, an0)

Proof.

(i) For n € N put J, := [* (f,(t),dg(t)). For each n we find d, € D,; such that for every
d > d, and D € B(d) we have

1
|SD<ang> - Jn| < E

For m,n € N put d,,, :=d, Ud,,. For every d > d,,, and D € B(d) we then have

1 1
‘SD<ang) - Jn’ < -, |SD(fmAg> - Jml < —,
n m

and (3.15) with f := f, — fim, ¢ := g implies that

IN

1 1
— + =+ ||fn fm“[ab Varg,
m n

12



hence {J,} is a Cauchy sequence and we may put J := lim, . J,. For each d > d, and
D € B(d) we obtain that

So(fAg) = J| < 18((F = £2) Ag)| + Snlfa Bg) = Jul + |1, = J
< = Fally Vg 0 + U+ 1= ],

hence [°(f(t),dg(t)) = J and (i) is proved.

The same argument based on (3.15) with f :=g¢, g := f, — fn yields (ii). n
From Propositions 3.4 and 3.7 it follows that the integral [°(f(t),dg(t)) exists whenever one
of the functions f, g belongs to S(a,b; X). Using the fact that every regulated function can

be uniformly approximated by step functions (cf. Proposition 1.3 (v)), we obtain the following
result as an immediate consequence of Theorem 3.9 and inequality (3.15).

Corollary 3.10 If ezther f € G(a,b; X) and g € BV(a,b; X), or f € BV(a,b; X) and
g € Gla,b; X), then [°(f(t),dg(t)) exists and satisfies the estimate

[ trte)dgto)

< i {1y Vi o (11150 + Yo 1) ol ) 10
The estimate (3.16) is optimal in the following sense.
Theorem 3.11 For every g € BV (a,b; X) we have

(@l + a0+ oy g = s [ 60,010 1 € s BO)] . a0

For every g € BV (a,b; X) we have

\[/abl]" g = sup{/ab (f(t),dg(t)) ; f € S(a,b; Bl(O))} : (3.18)

Proof. To prove (3.17), we fix € > 0 and find a partition d = {to, ...t} € D4y such that
2 lg(t) —g(ti-)l = Varg —e. (3.19)
j=1 @

Let 0 : X — X be the function
o(x)=x/|z|] for x#0, o(0)=0,

and for ¢ € [a,b] put

Filt) = o9(®)) X (1) — o{90)) X0 () = 3= o0(8) = t5-20) i, o (0 (3:20)

13



We then infer from (3.19), Proposition 3.7 (ii), (iv) and Proposition 3.4 (ii) that

m

/ab (g(t),df1(t)) = lg(a)l+|g(®)| +D_lg(t;) —g(tj—1)] > Ig(a)!+|g(b)l+\[£%§g — e, (3.21)

=1

which, together with Corollary 3.10, yields (3.17).

We now turn to the proof of (3.18) and consider g € BV (a,b; X) and ¢ > 0. We find again a
partition d = {t¢,...,tn} € D,y such that

m

Z g(t;=) = glt;- 1+!+Z!9t+ —9(t;-)| = Varg — e, (3.22)
and put
P = So00) =0ty X ) + o t) = o) Xy (0 (3)

1

J

Then f5 € S(a,b; B1(0)) and it follows from Propositions 3.4 and 3.7 (i), (iii) that

m

[ 45(0).dg =3l (1)~ gl D) + Ylalt) ot ). (3:24)
j=1 §=0
The assertion (3.18) is then a consequence of (3.22), (3.24), and Corollary 3.10. |

As an easy extension of Theorem 3.9 we have the following convergence result.

Proposition 3.12 Consider f, f, € G(a,b; X), 9,9, € BV(a,b; X), n € N such that

Jan 1 = Fallyy =00 Jim g = gulloy =0, sup Varg, = C < oo.
Then , )
[ r.dg) = lim [ (fa(0). dga(®)) (3.25)

Proof. For any w € S(a,b; X) we have by Corollary 3.10 that

[mmw»—[mwmw

{(F ~ )(8)dg (1)

[ wat g0

«fwm<g%wﬁ+

< cnf—ﬁm@m+2cuf—wmmy+(2ww@@+g%u)ug—%mw

and the assertion follows from Proposition 1.3 (v). ]

Example 3.13
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(i) Notice that the pointwise convergence g, (t) — g(t) for every t € [a,b] is not sufficient in
Proposition 3.12 as in the case of the Riemann-Stieltjes integral. In the example X =R,

o) =) = xq0 (1), 9() =0, gult) = Xjou/m (1) for £€[0,1]  (3.26)

we have [} f,(t)dgn(t) = 1 for every n € N, [} f(t)dg(t) = 0, hence the assertion of
Proposition 3.12 does not hold.

(ii) Similarly, the pointwise convergence of {f,,} is not sufficient for Proposition 3.12 to hold.
Indeed, putting

£ = zi:(—l)k_lx{k/ng}(t) for t€0,1], (3.27)

%((—1)’“—1—1) forte[% %{, k=1,...,n,

amlt) = 0 for t € [%,1] ,

(3.28)

for n € N, we see that fn, g, € S(a,0; X), [[falluy <1, Varwygn <1, [[gallny — 0

and f,(t) — 0 for every t € [a,b] as n — oo, while [ f,(t)dgn(t) — 1.

The uniform convergence of f,, towards f in Proposition 3.12 can however be relaxed, as we will
see in Section 5, Proposition 5.4. To conclude this section, we derive two integration-by-parts
formulas.

Theorem 3.14 For every f € G(a,b; X), g € BV(a,b; X) we have

[ 5 dg0) + [ o). dr o) = (F0).90) — (@), oa) (3.29)
+ 3 ((F) = ft=), g(t) = g(t=)) = (Ft+) = £(b), g(t+) — g(t) ) -
te(a,b]

Proof.  From Proposition 1.3 (ii) it follows that the sum on the right-hand side of (3.29)
is at most countable, hence the formula is meaningful. Using Proposition 3.7 we check in a
straightforward way that (3.29) holds for every g € BV (a,b; X) whenever f is of the form
U X} OF U Xjs » hence also for every f € S(a,b; X) by Proposition 3.4. For f € G(a,b; X)
and n € N we find f, € S(a,b; X) such that |f — fal[,,) — 0 as n — oo and pass to the
limit using Theorem 3.9 and the obvious inequality

> (lo(t) — gt=)| + lg(t+) — g(¥)]) < Varg.

t€[ab) [a,0]

Corollary 3.15 For every g € BV (a,b; X) we have

(lg®) = lg(a)*) + ; > lg(t+) —g(t-)F. (3.30)

1
2 tela,b]

[ tate), ) =
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Proof.  The function g, (t) := g(t+) satisfies g, (t+) = g(t+) = g.(t) for every t € [a,b],
g+(t—) = g(t—) for every t €la,b], and belongs to BV (a,b; X). By Theorem 3.14 we have

[ o0 don() = 5 (190)P ~ lo(@t)P) + 5 3 lo(e+) - glt-)P

te]a,b

N | —

(note that the sum is taken over the semi-open interval |a,b]), while (3.6) yields that

[ (a0 dg = 0)(0) = (alat).alat) —s(a)

Combining the above identities we obtain the assertion. |

4 Proofs of main results

We first investigate local properties of the mapping p, introduced in (2.2) that will enable us
to treat the general case in Theorems 2.3 — 2.4. With the notation from Section 2, we establish
the following lemma.

Lemma 4.1 Consider (zo,u) € Dom (P) and put & := py[xo,u]. Then for every t € [0,T] we
have

E1) — €)= PX(ult) ~ £(-), €04) —€(-) = PQui) —€(-), (A1)
where (PZ,Q%) is the projection pair introduced in (1.3). In particular, the inequalities
[§(#) = &) < Ju(t) —u=)], [€(+) =@ < fu(t+) — u(?)] (4.2)
hold for every t € [0,T].

Proof. For a given t € [0,7] and z € Z put

y(r) = 2 X (1) + (u(r+) = €)X (1) + Xpory (7))

for 7 € [0,7]. Then Proposition 3.7 (i) yields (cf. Remark 3.6) that

0 < /Ot (u(t+) = &(m+) —y(7),d&(7)) = /Ot<(u(t) — () = 2)xq (1), dE(7)) (4.3)
= (u(t) —&(t) — 2, &) —£(E-)) -
If moreover 17" > ¢, then

T

0 < /OT (u(t+) = &(1+) — y(1), d&(T)) :/0 <(u(t—|—) — E(t+) —z)x{t}(r),dﬁ(r)> (4.4)
= (u(t+) = &(t+) — 2, £(+) —€(1-)) -

Since z € Z is arbitrary, we obtain from (1.4), (4.3), (4.4) that u(t)—£(t) = Q% (u(t)—£(t—)),
u(t+) — E(t+) = Q% (u(t+) — £(t—)), and the assertion follows. The inequalities (4.2) are
obvious: the first one follows from (4.3) by putting z := u(t—) — &(t—), to prove the second
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one we put z :=u(t+) —&(t+) in (4.3), z :=u(t) —&(¢) in (4.4) and sum up both inequalities.
|

As a consequence of Lemma 4.1, we see that £ := p,[zo,u] is left- (right-) continuous if u is
left- (right-) continuous, respectively. We now pass to the proof of Proposition 2.2 which shows
that we can reduce the analysis to the left-continuous case.

Proof of Proposition 2.2. Let ue G(0,T; X), y€ G(0,T; Z), xo € Z and £ € BV(0,T; X)
be given. For t € [0,T] put u_(t) := u(t—), £_(t) = &(t—), £ (t) := &(t) — &-(¢t). For all
t €[0,7] and 7 € [0,¢] we have u_(7+) — &_(7+) = u(r+) — £(7+), and from Proposition
3.7(i), Lemma 3.3 and property (1.4) it follows that

t

[ ) = )~y dem)) = [ {(ut) = 60) = u(0) + € ) (7). () (45)
b [ ) = )~y de () + [ {ulrt) — ) — y(r), dE° ()
= [l =€ () — ylr), de () + (ult) — €0) — y(0), ) — )

0

Assume first that (xzg,u_) € Dom (P), and put 1 := pylrg,u_]. By Lemma 4.1, n is left-
continuous, and putting

E(t) = n(t) + P (u(t) — n(t)) (4.6)

we obtain u(t) — £(t) € Z for every t € [0,T], £(t—) = n(t) + PZ(u_(t) — n(t)) = n(t), hence
u(0) — &£(0) = u_(0) — n(0) = zo. Moreover, the first term on the rightmost side of (4.5) is
non-negative by hypothesis, the second term is non-negative by (4.6), hence £ = p,[xo, u].

Conversely, assume that (zg,u) € Dom (P), and for a fixed y € G(0,7; Z) and t € [0,T] put
y (1) = y(7) + Xy (7) (u(t) = &) —y(t)) for 7 € [0,T]. Then y* € G(0,T; Z) and identity
(4.5) with y replaced by y* yields

0 < [ fulr+) — € 7 (), de ()
= [ (ur4) = £64) = y(1) + x4 () (0(0) — (1)), (7))
- /ot (u—(r4) = € (74) —y(7), dé-(7))

where we used Proposition 3.7 (i) and the left-continuity of £_. We have indeed u_(t)—£_(t) €
Z for every t, u_(0) —&_(0) = u(0) — £(0), and Proposition 2.2 is proved. ]

In the sequel, we denote by BV (0,7 ; X) the space of functions from BV (0,7 ; X) which are

left-continuous. Besides the fact that Var(,y f = Var.y f for every f € G(0,T; X) and
every [a,b] C [0,7], the restriction to left-continuous functions has the following advantage.

Lemma 4.2 Let v € G(0,T; X) and £ € BV.(0,T; X) be such that u(t) — &(t) € Z for
every t € [0,T], u(0) — &(0) = xg. Assume that

[ )~ &64) — () delr)) 2 0y e GO.T:2). (@)
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Then for every 0 < s <t <T we have

[ tulr4) — &) — 9, dem)) = 0 Wy € GOT:2), (4.5

in particular & = p,lro, ul .

Proof. For y € G(0,T;Z) and 7 € [0,T] put

§(r) = (u(r+) = €+H) (X1 (D) + Xz (1) + 9(7) Xpog (7).

Then § € G(0,7;7) and combining (4.7) with Propositions 3.5, 3.7 (i) we obtain using the
left-continuity of ¢ that

T

0 < [ (ulr) - &) = 5 dem) = [ (@) = 664 = 5 (7). )
= [ tulr+) = &64) — y(r), de ()
and Lemma 4.2 is proved. [ |

Lemma 4.2 and Proposition 2.2 enable us to construct easily & = py[zo,u] € S(0,7; X)
whenever u € S(0,7; X). As it has already been mentioned, the explicit formula coincides
with the time-discrete scheme of [16, 12].

Proposition 4.3 Let xg € Z be given and let uw € S(0,T; X) be of the form
ult) = w0 Xy () + DXy () Jor t€[0.T], (4.9
k=1

with {tg,...,tm} € Dap. For k=1,....m put & = ug — xo, & = &1 + PZ(up — &) -
Then & = pylxo,u] has the form

Et) = Soxqop () + D& Xy g ) for t€[0,T] (4.10)
k=1

and we have Var 11§ = Varo & < Varpru = Varpu.

Proof. For every k=1,...,m we have uy — & = Q% (up — &—1) € Z, hence u(t) — &(t) € Z
for every ¢ € [0,T]. Moreover, by (1.4) and Proposition 3.7, the function ¢ given by (4.10)
satisfies the inequality

[ Gl = 64—y, e = 36— nun— &=yl )) 2 0

for each y € G(0,7; Z), hence & = py[zg,u] by Lemma 4.2. To complete the proof, we
use again (1.4) which entails that (& — g1, up — & — up—1 + E—1) > 0, hence [& — &_1| <
\up — up—1| for every k=1,...,m and Var & < Varpmnu. [ |
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We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. From Propositions 4.3 and 2.2 it follows that for each function
u(t) = Yl Xy (0) + Dk Xgay_ a1 (1)
k=0 k=1

we have & = py[zo, u] if and only if

t) =& Xy (B) + D & Xt ()
k=0 k=1

for ¢t € [a,b] with & = o — @0, & — &1 = PZ(ur — &1), & — & = PZ(iy, — &) for
k=1,...,m. By Lemma 4.1 we have |{; — &{y—1| < |u, — up—1], hence Var o7& < Var o u.
Consider now u € BV (0,7; X) and zy € Z. By Proposition 1.3 (iv) we find u, € S(0,7; X)
such that [[u—unlpy — 0 as n — oo, Var gy u, < Varpru. Put &, := pylre, u,). By
Lemma 2.1 we have for n,m € N that

60 = 60O < 16a(0) = En(O)F +2 s — g (T (&) + T 60)) (@10

(0,¢]

< un(0) = (0)* 44 JJuy, — umH[o,t] % u,
hence {&,} is a Cauchy sequence in G(0,T'; X), Varn &, < Varjqu for every n € N. Let
§ € BV(0,T; X) be its limit, Varps& < Varjpu. From Proposition 3.12 we infer that
£ = pylro,ul, and the estimate (2.4) follows immediately from Lemma 2.1. Theorem 2.3 is
proved. [ |

For the proof of Theorem 2.4 we need the following crucial Lemma the idea of which (for
bounded domains Z) goes back to A. Vladimirov, see Sect. 19 of [10], cf. also Chapter 2 of
[15].

Lemma 4.4 Let 0 € Int Z and {(zf,u,); n € N} be an arbitrary sequence in Dom (P) N
(Z x GL(0,T; X)) such that |z — zo| = 0, [lup — |y — 0 as n — oo. Then there exists
a constant C' > 0 independent of n such that Var o1 p,[xg, u,] < C.

Proof. Notice first that the uniform convergence of {u, } and Proposition 1.3 (i) guarantee that
u € G(0,T;X). Next, let p >0 be asin (1.1) and let us denote U, := {t € [0,T]; |u(t+) —
u(t)] > p/6}. By Proposition 1.3 (iii), (iv), the set U, is finite and there exists h > 0 such
that for every [s,t] C [0,7] with [t —s| < h and [s,t]NU, = 0, we have |u(t) — u(s)| < p/6.
We fix a partition d = {to,...,t,} such that U, C d, t, —t)_y < h for k=1,...,m, and a
number 1o € N such that |lu, — ul[yp < p/6 for n = ng.

For &, = p,[z},u,] and k € {0,...,m} put

b=, (tet) — &t t) € Z. (4.12)
Consider now a fixed k € {1,...,m}. By Lemma 4.2 we have for every y € G(0,T; Z), n € N
and ¢ €10, (tp — t_1)/2[ that

[ ) = a4 = yr), dal)) 2 0. (1.13)

k—11€

19



In particular, for n > ny we may put in (4.13)

U() = () = wnltir ) + 5 0()) X001 ()

for an arbitrary w € S(0,T; B1(0)), since for 7 € |tx_1,tx[ we have |u,(7+) — un(tp_1+)| <
p/2, hence y(1) € B,(0) C Z. Then (4.13) yields

g i daE) < [7 fnlieat) = 64 da )

2 tp—1+€ tp—1t+€

and from Theorem 3.11 and Corollary 3.15 it follows that

g Var &, < ;(\unakﬁ)—sn(tk1+a>12—\un<tk1+>—sn<tk—e>|2).

[tr—1+etr—e]

Letting € — 0 (note that &, is left-continuous), we obtain on the one hand that

‘un(tk—l"‘) - €n<tk—1+)| > ’un(tk—1+) - gn(tkﬂ ) (4-14)

and, on the other hand, Proposition 1.3 (vi) yields that

P Var gn = p Var gn < p|€n(tk 1+) Sn(tk—lﬂ (415)

[th—1,tx] [th—1.t
+ [un(te1 ) = EnltiaH)1? = Jun(te1+) — Ea(tr) .
Lemma 4.1, inequality (4.14) and the triangle inequality imply that
al < lun(tioat) = &)+ fun(tit) — un(tioa )| + [&a(tit) — &a(t)]
< a7+ 2 |un (bet) — un(ti)| + p/2
< Jah M 4 2 |ultet) — u(te)| +3p/2.

|z

Now consider ¢ € {1,...,m}. Summing up the above inequalities from k =1 to k = ¢, we
obtain that

ol <l 42 3 Jultit) — ulty)] +3mp/2.
k=1

Observe further that Lemma 4.1 and the triangle inequality ensure that
[onl < J2g] + 2 [un(04) = wn(0)] < sup {|5]} + 2 [u(0+) — u(0)| + p/2.

Consequently, for ¢ € {0,...,m},
2| < sup {lzg|} + 2 Z lu(te+) —u(te)| + Bm+1)p/2 = Cy. (4.16)
k=0

From (4.15), (4.16) and Lemma 4.1, we thus obtain that

p Var & < plun(tei+) — un(ti)| + 1257 < p2/2+ CF + plulti—i+) — ulte)|,

[te—1,tk]

hence Var 71§, < mp/2+mC3/p+ C1/2, and Lemma 4.4 is proved. ]
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Proof of Theorem 2.4. For an arbitrary (zo,u) € ZxG(0,T; X) we find a sequence {u,}>° of
step functions such that |[u, — ul[p7 — 0 as n — oco. For ¢ € [0,T] and n € N put u” () :=
up(t—), u_(t) == u(t—), &(t) == pylay, u,)(t), £ (t) = pyleg, u™](t). From Proposition 2.2
it follows that &,(t—) = £"(t) for every t € [0,7] and n € N. Using Lemma 4.4 we find a
constant C' > 0 such that Var & < C', and Lemma 4.1 yields

for some constant C'. The same argument as in (4.11) implies that {&,} is a Cauchy sequence
in G(0,7; X). Denoting its limit by &, we obtain from Proposition 3.12 that £ := p,[zo,u].
Repeating the same argument for an arbitrary sequence |u, — ul| 7 — 0, u, € G(0,T; X),
we complete the proof. [ |

5 Functions of bounded e-variation

In this section, we give an extension of Proposition 3.12 to the case where the sequence {f,}
does not converge uniformly. The idea is based on the following concept introduced in [7], Def.
3.3.

Definition 5.1 We say that a set A C G(a,b; X) has uniformly bounded e-variation, if

Ve>0 dL. >0 VfeAd: inf{\[/eg)l]rw;wEBV(a,b;X),||f—1/1||[a7b}<5} < L..

We will see in Proposition 5.6 below that every uniformly convergent sequence in G(a,b; X) has
uniformly bounded e-variation. The converse is obviously false, as we can see from the example
fa(t) = Xpm (t) for t € [0,1]. On the other hand, we prove the following generalization of
Helly’s Selection Principle as an extension of Theorem 3.8 of [7] to the infinite dimensional
case.

Theorem 5.2 Let X be a real separable Hilbert space and let {f,; n € N} be a bounded
sequence of functions from G(a,b; X) which has uniformly bounded e -variation. Then there
erist f € G(a,b; X) and a subsequence {f,.} of {fn} such that f,, (t) converges weakly to
f(t) as k — oo for every t € [a,].

The proof of Theorem 5.2 consists in a gradual selection of subsequences similar to the proof
of the classical Helly Selection Principle (see e.g. [9], pp. 372 — 374). In order to make the
diagonalization argument more transparent, we introduce the following notation.

By G(N) we denote the set of all infinite subsets M C N. We say that a sequence {z,; n € N}
of elements of a topological space M -converges to z if for every neighborhood U(x) of x there
exists ng such that x,, € U(x) for every n € M, n > ny.

We start with the following Lemma as the Hilbert-space version of [3], Theorem 1.3.5.

Lemma 5.3 Let {1, ; n € N} be a bounded sequence in BV (a,b; X) such that Var ) ¥, <
C for every n € N. Then there exist v € BV (a,b; X) and a set M € G(N) such that
Var o) < C and the sequence 1, (t) weakly M -converges in X to (t) for every t € [a,b].
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Proof. Let {w,; j € N} be a countable dense subset of X . The functions ¢ — (1,,(¢), w;) have
uniformly bounded variation, and according to the one-dimensional Helly Selection Principle
we find N; € G(N) such that the sequence {(¢,(t),wy)} Nj-converges to alimit v(t) for every
t € [a,b]. By induction we construct a sequence {Ny; k € N} of sets in G(N), N; D Ny D
such that the sequence {(¢,(t),w;)} N,-converges to a limit v;(t) for every t € [a,b]. We
now put ng := min Ny, ng := min{n € Ny;n > ng_1} for £ = 2,3,..., and define the set
M :={ny; k € N} € G(N). By construction, every N,-convergent sequence is M -convergent,
hence {(¢,,(t),w;)} M -converges to v;(t) for every ¢ € [a,b] and j € N.

For a fixed t € [a, ], the mapping w; — v;(t) can be extended in a unique way to a bounded
linear functional on X . By the Riesz Representation Theorem, there exists an element (t) €
X such that v;(t) = (¢(t),w;) for every j € N. Since the system {w;} is dense in X, we
obtain that

i (G (). w0) = (o(8), )

for every w € X and t € [a,b]. Moreover, for a fixed partition a =tq <t; < ... <t, =b we
have

Z|¢ ti— 1)| < hmlan’wnk wnk<ti—1)| < C?
and the assertion follows. [

We now use Lemma 5.3 to prove Theorem 5.2 by an argument similar to the one used in [7] in
the case dim X < oco.

Proof of Theorem 5.2. We fix a sequence g; — 0 and for every n,i € N we find ¢! €
BV (a,b; X) such that ||¢¢ — fallgy < €y Variy Yl < L., + 1. We now apply Lemma 5.3
to find M; € G(N) and ¢' € BV (a,b; X) such that Var|, ¢ < L., + 1 and ¢;.(t) weakly
M, -converges to 1!(t) for every t € [a,b]. We continue by induction and construct a sequence
{M;} of sets in G(N), M; D My D ..., such that the sequence {¢(¢)} weakly M;-converges
to ¢'(t) for every ¢t € [a,b] and i € N, ¢' € BV(a,b; X), Var o' < L., + 1. Putting
ny = min My, ng :=min{n € My;n >n,_1} for k =2,3,..., M* :={ny; k € N} we argue
as in the proof of Lemma 5.3 to obtain that ¢ (t) weakly M*-converges to v'(t) for every
t € [a,b] and ¢ € N.

We now check that {1} is a Cauchy sequence in G(a,b; X). For i,j,n € N we have
[vi =i + || =

Consequently we have for ¢ € [a, b],

<eg +eg;.

la,b [a b] la,b] —

"t) — ! (t)‘ < hminf

L =0 <ete,

from which readily follows that {¢'} is a Cauchy sequence in G(a,b; X). We denote by
f € G(a,b; X) its limit. For each t € [a,b], w € X and k € N we then have

(F) = Fur () w) = (F) =0/ (8),w) + (¥(8) = b (1), w) + (W0, (8) = f (£),0)

for a suitably chosen i, and we easily conclude that f,, (t) weakly converges to f(t) for every
t € [a,b]. Theorem 5.2 is proved. |

As a complement to Theorem 5.2, the following extension of Proposition 3.12 holds true.
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Proposition 5.4 Let f,f, € G(a,b; X), 9,9, € BV(a,b; X) for n € N be such that the
sequence {fn} has uniformly bounded ¢ -variation and

fu(t) — f(1) weakly for every t € [a,b],
lim [|g = gully =0, sup Varg, = C < oo.
' neN [a,b]

n—oo

Then (3.25) holds.
For the proof of Proposition 5.4 we need the following lemma.

Lemma 5.5 Consider w € S(a,b; X) and f, : [a,0] — X, fu(t) — 0 weakly for every

t € la,b]. Then
b

lim [ (fu(t), dw(t)) = 0.

n—oo a

Proof of Lemma 5.5. For a function w of the form (1.6) we have by Proposition 3.7

b, mo
| (R0, dw®) = 3 (Fulte),cun =) |
“ k=0
where we put ¢ := ¢y, Cni1 = Cm, and it suffices to pass to the limit as n — oo. [ |

Proof of Proposition 5.4.  For each € > 0 and n € N we find {¢°}, {¢5} in BV(a,b; X)
such that [[f, —¢5lly < & If =¥y < €0 Varpgdy, < Lo+ 1, and put L. =
max{Var [a,b] Ve, L. + 1} .

The sequence {f,} is obviously bounded in G(a,b; X). Indeed, as {f,(a)} is weakly conver-
gent, it is necessarily bounded and we have for every n and t that

fa@)] < 1falt) =5 (O] + [95.(8) = U5 (a)l + [ fula) = 95 (a)| + | fal@)] < 2&+ Le + | fala)]
and taking the infimum over £ we obtain an upper bound for | f,l|,,, independent of n and
£, say
1l < B

Let now € > 0 be fixed. By Proposition 1.3 (v), there exists a step function w € S(a,b; X)
such that [|g — wlf,, < ¢/ L., Var [, 5 w < C. Using Lemma 5.5 and the uniform convergence

of {gn}, we find ng such that for n > ng we have | [*((f — fo)(t),dw(t))| < e, |lg — Inllfap <
e/L.. Then Corollary 3.10 yields

[ .do®y — [ 50, doutt)

(1= = o 0000l = w0

(7 10wy +

[t = ). dta - w)w)

+

[ (= vt - gwwﬁ [ (wate).dta - 90@4

< 20 |If = = fut Ul e+ (4 (R+e)+2L.) lg — wll g

+ 20 ||fo = Yilly + Q(R+2)+ L) |9 = gnlliay
< Me
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for n > ng, where M is a constant independent of n and e, hence (3.25) holds. n

To conclude the paper, we show how Theorem 2.4 can be used to prove directly the following
link between Propositions 3.12 and 5.4.

Proposition 5.6 Let {u"} be a sequence in G(0,1"; X), [[u" —ul/yy — 0 as n — co. Then
{u"} has uniformly bounded e -variation.

Proof. Let ¢ > 0 be given. For t € [0,7] and n € N put u_(t) := u(t—), u"(t) = u"(t—),
£ (t) == p,[0,u”](t) with Z = B./(0). By Theorem 2.4 there exists C. > 0 such that

ur — &Hm <e/2.

Let U. C [0,7T] be the finite set of those ¢ for which |u(t) —u_(t)] > /4. For t € [0,T] and
n € N we now put

ul (t) = (1) + (u"(t) —u (1)) xp. (1), &) = pg[0, ul](t). (5.1)

Clearly, u”(t—) u™(t) for t € [0,7] and we infer from Proposition 2.2 that *(t—) =
€"(t) for t € [0,T]. Consequently, £*(t) = & (t—) = £"(t) for every t € [0,T]\ U., while
E0(t) — €2(t—)| < |u™(t) —u™(t—)| for t € U. by Lemma 4.1. Then ¢ € BV(0,7; X) with
Var o) & < Cet2 Yyep, [0 () —u ()], where |u” () —u” ()] < 2 [[u" — ul|g 7+ [u(t) —u_(1)],
and we may put L. := sup, Var|o & < +oo. For every t € [0,7] and n € N we have by
(5.1) that |ul(t) — £2(t)| < e/2 and, on the other hand,

() —ut )] = |(u (1) —um 1) (1= x0. (@)

() = u () (1= X0 (0))] + 2 u" = lljo
< e/t 2 un —ullgy < €/2

Var (o7 < C. independently of n,

IA

for n > no with ng sufficiently large. This yields that [ju" — f?”{o 7 < € for n = ng. For
n < ng we approximate the functions u" for instance by step functions and taking a larger L.
if necessary, we complete the proof. [ |
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