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Abstract In the present paper, the approximate computation of a multistage stochastic pro-
gramming problem (MSSPP) is studied. First, the MSSPP and its discretization are defined.
Second, the expected loss caused by the usage of the “approximate” solution instead of the
“exact” one is studied. Third, new results concerning approximate computation of expecta-
tions are presented. Finally, the main results of the paper—an upper bound of the expected
loss and an estimate of the convergence rate of the expected loss—are stated.

Keywords Multistage stochastic programming problems - Approximation -
Discretization - Monte Carlo

1 Introduction

In practice, many decision problems may be realistically modeled by means of the multi-
stage stochastic programming models (see Dupacova et al. 2002, Chap. II, or Ruszczyriski
and Shapiro 2003 for examples). Unfortunately, the realistic models often lead to unsolvable
optimization problems, hence an approximation has to be done.

1.1 Expected loss

Usually, the distance between the optimal values of the exact and the approximate problem
is used to measure the error of the approximation. Contrary to this approach, we use the
expected loss, i.e. the mean difference between the value function with the “approximate”
solution as argument and the optimal value.

The expected loss is a very natural measure of the approximation error since it measures
the error in the “units” of the original optimization problem. If the costs are minimized, for
instance, the expected loss can be interpreted as the price paid for the approximation.
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There are several papers devoted to the expected loss in (one stage) stochastic program-
ming. Let us mention Mak et al. (1999) suggesting estimates of the expected loss based on
the Monte Carlo methods or Pflug (2001) devoted to the minimization of the expected loss
by means of minimizing the Wasserstein distance.

In the present article, we are linking up to the article of Pflug (2001) which is based on
the following idea: If we are approximating a one-stage problem

minEp(w)h(x,w), (1)
XEX

where h(x, w) is uniformly Lipschitz in w, by
minEo,h(x, o), (@)

where Q is an “approximate” probability distribution, then the expected loss is
Np =Epwh(E, 0) —EpphE, ), 3)

where * is an optimal solution of (1) and ¥ is an optimal solution of (2). Even if le cannot
be computed exactly due to its dependence on X, it may be easily estimated:

UIQ =Eph(X, 0) —Egh(X, ®) + Eguh(X, ) — Epuh(X, )
<Epwh(X, 0) —Eowh(X, w) + Eowh(X, w) — Epuh(X, w)
<2sup |Epyh(x, w) — Egwh(x, w)| <2Kdw(P, Q) 4
xeXxX

where dy is the Wasserstein distance and K is the Lipschitz constant of £ (see Pflug 2001
for details).

Unfortunately, this result cannot be easily adapted to the “multistage” situation. The main
reason is that the “approximate” solutions need not be feasible to the “exact” problem (see
Sect. 2 of the present article for an explanation). Therefore, the “multistage” expected loss
has to be defined differently from the “one-stage” one and new bounds have to be derived to
estimate it.

1.2 Discretization

There could be more ways how to approximate the multistage stochastic programming
problems, let us mention the Monte Carlo estimation (see Ruszczynski and Shapiro 2003,
Chap. 6, for instance) or sequential approximation techniques (see Kall et al. 1988 for the
two-stage case); in the present paper, however, we concentrate on the simple discretization,
i.e. the replacement of the “exact” probability distribution by a discrete one.

Great attention has been already paid to the discretization of the (multistage) stochastic
programming problems (let us mention Dupacova et al. 2003; Kaikova 2000; Karikova and
Smid 2004 or Pennanen and Koivu 2005). The main contribution of the present article, in
addition to the use of the expected loss instead of the distance of the optimal values, is that
weaker assumptions are required from the data process: it must neither be bounded (as in
Kaikova 2000) nor have the Markov structure with the exponential type densities (as in
Kaiikova and Smid 2004) and it may be continuous (contrary to Dupacova et al. 2003); our
only assumption is that the tails of marginal distributions converge at a “reasonable” rate.
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2 Approximation of MSSPP problems

The definitions of the multistage stochastic programming problem vary in the literature.
In the present article, we define the MSSPP equivalently to the recursive definition by
Ruszczyniski and Shapiro (2003) (Chap. 1, (3.17)):

Definition 1 Suppose that
M e N, dy,dy,...,dy €N, ki ko, ..., ky €N,
gy RATFFdy o Rhithotthy R

& € R* is a constant,’

& e Rk, & e RS ..., Ey € R* are random vectors,
and that
')(i :Rd1+d2+m+d,_1 x Rk1+k2+ +ki N 2]R i , i= 1, 2’ oM,

are point-to-set mappings.
If we put & :=(&1,&,...,&) and X; := (x1, X2, ..., x;), we may define the (M-stage)
multistage stochastic programming problem (MSSPP) as

in E L&), 5
xlemxll?gl) g1(x1, &) 5)

where
g (%, 1) = min _ E(gi1 Firr, &42)1E41) (©6)

Xip1€Xj41(Xi,6i41)

foreachi=1,2,...,M — 2 and

gu—1GEu—1, &) = min - gy Xy, En). )
XMEXM (Xp—1.6M)

In case that we are unable to evaluate the (conditional) expectations in (5) or in (6) ex-
actly, an approximation has to be done. Usually, we replace &), by a discrete random vector

Cu = (81, &2, . ..., Cy) With a “tractable” number of atoms? which leads to the problem
min Egl (-xl ) EZ)? (8)
X €X(41)
where
§i(Xi b)) = min E(Zis1 Fig1: S| Eig1)

Xip1€Xi41 (i, 8ig1)

Even if this constant has no function in the present article, we include it for the sake of compatibility with
the widely respected source.

2For convenience in notation, we take &1 as a random vector with the Dirac probability measure and we
assume that {1 =&7.
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foreachi=1,2,...,M —2 and

gu—1(Xy-1,¢m) = min gy (Xm, Eu)-
Xy EXy (Xpr—1.5m)

In the sequel, we shall suppose the distribution of ) to possess a tree structure, i.e. we
assume that there exist n, € N, ..., ny € N such that the number of atoms of £(¢;|z;_1) is
n; for each atom z;_; of g:,-,l, i=23,...,M.

To make our analysis of the MSSPP approximation complete, we have to deal with one
more problem (reported by Dempster and Thompson 2002, for instance) which is the pos-
sible infeasibility of the interior solutions: Suppose that we have applied the “approximate”
first stage decision X; (obtained from (8)) and that the second stage random parameter has
realized itself as &,. In this situation, the second stage approximate solution ¥, need not be
feasible to the exact problem since the second stage feasibility set depends on &,, which may
possibly realize itself outside the set of the atoms of ¢,. Obviously, we are facing analogous
problems at the stages 3,4, ..., M as well.

Hence, for a successful application of the MSSPP, it does not suffice to approximate (5)
by (8) but, in addition, one has to be able to solve (at least approximately) a (parametric
multistage) stochastic programming problem (6) for each 1 <i < M — 2 and each feasible
X; = i,(é,) (16 such that X1 € Xy (Sl)a Xy € X2(x1, 52), Lo X € .)(,'()E,‘_l, él)) Clearly, the
problems (6) may contain non-computable expectations, hence they also have to be approx-
imated.

There could be more ways how to approximate (6): we can take the “nearest” feasible
solution of (8), for instance. However, the most natural approach is to make a new approxi-
mation of (6).

Obviously, if we want to do so, we have to be able to approximate each conditional
distribution £(&;|&_,) for each 3 <i < M, i.e. to construct a mapping

Hi : Supt(éi—l) - Sd,’.ni s (9)
where Sy, ,, is the space of n;-atom discrete distributions on R4, for eachi =3,4,..., M.

Definition 2 In the sequel, an ordered set (I, Ils,..., 1), where I, = T1,(&) is
an np-atom discrete probability distribution on supt(&;) and where I1;, i =3,4,..., M,
are mappings of the type (9), will be called approximation scheme with the dimensions
Ny, ns, ..., ny (we shall write I;(g;|¢) instead of (IT;(S))(s;) for the sake of readability).
The quantity I—[f:2 n; will be called number of atoms of the approximation scheme IT.

Having an approximating scheme I1, we may approximate each conditional expectation
E(h(E1)1&),
where A is a function of &_, by
En, g Erh (i zig)
which may simply be rewritten as
E(h(&, & )IE)

where ¢/, is arandom vector defined by ;1 (&) (i.e. such that £(¢/ &) = 1,41 (&) a.s.).

@ Springer



Ann Oper Res

Using this reformulation, we may write the problem approximating (6) as

8 (X, &y = min _ E(g11(Xiy1, &1, é',-iizl)|§i+1)- (10)
Xi41€Xi+1 (%, 814+1)

To avoid technical problems, we assume throughout that:

(a) the problem (5) is well defined, i.e.
1) Egi(xq, ég) exists and is finite for each feasible x; and the minimum in (5) exists,
(i) E(gis1(Xis1, Eiq2)|Eiq1) exists and is finite for each feasible ¥;; and the minimum
in (6) exists almost surely for each feasible x;,i =1,2,..., M — 2,
(iii) the minimum in (7) exists almost surely.
(b) the problem (8) is well defined for each discrete random vector ¢ defined on supt(£).

3 Expected loss in MSSPP

Let us define a multistage counterpart of the one-stage expected loss now. Denote

X1(&1) (an arbitrary) solution of (5),
X1(&1) (an arbitrary) solution of (8),
Fip1 (%) = %ip1 (X;, &) (an arbitrary) solution of (6) with the parameters i, ¥; and &,
Fip1(X) = Xip1(%;, E41) (an arbitrary) solution of (10) with the parameters i, x; and

&it1.

If we were able to solve (5) exactly then the sequence of our decisions would be

X&), L8, A E e X1, Em)s

however, since we are approximating (5) by (8) and (6) by (10) foreachi =2,3,..., M —2,
our decisions are

(€D, (X1, &),y o ARy ey Xut, Em)
(we assume that we are able to solve (7) exactly because there is no expectation there).
Definition 3 We define the expected loss of the approximation of a MSSPP by the scheme
= (nz, l_[3,..., HM) as
nn = Egu (G, %2(F1), oo B (R oo s, En)
—Egu (X1, 22(R1), ..., X (Fr, ..., Xy—1), EM)- (11)

The interpretation of the “multistage” expected loss is analogous to the “one-stage” one:
if the costs are minimized, for instance, nr; measures the expected amount of money lost
due to the approximation.

The multistage expected loss may be decomposed into the sum of the one-stage losses of
the nested problems as follows:

Lemma 1 Denote

0 Eip1) = (X1, ¥2(F1), .o, Kist (R, oo, Kis2), X (Rry oo, Kim1), 1)

—gi (X1, Xa(X1), ooy K1 (Bry e Ki0), K (R o Kim), &) (12)
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Then
M1
=) Eni(Ei). (13)
i=1
Proof We may write
nn =Egu (%1, X2, .. Ey—1, R En) — Egu (F1, %o, o Rty Bur, Ear)
+Egu(F1. X2y .o K-, X, ) — - — Egu (%1, %2, .., B, Enr)
+Egu (%1, R, .o R En) — Egu (81, 2, .o, Ru. Emr)
gE&’M—l(flﬁzz,~--,)ZM—1»§M) —Egn1(x1, X2, -~-7)2M—l’§M) +
+ Egy (31, %2, &) — Ega (X1, 2, &) + Eg1 (31, &) — Egi1 (X1, &). 0

Obviously, the evaluation of n; depends on the unknown exact solutions, so it has to be
estimated. The following Lemma provides an upper bound of 7.

Lemma 2 Let T1 = (I, I3, ..., [1y) be an approximation scheme and let there exist con-
stants by, bs, . .., by such that
|Egi (%, &, &4 0)I&) — B(gi s &, &4 D1E)| < bin (14)

almost surely for eachi = 1,2, ..., M — 1 and each feasible x;. Then
M—1
nn <2 Z ibiy.
i=1

Proof For the sake of better readability, we shall omit the constant & and write

Gi(xi,6,8,....861) =g, 81,6, ..., &),
Gi(%i. 6.8, i) = &% 61,6 .. i)
and

Ei(-ii—laEZagﬁh'”aSi) ::‘X‘i(iiflvgh‘SZv”"Ei)

foreachi=1,2,..., M.
First, we show that

M-I
sup [EG(x1,&) —EGi(x1, &) < va+1 (15)
v=1

x1€8

by induction according to M: If M =2 then G, coincides with G; so (15) follows directly
from (14). If M > 2 and (15) holds for M — 1 then

sup [EG1(x1, &) —EG1(x1, &)

x1€8

< sup [EG(x1.&) —EG (x1.0)| + sup [EG(x1. &) — EG(x1. 0)|

x1€8 x1€8
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<by+E sup [Gi(x1, ) — G1(x1, )|

x1€81

(to derive the inequality above, we have used the triangular inequality similarly to
Kankova 2000, pp. 137,138). Further, by exploiting the fact that min f(x) — ming(x) =
f(argmin f(x)) — g(argming(x)) < f(argming(x)) — g(argming(x)) < sup,[f(x) —
g(x)], we get

E sup |Gy (x1, ) — Gi(x1, &)

X1€E|

=E sup| min E(Ga(x1,x2.&,8)& =)

x €8 ¥2€82(x1,02)

—  min )E(Gz(xl,xz,fz,f3)|§2)|

X2 €8 (x1,5
<E sup  sup ]E(Gz(xl, X2, £, E) 162 = &) — E(Ga(x1, X2, &, §3)|§2)’
X1€E1 xp€Br(x1,0)

M-1
<Y b (16)
v=2

according to the assumption of the induction applied to the first stage interior problem

min )]E(GZ(XI , X2, 62,83)162 = &2).

xX2€82(x1,.62

Hence, (15) is proved and we may use the construction (4) to get

Eni (&) =EG (X1, &) —EG1 (31, &)
<EG(1, &) —EG (R, &) +EGi(R1, &) — EG (%1, &)

M—1
~ (15)
<2 sup [EG(x1,&) —EGi(x1, 0)| <2 ) bup (17)

X1€E] =1

(171 is defined by (12)). When we apply (17) to the interior problems (6) we get, analogously,
that

M-1

EniEie1) <2 by (18)

V=i

SO

M—-1M-1

M—1 Mo
_emma = (17), (18) .
nn = E Eniiv) = 2 E E by =2 E i biit. .
i=1 i=1

i=1 v=i

4 Some extensions to numerical integration
Before we state our main results, we will formulate several assertions concerning the approx-

imate computation of integrals with respect to a probability measure using a discretization
of the measure.
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Discretization (i.e. the replacement of the original probability measure by a discrete one)
is a widely used technique in the approximation of integrals. Assertions similar to the ones
presented in the present work exist (see Davis and Rabinowitz 1975, Chap. 5), however,
these results do not cover the situation with an unbounded support of the probability mea-
sure, common in stochastic programming. It should be also noted that there exist (in some
sense) more accurate approximation techniques of the numerical integration (e.g. various
quadrature rules, see Davis and Rabinowitz 1975 for a survey); however, we do not work
with them because they usually require the differentiability of the integrated function while
many popular multistage problems do not satisfy this requirement (e.g. multistage linear
programming problems).

Let us consider the expression

Epwh(w) :/h(w)dP(a))
where & : R¥ — R is Lipschitz with the constant K with respect to the /; norm (/;-K-

Lipschitz) and P is some k-dimensional distribution with finite first absolute moment. Since

k k
h(©0) = K Y Eplo'| < Epeh(@) <h0) + K Y Epelo']

i=1 i=1

(the symbol @' denotes the i-th component of the vector ) and since the first moments of all
the marginal distributions are finite according to our assumption, the expectation Ep )/ ()
exists and is finite.

Let IT be a discrete distribution defined on supt(P). Denote

e(T1, h) = |[Enwh(w)) — Ep@h(o)| 19
the error arising from replacing P by IT and

e(Il) = sup  e(I1, h) (20)

his I} -K -Lipschitz

its upper bound. If P is a one-dimensional probability distribution then it is easy to compute
e(IT) using either an analytical formula (if possible) or a suitable numerical method:

Lemma 3 Ifk =1 then
e(Tl) = K - dw(P, 1) Q1)

where

dyw(P,TI)= sup |Eph —Eph|

h is 1y -1-Lipschitz
and it holds that
dx (22)

wmm=2/me—Zm
i=0 Vi j=1

where x| < x < --- < x, are the atoms of Tl (F(x) = P{(—00, x)} denotes the distribution
function of P, we take xo = —00, X, = 00 and Z_(/Ll p;=0)
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Proof The formula (21) is straightforward. Let us prove (22): According to Pflug (2001),
Theorem 1, it holds that

o0
dw (P, = [ 170~ G @3)
where G is the distribution function of IT ((23) is proved in Vallander 1973). When we note
that Gl v 1= D5, Pj We get (22). O

The quantity dy (P, IT) is called the Wasserstein distance of measures P and IT (see
Pflug 2001, Definition 1, and Rachev 1991, Chap. 5.3., for details).

It could be difficult to compute e(IT) for kK > 1. However, it is easy if IT belongs to a
special class of discretizations:

Definition 4 Let n =m, - m; - - - my for some positive integers m, my, ..., my. A distribu-
tion IT = {x;, p;}i_, is a grid discretization of P with dimensions m, ms, ..., my if there
exist

—00 =C10<X1,1 =C,1 =X12= = X1 my <Clmy =0,

=00 =020 <X2,1 ZC21 X2 = S X2y, < C2my = OO,

—00 = Ck0 < Xk,1 SCk1 S Xk =00 = Xpgmy < Ckymy, = OO

fulfilling the following conditions: For each 1 < j; <m;,1 < jo <my,...,1 < jy < my
there exists 1 <i < n such that

X = (X1 jy, X2, jps oo o0 Xk, i)

and

pi =P(Mj, j...i)s
where
Mj ... =lcrj—1,c1,j) X [€2, -1, €2, j5) X -+ X [Cr ju—15 Ck,ji)

(we take P({—o0}) =0).

Remark 1 Denote P; the i-th marginal distribution of P. If IT is a grid discretization of P
with dimensions m, m», ..., my then

IM; = {x; ;, Pi([Ci,j—hCi,j))}’;il
is the i-th marginal distribution of IT for each 1 <i < k. Moreover, I1; is a grid discretiza-

tion of P;.

Remark 2 Conversely, if

0 = {xi. j, Pilcij1 e D)L,
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is a grid discretization of P; foreachi =1,2,...,k then

M= {(xlqjl’xljw cee Xk i) P(Mjl*j2*-"v-fk)}jl=1,2,...,ml,j2=l,2,m,m2,..A,jk=1,2 ..... mp

is grid discretization of P with dimensions m, m,, ..., m; such that Iy, Iy, ..., I1; are its

marginal distributions.

The following Lemma provides an easy way of computing the error of an approximation
of P by a grid discretization:

Lemma 4 Let T1 be a grid discretization of P with dimensions my, ms, ..., my. Then it
holds that

k
e(Il) = ZK -dw (IT;, P;)

i=l

where P; and 11;,i = 1,2, ..., k, are the marginal distributions of P, Il respectively.

Proof For each [;-K -Lipschitz function 4 it holds that

|Eph — Enh|
my,my,...,mg

= /Rkhdp_ Z h(ijlst,jZ,-~-»xk,jk)pj1,j2,.4.,jk

-

Jlod2senn k=1 a2 Jk

hdP — h(xy j,. %2, s - - - xk,k)/ dP}
j]]z

my,my,...,mg

= Z / [h(yl7y27-"9yk)
M

T g2 k=1 010200k

— h(xl’jl,xljz, e ,xk,jk)]dP(yl, Vo, enns yk)

k
KZD’:‘ = Xi i ldP (1, Y2, -0 Y1)

Jd2eee k=1 " el i=1

IA
™
=

k [ mp,my,..., my
:Z K Z f Xl'qji|dP(y1,y2,...,yk):|
i=L L jijaeei=1Y Mit g2
k
=) |k Z |yi = X ldP (s 2o yk)}
iml L jimt Y Ud iz dige i Mit oo
k[ mj
= KZ/ |yi = xi jldP (1, Y2, s )
=1L =1 Rx:xRx[e; j—1,¢i, j) xRx--xR
k
= K D; 24)

@ Springer



Ann Oper Res

where
m;
D,,zzf ly = xijldF:(y),
=1 Yleij-1.ci )

and F; is the distribution function of P; (we have used the triangular inequality and the
Lipschitz property at the “<”). If we put

k
i_z:KZi_zi, hi:R—>R, hi(y)=I|y—xijl+a,; foreachyelc 1, ¢ ]

i=1

where the constants a; ; are chosen so that &, is continuous, then we get the “=" instead of
the “<” in (24). Therefore and since 4 is /- K -Lipschitz, we have

k
sup  |Eph — Enh|=|Eph — Enh|=)_KD;. (25)

I is [ -K -Lipschitz i=1

Moreover, it holds that

(25) withk =1

dw(P,TI)E  sup  |Eph — En,hl|

Iis 1 -1-Lipschitz

D;

for each i =1,2,..., k. By the combination of (25) and (26) we get the assertion of the
Lemma. O

It is known (see Davis and Rabinowitz 1975, Theorem on p. 267) that if 2 : R¥ — Risa
function with a finite variation and H C R* is a bounded set then the error of approximation
of [, h(x)dx by % >r  h(x;), where xi, xa, ..., X, are suitably chosen points, is O (n~'/*).
The present work generalizes this result.

Theorem 1 Denote F;, i =1,2,...,k, the marginal distribution functions of P. If there
exists a > 1 such that F;(x) = O(Jx|™*) asx - —ocoand 1 — F;(x) = O(|x|™%) as x = o0
foreachi=1,2,..., k then a sequence {I1"}.7 | of at most n-atom grid discretizations T1"
may be constructed such that

1 1
e(M)=0(n"**w) asn— oo.
Before we prove the Theorem we will formulate a useful auxiliary assertion:

Lemma 5 Let Q be a probability distribution on R with the distribution function F and let
m > 1 be an integer. Then a grid discretization I of Q with at most m atoms exists such that

-C

dw(Q.T) sf

—00

2C 0
F(x)dx + —— +/ [1—F(x)]dx (26)
m — 2 C
for each C > 0. Here, F~'(a) = inf{e € R : F(e) > a} denotes the quantile function of F.
Proof of the Lemma Define

FE)  §=-C

re= {F(—a £>—C,
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0 E<C
Ft&) =
© [F(E)—F(C) £E>C,

and
0 E<-C
FE) :={F@E —-F(-C) -C<g<C
F(C)—-F(-C) &>C.

It is easy to verify that F~ + F + F* = F,
Further, define

G () :=F(=C)lc0(). &€R,
G*E) =0~ F(Olcow®), &eR

and
m—2
G (&) = F(F' DN ¢ jm1pn &) + Y FE (DY i-1(—1ypy. 5150y &)
i=2
+ FO i1 (n-2ypy o) E): EER,
where D = % and F~'(y) = inf{e € R : F(e) > y}. It is possible to show that

F(F~'(d)) < d and that F(F~'(d)+) > d for each d € (0, F(C)]; using it, we can esti-
mate: If £ € (—C, F~'(D)] then

|G &) — F&)| = |F(F(D)) — F(&)| = F(F(D)) — F(§)
< F(F'(D)) < D. 27)

Ifé e (F'((i —1)D), F"Y(iD)],2 <i <m — 2, then

|GE) — F&)| = |F(F'(iD)) — F(§)| = F(F~'(iD)) — F(§)
< F(F7'(iD))— F(F (i —1)D)")
<iD—(—-1)D=D. (28)

Finally, if £ € (F~'((m — 2)D), C) then

IGE) —F@&)| = |F(C)—F&)|=F(C)—F()
< F(C)—F(F ' ((m—2)D)"
“=2P F(C) - F(FT(F(O)Y) (29)
< F(C)—F(C)=0. (30)

Moreover, it follows from the definitions of G and F that

|GE) — F(&)|=10-0/=0 31)
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for & € (—o00, —C] U (C, 00). When we summarize (27), (28), (30) and (31) we get
IGE) = FEI<D I _¢ i1 (nnypy &)
and, using the fact that F~!((m — 2)D) = F~(F(C)) < C, we obtain
IGE) = F@| <D I_c.c)6). (32)

Define G := G~ + G + G™*. Since limg, oo G(§) =0, limg_, oo G(§) =1 and G has at most
m jumps (at x; := —C, x5 := F (D), x3:= F'2D), ..., Xp_1 := F'((m —2) D) .x,, :=
C, some of the values may coincide), G is the distribution function of an at most m-atom
discrete probability distribution—Ilet us denote it by I'. Using Vallander (1973), triangular
inequality, formula (32) and the definitions of F~, F*, G~ and G, we gradually obtain

dy(T.S) = / G(&) — F(E)|dE
< /IG’(S)—F’(S)Idé+/|G(§)—F(%‘)Id%‘Jr/IG*(E)—F*(&)Idé
< / G~ () — F~(€)]d& + / (D Icc.c/(E)dE + / G* () — F*(8)Ide

—C [ele]
/ F(s)d$+2CD+/ [1—-F()ld§

-C
/ F(&)dg + 2CL +/ [1—-F(&)]ldE
—0 C

F(O)<1

<1 =€ 2C e
2 / F(S)d$+m+/ [1 - F(€)ldE.
oo - c

It remains to prove that the distribution I' is grid discretization, i.e. that there exist ¢;, i =

1,2,....m—1,suchthat x; <ci <x <y <x3 <+ <cCp_1 <xp and I'{x;} = F(¢;) —
F(C,'_l), i.e.

Gxiy1) — G(x;) = F(ci) — Fcio1) (33)
foreachi =1,2,...,m (we take x,,41 =00, G(x;11) =1, co = —00, F(cp) =0, ¢, =00

and F(c,) =1). Clearly, (33) holds if
Gxip1) = F(c) (34)

for each i =0,1,2,...,m — 1. But if we put ¢; = FU(D),c; = F7'2D), ..., Cpn =
F~'((m —2)D) and c,,_; = C we see that

G(x)) = 0= F(cp),
G(xi11) = G(F'(iD)) = F(=C) + F(F~'(iD)) = F(F~'(iD)) = F(¢;)
fori=1,2,...,m—2and
G(xy) =G(C) = F(—=C) + F(C) = F(C) = F(cp_1)

i.e. (34) is verified. O

@ Springer



Ann Oper Res

Proof of the Theorem By using Lemma 5, we get that, for each 1 <i <k and m € N, there
exists an at most m-atom grid discretization IT}" such that

m 3 - —mle 2m'/“
dw (I, Qi) <dpu,, dn,i :/ Fi(§)d§ +
m+1

+ / - F@s 6s)

(we have put C =m'/% in Lemma 5).

Since, according to the assumptions of the Theorem, F;(x) = O(]x|™%) at —oo, i.e.

i Fi(= X)
im sup
X—00 X~

=A

for some A < 00, there exists € > 0 and x( such that F; (—x) < (A+¢€)x~¢, for each x > xg.
Therefore,

1

_pl/a ~
f—onol Fi(x)dx — limsu f 1/a Fi(—=x)dx e (A+e)xdx

lim sup < limsup
m—00 m~1+1/a m—>oo m~1+1/a m—00 m—1+1/a
x—at! Ate o —1+1/a
— lim (A—’_e)[—““]‘/” — lim s
m—00 m—1+1/a m—00 m—1+1/a
A+e€
= < 00,
a—1

ie. [T Fi(x)dx = O(m="+1/). Similarly we get that [, [1— F;(x)dx = O(m~1+1/),
Clearly

1/
2m'/e = O(m~"*V/y,
m+1
so, due to (35),
dyi = Om™ " + Om™ " + Om ™) = O(m~ TV, (36)

Now, we are able to construct the sequence of distributions whose existence is asserted

k
by the Theorem: Let n € N and denote 1" the grid discretization defined by l'[iL”l/ li=
1,2, ...,k (see Remark 2). Obviously, 1" has at most n atoms and it holds that

k
e(l—ln) Lelgna:t ZK . dw(nl!_nl/kj’ PI)

i=1

(35) Zd[nl/le ; |_ k_] 1+l/a) — O(n*;+k]7)' ‘:’

Corollary Let P have marginal densities f;(x) =e %™ i =1,2, ..., k, such that for some
constants C >0, D > 0 and for each |x| > D it holds that ¢;(x) > C|x|. Then there exists
a sequence of at most n-atom distributions T1" such that

e(IT") = o(nf%ﬁ) asn — oo

for each arbitrarily small § > 0.
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Proof Since

M ,—¢i(x) —-m ,—Clx|
 F(em) Lo ?Wdx o [C0 e Mdx
lim 5 = l1m —25 lim I —
—m Cx 1 ,Cxq—m
S e dx [Le€*]
T —00 T C —00
= Jlim =2 = lim
m ks m- ks
_(1/C)eCm
= lim ——— =0,
m—00 mw

we have that F;(m) = O(Iml_k%) as m — —oo. Similarly,

_1=Fm) . [® fiodx
lim —_— = lim =
m—00 m773 m—00

’

m- ks

. 2 . .

ie. F;(m) = O(m~ %) as m — oo, and it follows from Theorem 1 that there exists a se-
quence of at most n-atom distributions IT, such that

1

e(I") = O(n t+3) = o(n 1), m

5 Upper bound and convergence rate of the expected loss

Adding to the assumptions from Sect. 1, we assume that

(©) gi(x, &, 0) is uniformly /;-Lipschitz with a constant K; foreachi =1,2,..., M — 1
(i.e. there exists K; such that |g; (x;, &, z1) — g: (Xi, &, z2)| < K;||z1 — 2211 almost surely
for each feasible x; and each z;, z; € supt(&;41)).

The following theorem provides an upper bound on the expected loss:

Theorem 2 Let T1 be an approximation scheme with dimensions ny, ns, ..., ny such that
I1;(e|&_1) is a grid discretization of L(&;\&_1) almost surely for each i =2,3,..., M.
Moreover, let there exist constants d; ,,,i =2,3,...,M,v=1,2,...,k; such that

dw (LENE), T (&) <di, 37

almost surely (€ denotes the v-th component of the vector &;, T, , (&) denotes v-th mar-
ginal distribution of T1;(§;_1)). Then

M-1 kit1
<2 Z (i K- Zdi+l,v>
i=1 v=1

independently of the choice of the approximating problem’s solutions.
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Proof Since

|E(gi (%i, &, & DIE) — E(gi (5 &, ¢ )IED|
kit1

kit1
- - (37
K; E dw (L& 116D, T, (5) < K, E dit1,
v=1

v=1

(c), Lemma 4

almost surely for each 1 <i < M — 1 and each feasible x;, the assertion of the present
Theorem follows directly from Lemma 2. O

The last assertion of the present article states a convergence rate of the expected loss
achievable by a suitable sequence of the approximation schemes:

Theorem 3 Assume that there exists a constant a > 1 and a function h(x) = O(x~%) as
x — 00 such that

max(Fi (=x), 1 — F' () < A(x) (38)
almost surely for each i =2,3,...,M and v =1,2,...,k; (the symbol Ff’u’l denotes the

distribution function of L(&} |E_1)). Then there exists a sequence {I1" o2, of at most n-atom
approximation schemes such that

independently of the choice of the approximating problem’s solutions (see the previous The-
orem for the notation).

Proof Denote m, = [n'/%]. When we put C = my* in Lemma 5, we get that for each

2<i<M,1<v <k; and each realization of éi,l there exists a grid discretization 1'[1'"3 B

of L(& |&_1) with the dimension at most m,, such that

dy (T

iv,&i-1

S LEE-D)

Lemma 5 -y £ 2m,],/a o E @9 =
< / F (odx + + / L= F 0ldx < 6, (39)
- -

00 m, + 1

where

B 00 2mrlz/a
Om, = 2/ h(x)dx +
m,ll/a m, + 1

and it can be shown analogously to the proof of Theorem 1 that

S, = Sty = O(nH 7). (40)
Let l'[:"g_il be the grid discretization defined by IT'" £ " B mnn g, for each
i=2,3,..., M (see Remark 2 for an explanation how H:"g_i is defined using its marginal
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distributions) and let I1" be the approximation scheme defined by IT5", 13", ..., IT}/,.
Clearly, IT" has
mﬁl ~mﬁ2«~m’;M =mﬁ <n

atoms and it holds that

M—1
Theorem 2 — 1 1
. (40) — 4
n, < Om, E lK[k;+1:0<n k+ka>.

i=1

6 Conclusion

In the present article, generalized results concerning the approximate computation of ex-
pectations were presented and the behavior of the approximation error (measured by the
expected loss) of the discretization of multistage stochastic programming problems was
studied under rather general conditions. It was found that the behavior of the expected loss
depends only on the Lipschitz properties of the MSSPP and on the asymptotic behavior of
the tails of the marginal distributions of the random parameters.

In particular, the properties of the numerical estimators of the expectations in the MSSPP
are inherited by the expected loss.

Based on these facts, new results concerning the quantitative stability of the multistage
stochastic programs were achieved in the present article.
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