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SOME NEW SCALES OF CHARACTERIZATION OF
HARDY’S INEQUALITY

AMIRAM GOGATISHVILI, ALOIS KUFNER, AND LARS-ERIK PERSSON

ABSTRACT. Let 1 < p < g < oo. Inspired by some recent results concerning
Hardy type inequalities where the equivalence of four scales of integral con-
ditions was proved, we use related ideas to find ten new equivalence scales
of integral conditions. By applying our result to the original Hardy type
inequality situation we obtain a new proof of a number of characterizations
of the Hardy inequality and obtain also some new weight characterizations.

1. INTRODUCTION

We consider the general one-dimensional Hardy inequality

(1.1) (/Ob (/0 f(t)dt)qu(x)dx>1/q <c </Ob fp(:c)v(:v)dx> Up

with a fixed b, 0 < b < 0o, for measurable functions f > 0,weights u and v and
for the parameters p, ¢ satisfying

l<p<g<oo.
The inequality (1.1) is usually characterized by the (Muckenhoupt) condition
(1.2) Ay = sup Apy(x) < o0,
0<z<b
where

(1.3) Ay () = < /$ bu(t)dt) v < /0 xvl_p/(t)dt>l/p,.

Here and in the sequel p’ = p/(p — 1). Further, let us denote

b T
(1.4) Ulx) = / wbydt,  V(z) = /0 oI (1),

and assume that U(z) < oo, V(x) < oo for every = € (0,b).

In [2] the equivalence of four scales of integral conditions that characterize
the inequality (1.1) (with the usual Muckenhoupt condition as a special case)
was proved. The proof was carried out by first proving an equivalence theorem
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of independent interest.

We will here extend this theorem by finding some

additional new scales of conditions.

As it was shown in [6], [2], [8] and [3], the validity of Hardy’s inequality (1.1)
for all functions f > 0 in fact can be characterized e.g. by prescribing that any
of the following expressions is finite:

(1.5)

Aum
0<z<b

Apg = sup (
0<z<b

Aw(r) = sup (I
0<z<b

Apg = sup (
0<z<b

Ajp(r) = sup (ffv
O<z<b

Ar := inf sup (
h>00<z<b

A% := inf sup (

T h>0p<z<b

= sup UY9(z)V/7 (z);

1(t)dt)' V()

1
fbu Va=r)/p(¢ )dt) /qV(r_l)/p(x), 1<r<p;

vr tar) " U (@)

Here, we will extend this list.

The paper is organized as follows:

In Section 2 we formulate an equiva-

lence theorem of independent interest, and in Section 3 we use this equivalence
theorem to describe some new scales of weight characterization of the Hardy
inequality. The main result is formulated in Theorem 3.1, which includes the
results mentioned in (1.5) but gives also ten new weight characterizations. In
Section 4 we give some outlines of the proof of the equivalence theorem ( The-
orem 2.1), whose detailed proof can be found in the research note [1].

2. THE EQUIVALENCE THEOREM

Theorem 2.1. For —oco < a < b < o0, o, and s positive numbers and f, g,
h measurable functions positive a.e. in (a,b), let us denote

(2.1)



and
Bi(z; v, B) = F*(2)G(x);
Bg(l';Od,,B, S) = ’

BywsonBs) = (J7 9T (ar) F(o);
Bi(w;a,B,s) = (/7 f(t)GT(t)dt)

(

(

(

BywsaBs) = ([Lo0FF () P

Ba(wiaB.s) = ([P F0G (@) P (a);

Bi(wia,f,5) =

g2 DBswabs) = ([FrOcTE0d) @), a>s

Bo(z;, B,8) = (fff(t)Gﬁ(t)dtfist(x), a<s:

(
(
(
(
(

Bu(wa.fos) = ([Lo@FTE0dt) G@). 8>

Bll(x;aaﬁvs) =

Buslwsa B,5:h) 1= ([ F0R'S (0)dt)" (h(z) + G(2), B < s

Bu(z;, B, s3h) = ( [ f(O)(A() + G
Biswa Bosih) = ([ a()(h(t) + F(0) T dr) hoo(a).

The numbers By(a, ) = sup Bi(z;a, ), Bi(a,,s) = sup Bi(z;a,3,5s)
a<z<b a<x<b
(i =2,3,...,11) and B;(a, 8,s) = inf sup B;(z;, 5,s;h) (i = 12,13,14,15)
20g<z<b
are mutually equivalent. The constants in the equivalence relations can depend

on o, 3 and s.

Remark 2.1. The proof of Theorem 2.1 (see [1] and Section 4)is carried out
by determining positive constants c¢; and d; so that

(2.3) ¢iBi(a,B,s) < Bi(a, ) < d;Bi(a, B,s), 1 =2,3,...,15.

3. THE MAIN RESULT

Theorem 3.1. Let 1 < p < g < 00,0 < s < oo, and define, for the weight

functions w, v, the functions U and V by (1.4), and the functions A;(s), i =
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1,2,...,15, as follows
(3.1) y
1
Ai(s) = sup (fju(t)qu*S)(t)dt) Vo),
0<z<b
1/p/
Ao(s) = sup ( U““S)()dt) " Us(a);
0<z<b
. 1/q
As(s) = sup (fo u(t )( )dt) V=3 (x);
0<z<b
1/p’
Ay(s) = sup (ffvl P Up( +S)( )dt) . U=*(z);
0<x<b
1tsq
As(s) = sup (fjju VP<1+S<1>(t)dt> T U (),
0<z<b
1+§P
Ag(s) = sup <f Uq<1+SP (t)dt> ’ V=3 (x);
0<x<b
1—sq
Az7(s) = sup (fozu t)Vra- s@(t)dt) T US(x), gqs<1
0<z<b
1—sgq
Ag(s) = sup (ffu vV ra- Sﬂ(t)dt) T UNx), gqs>1
0<z<b

Ag( = sup q(lpsp ") (t)dt) ! VS(LU), p/S <1

e, (1
(3

o lifp
Ajp(s) := sup t)U (- SP)()dt> ’ Vi(z), p's>1;
0<x<b
b a(L—s) 1/q /
Aj1(s) := inf sup (fxu h(t)? G dt) (h(z) +V(x))®*, p's>1;
h>00<z<b
. p(i=s) 1\ /7 ] .
Ara(s) = ;ngoit;gbgov dt) (h(z) +U(x))*, qs>1;
1 1/q
A = inf V()" at) " h(a);
13(5) Ig;OOit;Iib(f u(t) (h(t) + V (£))"7dt) (2);
/ 1/p
A = inf U(t)” @t s
() = jof swp ([0 O + U0 6 0) T R (@)

Then the Hardy inequality (1.1) holds for all measurable functions f > 0 if and
only if any of the quantities A;(s) is finite. Moreover, for the best constant C
in (1.1) we have C = A;(s), i =1,2,3,...,14



Remark 3.1. The conditions in (1.5) can be described in the following way:

Am = Ai(5);

Aps = A3(3),

Aw (1) :Al(r L) with 1 < r < p,
Aps = Au(D),

Al (r) = Ag(Tq,l) with 1 <r <,
Ap = A(d),

At = Au(y)-

Hence, Theorem 3.1 generalizes the corresponding results in [2], [6] and also all
previous results of this type.

/

Proof of Theorem 8.1. In (2.1) we put a = 0, f(z) = u(z), g(x) = v 7P (z),
so that F'(x) = U(x), G(x) = V(x), and choose

1 1
o= —, /8 = -
q p
Then the assertion follows from the fact that

11
Al(S) :BH_l(q p ) 1= ]. 2 14

are all equivalent with A; from(1.2) according to Theorem 2.1 and the finiteness
of A; is necessary and sufficient for the inequality (1.1 ) to hold. Moreover, since
for the least constant C in (1.1) we have C' =~ A; it is clear that C' ~ A;(s) and
the proof is complete.

Remark 3.2. The proof of Theorem 2.1 (c¢f. Remark 2.1) gives us also the
possibility to estimate e.g. the quantities Ay, Aw(r), Ay (r), Aps, Apg, A7,
and Apg, in terms of each other.

4. OUTLINES OF THE PROOF OF THE EQUIVALENCE THEOREM

In the proof, which is rather technical, we use - among other tools - the fact
that the function F' from (2.1) is decreasing and the function of G from (2.1)
is increasing, and that

f(x)dx = —dF(x), g(x)dr = dG(x)
so that

(4.1) /f t)FA(t)dt = e

Moreover, the equivalences

(4.2) Bi(a, B,8) = Bi(«a, 8), 1=2,3,4,5,

have been proved in [2, Theorem 2.1], so that it is remains to prove the other
10 equivalences.

Here, we will give a detailed proof only for some equivalence, in order to show
the typical steps used. As mentioned, full proofs can be found in [1].

LGR—H(‘T).
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1. Bi(a, 8) ~ Bs(, B, 5).
(i) Bi(e, B) < Bs(a, 3, s):

By(z; a, f) =F*(2)G’(x) = F**(2) F*(2)G"(x)

— < /z ’ f(t)dt) " G (x)F 5 ()

a+s

- (/xbf(t)Gais(a:)dt> F~*(x)

a+s

b
<([ r6esar) ) = Blwia, b,
T
(we have used the fact that G is increasing). Now we take the suprema for

x € (a,b) and have that Bi(«, f) < Bg(a, 3, s), i.e. in (2.3) it is dg = 1.
(ii) Be(a, B,8) < Bi(a, B):
a+s

Be(z; 0, 3, ) </f 1) Gats ( dt) F~5(z)
( / F(OBF (1,0, B)F <>G—f+s<t>af+s<t>dt)a+st<m>

< Bi(a, §) ( / f(t)F_aa“(t)dt> o F~*(x)

a—+s

a—+s
= mia) (<L) )

- (a * S)W Bi(a, B)F*(z)F~*(z) = (a * S>a+s Bi(a, B)

S S

(we have used the fact that Bi(¢,«,3) < Bi(a, ), and formula (4.1) for F

with A = _o%s) Taking the supremum on the left-hand side, we have that

1 : s ats
Bg(a, B,s) < - Bi(a, B) with cg = (a—ﬂ> .

2. Bl( ﬁ) BS(aaﬁv ) o> s.
(i) Bi(a, 8) < Bs(a, 3, s): Fix x € (a,b) and define y = y(x) € (z,b) so that

(4.3) / Ft)dt = / £(t)

Then



and

F*(y) = 2%Bs(y; o, B, 5)
(we have used the fact that G is increasing). Taking the supremum with respect

to y (right) and z (left), we have that Bi(a, 3) < 2*Bg(a, 3, s), i.e. dg = 2°.
(ii) Bs(a, 3,s) < Bi(a, B8):

Bs(z;a, B, 5) </ F(HGT= (t dt> _SFs(m)

- ([ 1085 wapr e 0e 0n) P

< Bi(a </ OYa= dt) " ),

Now (see (4.1)) [7 f(t VE w0 (t)dt = (F_a s (x )—F_ais(a)>
< I?F a=s (9:) (even if F(a) = ).

Bs(w:0,8,5) < Bi(a ) (O‘ - S)M (F5 @

_ <“;3>a_831(a,ﬁ)

and taking the supremum, we have

3. Bl(aaﬁ) ~ B12(a7/67 8)7 6 <.
(i) Bi(a, B) < Biz(a, B, s): Assume that Bya(o, 3,s) < oo and denote it for

= (t)dt)a (h(z) + G(x))* = Bia,

simplicity by Bia. Since infy~qsup,, (ff f(t)
there exists a positive function A such that

( / " pon’s

and consequently

(4.4) / 1)

dt) (h(z) + G(2))* < Bua,
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(4.5) / 0

From (4.4)
f(x) and integrating from y to b, that

v [ front

Now we use the equivalence relation

fdt < BEG % (2).

ﬁ

> (0, multiplying by

s s—pB b B—s
dt) dr < B3 / f(x)h o (z)dz.
y

B5(1, 1, 1) ~ B5(1, 1, é
S

),

which holds, since both terms are equivalent to By(1,1) (see (4.2)). This relation

reads
sup (/mbg(t)FQ(t)dt) Fl(z)~ sup </:g(t)F1+f(t)dt> F5 ().

N (t)dt for F(z) and with

We use this relation with f; f(tn

x) (fff(t)hﬁas(t)dt)_[:_l for g(z). Then we have

sup (/:f(t)dt> </:f(t)hﬁ dt>_f
e ([ 1 [ ) ) (o

s—0
where the last inequality follows from (4.6). Therefore we get

S Byt
b % s—p
(47) s ([ f(t)dt> ( / Fon'S @) S B

Taking into account that due to (4.5)

Ry fon's

we get from (4.7) that

opB

dt> -

sup F(e)°G(a) < Biysup F°(s ( / £t

8
= BfQBu * = Bia.

apB

o)

Therefore, we have that

Bl(aaﬁ) S BIQ(Qaﬁ7 3)'



(ii) Bi2(a, B,s) < Bi(a, 3): Since for h(m) = G(x), it is

Bis(a, 3,5, G) (/ £ )dt)aGS(x)

= 2832 113' avﬁa ) S 25B2( aﬁ7 S) 5 Bl(a7ﬁ)
(see (4.2) for ¢ = 2), we immedatly obtain that Bia(«, 5,s) < Bi(a, 5).
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