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SEMILINEAR STOCHASTIC EQUATIONS IN A HILBERT SPACE WITH A
FRACTIONAL BROWNIAN MOTION

T. E. DUNCAN, B. MASLOWSKI, AND B. PASIK-DUNCAN

ABSTRACT. The solutions of a family of semilinear stochastic equations in a Hilbert space with a
fractional Brownian motion are investigated. The nonlinear term in these equations has primarily
only a growth condition assumption. An arbitrary member of the family of fractional Brownian
motions can be used in these equations. Existence and uniqueness for both weak and mild solutions
are obtained for some of these semilinear equations. The weak solutions are obtained by a measure
transformation that verifies absolute continuity with respect to the measure for the solution of the as-
sociated linear equation. Some examples of stochastic differential and partial differential equations
are given that satisfy the assumptions for the solutions of the semilinear equations.

Key Words: Semilinear stochastic equations, fractional Brownian motion, stochastic partial dif-
ferential equations, absolute continuity of measures.

1. INTRODUCTION

Fractional Brownian motion denotes a family of Gaussian processes with continuous sample
paths that are indexed by the Hurst parameter H € (0,1) and that have properties that appear
empirically in a wide variety of physical phenomena, such as hydrology, economic data, telecom-
munications, and medicine. Since some physical phenomena are naturally modeled by stochastic
partial differential equations and the randomness can be described by a fractional Gaussian noise,
it is important to study the problems of the solutions of stochastic differential equations in a Hilbert
space with a fractional Brownian motion. A significant family of these stochastic equations is the
set of semilinear equations, so it is important to investigate the existence and the uniqueness of the
solutions of the equations and the sample path properties of the solutions. If primarily only some
growth assumptions are made on the nonlinear terms in the semilinear equations then it is natural to
investigate weak solutions, especially those that arise by an absolutely continuous transformation
of the measure of the solution of the associated linear stochastic equation.

The study of the solutions of stochastic equations in an infinite dimensional space with a (cylin-
drical) fractional Brownian motion (for example, stochastic partial differential equations) has been
relatively limited. For the Hurst parameter H € (1/2,1), linear and semilinear equations with
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an additive fractional Gaussian noise, the formal derivative of a fractional Brownian motion, are
considered in [8, 13, 15,26]. Random dynamical systems described by such stochastic equations
and their fixed points are studied in [21]. A pathwise (or nonprobabilistic) approach is used in
[20] to study a parabolic equation with a fractional Gaussian noise where the stochastic term is
a nonlinear function of the solution. Strong solutions of bilinear evolution equations with a frac-
tional Brownian motion are considered in [11, 12] and the same type of equation is studied in [31]
where a fractional Feynman-Kac formula is obtained. A stochastic wave equation with a fractional
Gaussian noise is considered in [2] and a stochastic heat equation with a multiparameter fractional
Gaussian noise is studied in [16, 18].

One facet of the motivation for the study of weak solutions in an infinite dimensional space fol-
lows from some results [7,25] for weak solutions in finite dimensional spaces that use an absolutely
continuous transformation of measures which generalize the result of Girsanov [14] for Brownian
motion.

In this paper, a similar analysis is made for infinite dimensional state spaces. While the structure
of the infinite dimensional Girsanov theorem is analogous to the finite dimensional case, significant
distinct difficulties arise when the application of this theorem is used for stochastic equations in
infinite dimensional spaces. First the driving process is only cylindrical, so the Girsanov theorem
can only be used to transform the semilinear equation to a linear equation that is a fractional
Ornstein-Uhlenbeck process. Since there is not a classical strong solution to the linear equation, the
mild solution must be used which makes the analysis of the transformation of the measures by the
Radon-Nikodym derivative more difficult because a suitable sample path regularity of the Ornstein-
Uhlenbeck process must be verified. Unlike the finite dimensional case, this regularity is not
immediate and some assumptions on the coefficients in the linear equation must be made which is
known for the case of Brownian motion. The sample regularity requirement increases as the Hurst
parameter H increases. Dually the operators that appear in the Radon-Nikodym derivative are less
regular as H increases. Thus the applicability of the Girsanov theorem is not immediate in this
case and some conditions must be determined for the whole procedure to succeed. Furthermore,
for H > % in the finite dimensional case it is assumed that the nonlinear term in the semilinear
equation satisfies a global Holder condition but this assumption is not satisfied in many typical
examples in infinite dimensional spaces, such as reaction-diffusion equations. Thus this Holder

condition is relaxed here as well.
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In Section 2, some results from fractional calculus are given and these results are used to de-
scribe a kernel function for an integral operator that provides an isometry of the second moment
of Wiener-type stochastic integrals with respect to a fractional Brownian motion and the Lebesgue
space of square integrable functions. Furthermore, some recent results for the solution of a lin-
ear stochastic equation in a Hilbert space ([26]) are described. In Section 3, semilinear stochastic
equations in a Hilbert space are studied. Initially, an absolute continuity of measures result for
transforming the solution of a linear stochastic equation is verified that can be viewed as an ana-
logue of the result of Girsanov ([14]) for a transformation of a finite dimensional standard Brown-
ian motion. For a semilinear stochastic equation where the nonlinear term satisfies a linear growth
condition and some additional conditions are satisfied it is shown that there is one and only one
weak solution. The weak solution is obtained by verifying an absolute continuity of the measure of
the solution with respect to the measure of the solution of the associated linear equation. the cases
H e (0,1/2)and H € (1/2,1) are treated separately. Absolute continuity of the above measures is
verified when the nonlinearity satisfies a power growth condition and some additional assumptions
are made. In Section 4, some examples of stochastic differential and partial differential equations

are given that satisfy the assumptions of the theorems.

2. PRELIMINARIES

In this section, a cylindrical fractional Brownian motion in a separable Hilbert space is intro-
duced, a Wiener-type stochastic integral with respect to this process is defined, and some basic
properties of this integral are noted. Initially, some facts from the theory of fractional integration
(cf., [29]) are described. Let (V,| -|,(-,-)) be a separable Hilbert space and let o € (0,1). If
@ € L'(]0,T],V) then the left-sided and the right-sided fractional (Riemann-Liouville) integrals of
¢ are defined (for almost all 7 € [0, T]) by

(15.0) )= 77 |, =9 " o(5)as

and
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respectively, where I'(+) is the gamma function. The inverse operators of these fractional integrals

are called fractional derivatives and can be given by their respective Weyl representations

(D8‘+w)<r>zr(11_ ( /"’ a+1 )

and

L (v v —vi
P00 =g (et oo )

where y € I§, (L' ([0,T],V)) and y € I¥_ (L' ([0,T],V)) respectively.
Let Ky (t,s) for 0 < s <t < T be the real-valued kernel function

@0 )= gy e ()

for H € (0,1/2). If H € (1/2,1), then K has a simpler form as
A t
(2.2) Ky (t,s) :C—H1s2_H/ (u—s)H_%uH_%du.
I'(H-3)
The terms ¢y and ¢y are constants that only depend on H.

Define the integral operator Iz induced from the kernel Ky by
(23) Kuo(r) / Ki(t,5)h
for h € L*([0,T],V). It is well-known ([29]) that
Ky: L2([0,T],V) — 1’“’+2 (L2([0,T],V))
is a bijection and Ky can be described as
(2.4) Kyh(s) = epldt (”;_H 10%+—H (MH_% h)) (s)
for H € (0,1/2] and

(2.5) Kph(s) = culd, <uH uéi" (u;_,ﬂz)) (s)
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for H € [1/2,1) where
1
2HT (H+ 1T (3-H) |’

(2.6) H= T(2—2H) )

¢y =cyl'(2H)

and

ug(s) = s

for s > 0 and a € R. The inverse operator

K;;': 2757 (120,7],V) — L2 ([0.T].V)
is given by
ex) Ky'9(s) =e's 05 " (s DR10) (o
for H € (0,1/2] and
(2.8) K;;'o(s) = el s Dl 2 (u%_HD(p> (s)

1
for H € [1/2,1) and ¢ € Igfz (L*([0,T],V)). Note that if ¢ € H' ([0,T], V), the Sobolev space,

then
1_
2.9) Ky o(s) = &' s 22" (u%H(p') (s)

for H € (0,1/2].

Since the operator ]KI,:,1 plays an important role in the sequel, it is desirable to have some in-
formation about its domain Iéi j% (L?([0,T],V)). It is straightforward that IH (L*([0,T],V)) D
Ch ([0,1],V) for B > 3 —H and H € (0,1/2). However, in Section III, a more refined result is
needed. If H € (1/2,1), then I 2 (12([0,71,V)) > 12 ([0, T],V).

A definition of the stochastic integral of a deterministic V-valued function with respect to a scalar
fractional Brownian motion ((z), > 0) is given. This definition uses the methods in [1, 6, 28].
An alternative, equivalent method is given in [11].

Let %5 : & — L?([0,T],V) be the linear map given by

2.10) A 00) = 9Ku(T1)+ [ (009~ 9l0) %

t)d
2 (s,1)ds
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for ¢ € & and Ky given by (2.1) where & is the linear space of V-valued step functions on [0, 7],
that is, ¢ € & if
n—1
Q1) =Y xily ., ()
i=1

where x; € Vforie {l,....n—1}and 0=, <tr <---<t,=T.

Define the stochastic integral as

/OT pdp = iXi (B(tiz1) — B (1)) .

It follows directly that

2

T
(2.11) EH/O pdp| = |%/ﬁkfpliz([o,n,m

where || ;29 71 v) is the norm in L?([0,T],V) induced by the inner product. Let (JZ, |- | s, (-,-) )

be the Hilbert space obtained by the completion of the pre-Hilbert space & with the inner product

(2.12) (@, W) = (L O, V) 12(0.1])

for ¢,y € &. The stochastic integral is extended to an arbitrary ¢ € 7 by the isometry (2.11).
Thus 7 is a linear space of integrable functions and it is useful to obtain some more specific
information about 7. If H € (1/2,1) then it is easily verified that 7 O J# where JZ is the

Banach space of Borel measurable functions with the norm |- | > given by

T T
213 0L = [ [ 10 190) 1w (u—v)duay

where ¢y (1) = H(2H — 1)|u|?’=2 and it can be verified that ./Z D L ([0,T],V) and, in particular,
A D L*([0,T],V) (cf. [12]). If ¢ € 57 and H > 1/2, then

(2.14) EH/OT(pdﬁ 2:/OT/OT<(p(u),(p(v)>¢H(u—v)dudv.

If H € (0,1/2), then the space of integrable functions is smaller than for H € (1/2,1). For
H € (0,1/2) itis known that 2# > H' ([0,T],V) (cf., [17, Theorem 5.20]) and .# > CP ([0,T],V)
for each B > 1/2 — H (a more specific result is given in the next section). If H € (0, 1/2), then the

linear operator .#;; can be described by a fractional derivative

@.15) A5 o(0) = et D7 (uy_y0) ()
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where its domain is % = IT%:H (L?([0,T),V)) (ct. [1, Proposition 6]). If H € (1/2,1), then
(2.16) A (t) = ent? M1y : (uH_% <p) (t) -

A standard cylindrical fractional Brownian motion is defined now.

Definition 2.1. Let (Q,.7,P) be a complete probability space. A cylindrical process (B,-): Q X
R+ xV — Ron (Q,%,P) is called a standard cylindrical fractional Brownian motion with the
Hurst parameter H € (0, 1) if

(1) Foreachx € V'\ {0}, m (B(+),x) is a standard scalar fractional Brownian motion with the

Hurst parameter H.

(2) For a,B € Rand x,y €V

(B(t), o+ By) = alB(1),x) + B(B(1).y) as. P.

Note that (B(t),x) has the interpretation of the evaluation of the functional B(t) at x though the
process B(-) does not take values in V.

For H = 1/2, this definition is the usual one for a standard cylindrical Wiener process in V. For
a complete orthonormal basis (e,,n € IN) of V, letting fB,(¢) = (B(t),e,) for n € IN, the sequence

of scalar processes (B,,n € IN) is independent and B can be represented by the formal series
(2.17) B(1) =) Bu(t)en
n=1

that does not converge a.s. in V.

Naturally associated with a standard cylindrical fractional Brownian motion is a standard cylin-
drical Wiener process (W (¢),t > 0) in V such that, formally, B(¢) = #yzW (t). For x € V \ {0},
let By(t) = (B(t),x). It is elementary to verify from (2.1) that there is a scalar Wiener process

(wx(),t > 0) such that
(2.18) Bu(t) = /O Kt ) dwi(s)

fort € R.. Dually, w(7) = By ((%}")71 ]l[()?,)> where 7 is given by (2.15) or (2.16) and V = R.

Thus there is a formal expansion of W,

(2.19) W(t) = i wn(t)en
n=1
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where (e,,n € IN) is a complete orthonormal basis for V and w, = (W, e,) forn € IN.
Now, the stochastic integral fOT G dB is defined for a suitable operator-valued function G: [0,T] —

Z (V) so that the integral is a V-valued random variable.

Definition 2.2. Let G: [0,7] — £ (V) be Borel measurable, (e,,n € IN) be a complete orthonormal
basisinV, G(-)e, € .7 for each n € IN, and B be a standard cylindrical fractional Brownian motion

for some fixed H € (0,1). The stochastic integral fOT G dB is defined as
T o T
(2.20) / GdB:=) / Gendp,
0 =Jo

provided the infinite series converges in L?(Q,V).

It is elementary to verify that this definition does not depend on the complete orthonormal basis
that is used.
The following proposition describes some .Z(V)-valued functions G that can be used as inte-

grands in Definition 2.2.

Proposition 2.3. Let G: [0,T] — £(V) be Borel measurable and G(-)x € F for each x € V. Let
I7:V — L*([0,T],V) be given as

(2.21) (Frx) (1) = (A Gx) (1)

fort€[0,T]andxeV. If I'r € £ (V, L? ([0, T],V)), the linear space of Hilbert-Schmidt opera-
tors, then the stochastic integral (2.20) is a centered Gaussian V -valued random variable with the

covariance operator Qr given by
~ T >
(2.22) Orx= [ Y (Tren) (5).%) (Tres) (5)ds
n=1

This integral does not depend on the choice of the complete orthonormal basis (e,,n € N) in V.

Proof. Substituting G in the definition of the stochastic integral (2.20), it is clear that the terms
of the summation on the right-hand side are V-valued Gaussian random variables by the construc-
tion of the integral for a scalar fractional Brownian motion and the sequence of random variables

( fOT Ge,dpB,,n € ]N) is independent. Computing the second moment of the tail of the series in
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(2.20) yields
B ¥ Geaps| = L B| [ Geah| = ¥ [ IiGe) )P ds
k=m k=m k=m

o) T o)
- | e )1 ds = Y Crecdisgory -

It is clear that this final series tends to zero as m tends to infinity. Thus there is convergence in
L?(Q,V) of the partial sums of the infinite series in (2.20).
To verify that (2.20) is a Gaussian random variable and the form of the covariance Qr, initially

note that for any ¢ € 57 and x € V, there is the equality

T T
(2.23) | oap.= [ Aigdn,
0 0

where wy is the Wiener process given by (2.18). The terms in the infinite series on the right-hand
side of (2.20) are V-valued, independent centered Gaussian random variables with the sequence of

covariance operators <Q(Tn ),n € ]N)

(1) !
(2.24) O = /0 (H55Gen) (5),x) (5 Gen) () ds

for each n € IN and x € V. Thus
~ b T
225) Orx=Y /0 (A5 Gen) (5),%) (H5iGen) (s) ds
n=1

- ' i (Tren) (s),%) (Cren) (s)ds

The summability of the infinite series on the right-hand side follows from the Hilbert-Schmidt
property of I'7. The independence of the stochastic integral from the choice of the complete
orthonormal basis follows from (2.23) and the analogous property for stochastic integrals with

respect to a standard cylindrical Wiener process. U

Since for almost all 7 € [0, 7’| the linear operator I'7(-)(¢) : V — V is Hilbert-Schmidt, so denote
for almost all ¢ € [0, 7] the adjoint of I'7(-)(z) as I';.(-)(¢) : V — V. It follows by (2.25) that for
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x,yeV,

<QTX,)7> ((Tren) (s),x) ((T'ren) (s),y) ds

I
S—
~

3
I

(en, (T7x) (5)) (en, (T7y) (5)) ds

I
S—
A
agk

3
I

N

((C7x) (5), (1) (5)) ds

~

S— S—

(Crl7x(s),y) ds .
If H € (1/2,1), then Q7 satisfies

Or = /OT/OT G(u)G*(v)oy(u—v)dudy

where ¢y (1) = H(2H — 1)|u|* =2 and G is assumed to satisfy

T rT
| [ 16610 60w s =) < o

(cf. [13, Proposition 2.2]).
The next proposition shows that some densely defined linear operators commute with the sto-

chastic integration.

Proposition 2.4. If A: Dom(A) — V is a closed linear operator, Dom(A) C V, and G: [0,T] —
L (V) is Borel measurable such that G([0,T]) C Dom(A) and both G and AG satisfy the conditions
for G in Proposition 2.3, then

T
/ GdB c Dom(A) a.s. P
0
and

T T
(2.26) i / GdB = / AGdB as. P.
0 0

Proof. By the assumptions on G and AG, it follows that Ge,, € 5 and AGe,, € 7 for n € N so by a

standard argument using a sequence of step function integrands, the following equality is satisfied:

A/ Ge, dp, :/ AGe,dp, .
0 0
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Since the sequence of integrals that are obtained from a complete orthonormal basis (e,,n € IN)

are Gaussian random variables it follows that

m-—oo

m T T
(2.27) lim ) / Gendp, = / GdB as. P
n=170 0

and
- m T m T - T -
limA | ) / Gendp, | = lim ) / AGe,dpB, = / AGdB as.P.
e \n=17/0 " p=170 0

Since A is a closed linear operator it follows that fOT GdB € Dom(A) a.s. P and the equality (2.26)
is satisfied. [

Some results are reviewed for a linear stochastic differential equation with a cylindrical frac-
tional Brownian motion whose solution is often called a fractional Ornstein-Uhlenbeck process.
This process is a mild solution of the linear stochastic equation
(2.28) dZ(t) =AZ(t)dt +PdB(t)

Z(0)=x
where Z(t), x € V, (B(t),t > 0) is a standard cylindrical fractional Brownian with H € (0,1),
®ec Z(V),A: Dom(A) — V, Dom(A) C V, and A is the infinitesimal generator of a strongly
continuous semigroup (S(¢),# > 0) on V. A mild solution of (2.28) is
1
(2.29) Z(6) = S(t)x+ / S(t — r)®dB(r)
0
=S(t)x+2(¢)

where the stochastic integral in (2.29) is given by Definition 2.2.

Typically it is assumed that (S(r),7 > 0) is an analytic semigroup. In this case, there is a f € R

such that the operator 31 — A is uniformly positive on V. For each 8 >0, (Vs, || - |5) is a Hilbert
A 0
space where Vs = Dom ((ﬁ[ —A) ) with the graph norm topology so that

s = | (B1-4) "+

For the mild solution of (2.28), the cases H € (0,1/2) and H € (1/2, 1) have been treated sepa-
rately [13,26] because the conditions for similar results are somewhat different. The case H = 1/2

(Brownian motion) has been studied extensively (cf., [4]).
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For H € (1/2,1), the following sample path property of the solution is described in [13].

Proposition 2.5. I[f H € (1/2,1), S(t)® € £ (V) for each t > 0 and

T T
(2.30) /0 /0 U (1) D] g1y [S (V)| gy 1) O (1 — v) diedy < oo

for some Ty > 0 and o« > 0 then there is a Holder continuous V-valued version of the process
(Z(t),t > 0) with Holder exponent B < o where Z is the stochastic convolution in (2.29) and ¢y
is given in (2.13). If (S(¢),t > 0) is an analytic semigroup then there is a version of the process
(Z(1),1 €[0,T]) with CP ([0,T],Vs) sample paths for each T > 0 and B+ & < c.

For each H € (0, 1), there are the following results for the sample path behavior of the mild
solution ([26]):

Proposition 2.6. Ler (S(t),t > 0) be an analytic semigroup, H € (0,1) and
2.31) IS()®] ) <t

fort €[0,T), some c >0, andy€[0,H). Let oo > 0 and & > 0 satisfy
(2.32) a+tB+y<H,

then there is a version of the process (Z(t),t € [0,T]) with C* ([0,T],Vs) sample paths. If it is as-
sumed instead of (2.31) and (2.32) that ® € 45 (V) and o+ 8 < H then the process (Z(t),t € [0,T))
has a C* ([0, T],Vs) version. In particular, there is a C* (|0,T],V) version for 0 < o0 < H.

3. SEMILINEAR STOCHASTIC EQUATIONS

In this section, both weak and mild solutions are obtained for various semilinear stochastic
equations with a fractional Brownian motion. The cases H € (0,1/2) and H € (1/2,1) are treated
separately as in the case of the linear stochastic equations (Proposition 2.5 and Proposition 2.6).
The weak solution of a semilinear equation is obtained by an absolutely continuous transformation
of the measure for the solution of the associated linear equation. The absolute continuity methods
given here are an analogue of the results for the measure of a finite dimensional fractional Brown-
ian motion ([7,9,23,24]) and the results for Wiener measure ([3, 14]). For a fixed H € (0,1) and
T >0, let (%t € [0,T]) be the filtration for the standard cylindrical fractional Brownian motion

(B(t),t € [0,T]) with the Hurst parameter H. The sub-c-algebra .%; C .# can be generated by
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o (Bu(s),s € [0,t],n € IN) where (B,,n € IN) is a sequence of independent scalar fractional Brow-
nian motions with the Hurst parameter H that is given in the definition of a standard cylindrical
fractional Brownian motion (Definition 2.1).

The following result describes an absolute continuity for a transformation of a standard cylin-

drical fractional Brownian motion.

Theorem 3.1. Let H € (0,1) and T > 0 be fixed and let (u(t),t € [0,T]) be a V-valued, (%;)-
adapted process such that
(1)
T
/Hmmmn@oaip
0

and
@) | |
wq:/u@aeﬂﬂ@%mﬂyncmw.

0
Furthermore, it is assumed that

EE(T) = 1

where

3.1) E(T) =exp {/OTGKH%U)( / 5" @) o) ar

where (W (t),t € [0,T]) is a standard cylindrical Wiener process in'V given by (2.19) and K, is
the inverse of the integral operator IKg in (2.3). Then the process (E(t),t €0, T]) given by

is a standard cylindrical fractional Brownian motion in V with the Hurst parameter H on the

probability space (Q,ﬁ ,113) where

dab
(3.2) T E(T) as.

Proof. Tnitially, it is noted that for an (.%; )-adapted process, (1(¢),t € [0,T]) withn € L* ([0, T],V)
as. P, [ (n,dW) is defined by

[ mawy= T [ tn.en) v
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where the sequences (B,,n € IN) and (w,,n € IN) are related by (2.18). It is shown that IK;'U
satisfies the conditions of 1 so that the stochastic integral in (2.20) is well-defined. Recall that the

linear operator Ky given in (2.3) is a bijection
.72 H+2 2
Ky: L*([0,T],V) — I, * (L*([0,T],V))

so by assumption 1 in Theorem 3.1, Kj,' (U) € L?([0,T],V) a.s. P. From the definition of K,
it follows that (]K;I] (U)(t),t € [0,T]) is an (% )-adapted process because U is (.%)-adapted. By
the construction of the standard cylindrical Wiener process W, it is a Wiener process with respect
to (%) so &r is a well-defined random variable. By a Girsanov theorem for Wiener processes in

infinite dimensions (cf., [4]), the equality (3.2) defines a probability P on (Q,.%) such that

S
- [ K W) ds

is a standard cylindrical Wiener process in V. Let

Pa(t) == (B(t),en) = (U (1), n)

Wonlt) = </ K, (U)(s)ds en> .

(3.3) / Ky (t,s)dw,(s / Ky (t,s)dwy,(s / Ky (t,s <]K ),en> ds

= PBn(2) </ Ky (t,s) (U)(S)) ds,en>
= Ba(t) — (Ku Ky, (U)(1), en)

= Ba(1) = (U (1), en) = Palt) -

and

It follows that

Thus (B(t),t € [0,T]) is a standard cylindrical fractional Brownian motion in V with the Hurst
parameter H on (Q,.7,P). O

In this section, the following semilinear stochastic equation is considered:

(3.4) dX(t) = (AX(t)+F(X(t))) dt+PdB(t)
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where 1 € Ry, X(t), Xo € V, (B(t),t > 0) is a standard cylindrical fractional Brownian motion
with the Hurst parameter H € (0,1), ® € Z(V), A: Dom(A) — V, Dom(A) C V, and A is the
infinitesimal generator of a strongly continuous semigroup (S(¢),7 > 0) on V. The function F: V —
V is nonlinear and for the applications to stochastic partial differential equations it is more useful
to assume that F is only defined on a (dense) subspace of V. So, let (E,||-||£) be a separable
Banach space that is continuously embedded in V and F': E — V with Xy € E. Subsequently, it is
assumed that F': E — V is Borel measurable, Im(F) C Im(®), for G := & 'F.G: E—V,and

(3.5) 1G(x)|| <k (1+x|%)
and
(3.6) IF ()|l z < k(14 x]I2)

for each x € E and some p > 1. Furthermore, it is assumed that there is a constant K such that for

each pair (x,y) in Dom(A), there is a z* € d||z||g such that
(3.7 (Ax—Ay+F(x) = F(y),2")ppr < K[lx—ylle

where d||z||£ is the subdifferential of the norm ||z|| at the point z =x—y and (-,-,)g g+ is the
pairing between E and E*. The inequality (3.7) is a one-sided growth condition that ensures the
absence of explosions of solutions of (3.4) in a finite time. Some subsequent examples should
clarify its interpretation.

The notions of a weak and a mild solution of (3.4) are given now.

Definition 3.2. A weak solution of the equation (3.4) is a triple (X (¢), B(t), (Q,.% ,P),t > 0) where
(B(t),t > 0) is a standard cylindrical fractional Brownian motion in V' that is defined on the prob-

ability space (Q,.%,P) and (X(¢),¢ > 0) is an E-valued process satisfying
t t
(3.8) X(t) = S(1)%0 + / S(t = r)F(X(r)) dr+ / S(t — r)DdB(r)
0 0

A mild solution, (X(z),t > 0) of the equation (3.4) is an E-valued process on a fixed probability
space (Q,.%#,P) with a given standard cylindrical fractional Brownian motion that is the fractional

Brownian motion in (3.8), and the process (X (¢),7 > 0) satisfies (3.8).
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The equation (3.8) has a unique weak solution if for any two weak solutions (X (¢),B(t), (Q,.7,P),t >
0) and (X(¢),B(1),(Q,.7,P),t > 0), the processes (X(¢),t > 0) and (X(z),# > 0) have the same
probability law.

The equation has a unique mild solution if for any two processes (X;(¢),t > 0) and (Xp(¢),7 >
0) that satisfy (3.8) on the same probability space (,.#,P) with the same standard cylindrical

fractional Brownian motion, P (X;(r) = Xa(¢),t > 0) = 1.

A primary goal in this section is to verify weak existence and weak uniqueness of a solution of
(3.4). Since the cases H € (0,1/2) and H € (1/2,1) require different methods, they are treated
separately.

The following three assumptions are made to construct a solution of (3.4):

(H1). The semigroup (S(¢),z > 0) generated by A is analytic on V and for each r > 0, S(¢)|, €
Z(E) and || S(t)|g || #(g) is bounded on compact time intervals.

(H2). ® € Z(V) is injective and for T > 0, the stochastic convolution process

(/(:S(t—r)QDdB(r),t € [O,T])

has a version with C([0,T],E) sample paths.
(H3). The function F: E — V in (3.4) is Borel measurable, Im(F) C Im(®) and the function
G=® 'F: E -V satisfies

3.9) IG) || < k(1+|x][£)

forsome k >0andall x € E.

The following result verifies a weak solution for H € (0,1/2).

Theorem 3.3. IfH € (0, 1/2) and the conditions (H1)-(H3) are satisfied, then the semilinear equa-
tion (3.4) has a weak solution. If additionally F : E — E and

(3.10) [F()]le <k (1+]x]|£)
for some ki > 0 and all x € E, then the weak solution is unique.

Proof. Initially, existence of a weak solution is verified. By a standard method that has been used

for equations of the form (3.4) with a standard cylindrical Brownian motion (cf., [4]), it suffices to
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verify that the cylindrical process

is a standard cylindrical fractional Brownian motion in a suitable probability space where
Z(t)=S(t)Xo+Z(1)

satisfies the associated linear equation. To use Theorem 3.1 it is necessary to verify that G = ®~'F

satisfies the conditions of U in this theorem, that is,

(3.11) /0 Glz(s))ds € 177 (L2 (0,7),V)

and

(3.12) Eexp[p(2)] = 1

where

613 p@= [ (5 ([ e@)w.awin) - [t ([ @) “ar,

IK,' is the inverse of Ky in (2.3) and (W (t),¢ > 0) is a standard cylindrical Wiener process in V
by (2.19).
From (2.9), it follows that

. 2 2
‘]K;Il (/0 G(Z)) — e |y I (ul HG(Z))
L2([0,T],V) L2([0,T],V)
T s 2
= AH/ (SH% /ré Hs r)*i BG(Z(r))dr ) ds
0 0
3.14 2T
G < tuk? (1+\Z\C([O,T],E>+ sup ||S<r>xo||E) |
t€[0,T] 0

<ecr (1 + !Z%([o.,r],E))

for some cr > 0 that only depends on 7. This inequality verifies (3.11). By (3.14) it follows
directly that
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2

(3.15) Eexp dt

JQ/OT’KHl (/O'G(z)> (1)

for some ¢ > 0. Substituting v = £ in the integral with respect to r on the RHS of (3.14), it easily

< cEexp []%CT’Z’%‘([O7T],E)]

follows that c7 | 0 as T | 0. Since Z is a C([0, T], E)-valued Gaussian random variable, it follows

that

(3.16) Bexp [ker|Zi2 j0.11)] <

is satisfied for 7 > O sufficiently small by the Fernique inequality. Clearly, (3.16) is the Novikov

condition which verifies the equality (3.12) for T > O sufficiently small. For arbitrary 7 > 0, a
simple iteration verifies the result, that is,

k/TT'"l K;' (/O'G(z)) () Zdt] < oo

for a sufficiently fine partition 0 =7y < 77 < --- < T,, = T. By a standard procedure from measure

(3.17) Eexp

theory it is verified that (3.12) is satisfied.

Now, uniqueness of the weak solution is verified. Uniqueness in law can be proved in a standard
way by removing the term F in (3.4) by absolute continuity of measures which is a suitable inverse
of the above construction of a weak solution.

Let (X(t),t € [0,T]) be a solution to the equation
(3.18) X(t) = S(t)xo+ /0 tS(t —r)F(X(r))dr+Z(t)

where Z(t) = [{ S(t —r)®dB(r) and (B(t),t € [0,T]) is some standard cylindrical fractional Brow-
nian motion on a probability space (Q,.%,P).

The process (X(t),t € [0,T]) is defined on the same probability space as (B(t),t € [0,T]). Let
(W(t),t € [0,T]) be the Wiener process associated with (B(t),z € [0,T]) by (2.18). It suffices to

2
o

show that
(3.19)

exp [5(%)] = exp [_ [ <1K;,1 ( | Gon) (t),dW(t)> -5

! ([ 60)
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is a Radon-Nikodym derivative on (Q, Z, ]P) so P is the measure for a fractional Ornstein-Uhlenbeck

process and uniqueness in law follows. Thus it is necessary to show that

(3.20) /0 G (X(s)) ds e zgf% (L2 ([0,T],V))
and
(3.21) Eexp[p(X)] =1

where E is integration with respect to P. The verifications of (3.20) and (3.21) are analogous to
the verifications of (3.11) and (3.12) respectively. However, since X is not a Gaussian process, the

Fernique inequality cannot be used directly. Initially, it is verified that there is a ¢ > 0 such that

(3.22) Xlcqo.re) < ¢ (14 I1Xolle + |Zleo.r.)) -
where Z is the stochastic process described in (H2). Let

u(t) =X(@)—Z(1)
= S(I)Xo—i—/OtS(t —r)F (u(r)+Z(r)) dr.
Thus

(3.23) lu(®)l[& < c1]|Xoll +Cz/0 (14 llu(r)lle +1Z()le) dr

for some positive constants ¢ and ¢;. By the Gronwall Lemma it follows that

(3.24) u(t)le < c1 (1+[1Xolle + |Zlcqo.r.6))

fort € [0, T] so the inequality (3.22) is verified. The exponential that usually occurs in the Gronwall

C2T

inequality is bounded by e“2* . Making the analogous computations in (3.14) it follows that

&' ([[62)

where ¢7 | O as T | 0 so (3.20) is satisfied. Thus the method in (3.15)—(3.17) can be used to verify
(3.21).

2
(3.25)

<cr 1—|—]X]2 < ér 1+|Z|2
L2([0,7).V) ( C([OvT]vE)) ( C([O,T],E))

The random variable exp(p (X)) in (3.19) is a Radon-Nikodym derivative and it defines a prob-
ability measure Q on Q. By this Girsanov-type theorem the process defined by B(t) = B(t) +
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o u(s)ds, where u(s) = G(X(s)) is a standard cylindrical fractional Brownian motion with respect
to the measure Q. Let (W (¢),t € [0,T]) be the Wiener process associated with (B(t),t € [0,T]).
Let U(s) = K;'(J; G(X))(s) for s € [0,T] and let E and Egy denote the expectations with respect
to the measures P and Q respectively. For a bounded measurable function ¥ on C([0,T],V) it

follows that

BI¥()] = [ W4 dQ = Eol¥(X)exp(~p (X))
~Eq¥(R)exp( [ WH,aW ()~ [M1w)Par)

Since the processes W and B are standard cylindrical Brownian motions and standard cylindrical
fractional Brownian motions respectively the final expectation on the right hand side above does
not depend on the realization of X, so the uniqueness in law is verified.

O

Now the existence and the uniqueness of a weak solution of (3.4) is verified for H € (1/2,1).
Theorem 3.4. [fH € (1/2,1), (HI)-(H3) are satisfied and
(3.26) 1G() = GW)II < kgl ="

forall x,y € E, some y € (0,1], k¢ >0and Z € ch ([0,T],V) for some B satisfying

(3.27) ﬁ>H

where Z is the stochastic convolution process in (H2), then the equation (3.4) has a weak solution.

If, additionally, (3.10) is satisfied, then the weak solution is unique.
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Proof. Initially, the existence of a solution is verified as in the proof of Theorem 3.3. It is shown

that

(3.28) /O G(z(s))ds € 7 (12(0.7],V))  as.
and

(3.29) Eexp|p(Z)] = 1

where p is given by (3.13). By (2.7) it follows that
(3.30)

i ([ o@)

2 2

1

2 H—5
MH—%DO—i- . (u%_HG(Z)>

:CH

L2([0,7],v) 12([0,T],V)

s1-3 <sé—HG<z(s))>
rG-H)\ o

2 (s_r)H‘F%

ds

1

<[ (H oo+ | ool

(s—r)H+2
2
*116(2(s)) = G(Z(r) |l
+/0 (s T dr) ds

+3

Using (3.9) and (3.26), the analyticity of the semigroup S(-) on V and the inequality

1 1

sg2H _p2—H _

/ ——dr < cs'2H
0 (s—r)H+§

where c is a generic constant, it follows that
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(3.31)

‘]K; (/0 G(Z)) <cr (1+||X0||129+|Z|é([0,T],E)>
S(s)X, X7, 2 VO CIAY
m/ [ Is(s)Xo—S(IXoll” , \ ", [ 12() =207 ), | 4
s—rH+2 0 (s—r)f*2
T (s r)y/l ’
2 712 —
<cr (1+HX0”E+‘Z‘C([O,TLE>>+CT/ <“X0Hy/0 Wdr>
2
T s (g—r)YB
+CT/O ’Z’cb‘([o,T],V) (/0 mdr)

where A > 0 satisfies YA < 1 and H + 1/2 — yA < 1. It follows that

(3.32) ‘]KHI (/0 G(Z))

where cr | 0 as T | 0 so (3.28) is verified and by the Fernique inequality (3.29) is also verified.

L%([0,T],V)

2
<cr (1 +11Xollz + 1211 0.27.2) + |Z|%B([0,T],v))

L2([0,T],V)

Now the uniqueness of the weak solution is verified. Let (X(¢),7 € [0,T]) be the solution to the

equation (3.4) on a probability space (Q,.%.IP). As in the proof of Theorem 3.3, it is shown that

(3.33) /G X)ds e 72 (12([0,7],V))  as.
and
(3.34) Eexp [p(X)] =1

where p is given by (3.13). It is necessary to obtain the inequality (3.22) that is used in the proof

of Theorem 3.3. The inequality (3.22) is verified by verifying the following inequality

(3.35) XNl po.rv) < L <1 +IXoll e + |Zlcqo,r1.6) + |Z|Cﬁ([o,T},v)>

where X (1) = X (t) — S(t)Xo and L > 0. Let w(t) = X (t) — S(¢)Xo — Z(t) for t > 0. The process w

satisfies

(3.36) w(t) = /O 'St w(r)dr
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fort € [0,T] where
v(t)=F(w(t)+St)Xo+Z(1)) .

By the inequalities (3.10) and (3.35) it follows that y € L=([0,7],V) a.s. P. Since the semigroup
S(-) is analytic on V, w is a-Holder continuous for each a € (0, 1), and using the method of proof

of [27, Theorem 4.3.1] there are constants ¢; > 0 for i = 1,2 such that

(3.37) Wles o.r1v) < 1lWz=(o.11v) < €2 (IWle=(o,r1.6) + 1Xoll e+ |Zlco.re)) -
Thus

(3.38) ‘X‘CB(MTLV) < ’W’cﬁ([oﬂ,x/) + ’Z’Cﬁ([QTLv)

< <|W|L°°([0,T17E) + [ Xol £ + |Z|C([07T]7E) + |Z|Cﬁ([o,T],v)) .

Using (3.22) again to bound |w|;=([o 7),£) the inequality (3.35) follows.
Now, using the methods for the inequalities (3.30)—(3.32), where Z(¢) is replaced by X (t) =
S(t)Xo + X (¢) it follows that

(3.39) ‘]KHI (/O'G(z))

where ¢ | 0 as T | 0 which by (3.22) and (3.35) verifies (3.33). The equality (3.34) is obtained

2

<er (1+]|Xo|% + X2 IR
L2([0,7],V) ( E c(o.1],v) cﬁ([o,T],v)>

from (3.39) by the Fernique inequality as in the proof of Theorem 3.3. U

Remark 3.5. The proofs of Theorem 3.3 and Theorem 3.4 have verified, in addition to weak ex-
istence and uniqueness of a solution to (3.4), the mutual absolute continuity (equivalence) of the
probability laws of the solution to (3.4) and the solution of (3.4) with F = 0 (the fractional Ornstein-

Uhlenbeck process) in the path space.

The next objective is to relax the linear growth conditions (3.9) and (3.10) and the Holder con-
tinuity (3.26). The linear growth condition is replaced by a dissipativity condition of the drift term
of (3.4), but some other conditions are also imposed so that there is existence and (strong) unique-
ness of a mild solution. The main contribution of the following two theorems is a mutual absolute
continuity of the probability laws of the solutions of (3.4) with a nonzero F and (3.4) with F = 0.

Initially, the case H € (0,1/2) is considered.
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Theorem 3.6. Let H € (0,1/2) and (H1) and (H2) be satisfied. Let ® € £(V) be injective,
&l e Z(E,V)and (S(t)|g,t > 0) be a strongly continuous semigroup on E such that

(3.40) NOIF P
fort >0 and some w € R. Let F: E — E be continuous and satisfy
(3.41) IFG)lle < ki (1+]lx]1Z)

for x € E for some ki > 0 and p > 1 and for each pair x,y € E, there is a 7" € d||x — y||g where

d||z||g is the subdifferential of the norm || - ||g at z € E such that
(342 (F(x) = FO0),2") g - < hallx =yl

for some ky € R, that is, F — kI is dissipative on E. Then there is one and only one mild solution
of (3.4) and its probability law on the Borel 6-algebra of Q = C([0,T],E) is mutually absolutely

continuous with respect to the probability law of the fractional Ornstein-Uhlenbeck process (3.24)
on Q.

Proof. Let (F;,A > 0) be a family of Lipschitz continuous functions from E to E such that each
F; satisfies the inequalities (3.41) and (3.42) for F with the same constants p, ki, k. It is shown

that there is a k > 0 depending only on W, ki, and k, such that

(3.43) Iva@)lls <K (1+ 11Xl + 1611207, 2)

fort € [0,T] is satisfied for each A > 0 and ¢ € C([0,T],E) where v, is a solution of the equation
(.44 (1) = SOXo+ [ St =, (2()+ (1) dr

forr € [0,T].
To verify the inequality (3.43), it can be assumed by translation that k&, = 0 in (3.42) (replace F},
and A by F) — k»I and A + k»1 respectively). Thus F) is dissipative on E for each A > 0 and by the

assumptions

(3.45) (AEz, 7 g < W2llZ
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for each z € Dom(Ag) and z* € d||z||g where A is the restriction of A to E that generates the

semigroup S(-)|;. For each pair x,y € Dom(Ag) and A > 0, there is a z; € d||x —y||g such that

(Ap(x—y) +F(x) = FL(9),23 ) po S Wllx =l -

By [5, Proposition 5.5.6], there is a sequence (v ,n € IN) such that v} € C'([0,T],E)NC([0,T],Dom(Ag))

such that v — v, and 8 = 4 " —Apvi —F, (Vi +¢) — 0in C([0,T],E) as n — oo. It follows

l‘
that

Tl < (A )+ B (00 +00)) 040 - + 1180

= (Apvy (1) + F; (v} ()+¢())—Fz(¢(f)),(V'i(f))*>
+(Fp(9(1)), (VA(0) ) o + 1870l

<[40l k2 (119180 + 1850 )

(3.46)

fort € [0, T]. Using the Gronwall Lemma, and letting n — oo, verifies the inequality (3.43).

The mild solution to (3.4) can be expressed as X (¢) = v(t) + Z(t) where v satisfies the equation
t
(3.47) W(1) = ()Xo + / S(t — PVF(v(r) + Z(r)) dr
0

for r € [0,T]. Thus the existence and the uniqueness of a mild solution follows from the corre-
sponding pathwise deterministic result (cf., [S, Proposition 5.5.6]).
The equivalence of the probability laws is shown by application of Theorem 3.1. As in the proof

of Theorem 3.3, it suffices to show that

(3.48) /G ))ds € 112 (12(j0,7],v))
and
(3.49) Eexplp(Z)] =1

where p is given by (3.13). While G is not assumed to have at most linear growth as in Theorem

3.3, there is the growth condition

(3.50) IG)|| <k (1+]x]12)
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for all x € E and a constant k. Proceeding as in (3.14), it follows that

()

2

T | 2
<c / (sH_2 ) ds
L2([0,1],V) 0

T
<o <1+\Z\Z([o,n£)+ sup ||S(I)X0Hg>/o s

/OS r%_H(s— r)_%_HG(Z(r))dr

1€[0,T]

S 1 2
. (/ rZH(s—r)2Hdr> ds
0

2 =12
< e (14 I + 12801,

(3.51)

for suitable constants cy, ¢, ¢3. This inequality verifies (3.48). To verify the equality (3.49), it
suffices to assume that F is dissipative (that is, k; = 0 in (3.42)). Since F is continuous, it is

m-dissipative (cf., [22]) so the family (Fj,A > 0) of Yosida approximations of F is defined as

(3.52) F(x) = F (Ry (1)) = 5 (Ra () —)
for x € E where
(3.53) Ry(x)=(I—AF)"(x).

It is well known that F : E — E for A > 0 is Lipschitz continuous, so by Theorem 3.3, there is the

equality

(3.54) Eexp[p,(2)] =1

for A > 0 where

- [} (it (o) mavo) 3 [ ([ oren) ]
355  pu(Z) = /0 <]KH /0 G1(2) ) (.aw () ) =5 | K /O G.(2)) ()| ar
and G, := ®'F;. Asin (3.51), it follows that
(3.56) E ‘]KHI ( / (GA(2) - G(Z)))
0 L2([0,T],V)
2

<crE OT <SH_2 /Osré_H(s— r)_%_H |G, (Z(r)) — G(Z(r))]] dr) ds.
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By some well known properties of the Yosida approximations and for x € E,

(3.57) 1G2 () =G| < @71 (o) I1FA (x) = F ()l
it follows that F, — F as A — 0 and the right hand side of (3.57) tends to zero as A | 0, and

1G] < |71 o IFA ()
(3.58) <@ e IF@)g
<|o ’f(E,V) ky (1+lx]1%)

so the right-hand side of (3.56) tends to zero as A | 0. For a sequence (4,,n € IN) that decreases to

zero it follows that

(3.59) lim exp [02,(2)] =exp[p(Z)] as.P.

To obtain the equality (3.54) from the equality (3.59) for A,,,n € N, it is necessary and sufficient to
show that the sequence (exp [p;,(Z)],n € IN) is uniformly integrable. A sufficient condition for

this uniform integrability is to verify that

(3.60)  supE [(exp [p2,(2)]) |log (exp [p1,(2)])|] = sup [(exp [p2,(2)]) P2, (Z)] < oo

2
o

By Theorem 3.3,

2/
0

where £ 2, 18 expectation with respect to P 2, and

&' ([ 6n@) 0

(3.61) E [p1,(Z)exp[ps,(2)]] < Ey,

dPb;,

and Z(-) satisfies the equation (2.28). On the probability space with the measure P , Z(-) satisfies

the following semilinear equation where B(-) is a fractional Brownian motion with respect to P,

dXy, (1) = (AX (1) + Fy,(X(r))) dt + @ dB(r)
(3.62)
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Since F}, is Lipschitz continuous, there is a unique mild solution on a given probability space so it

K,! ( /0 G, (xln)) (1)

for some ¢ € R that does not depend on A,,. Repeating the inequalities (3.51) where G and Z are

suffices to show

2

T
(3.63) E/ dr < c
0

replaced by G, and X, respectively and using the inequality (3.58) it follows that

T .
(3.64) /0 ‘ Ky' < /0 G, (X/ln)) (1) ?Z[OILE))

for a constant ¢y that does not depend on n € IN where X;, (1) = X _(¢) — S(t)Xo. By the inequality

2
dr < cs (1 + Xl + |%5,

(3.43) there is a constant cg that does not depend on n such that

K§1<[:GM(X%)>(ﬂ

This inequality verifies (3.60). Thus the sequence (exp [P/’L,, (Z)} N E ]N) converges in L! and the

2
2 4p?
dt < cg (1 + 1%l +E |Z|C[()[O,T],E)

(3.65) ]@AT'

):c<m.

equality (3.54) is satisfied. U

Now the case H € (1/2,1) is considered.

Theorem 3.7. Let H € (1/2,1) and the other assumptions in Theorem 3.6 be satisfied. Let ®~! €
ZL((V), ZeCP([0,T],V) for some B € (0,1),

(3.66) (F(x) = F(y),x—y) <k [x—y|*

for each pair x,y € E and a ky € R (that is, F — k1 is dissipative on E with respect to the norm
on'V) and

(3.67) 1F(x) = F)I < ks (1+ [l E + I l1E) [l — )7

for each x,y € E, with some k3 >0, g > 1, and y € (0,1] such that

(3.68) VB >H—%.

Then there is one and only one mild solution to (3.4) and its probability law is mutually absolutely
continuous with respect to the probability law of the fractional Ornstein-Uhlenbeck process (2.28)
on Q.
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Proof. As in the proof of Theorem 3.6, it is shown that

(3.69) /O G(Z(s))ds € 117 (L2([0,T],V))
and
(3.70) Eexp[p(Z)] = 1.

The methods to verify (3.69) and (3.70) are similar to those used in the proof of Theorem 3.6, but
now the operator ]KI_{1 has a different form. Using the inequality (3.41) and the Holder continuity
condition (3.67) it follows that

(3.71)

e ([ )

1 1
2 A-H s—H

T g ol S §2 —7r
<a [ (st IGEI -+ [ @) ar
L2([0,7],V) 0 0 (s—r)f*2

2
*l6(Z(s)) — G(Z(r))l]
+/0 s—rH"_% dr) ds

<0 [IHZ\C (0,7],£) T €3 <1+\Z\c ([0,7).E )>

( [ [ s (>xow):+>|z <r>yd,,>2ds

for some constants c1, ¢, c3. By the analyticity of the semigroup S(-) on V, it follows that

Ky ( A G<Z>>

2

2
<ey [1 + X2
2([0.7].)

(3.72) (||X0|| +|Z|C0T]V) )(IIXoll +|Z|cﬁ (0.1.V ))]

<cs (1 + 11Xl + 12180710 + |Z|"£B([0,T],V))

for some constants ¢4 and c5 and m sufficiently large. Thus (3.69) is verified. To verify the equality
(3.70) consider the family of Yosida approximations (Fj,A > 0) of F as in the proof of Theorem
3.6. By the dissipativity of F in the norm on V, Fj : V — V is Lipschitz continuous for each A > 0

and has at most polynomial growth so Fj satisfies the assumptions of Theorem 3.4 so that

(3.73) Eexp[p, ()] =1
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where p; is given by (3.55). By the method to obtain the inequality (3.71) it follows that

2

619 Bl [ (62)-6(2)

T
§C6E/
0

L2([0,T],V)

1 1
s H

G (2() Gzl | +5" 7 |

0 (s_nfti 1G.(2(r)) = G(Z(r))| dr

 [[loaz) -0tz ~Gyize) rozon, ),
0 (s—r)HJr% '

By the inequalities (3.57) and (3.58), it follows that |G, (x) — G(x)|| — 0as A | O foreachx € E

and the family (G,,A > 0) satisfies the growth condition
(3.75) 1GL () < e7 (1+ 1xl1Z)

for x € E and some ¢7 > 0. From the V-dissipativity of F, it follows by [5, Proposition 5.5.3] that

1R (x) = R (W) < [lx =l

for x,y € E so that

(3.76) [|Fo(x) =R ()l = IF (Rp.(x)) = F (R ("))l < ks (1 + [Ra ()1 + [RA D)) [lx = y1I”
for x,y € E. Since
IR ()l < NIl g + A IF ()] < es (1+ [lx]l)

forx € E, cs € R4, and A € (0, 1], there is the inequality

(3.77) 15 (x) = B 0) < o (1+ [Ix[E + Iyl I = I

forx,y€ E,co € Ry,m>1,and A € (0,1]. So F, and G, satisfy the inequality (3.67) uniformly in
A € (0,1]. Thus the right hand side of the inequality (3.74) tends to zero as A | 0 by the Dominated
Convergence Theorem where a majorizing function is provided by the estimates (3.75) and (3.77)
whose integrability is shown as in (3.71) and (3.72) and there is a decreasing sequence (4,,n € IN)

whose limit is zero such that

(3.78) lim exp 02,(Z2)] =explp(Z)] as. P.
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The uniform integrability of the sequence (exp [p;,(Z)],n € IN) is shown by verifying the ana-
logue of (3.60). Equivalently,

(3.79) sng/oT H]K;Il (/0 Gy, (X;lﬂ)) (t)

where X (-) is the unique mild solution to the equation (3.62). The analogous inequalities (3.71)-

2
dt <c<oo

(3.74) are obtained by replacing G by G, using the polynomial growth bound and the local Holder
continuity that are uniform in (A,,n € IN) and Z(-) is replaced by X; (-). For some constants cjo

andm > 1,

(3.80) ‘]K,}l (/O'GM (X;Ln))

where X, (¢) =X, (1) — S(t)Xo. By the inequality (3.43), it follows that

2

< ero (1+ I1Xollg + |4,

c(o.r.e) T X3, cﬁ([o,ﬂ,v))

L%([0,T],V)
(3.81) %4, |co.m.8) < €11 (1 + |1 Xol| + |Z|g(0,r],E)>
for some c11 > 0. Let wy, (1) =X, (¢) — Z(¢) so that

t
(3.82) w (1) = /0 S(t — 1)y, (wa, (5) +S(5)Xo + Z(s)) ds

fort € [0,T]. The inequality (3.81) provides a uniform bound on |w A, | c(o.1,E) SO by repeating the
arguments for the inequalities (3.37) and (3.38), it follows that

(3.83) X,

ch([0,7],v) S cn <1 +[1Xo]l + ‘Z‘g([O,T],E) + ’Z’Cﬁ([O,T],V)>

for some c12 > 0. The inequalities (3.80) and (3.81) verify the inequality (3.79) so the sequence
(exp [ps,(Z)] ,n € N) is uniformly integrable and the equality (3.73) is verified. O

4. SOME EXAMPLES

The first example is a finite dimensional stochastic equation with a nonlinear drift. Consider the

equation
4.1 dX(t)= f(X(t))dt + DdB(t)

where f: R" — R", ® € Z(R") and (B(t),t > 0) is an R"-valued standard fractional Brownian

motion with Hurst parameter H € (0,1). This case can be subsumed in the infinite dimensional
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results given here though some of the assumptions and the results simplify significantly. Let £ =

V =1R", S(t) =1 fort € R, and assume that Q = ®P* is positive definite. The process

(/Otd)dB,te [O,T])

has sample paths in CP ([0, T],R") for 0 < B < H. If f: R” — R" is Borel measurable and

4.2) [F G < ki (1+ x]])

for some k; > 0 and all x € R” then for H € (0,1/2) there is one and only one weak solution of

(4.1) by Theorem 3.3. If, additionally, it is assumed that

(4.3) 17 () = FODI < Kllx—y[I”

1

for all x,y € R" and some y > 1 — 55,

then for H € (1/2,1), there is one and only one weak
solution. In each of these cases, the probability measure of the solution is mutually absolutely
continuous with respect to the probability measure of the process (®B(z),t € [0,T]).

Now, replace the inequality in (4.2) by
(4.4) 1F GOl < Ky (1 [1x[1?)

for some p > 1 and k; > 0. Assume that f: R"” — R” is continuous and satisfies

(4.5) (f(x) = F),x =) < ksllx—y|?

for some k3 > 0 and all x,y € R". If H € (1/2,1), then assume that

(4.6) 17 Ge) = SO < e (1 [+ [1y119) [l = ¥ [1”

for some g > 1, k4 >0, y>1— ﬁ For H ¢ (0,%) Theorem 3.6 can be used to verify that
the probability law of the solution of (4.1) is mutually absolutely continuous with respect to the
probability law of (®B(t),t € [0,T]). Furthermore, there is one and only one mild solution of
(4.1), in fact, since the state space is finite dimensional, the mild solution is a strong solution.
For H € (%, 1) Theorem 3.7 can be used to verify mutual absolute continuity and one and only
one mild solution as for the case H € (0, %) Note that the inequalities (4.4)—(4.6) are satisfied
for the important case of models where f is a polynomial of odd degree with a negative leading

coefficient.
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The second example is a stochastic parabolic equation of 2mth order

@) 91(0,8) = [Lana(1.6) + (1, ) +1(0,)

for (¢,€) € [0,T] x & with the initial condition

(4.8) u(0,8) =x(&)

for & € ¢ and the Dirichlet boundary condition

*u
49 ey =0
4.9) 8vk( £)
for (1,&£) € [0,T]| x 90, k€ {0,...,m—1}, % denotes the conormal derivative, ¢ is a bounded

domain in R? with a smooth boundary and L, is a 2mth order uniformly elliptic operator

(4.10) Low= Y, ag(§)D*

|| <2m

and aq € C;(0). For example, if m = 1 then this equation is called the stochastic heat equation.
The process 1 denotes a space dependent noise process that is fractional in time with the Hurst

parameter H € (0,1) and, possibly, in space. The system (4.7)—(4.9) is modeled as

dX (1) = AX(t)dt + F (X (t))dt + PdB(r)
4.11)
X(0)=x

in the space V = L?(0) where A = Ly,

k
Dom(A) = {(p e H™(0) | ;—vk(p:00n dD fork € {O,...,m—l}},

F :V — V is the operator, F(x)(§) = f(x(§)),x € V,§ € O, ® € £ (V) defines the space correla-
tion of the noise process and (B(t),t > 0) is a cylindrical standard fractional Brownian motion in
V (formally, n(¢,-) = ®(d/dt)B(t,-)). For ® = I, the noise process is uncorrelated in space. It is

well known that A generates an analytic semigroup (S(z),7 > 0). Furthermore
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_d
(4.12) S()P] vy < [SO)] .5 v) | Plgvy < et

forr € [0,T], so if

d
(4.13) H> ——
4dm

then the conditions of Proposition 2.6 are satisfied with y = %. Therefore, for any ® € £(V), the

stochastic convolution process
t
( / S(t—r)®dB(r),1 €0, T])
0

is well-defined and has a version with CB ([0, T],V) sample paths for B > 0 satisfying

(4.14) ﬁ<H—i.
dm

Note that the condition (4.13) extends the well known result for a standard Wiener process
|
(H=1.
Theorem 3.3 and 3.4 are applied to the present example. Assume the inequality (4.13) and let &

be boundedly invertible on V. Furthermore, let f : R — R be measurable and satisty

(4.15) FEI<ki(1+[E]), GeR,

By the preceding part of this example the conditions H1 - H3 are satisfied for E =V = L*(0)
and the map F : V — V has at most linear growth. Thus by Theorem 3.3 if H < %, then there exists
a unique weak solution to the equation (4.11).

ItH > %, some additional conditions are required. Assume that

d 1
4.1 Il
(4.16) 4dm < 2

(which is more restrictive than (4.13)) and suppose that
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(4.17) IF(E)—fA) <KE—A]", &, A€R,
for some kK > 0 and y > 0,

H-1/2
/ <v<l1.

(4.18) H——a’/4m <

Then, letting 3 be such that < H — % and yB > H — § it is clear that all of the conditions of
Theorem 3.4 are verified so there is a unique weak solution to the equation (4.11).
The third example is a one-dimensional stochastic equation of reaction-diffusion type. Consider

the equation

du 0%u
(4.19) E(I,é)za—éz(t,5)+f(u(t,§))+n(t,§)

for (,€) € (0,T) x (0,1) and

u(0,6) = x0(&)

g—g(t,o) = g—g(t, 1)=0
for (¢,&) € (0,T) x (0,1) where f and 1 are given in the previous example (with & = (0,1)). The
above formal equation can be rewritten in the form (4.11) with V = L*([0,1]), A = aa—;z,
Dom(4) = {0 € H(0.10): 5000 = 5z0(1) =0},
s s

® € Z(V) and F given in the preceding example. The semigroup generated by A satisfies the
estimate (4.12) (withm =d = 1), so if f satisfies the conditions of the previous example, the same
conclusions on existence and uniqueness of the weak solution are obtained.

However, it is desirable to relax the condition (4.15) of the linear growth of the function f,
which is very restrictive in view of reaction-diffusion models, where f is often a polynomial. Let

H > 1/2 and assume that
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(4.20) IF(E) <k(1+1&IP),
4.21) (f(&)—f(A))sgn(& —A) <k(E—A),
(4.22) IF(E) = F(A)] < k(148174 [A]1]E —A[¥

for all £,A € R and some universal constants p > 0, > 0,k > 0 and ¥ satisfying

H—1/2
H—1/4

(4.23) <y<l.

Note that these conditions are satisfied if f is Lipschitz or if f is a polynomial of odd degree
with a negative leading coefficient.

The conditions of Theorem 3.7 are verified now. Take the state space E = C([0, 1]). It is well
known that the restriction of A to E generates a strongly continuous semigroup of contractions on

E. By Proposition 2.6 the stochastic convolution

(4.24) ( /0 'St — P dB(r) 1 € [0,7))

has CP ([0, T7],Vs) sample paths for B 4+ & < H — 1/4 and hence, by the Sobolev embedding theo-
rem, in the space C([0,T],E)NCP([0,T],V) for 0 < B < H —1/4 (by (4.23) B can be chosen such
that By > H — 1/2). It remains to verify the conditions imposed on F. The polynomial growth
condition (3.41), the “dissipativity of ' — kI on V” (3.66) and the local Holder continuity of the
form (3.67) follow easily from the corresponding conditions on f, that is, (4.20), (4.21) and (4.22).
The dissipativity of F' — kI on E (3.42) is a well known consequence of (4.21) by the characteriza-
tion of the subdifferential of the norm on E = C([0, 1]) (cf.[30]). Therefore, all of the conditions

of Theorem 3.7 are satisfied and it follows that there is a unique weak solution in the present case.
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