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1 Introduction

This work deals with the Urysohn space [Ux], which we denote by U. This is the unique, up
to isometry, complete separable metric space with the following properties.

(1) Every separable metric space is isometrically embeddable in U.

(2) For every A,B C U and f: A — B:if A is finite and f is an isometry between A and
B, then there is an isometric bijection g from U to U such that f C g.

We investigate the group LIP(U) of bilipschitz homeomorphisms of U and some related groups.
Indeed, the group H(U) of all homeomorphisms of U comes to mind first. However, by the
result of V. Uspenskiy [Us|, U is homeomorphic to f2. So H(U) is in fact the group of homeo-
momorphisms of a Banach space, and can be better understood as such. For LIP(U) and for
other groups defined via the metric of U, the fact that U = ¢5 does not seem to help.

The main tool and also the main result in this work is an extension theorem for finite bilipschitz
functions defined on subsets of U (Theorem . Suppose that A is a finite subset of U and
f: A — U is K-bilipschitz. We shall show that there is ¢ € LIP(U) such that g O f, g is
K-bilipschitz and for some open ball B, g | (U\ B) = i, where i denotes the identity map.

We now turn to the description of the other groups considered in this work. Our interest in
these groups is two-fold: extension theorems and reconstruction theorems. By a reconstruction
theorem we mean a statement of the following form: If ¢: LIP(X) = LIP(Y), that is, if
¢ is an isomorphism between the groups LIP(X) and LIP(Y), then there is a bilipschitz

homeomorphism 7 between X and Y such that for every g € LIP(X), o(g) =7ogo7 L.

Recall that a modulus of continuity is a concave homeomorphism of [0, 00), i.e. a homeomor-
phism « of [0,00) satisfying a(Az + (1 — AN)y) > Aa(z) + (1 — Na(y) for every z,y € [0, 00)
and A € (0,1). Denote by MC the set of all moduli of continuity. Given o € MC, we say
that a function f from a metric space (X,d~) to a metric space (Y,dY) is a-continuous if
d¥ (f(u), f(v)) < a(dX (u,v)) for every u,v € X.

We do not know to generalize the extension theorem for finite bilipschitz functions (Theo-
rem , to a general a € MC. Whereas for bilipschitz functions we prove that every finite
K-bilipschitz function can be extended to a K-bilipschitz homeomorphism of U which is
the identity outside a ball, for a general o € MC, we only know to prove that every finite a-
bicontinuous function is extendible to an a-bicontinuous homeomorphism of U (Corollary .
The fact that in bilipschitz case the extending homeomorphism can be constructed in such a
way that it is the identity outside a ball, means that we also get an “Extension theorem for
finite bilipschitz functions” for open subsets of U and not just for U.

However, both Theorem and Corollary can be strengthened by proving the extension
theorem not just for functions with a finite domain, but also for functions whose domain is a
totally bounded set. For isometries, this fact is due to Huhunaisvili [Hu]. The argument we
use is similar to Huhunaisvili’s. These results appear in Theorems and

In order to state the next result, let us give necessary definitions.

Fix a,f € MC. We shall write a < (3 if there is a > 0 such that « [ [0,a] < § ] [0, a], where
f < g means that f(z) < g(x) for every = in the common domain of f, g. Note that when



K > 0 then the function x — Kz belongs to MC. Also, if a, 8 € MC then a + 8 € MC and
ao e MC.

A subset T of MC will be called a measure of continuity semigroup (briefly: MC-semigroup)
if the following holds.

(1) T contains the function y = 2.
(2) T is closed under compositions, i.e. « o 3 € I" whenever «, 3 € T.

(3) For every a € T', {# € MC: f <a} CT.

Further, we say that I' is countably generated if there exists a countable set I'g C I' such that
for every av € T there is § € T’y with @ < . In other words, I' = {o € MC: (3 5 € T'y) a < 5}.
Important examples of countably generated MC-semigroups are Lipschitz MC-semigroup T'™¥
and Hélder semigroup TP The first one is generated by functions of type x +— nx (n € N)
and the latter one is generated by functions of the form z — z!/? (n € N). Note that every
MC-semigroup contains TP,

Let T' be an MC-semigroup and f be a function from a metric space X to a metric space
Y. Then f is locally T'-continuous if for every x € X there is a neighborhood U of z and
a € T such that f | U is a-continuous. The function f is locally I'-bicontinuous, if f is a
homeomorphism between X and rng(f), and both f and f~! are locally I'-continuous.

From the extension theorem for finite bilipschitz functions we shall deduce the following result

(Corollary [6.4](a)).

Theorem 1.1. Let X and Y be open subsets of U, I' and A be countably generated MC-
semigroups and ¢: HEC(X) = HXC(Y). Then there is 7: X = Y such that T is locally T-
bicontinuous, T is locally A-bicontinuous and ¢(g) = 7o goT 1 for every g € H%C(X).

Note that the above theorem does not claim that I' = A. However, the theorem does imply
the weaker statement that HEC(X) = HX(X). We know to conclude that, indeed, I' = A,
only when X =Y = U. It is Theorem [3.4 which is used in order to deduce this.

In fact, we do not know to prove the following general statement.

If X is an open subset of U and I' and A are different MC-semigroups, then
HEY(X) # HEC(Y).
Even the following special case is unknown. For @ € MC let ', denote the MC-semigroup
generated by a. Suppose that A is a countably generated MC-semigroup and a ¢ A. Is it
true that H%S(X ) € HKY(X)? Note that if U is replaced by R, that is, we consider an open

subset of R, then different MC-semigroups do define different subgroups of H(X). The same
is true for any open subset of a normed linear space.

2 Extensions of finite bilipschitz functions

The main result of this section is Theorem [2.1] It is the basis for our reconstruction theorem
for open subsets of U.



Let B(x,r) C U be an open ball in U. We wish to prove the following claim. Let A C B(x,r)
be a finite set and K > 1. Assume that f: A — B(wz,r) is such that f Uiy gy, is K-
bilipschitz, where g denotes the identity map on the set S. Then there is g € H(U) such that
g 2 fUdp p(e,) and g is K-bilipschitz. It turns out that we need some extra assumptions
in order to prove such a claim. These assumptions are somewhat technical, although good
enough for applications.

Fix r > 0 and let f be a function whose domain and range are subsets of B(z,r). Also, let
N > 1. We shall say that f is N-good, if

Ay, f() < 3¢ - (r — d(y, ) for every y € dom().

The function f is N-bigood, if both f and f~! are N-good.

Theorem 2.1 (Bilipschitz Extension Theorem for the Urysohn space). Let B(z,r) be an open
ball in U, N > 4, N‘*”AQIQ_‘W <K< N*'ivj\zﬂ_‘w, A C B(z,r) be finite and x € A. Suppose
that f: A — B(z,r), [ is K-bilipschitz, f is N-bigood and f(x) = x.

Then there exists g: B(x,r) — B(x,r) such that

(1) g is a bijection and g 2 f,
(2) gUdw Bz, is K-bilipschitz,
(3) g is N-bigood.
Let us first see that the assumptions in the above statement are meaningful. Note that

N— VN2 —4N N++VN2—4N
2 - 2 -

1 and lim
N—oo

lim
N—oo

Q.

It follows that for every K > 1 there is N > 4 such that K, N fulfill the assumptions in
Theorem Thus, Theorem can be applied to any K > 1 provided that the distance
between any point v € A and its image f(u) is sufficiently small in comparison with the
distance of u and f(u) from the boundary of B(x,r).

The following simple facts related to the assumptions of the above theorem will be used later.

Proposition 2.2. (a) Assume K > 1 and N > KK—_ZI Then N >4 and

- N-VN?ZIN _ . _N+VN?—iN
2 =0 2 '

(b) If N > 4 and () holds then K > 1 and N > ;.
() ¥+ 5 <1iff 1+ 35 <K.
(d) The inequalities in (c) hold whenever K, N satisfy the requirements of Theorem .

A function f whose domain and range are subsets of B(x,r) will be called briefly (K, N)-
compliant if it is both K-bilipschitz and N-bigood. Note that f is (K, N)-compliant iff f~! is
(K, N)-compliant.



Proposition 2.3. Let X be a metric space, x € X, r > 0. Suppose that h is a function whose
domain and range are subsets of B(x,r). Let K, N > 0 and assume that 1 + % < K.Ifhis
(K, N)-compliant then h Uidy_p(,,r) is K-bilipschitz.

Proof. Fix u € dom(h) and fix w € X\ B(z,r). Then r —d(z,u) < d(w,x)—d(z,u) < d(w,u).
Hence r — d(z,u) < d(u,w). Thus

d(h(u), h(w)) = d(h(u), w) < d(h(u),u) + d(u,w) < % S(r—d(z,u)) + d(u, w)
< ol w) + duw) = (14 10) - dow, w) < Kd(u,w).

O

Before we prove Theorem [2.1} we recall an important property of (isometric embeddings of)
metric spaces, called amalgamation. Namely, given finite metric spaces (Xo,dp) and (X1, d1)
such that both metrics coincide on the intersection Z = Xy N X1, there exist a metric space
(Y, d) and isometric embeddings f;: (X;,d;) — (Y,d), i = 0,1, such that fo [ Z = f1 [ Z. In
other words, there is a metric on X := Xy U X; which extends both dy and d;. The space
(X, d) will be called the amalgamation of (Xy, dy) and (X1, d;). The amalgamation property is
essentially used for constructing the Urysohn space. We shall need the following more specific
statement, which actually gives inductive argument for amalgamating two finite metric spaces.

Proposition 2.4. Let (X;,d;) for i = 0,1 be finite metric spaces such that Z = XoN X1 is
nonempty and do | X3 = dy | X3. Assume further that X; = Z U {p;} for i < 2. Then

(= max |do(po, 2) — di(z,p1)| < géiél(do(l)oa z2)+di(z,p1)) =7

and every extension d of dy U dy, satisfying £ < d(po,p1) = d(p1,po) < 7, is a metric on
Xo U Xj.

It may happen that ¢ = 0 in the above statement and then setting d(po,p1) = d(po,p1) = ¢
we also obtain amalgamation of X7, X5 in which points pg, p1 are identified. Amalgamation
satisfying d(pg, p1) = ¢ will be called minimal.

The properties of the Urysohn space imply the following: given a finite metric space X C U
and its finite metric extension Y O X, there exists an isometric embedding h: Y — U such
that h [ X = dx.

The crucial argument in constructing the homeomorphism g promised in Theorem is
showing how to add a single point to the domain or range of a (K, N)-compliant function so
that the resulting new function remains compliant. Note that the problem of adding a point
to the domain or to the range of f is the same, since f is compliant iff f~! is compliant.

Lemma 2.5. Assume that N > 4, r > 0 and Y=Y "=4N V]\27L4N < K < NevNEodN VJ;]L‘UV. Suppose that
f is such that dom(f),mmg(f) are finite subsets of B(x1,7), f(z1) = x1 and f is (K,N)-
compliant. Let x € B(xy,r). Then there is y € B(xyi,r) such that f U {(z,y)} is (K,N)-
compliant.



Proof. Let dom(f) = {x1,...,zy,}, where z1,...,x, are pairwise ditstinct. Let y,, = f(xm,).

Denote d;; = d(x;,xj), e;; = d(yi,y;) and s;; = d(x;,y;). The assumptions concerning
N-bigoodness say that for every m=1,...,n,

1 1
(B) Smm < N (r—dma) and Smm < N (r—ema)-

Assume x € B(zy,7) \ {z1,...,2,} and define d,, = d(x, ), S;m = d(x,ym). We take an
imaginary point y which we shall later identify, using amalgamation, with a suitable element
of B(x1,). Following is the crucial step.

Claim 2.6. There exist e1,...,e, > 0 such that, defining d(y,y;) = e; fori =1,...,n, the
set {y,y1,...,Yyn} becomes a metric space, the function f U {(x,y)} is K-bilipschitz and for
every m = 1,...,n the following inequality holds.
(G) |€m — Sm| < min <1(rd1) 1(7“61)) .
- N "N
Condition is necessary for N-bigoodness of the extension: given m < n, the distance
between x and y must be at least |e,, — s,,| and, on the other hand, it must not exceed the
right-hand side of .
Suppose we have proved the above claim.
We amalgamate the two metric spaces X' = YU{z} and Y/ = YU{y}, where Y = {y1,...,yn}
and the metric d on Y is given by Claim that is, d extends the metric of Y and d(y,,y) =
em for m < n. Let
. . 1 1
$ = min <11213n(di + si), N(’F —dy), N(r - 61)) :
By , maxi<i<n |di — si| <s. Clearly, s < minj<j<n(d; + s;), therefore by Proposition
there exists a metric on X’ UY’ (which we still denote by d) that extends the metrics of X’
and Y’ and satisfies d(z,y) = s. Now, amalgamate U with the finite space X' UY". By this
way, we may assume that y € U. In fact y € B(xy,7), because d(z1,y) < d(z1,x) +d(z,y) =
di+ s <di+ +(r—di) <r. Finally, fU{(z,y)} is (K, N)-compliant.
It remains to prove Claim [2.6]

Kok k
The distances ey, ..., e, will be defined by induction on m = 1,...,n. ef = Kdi,... e, =
Kd,. Fix m < n and suppose that eq,...,e;_1 have been defined. We assume by induction
that for every £ < i < m and j > m the following inequalities hold.
(IHl) €rj — de <e<ep;+ de
(IH2) leie—er <ei <eir+er
1

(IH3) ra dy <ep < Kdy

1
(TH4) lee — sp| < I (r—dy)

1
(TH5) lee — sp| < N-(r—el)



Condition consists of two of the three triangle inequalities in the triangle whose vertices
are y¢, y; and the future point y. One may think of Kd; as a “temporary” distance between y
and y;. The inequality K'd; < ey j + ey is not assumed, since Kd; will be replaced by a smaller
final distance. consists of the three inequalities in the triangle whose vertices are vy, y;
and the future point y. is the bilipschitz condition for the pairs x¢, z and gy, y. Finally,
and are just condition for £ < m. It is clear that ey, ..., e, constructed by
this inductive procedure fulfill the requirements of Claim

Consider the following system of inequalities in the unknown ey,.

(IE1,,) em; — Kdj < em <epm;+ Kdj (G >m)
(IE2p) |em,e — eo| < em < emye+ e (L <m)
1

(IE3:) I dm < em < Kdpy,

1 1
(IE4m) Sm_N'(T_dl)SemSSm—i‘N'(T—dl)

L 1
(IE5m) Sm_ﬁ'(r_el)§€m§8m+ﬁ'(7“—€1)

d.

(1E61) el SN-(si—2)+r  (i>1)
(TET) e1 <N (Kdi—s))+r  (i>1)

Observe that a solution e, to the above system satisfies inequalities ([H1)) — (IH5|) with
{ = m, i.e. the inductive step can be accomplished. It remains to show that the above system
is solvable.

Given an inequality with label (e), we shall denote by lhs(e) and rhs(e) the expression on the
left-hand side and on the right-hand side, respectively.

Inequalities , are required for solving some of the inequalities with m > 1.
Namely, inequality is needed in the proof of lhs(TE3,)) < rhs(IE5,]). Inequality
is needed for the proof of Ths(TE1,) < rhs([E5,))), lhs(TE5,,) < rhs(IEI,)) and lhs(IE5,) <
rhs(TE3.).

It has to be shown that each expression appearing in the left is < every expression appearing
on the right.

It is worthwhile to note that the original assumptions in the lemma together with hypotheses
and will be used only in proving inequalities involving ([E4,,) and (IE5,,). The
verification that the inequalities arising from ([E1,,) — ([E4,,)) hold does not depend on m.
For inequalities involving we need to distinguish between the cases m > 1 and m = 1.

Subclaim 2.7. lhs(TET,)) < rhs([EZL), i.e. em;j — Kdj < em s+ eq.

Proof. By the triangle inequality, €, ; < eme + €. Thus e, ; — Kdj < epy + e — Kd,;.

Finally, the first inequality in (IH1) says that e;; — Kd; < ey. O
Subclaim 2.8. 1hs(TEZ,)) < rhs([ET,)), i.e. |eme — eo| < em; + Kd;.

Proof. Using the fact that e, , < e ; + e, we get ey, 0 —er < ey + g — €. The first
inequality in (IH1)) gives e, ; < ey + Kd;, therefore e, o — e; < ey, j + Kdj.

7



On the other hand, the second inequality in (IH1)) says that e, < ey j+Kd;, therefore ep—e,, o <
erj+ de —eme < eyt de. O]

Subclaim 2.9. lhs({[E7,)) < rhs(IE3,)), i.e. em ; — Kdj < Kdy,.
Proof. This follows from d,, ; < d;j + d,,, and from the fact that f is K-Lipschitz. O

Subclaim 2.10. hs(IE3,) < ths([IETL,), i.e. + - dm < e ; + Kd;.

Proof. Since f~1is K-Lipschitz, & dpm;j < €mj. Thus % dp, < % (dmj+d;) < emj+7-d;j <
em,; + Kdj. The last inequality holds because K > 1. O

Subclaim 2.11. 1hs([E2,)) < rhs([TE3y), i.e. |em — €| < Kdp,.

Proof. This is a particular instance of (IH1)), where j := m. O

Subclaim 2.12. 1hs(TE3,)) < rhs(TE2,), i.e. % “dm < emyp + €.

Proof. Notice that % “dm, < em,, because f is K-Lipschitz and % -dy < ey, by the first
inequality in 1D Thus % cdy, < % “dp e+ % ~dp < emy + ey ]

Note that until now we have neither used assumptions nor did we use hypotheses ([H4))
and (TH5).
Subclaim 2.13. hs({[ET,) < ths(TEZn). i.e. €m; — Kdj < sm + & - (r — d1).

Proof. Triangle inequalities give €,, ; < s, + 55 and s; < dj + 855, 50 € j — Kdj < 57 +dj +
sj.j — Kd;. Thus, it suffices to show that d; + s;; < Kd; + + - (r —d1). By the first inequality
in (B), sj; < & - (r —dj1). So it suffices to show that

1 1
dj‘i‘ﬁ‘(r_dj,l)Sde‘i‘N'(r_dl),

which reduces to % (d1—dj1) < (K —1)d;. The last inequality holds, because di —d;1 < d;,
by triangle inequality, and % < K — 1, by the assumptions on N, K (see Proposition . ]

Subclaim 2.14. 1hs({IEZy) < ths(@EL,), i.e. sy, — % - (r — d1) < em; + Kd;.

Proof. Note that s,, < e, j + s, so it suffices to show that s; < Kd; + % - (r —dy). This is
the same as in the proof of Subclaim [2.13] O

Subclaim 2.15. 1hs(IEZ,) < rhs(TEZn), i.e. |emr — eo] < sm + % < (r—dy).

Proof. We have e, ¢ < sp, + 8¢, S0 €0 — €0 < Sy, + |€g — s¢|. Similarly, ey, ¢ + sm > s¢ implies
that e — epm ¢ < sm — se+ep < sy + |e¢ — s¢. Finally, |eg — s¢| < % - (r—dy), by (} O

Subclaim 2.16. hs({IEZ,) < rths(@EZ4), i.e. sy — + - (r —d1) < emy + e

Proof. We have s, < e ¢+ s¢ so the above inequality follows from s, — % (r—d1) < ey,

which is part of ([H4]). O



Subclaim 2.17. 1hs({TEZ,) < ths(EZ4), i.e. & - dm < $m + % - (r — du).

Zfroof. Recall that <1- % (see Proposition . Also, dip < 8py + Sym and Sy, <
~ - (r—dn1), by . Thus

1 1 1 1
?'dmSdm_N'dmSSm‘i‘sm,m_ﬁ'dmSsm‘i‘ﬁ'(r_dm,l_dm)-

Finally, r — dy1 — dmy < 7 — dy holds by the triangle inequality. O

Subclaim 2.18. hs(TEZ,) < rths(TE3L), i.e. sy — + - (r — di) < Kdp,.

Proof. Using and triangle inequalities, we have

1 1 1
SmSdm‘i'sm,mSdm‘i'ﬁ'(r_dm,l):dm+N'(r_d1)+N'(dl_dm,l)
1 1 1 1
< — o (r— — dy, < —)odpy + — - (r —dy).
_dm+N (r d1)+N d _(1+N) d +N (r—dj)
Finally (14 %) - dy < Kd,, by Proposition O

We now deal with inequalities involving (IE5,,|). Here we have to distinguish between the cases
m =1 and m > 1. We start with the case m > 1.

Subclaim 2.19. m > 1 = lhs({[ET,) < ths({{E5,), i.e. em; — Kdj < sm + % - (r —e1).

Proof. Since ey, j — s, < s, the above inequality follows from s; < % -(r —ep1) + Kdj. That
is, e1 < N - (Kdj — s;) 4+ r. This is just (IE7,)). O

Subclaim 2.20. m > 1 = hs({{E5,)) < rhs([ETL), i.e. sm — = - (r — 1) < em; + Kd;.
Proof. Like in the previous subclaim, using inequality s, — €,,; < s; instead. O
Subclaim 2.21. m > 1 = hs({TEZy)) < rhs(TE5,), i.e. |eme — €] < s+ % - (r —e1).

Proof. Using inequalities ey, s — $; < 57 < €y, ¢ + S, We obtain that e, 0 —e; — 5, < 5¢— €y
and e; — ep ¢ — s, < eg — s¢. Thus |ep, ¢ — ep| — sm < |5 — €| Finally, |sp —e| < % (r—ep)

is hypothesis . O
Subclaim 2.22. m > 1 = 1hs({{E5,)) < rhs(TEZy), i.e. sm — = - (r —€1) < emy + e
Proof. Note that s, — e, ¢ < sy, therefore the above inequality follows from . O
Subclaim 2.23. m > 1 = hs({IE3,) < rhs(TE5L), i.e. 2 - dpm < sm + = - (1 — €1).
Proof. This is equivalent to e; < N - (8, — df’") + r, which is . O
Subclaim 2.24. m > 1 = Ihs({[E5,)) < rhs(TEZ,), i.e. sm — & - (r —€1) < Kdp,.

Proof. That is, ey < N - (Kd,;, — 8p,) + r. This is ([ET)). O



Subclaim 2.25. m > 1 = hs({{EZy)) < rths(@EZL), i.e. sm— - (r—di) < s+ 7 (r—e1).

Proof. This follows from dy 4+ e; < 2r, since these are distances between points in the ball
B(l’l, T’) . O

Subclaim 2.26. m > 1 = 1hs({[E5,) < ths(TEZn). i.e. s;— = (r—e1) < sm+-(r—di).

Proof. The same as in the previous subclaim. O

We are left with the case m = 1. Note that is vacuous in case m = 1. Inequalities
with m = 1 need to be rewritten in such a way that e; occurs only in the middle.
Further, notice that s; = dy, because 1 = y;. Thus can be simplified. Summarizing,
we now have to deal with the following system of inequalities, together with , .

(IEll) €1, — de <e < e1;+ de (] > 1)
1

(IE31) E . dl S €1 S Kdl

N+1 1 N -1 1
TE4 —di——=1r1<e < . —.
(IE47) v oy rsas o dit o

N 1 N 1
1E -dy — r<e < . .
(TE51) N1 hoyogrsasy bty

d.:

[E5) BN (si— ) (> 1)
" €1§N-(Kdi—si)+’l” (i>1)

In the above system, only (LE5;|) is different from (IE5,,) with m > 1. Inequalities (IE1;)) —

(TE4,]) are special cases of (IE1,,) — (TE4,,)). Observe that lhs(TE5]) < lhs(TE4q)) < rhs(IE4) <
rhs([E5q]), because d; < r. It follows that Subclaims - remain true also in case

m = 1. That is, Ihs(IEL;) < rhs([E5;), lhs(IE5;) < rhs(TET), lhs(IE3;) < rhs([E5),

lhs(TE5)) < rhs(TE3;), hs(TE4y) < rhs(IE57]) and lhs(TE5;) < rhs([E4)). It remains to check
the inequalities involving rhs(TE6;]) and rhs(IE7q)).

Subclaim 2.27. Whs(IET)) < rhs(IEG)), i.e. e1; — Kdj < N - (s; — %)+ fori,j > 1.

Proof. Knowing that s; > d; — s;; and N - s;; <r —e;1 (see (B]), observe that

d; 1
(1) N<SZ_K>+TZN<1_K>d2+€1,1

Thus, using the fact that e; j —e;1 < e;; < Kd; ;, inequality lhs(TET;]) < rhs(TEG)) is implied
by

1
(2) Kdij— Kdj <N (1 - K) - d;.

Further, Kd; ; — Kd; < Kd;, therefore is implied by.

(3) KSN(1—[1{>.

10



Finally, 1) is satisfied if and only if &= VN AN g < N +VN “=4N  which is one of our
assumptions. O

Subclaim 2.28. hs(IEZ)) < rhs(TEGY), i-e. & -di < N - (s; — %)+ 7.

Proof. Usmg mequahty from the proof of Subclaun together with 1— i > L ~ (Propo-
sition , we see that our inequality is 1mphed by d1 < d; + e;1. This, by the fact that
fis K- blhpschltz is implied by }1<d1 < d; + K 'd ;1. The last inequality is true, because
dl—di’lgdi and%<1. O
Subclaim 2.29. 1hs(IEZ1) < rhs(TEGY), i.e. (1+ &) -di — 4 -7 < N - (s; — %) + 7.

Proof. Knowing inequalities s; > d; — s; i, —Ns;; > d;1 — 1 (see ) and N (1 — %) > 1 (see
Proposition , we obtain

d; 1
N-(s—2 SN(1-=) ditdiy>di+di>d.
(32 F:->+7n_ ( F’> dz+dz,1_dz+dz,1_d1

Finally, d; > (1 + ) di — N -1, because di < r. O

Subclaim 2.30. lhs(IET)) < rhs(IE7)), i.e. e1; — Kdj < N - (Kd; —s;) +7, j,i> 1.

Proof. Using , some triangle inequalities and e; ; < Kd; j, we get

N'(Kdi—si)—f-’r‘:(NK—N)‘di—N'(Si—di)—f—TZ (NK—N)~dZ‘—N'Si7i+T
> (NK—N)‘di—(T—6i71)+7‘=(NK—N)~dZ‘+€i,1
> (NK—N)‘di+617j—ei,j > (NK—N)’dZ‘—i-el,j—Kdi,j
EN(K—I)-di—i—el,j—de—Kdi.
It remains to check that N(K —1)-d; — Kd; > 0. This follows from the fact that N > 1—|—ﬁ

O

(see Proposition [2.2)).
Subclaim 2.31. lhs({TEZ)) < rhs(IE7)), i.e. &+ -di < N - (Kd; — s;) + 7.

Proof. Repeating the beginning of the proof of Subclaim and using the fact that d;; <
Ke; 1, we get

1
N-(Kdi—si)—i-TZ(NK—N)'Cli—i-eiJZ(NK—N)‘di-l-E'diJ.

By Proposition NK-N>1> Il(, therefore finally rhs(TE7]) > % d;+ % “dig > % -d; =

Ihs(TE3). 0
Subclaim 2.32. lhs({TEZ) < rths(TET7)), i.e. (1++)-di —+ v <N - (Kd; — s;) + .

11



Proof. Using and some triangle inequalities, we have

1
rhs([ETY)) — Ihs([E4) = NKd; + N(d; — si) = N -di + (1 + N)(T‘ —dy)
> N(K —1)di — Nsii+ (r —di) > N(K — 1)d; — (r — di1) +r — dy
> N(K —1)d; —d; = (NK — N —1)d,.
Finally, NK — N — 1 > 0, because K > 1+ 3. O

We have checked all required inequalities, thus showing that the system of inequalities (IE1,,))
— (IE5,,)) plus (IE64)), (IE71)) has a solution. Thus, the inductive procedure of finding distances
em can be carried out. This completes the proof of Claim [2.6] O

Proof of Theorem[2.1]. Let {z,,: n € N} be a dense subset of B(x1,r). We define by induction
a sequence of finite functions {f,: n € N}. Let fo = f. Suppose that f, has been defined.
Assume that f, is (K, N)-compliant. By Lemma there is a (K, N)-compliant function
gn 2 fn such that x,, € dom(g,). And there is a (K, N)-compliant function f,11 2 g, such
that x, € rg(fny1). Let h = J, e fn- Since dom(h),rmg(h) are dense subsets of B(z1,r)
and h is K-bilipschitz, there is g € H(B(z,r)) such that g O h. It is also obvious that ¢ is
(K, N)-compliant. By Proposition g Uy B(g, ) is K-bilipschitz. O

3 Extending uniformly continuous functions

We say that f: X — Y is (8, a)-bicontinuous if f is a 3-continuous bijection such that f~! is
a-continuous. In other words, a bijection f: X — Y is (0, «)-bicontinuous if

o~ Hd(z,2)) < d(f(), (")) < B(d(z,2))

holds for every x, 2’ € X. Note that this makes sense only if o~ < 3, at least on the range of
the metric d of X. It turns out that this is not sufficient for the existence of (3, «)-bicontinuous
extensions.

Recall that every modulus of continuity « satisfies
a(s+1t) < a(s) + al(t) for every s,t > 0.

Lemma 3.1. Let o, € MC. Assume X U {p}, Y are finite metric spaces and f: X —Y is
(8, @)-bicontinuous, where o, 3 € MC are such that

(*) a t(s)+ B(t) > a s+ 1) for every s,t > 0.
Assume q ¢ Y. Then the formula
(**) d(q,y) = min{d(f(2),y) + B(d(z,p)): z € X}.

defines a metric extension Y U{q} of Y such that f U{(p,q)} is (5, a)-bicontinuous.
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Proof. In order to justify that (**) defines a metric on Y U {¢q}, we use an argument from
[KS]. Define a two-place symmetric function ¢ on Y U {q} by setting ¢©(yo,y1) = d(yo,y1) for
vo,v1 € Y and ¢(q,y) = B(d(p, f~*(y))). Then the formula

e
—_

Py, 2) = min{ ©(Yi, Yit1): Y = Y0, Y1,---,Yp =z and k € w}

I
o

clearly defines a metric, called the shortest path metric measured by ¢. It is straight to see that
@(q,y) = d(f(2),y) + B(d(z,p)), i.e. the shortest path from ¢ to y is of the form (g, f(2),y)
for some z € X. Note that

p(f(x0),a) + ¢(g, f(21)) = B(d(x0,p) + d(p, x1)) = B(d(x0, x1)) = d(f(x0), f(21)),

therefore @(yo,v1) = d(vo, y1) for yo,y1 € Y. This shows that (**) indeed defines a metric on
Y U {q} which extends the metric of Y.

Now observe that d(q, f(x)) < d(f(x), f(z)) + B(d(p,z)) = B(d(p,x)), i.e. fU{(p,q)} is
B-continuous. Fix z € X and fix z € X such that d(q, f(z)) = d(f(x), f(2)) + B(d(p, 2)).

Knowing that d(f(x), f(z)) > a~(d(x, z)) and using (*), we get
d(q, f(z)) > o~} (d(z, 2)) + B(d(p, 2)) > o~ }(d(x, 2) + d(p, 2)) > o~ }(d(p, 7).
Thus f~! is a-continuous. O

Remark 3.2. Let us see that the assumption (*) on «, 3 is necessary for the existence of
extensions. For fix o, 3 € MC such that a=! < g and let X = {z9,71}, Y = {90, %1}, where
d(zo,z1) = s > 0 and d(yo,y1) = o *(s). Define f: X — Y by f(z;) = y;. Then f is (3, a)-
bicontinuous, because a~! < 3. Now fix p ¢ X and define d(p, z¢) = t and d(p,z1) = s + t.
This defines a metric on X U {p}. Suppose Y U {¢} is a metric extension of Y such that
fU{{p,q)} is (3, a)-bicontinuous. Then d(q,y0) < B(t) and d(q,y1) > a~'(s +t). Thus

a (s +1) < d(g,m) < dg,90) + d(yo, 1) < B(t) + " (s),
which shows that (*) holds.
We shall say that 5, € MC are compatible if
o L)+ A1) 2 a s +1) and  F7N(s)+alt) = 57 (s + 1)

holds for every s,t > 0. The above lemma clearly implies extension property for finite (3, a)-
bicontinuous maps, where a, 3 € MC are compatible. We state this result below.

Corollary 3.3. Assume o, 3 € MC are compatible moduli of continuity. Then every finite
(8, a)-bicontinuous bijection between subsets of the Urysohn space U can be extended to a
(8, a)-bicontinuous homeomorphism of U.

We now prove a more general version, which involves totally bounded sets. The version for
isometries was proved by Huhunaisvili [Hu] in 1955.
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Theorem 3.4. Assume X,Y C U are totally bounded sets and f: X — Y is a (5,q)-
bicontinuous map, where o, 3 are compatible moduli of continuity. Then there is a (03, «)-
bicontinuous map F: U — U which extends f.

Proof. We may assume that both X,Y are closed, since f has a unique continuous extension
onto the closure of X. Since the assumptions are symmetric, it suffices to show that f can
be extended by adding one point to its domain. Then, by the separability of U, a standard
back-and-forth argument will complete the proof.

Fix p € U\ X. Fix a sequence €9 > €1 > --- > 0 such that §(g,) < 27" for every n € w. For
each n € w choose an ¢p-net D,, C X in such a way that D,+1 DO D, for every n € w. Let
E, = f[Dy) and f,, = f | D,. We construct inductively a sequence {gy}ne,, € U such that
frn U{(p,qn)} is (B, a)-bicontinuous and d(gn, gny1) < 27" FL.

Start with any gg obtained by applying Lemma [3.1] and by the ultrahomogeneity of U. Note
that in the construction we will need to use formula (**) given by this lemma.

Now suppose ¢, has been already constructed. Apply Lemma to get a metric extension
Z = Ep+1U{q} of E, 41 such that f,41U{(p,q)} is (8, a)-bicontinuous and the metric on Z
is given by (**). Now Z and E, 11 U{g,} are two compatible metric spaces whose intersection
is Fpy1. We can amalgamate them in the minimal way, i.e. setting

d(q, qn) = max{|d(q,y) — d(y,qn)|: y € Eny1}-

Let us now estimate d(q, g,) from above. Fix x € D,,41 such that

d(Qv Qn) = ‘d(Qa f(CU)) - d(f(x)v Qn)|

Applying (**) we see immediately that d(q, f(z)) < d(gn, f(x)), because D,, C Dy1. Now
find u € Dy 41 with

d(g, f(x)) = d(f(x), f(w)) + 6(d(u, p))
and find z € D,, such that d(u, z) < &,,. Then

d(qn, f()) < d(f(x), f(2)) + B(d(z,p))

and hence
Algn, /() = dla, f(2)) < d(f(@), [()) + B(d(z,p)) — d(f (@), [ (w)) = B(d(u,p))
< d(f(2), Fw) + (Bld(z,p)) — Bld(u.p))
< B(d(zw)) + (B(d(=,u) + d(u, p)) = B(d(u, p)))
< Blen) + Bld(z,w) + Bld(u, p)) — B(d(u, p))
< 2B(g,) < 27

Thus we have proved that d(q, ¢,) = |d(qn, f(x)) — d(q, f(x))] < 27"+

Finally, we find ¢,4+1 € U which realizes our amalgamation, i.e. d(gn+1,9n) = d(q,¢n). This
finishes the description of the inductive construction.
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Clearly, {gn}new is a Cauchy sequence in U. Let ¢ = lim,,—, g, We claim that fU{(p,q)} is
(8, a)-bicontinuous. Indeed, given z € Dy and n > k we have

d(q, f(x)) < d(g,qn) + d(gn, f(z)) < 27" + B(d(p, z))

and
d(q, f(x)) > d(gn, f()) — d(gqn,q) > a *(d(p,x)) — 27"

Passing to the limit, we get
a~H(d(p, ) < d(q, f(x)) < Bd(p, z)).

Since (J,,¢,, Dn is dense in X, the above inequalities hold for every x € X. This completes the
proof. O

It turns out that the Bilipschitz Extension Theorem can be generalized to the case of totally
bounded subsets of a ball, using ideas from the above proof and elaborating arguments from
the proof of Lemma The precise statement looks as follows.

Theorem 3.5. Let B(z,7) be an open ball in U, let N > 4, N=vN"—4N V]\27L4N < K < NevNEo4N VJQTLZLN
and let A C B(x,r) be a totally bounded set. Assume further that f: A — B(z,r) is K-
bilipschitz and N-bigood and x € A is such that f(x) = x.

Then there exists a bijection g: B(xz,r) — B(x,r) such that
(1) g2/,
(2) gU ity B(a,r) is K-bilipschitz,

(4) g is N-bigood.

4 A metric on the bilipschitz group

In order to prove our main result, we need to know that the group of bilipschitz auto-
homeomorphisms of a metric space can be endowed with a suitable metrizable topology,
compatible with the group structure. This is the contents of the current section.

Let (X,d) be a metric space. Recall that LIP((X,d)) denotes the group of the bilischitz
auto-homeomorphisms of (X, d). For g € LIP(X) let

lip(g) = min{K: g is K-bilipschitz}.
We define the following semimetrics on LIP(X).
dr(f,9) = log(lip(f ' 0 g)).
Let zg € X. For n € N define

dn(f, g) = sup{d(f(z),g(x)): = € B(wo,n)}.
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Further, define

and
Ci(fmg) = ma'X(dL(f7g)7 dS(f?.g))

Let 77, be the topology of the semimetric d;, and 7,, be the topology of the semimetric d,,.
Also, 7 will denote the topology of d. Finally, 7 will be the topology on LIP(X) induced by d.

Proposition 4.1. Let (X,d) be as above.
(a) For every f,g € LIP(X), ds(f,g) < cc.
(b) d is a metric on LIP(X).
(c) The topology 7 is generated by 71, U U, ey Tn-

Proof. Let G = LIP(X).

(a) Let f,g € G be K-Lipschitz and fix n € N and = € B(xg,n). Denote a = d(f(xo), g(x0)).
Then

d(f(z),g(x)) < d(f(z), f(zo)) + d(f(x0), 9(x0)) + d(g(w0), 9(x)) <= 2Kn +a.

So ds(f,g) <3 ,en 22t and the series is convergent.

Part (b) is trivial.

(c) It is obvious that for every n € N, 7, € 7 and 7, C 7. Let f € G and r > 0. Denote
B = Bs(f,r). Let By, = B (f,log(2)) and let By = B%(f,%). Denote K = lip(f). Let
g € Br, N By. Then lip(g) < lip(f) - lip(f~tog) < 2K.

Suppose that 2 € B(xg,n). Then

d(f (@), 9(2) < d(f (). f(x0)) +d(f (@0), g(x0)) +d(g(w0), 9(2)) < Kn+5 +2Kn = 3Kn+ .
That is,

(1) d(f(z), g()) < 3Kn + .

There is ng such that

3Kkn+ L r
@ 2. <7

n>ngo

Let s > 0 be such that Y 1%, % < %. Let C = By, N By N (2%, B¥™(f,s). We show that
C C B. Let g € C. Since g € By,

(3) di(f,9) <

N3
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Since g € (M2, B (f,s),

o~ dn(f,9) 7
4 d -.
(4) 22 o <
Let n > ng and = € B(xg,n By. a(f )) < 3Kn + §. Hence dy(f,9) < 3Kn + 5.
By (2 ., we get
dn(f.g) 1
(5) n; <

It follows from - that dg(f,g) <r. That is, g € B.

We have shown that every ball B in the metric dg with center at f contains a finite intersection
of balls with center f in the semimetrics dy,dy,...,d,,.... It follows that B is open in the
topology generated by 77 U, ey Tn- O

Theorem 4.2. Let (X,d) be a metric space. Then:
(a) (LIP(X),7) is a topological group.
(b) The action of (LIP(X),7) on (X, T) is continuous.
(¢) If (X,d) is complete, then so is (LIP(X),d).

Proof. Let G = LIP(X).

(a) Let n € N. Let f,g € G and let ¢ > 0. Let K = lip(f). Let m be such that g(B(zg,n)) C
B(zg,m) and let ¢ > 2nK. Take any

fre B (f. )N B (flog(2)  and g€ B™ (g, o).

So lip(f1) < 2K. Let x € B(zo,n). So g(z) € B(zo,m). We have

d(fig1(x), fg(x)) < d(frgr1(x), fg(x)) +d(frg(x), fg(z ))

g
<2K -d(g1(z), g(z)) + 5 < 2KE + 5

This shows that the inverse image of a dg-open subset of G under multiplication is cZ—open in
G x G.

We now show that the inverse image of a dp-open subset of G under multiplication is ci—open
in G xG. Let f,g € G and M > 1. We shall show that there are d-neighborhoods U,V of
f and g respectively such that if f{ € U and g1 € V, then lip((f o g)"'f1 0g1) < M. Let
K =lip(g) and let

U={heG: lip(f'oh)< g}, V ={heG: lip(g"' oh) < VM}.
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Fix fi € U and g1 € V. Then

lip((fog) ' fiog) =lip(¢g ' o f ' fiog)
=lip((g o ftofiog)o(g  og))

vM —

So U -V C B (fog,log(M)).

The function f +— f~!is an isometry of dy. It thus remains to show that for every n € N,
f e GandV e 19 such that f~! € V, there exists a neighborhood U of f satisfying U~! C V.
Suppose that V = B (f~1 ¢). Let K = lip(f). Let m be such that f~!(B(xg,n)) C B(zg, m).
Let £ > m + 2. We shall show that

) N B (f.10g(2).

U = B%(f,
Let f1 € BU%(f, )N B%(f,log(2)). So lip(f1) < 2K. Let z € B(zg,n). Denote y = f~!()
and z = fl_l(x). We prove that z € B(xo, /). Note that y € B(xo,m), so d(f(y), f1(y)) < &-

That is,
9

d(f1(2), f1(y)) < 4=
Hence d(y, z) < 2e and therefore d(xo, z) < d(zo,y)+d(y, z) < m+2e < £. Thus z € B(xo,?).
It follows that d(f(z), fi(z)) < &. That is, d(f(2), f(y)) < . Since f is K-bilipschitz,
d(y,z) < e. Finally, f; € B (f,¢).
(b) Suppose that f(z) =y and let € > 0.

Let ¢ be such that if d(z1,2) < 4, then d(f(z1), f(z)) < §. Let n be such that B(z,§) C
B(zg,n). Let 1 € B(z,6) and fi € B (f,5). Then d(fi(z1), f(z)) < d(fi(x1), f(z1)) +
d(f(z1), f(xz)) < §+ § = €. So the action of G on X is continuous.

(c¢) Let {fn: n € N} be a Cauchy sequence. Then for every m € N, {f,}nen is a Cauchy
sequence with respect to d,,. So there is a continuous function g,, such that g,, is the uniform
limit of {f, [ B(zo,m): n € N}. Let g = J,,,cry 9m- Since {f,: n € N} is a Cauchy sequence,
it is bounded. That is, there is r such that {f,,: n € N} C B (i, r). Hence there is K such
that for every n € N, f,, is K-bilipschitz. ¢ is the pointwise limit of {f,: n € N}. So g is
bilipschitz.

For every m € N, g is a 7, limit of {f,: n € N}. It remains to show that g is a 77 limit of
{fa}nen. Let k > 1. There is ng such that for every n,m > ng lip(f, ! o fm) < k. Let n > no.
f-1 o g is the pointwise limit of {f, ! o f;, }men. Since for every m, f ! o f,, is k-bilpschitz,
f.-t o g is k-bilpschitz. It follows that for every n > ng, lip(f,,; ! 0g) < k. So g is a 7, limit of
the sequence { fy, }nen- O

5 Obtaining a homeomorphism from a group isomorphism
Suppose that X and Y are open subsets of U, and ¢: HEC(X) = HX®(Y). We shall show that

there is 7: X =Y such that ¢(g) = Togo 7! for every g € HIfC(X). The proof relies on a
theorem from [ER]. In order to state it, we introduce some new notions.
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Let X be a topological space and G be a subgroup of the group H(X) of all auto-homeomor-
phisms of X. The pair (X, G) is then called a space-group pair. Let K be a class of space-group
pairs. K is called a faithful class if for every (X, G), (Y, H) € K and an isomorphism ¢ between
the groups G and H there is a homeomorphism 7 between X and Y such that ¢(g) = Togor ™!
for every g € G. Let (X, G) be a space-group pair and S C X be open. S is strongly flexible,
if for every infinite A C S without accumulation points in X, there is a nonempty open set
V' C X such that for every nonempty open set W C V there is g € G such that the sets
{a € A: g(a) € W} and {a € A: for some neighborhood U of a,¢ [ U = i} are infinite.

Theorem 5.1 ([ER], Theorem B). Let K be the class of all space-group pairs (X,G) such
that

(1) X is regular, first countable and has no isolated points.

(2) For every x € X and an open neighborhood U of = the set
{9(z): g€ G and g [ (X \U) =1}
is somewhere dense.

(8) The family of strongly flexible sets is a cover of X.
Then Kg is faithful.

We wish to show that if X is an open subset of U then (X,HEC(X)) € Kp. Note that if
(X,G) € Kp and G < H < H(X), then (X, H) € Kp. So it suffices to show that if X is an
open subset of U, then (X, Hip (X)) € Kp.

Clause (1) in the definition of Kp certainly holds for open subsets of U, and Clause (2)
follows trivially from Theorem So it remains to show that open subsets of U have a cover
consisting of strongly flexible sets. The proof of this fact is the contents of this section.
Suppose that (X, G) is a space-group pair and A C X is infinite. We say that A is dissectable
with respect to (X, G), if there is a nonempty open set V' C X such that for every nonempty
open set W C V there is g € G such that the sets

{a € A: g(a) e W} and {a € A: g | U =1 for some neighborhood U of a}

are infinite.

Let X be a topological space and A C X. We say that A is completely discrete, if A has no
accumulation points.

Suppose that X is a metric space, A C X and r > 0. We say that A is r-spaced, if d(a,b) > r
for every distinct a,b € A. We say that A is spaced, if for some r > 0, A is r-spaced.

It follows immediately from the definition, that if A is dissectable and B 2 A, then B is
dissectable. Since U is a complete metric space, every completely discrete set contains a
spaced subset. For spaces which are open subsets of U we shall prove that every spaced set
contained in a small ball is dissectable.

Suppose that a < b are real numbers, and h: [a,b] — U is an isometry into U. Then L :=
h(]a, b)) is called a line segment in U, and h(a), h(b) are the endpoints of L.
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Suppose that X is a metric space and for every n € N, f,,: [a,b] — X. We say that {f,,(t): n €
N} is equicontinuous, if for every € > 0 there is § > 0 such that for every t,s € [a,b] and
n € N:if [t — s| < 0, then d(f,(s), fn(t)) < e. Let r > 0 and A be a set of subsets of X. We
say that A is r-spaced if for every distinct A, B € A, d(A, B) > r. We say that A is spaced if
for some r > 0, A is r-spaced. We say that A is almost r-spaced if for some finite Ay C A,
A\ A is r-spaced. We say that A is almost spaced if for some r > 0, A is almost r-spaced.
Let A C* B mean that A\ B is finite.

Given a set B C X and a family F of self-maps of a space X, we shall denote by S(F, B) the
set of all f € F such that f [ (X \ B) =41.

Proposition 5.2. (a) Let x,u,v € U and r > 0 be such that u,v € B(z,{z). Then there is
g € S(H(U), B(z,r)) such that g(u) = v and g is 2-bilipschitz.

(b) There is an increasing function K : (0,00) — N such that the following holds. If L is a
line segment in U with endpoints x and y and r > 0, then there is g € S(H(U), B(L,r)) such
that g(x) =y and g is f((%length(l)))—bilipschitz.

Proof. (a) Set s = 1z, t = 125 and let y € U be such that d(x,y) = 3s. Then B(y, 12s) C
B(z,15s) = B(xz,r). Let f = {(y,y), (u,v)}. Then d(u,y),d(v,y) € (2s,4s) and hence lip(f) <
2. Also, t —d(u,y),t —d(v,y) > 12s —4s = 8s. So tfgéi?y)’ tii(diéi;) < g—i = %. By Theorem
there is g € S(H(U), B(y, 12t)) such that ¢ O f. Hence g(u) = v and supp(g) C B(z, ).

(b) Let K(t) = 206141 Choose a sequence of points @ = zg,x1,...,2n = y in L such
that for i < n, d(x;—1,7;) = {5 and d(zp-1,2,) < {5. Then n < [W#gth(m] 4+ 1. Let
s = {g. Then for every i = 1,...,n, »,.1 € B(x;,s) and B(x;,15s) € B(L,r). By (a),
there are g1,...,9n, € S(H(U), B(L,r)) such that g;(z;—1) = x; and g; is 2-bilipschitz. Let
g=gno...0g. Then g(x) =y, g € S(H(U), B(L,r)) and g is 2"-bilipschitz. That is, g is
K (M)-bilipsehitz. O

Proposition 5.3. Let X be a metric space and {v,: n € N} be a sequence of arcs in X such
that vy [0,1] — X. Suppose that {v,(0): n € N} is spaced, and {v,(1): n € N} is a Cauchy
sequence. Also assume that {vy,: n € N} is equicontinuous.
Then there are s € (0,1] and an infinite 0 C N such that {y,(s): n € o} is a Cauchy sequence,
and for every t € [0,s), {.([0,t]): n € o} is almost spaced.

Proof. For every infinite n C N define
sy =sup({s € [0,1]: {7.([0,s]): n € n} is almost spaced}).

Clearly, if n C* ¢, then s;, > s¢. This implies that there is an infinite o C N such that for every
infinite n C o, s, = s,. Denote s, by s. We show that there is an infinite o9 C o such that
{7 (s): s € oo} is a Cauchy sequence. If s = 1, then {v,(s): s € ¢} is a Cauchy sequence.
Suppose that s < 1. If there is no oy as required, then there are » > 0 and an infinite oy C o
such that {v,(s): s € op} is r-spaced. Let 6 > 0 be such that for every n € N and ¢,u € [0, 1]:
if [t —u| < 9, then d(v,(t), Yn(u)) < 5. We may assume that s+¢6 < 1. Then {7, ([0,5+0]): n €
oo} is g-spaced. So s,, > s+ 0, a contradiction. Hence, there is an infinite og C o such that
{n(s): n € op} is a Cauchy sequence. We may thus assume that {v,(s): n € o} is a Cauchy
sequence. By the definition of s, for every t € [0, s), {7,([0,¢]): n € o} is almost spaced. [
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Lemma 5.4. Let X C U be open. Suppose that r,e >0, BY(z,r +¢) C X and A C BY(x,r)
is an infinite spaced set. Then A is dissectable with respect to S(LIP(U), X).

Proof. Suppose that A = {a,,: n € N}. For every n € N let L,, be a line segment connecting
an with x, and let v, [0,1] — X be the parametrization of L,, such that d(v,(t),v,(0)) =
t - d(an,z). Then {7,: n € N} is equicontinuous. Let s € [0,1] and ¢ C N be such that o is
infinite, {7,(s): n € o} is a Cauchy sequence and for every t € [0,s), {7,([0,¢]): n € o} is
almost spaced. We may assume that o = N. Let y = lim,,en 7, (s). Clearly, d(\U,,cr Ln, U\X) >
e. Hence d(y,U\ X) > e. We may assume that y & {a,: n € N}. So 0 := d(y,{an: n €
N}) > 0. Set s = T%min(s,c?). We show that for every nonempty open W C B(y, s) there is
g € S(LIP U, X)) such that the sets

{i € N: g(a;) e W} and {i € N: there is V' € nbd(a;) such that g [ V =1}

are infinite. We may assume that W = B(z,q). There is t < s such that for every n € N,
Yn(t) € B(y,2). There are a finite set n C N and e > 0 such that {,([0,#]): n € N\ n} is
e-spaced. Let p = min(e, §). Then for every m # n in N\ 1, B(7x([0,t]),p) Ny ([0,t]),p) =0
and for every n, B(v,([0,t]),p) C X. Let £ = sup,,cylength(L,). For every n € N\ 5 there
is hy, € S(H(U), B(ym([0,t]),p)) such that hy,(a,) = v,(t) and h, is K(%)—bilipschitz. This
follows from Propostion [5.2(b). Let h = o {ho,: n € Nand 2n ¢ n}. It follows trivially
from the above that h € S(H(U), X) and h is (K(%))2—bilipschitz. Also for every n € (2N) \ n,
h(an) € B(y, 2), and for every n € (2N+1)\n there is V' € nbd(a,) such that h [ V' = i. Note
that d(y,z) < %min(s,é). By Proposition (a), there is f € S(H(U), B(y, % -min(g, 9)))
such that f(y) = z and f is 2-bilipschitz. Since d(y, {a,: n € N}) = 4, for every n € N there
is V € nbd(ay) such that f [ V =id. It also follows that f € S(H(U), X). Let g = f oh. Then
g € S(H(U), X)) and g is bilipschitz. So

(1) g € S(LIP(U), X).

Let n € (2N) \ . Then h(a,) € B(y, %). Since f is 2-bilipschitz and f(y) = z, it follows that
f(h(an)) € B(z,q). That is,

(2) g(an) € B(z,q) for every n € (2N) \ 7.
Finally,

(3) For every n € (2N + 1) \  there is V' € nbd(a,) such that g [ V = 1.
We have shown that A is dissectable. O

Corollary 5.5. Let X be a nonempty open subset of U and S(LIP(U), X) < G < H(X). Then
<X, G> € Kr.

Proof. (a) Note that X is a first countable regular space without isolated points. That is,
Clause 1 in the definition of Kr holds. By Proposition [5.2(a), for every z € X and U €
nbd* () the set {g(z): g € S(LIPU, X)} is somewhere dense. So Clause 2 in the definition of
K holds.
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Note that in a complete metric space every completely discrete infinite set contains an infinite
spaced subset. It thus follows from Lemma (a) that if BY(x,r +¢) C X, then BY(z,7) is
strongly flexible with respect to S(LIP(U), X), and thus it is strongly flexible with respect to
G. So X has a cover consisting of strongly flexible sets. That is, Clause 3 holds. 0

6 Local I'-bicontinuity of the conjugating homeomorphism

Let X C U be open. Define
LIPY(X) = {g | U: g € S(LIP(U),U)}.

We equip LIPY(X) with the topology it inherits from LIP(U). We shall apply Theorem 3.41
from [RY] to the group LIP¥(X). This requires the following definitions.

Definition 6.1. (a) Let X be a metric space, G < H(X) and o be a topology on G such
that the action of G on X is continuous with respect to o. Let z € X. We say that (G, o)
is affine-like at x, if the following holds. For every V' € nbd(d) and W € nbd(x) there
are n = n(z,V,W) € N, U = U(x,V,W) € nbd(x) such that for every x1,y1,x2,y2 € U:
if d(x1,y1) = d(x2,y2), then there are hi,...,h, € V such that hj o...o0 hy(z1) = x9,

hio...ohy(y1) =y2 and hjohit10...0h,({x1,y1}) C W for every 1 <i <n.

If (G, o) is affine-like at every x € X, then (G, o) is said to be an affine-like topological group.

(b) Let X be a metric space and z € X. We say that X has the discrete path property at x
(briefly: X is DPT at x), if the following holds. There is U € nbd(z) and K > 1 such that

(%) for every y,z € U and d € (0,d(y, z)) there are n € N and wuo,...,u, € X such that
n<K- %, d(y,up), d(un,z) < dand d(uj—1,u;) =d for every i =1,...,n.

If X is DPT at every « € X, then X is called a DPT space.

(c¢) Let X be a metric space and x € X. We shall say that X has connectivity property 1 at
z, (briefly: X is CP1 at x), if for every r > 0 there is 7* € (0,r) such that for every 2’ € X
and ' > 0: if B(z2/,r") C B(x,r*) and C is a connected component of B(z,r)\ B(z',r’), then
Cn(B(z,r)\ B(z,r*)) # 0.

If X is CP1 at every « € X, then X is called a CPI space.

Theorem 6.2 ([RY], Theorem 3.41). Assume that the following facts hold.

(i) X is a metric space, G < H(X), (G,0) is a topological group. The action of G on X is
continuous with respect to o and (G,o) is of the second category.

(i) x € X and (G,0) is affine-like at x.
(iii) T is a countably generated modulus of continuity.
(iv) Y is a metric space and 7: X =Y.

(v) For every g € G, g7 is I'-bicontinuous at 7(x).
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(vi) X is DPT at x and'Y is DPT and CP1 at 7(z).
Then 7 is I'-bicontinuous at x.

We need to know that X is DPT, CP1 and that LIPY(X) is affine-like. The verification of
the first two properties is trivial, and is left to the reader. We only prove the affine-likeness
of LIPH(X).

Lemma 6.3. Let X be a nonempty open subset of U. Then
(a) X is DPT and CP1.
(b) LIPY(X) is affine-like.

Proof. (b) Let w € X and V € ndeIPd(X)(id). We prove that there exists U € nbd™ (u)
such that for every xi,y1,x2,y2 € U: if d(z1,y1) = d(z2,y2), then there is ¢ € V such
that g(z1) = 2 and g(y1) = y2. Note that this implies the affine-likeness of LIPY(X) with
n(z,V,W) =1 for every z,V and W (see Definition [6.1)).

We may assume that V = B(i, s). Choose K € (1,e°). Note that for every g € LIPY(X), if
g is K-bilipschitz, and d(z, g(z)) < s for every z € X, then g € V. Let 79 > 0 be such that
BY(u,r9) C X. Let a = min("g, ) and b= % Let ug be such that d(ug,u) = a
and B = BY(ug,2a) and U = BY(u, b).

Note that B € BY(u,r9) C X, because 3a < rq. Note also that U C B and that d(U,U\ B) =
a — b. This is so, since the radius of B is 2a and U is a ball whose center has distance a from
the center of B and whose radius is b. Let f be a one-to-one function such that dom(f) and
rng(f) are finite subsets of U. We estimate from above

m(f) := max ({m: x € dom(f)}) .

Clearly, d(z,up) < d(ug,u) + d(u,z) < a+b. So 2a — d(z,up) > a — b. Hence m(f) < 2.

Define N := “T_bb. Since m(f~1) < f—fb, it follows that f is N-bigood. Suppose that f is an

isometry and let g = f U {(uo,uo)}. We show that g is K-bilipschitz. Since the assumptions

about f and f~! are the same, it suffices to check that % < K for every x € dom(f).
d(uo, K-1) K-1)
Note that 50L& < a+b Clearly, b = in by < B2, So
(K—1)-a
d(uo, f(z)) catb _at g KA+ K1 K

~—a—b — K—1)a — —
d(ug, x) a—1b a—% K+1—-(K-1)

We have shown that g is K-bilipschitz. We have also shown that f is N-bigood and so g is
N-bigood.

We shall now apply the Bilipschitz Extension Theorem to g. For this we still need to show
that N > KK—_Ql Indeed, we have

a—b a 1 (2K-1)-(K+1) 1 2K*’+K-1-(K-1) K?

N:

20 26 2 2(K —1) 2 2(K —1) K -1
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By the Bilipschitz Extension Theorem, there is h € S(H(U), B) such that g C h and h is
K-bilipschitz. Hence h := h | X € LIP%(X). We show that for every z € U, d(h(z), z) < s. If

z ¢ B, then d(h(z),z) = 0. Suppose that z € B. Then

~ ~ S

d(h(z),z) < d(z,up) + d(ug,h(z)) <a+ Ka < (K +1)- il

= S.

It follows that dg(h, i) < s. Also, lip(h) < K, so dr,(h,il) < log(K) < s. Hence d(h,d) < s.
That is, h € B(id,s) = V. O

Corollary 6.4. (a) Let X, Y be nonempty open subsets of U, T' and A be countably generated
MC-semigroups and @: HEC(X) = HXC(Y). Then there is 7: X =Y such that T is locally
[-bicontinuous, T is locally A-bicontinuous and p(g) = TogoT ! for every g € H%C(X).

(b)) If X =Y =U1in (a), then ' = A.

Proof. (a) By Corollary (a), (X, H:C(X)), (v, HEX®(Y)) € KF. So by Theorem m there is
7: X 2Y such that 7 induces ¢.

Let G = LIPY(X). As G is a subgroup of LIP(X), it inherits the topology defined on LIP(X)
in Theorem (c) Denote this topology on G by o. Since G < HEC(X), it follows that
G™ C HX®(Y). We shall show that Theorem can be applied to X,Y,G, 0,7 and A.

We verify that Clause (i) in Theorem is fulfilled. By Theorem 4.2(d) and (e), (G, o) is
a topological group acting continuously on X. It is easy to see that G is a closed subset of
LIP(X). By Theorem [1.2(f), (G, o) is of the second category.

Clause (i) follows from Lemma [6.3(b), and Clause (vi) follows from Lemma [6.3(a). The
remaining requirements of Theorem [6.2] hold automatically. It follows from Theorem [6.2] that
7 is locally A-bicontinuous. Applying the same argument to 7! we conclude that 77! is
locally I'-bicontinuous. So 7 is locally I'-bicontinuous.

(b) It follows from (a) that HE®(U) = HXC(U). We show that this implies that T' = A.
Suppose that v € '\ A, and we shall show that H:C(U) \ HX®(U) # 0. Let {6;: i € N} be a
generating set for A. For every i € N let {t,,;}nen C (0,00) be a sequence converging to 0 so
that y(tn,:) > 0;(tn,) for every i and n. It is easy to choose one-to-one sequences {z;} en and
{y;}jen so that

(1) limjoo z; = x,

(2) d(y;,x) = y(d(zj,z)) for every j € N,

(3) for every i € N the set {n: there is j such that d(z;,z) = t,;} is infinite,
(4) the function f defined by x +— x and z; — y;, j € N, is (27)-bicontinuous.

Since dom(f) and rng(f) are convergent sequences, they are totally bounded. Hence by The-
orem there is ¢ € H(U) such that g is (2v)-bicontinuous and g O f. It follows that
g € HE ’(U). However, for every i € N, f is not d;-continuous at z. So g is not d;-continuous
at . This means that g ¢ HXC(U). O
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