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CONTROLLABILITY OF INVARIANT CONTROL
SYSTEMS AT UNIFORM TIME

V́ıctor Ayala, José Ayala-Hoffmann and Ivan de Azevedo Tribuzy

Let G be a compact and connected semisimple Lie group and Σ an invariant control
systems on G. Our aim in this work is to give a new proof of Theorem 1 proved by
Jurdjevic and Sussmann in [6]. Precisely, to find a positive time sΣ such that the system
turns out controllable at uniform time sΣ. Our proof is different, elementary and the main
argument comes directly from the definition of semisimple Lie group. The uniform time is
not arbitrary. Finally, if A =

T

t>0 A(t, e) denotes the reachable set from arbitrary uniform
time, we conjecture that it is possible to determine A as the intersection of the isotropy
groups of orbits of G-representations which contains exp(z), where z is the Lie algebra
determined by the control vectors.

Keywords: uniform-time, compact, semisimple, reverse-system

AMS Subject Classification: 93B0512

1. INTRODUCTION

Let G be a compact and connected Lie group with Lie algebra g. An invariant
control systems Σ = (G, D) as in Definition 2.2 is said to be controllable at uniform
time, if there exists a positive time sΣ such that for every couple of points x and y
in G, there exists a control u = u(x, y) transferring x to y at exact time sΣ.

In [6] the authors proved

Theorem 1.1. Let G be a connected, compact and semisimple Lie group and Σ
an invariant control system on G. If Σ satisfy the Lie algebra rank condition, then
Σ is controllable at uniform time.

The p r o o f is based on the following topological results, see [5]:

Theorem 1.2. Let M be a manifold whose universal covering space is compact.
Then, every system having the accessibility property has the strong accessibility
property.
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In this paper we give an alternative proof of Theorem 1.1. In fact, we show the
strong accessibility property of Σ just by using the fact that any semisimple Lie
algebra does not contains ideals of co-dimension 1, see [9] and also [12].

It turns out that to prove Theorem 1.1 is enough to show the existence of a time
s+ such that, the accessibility set from the identity element of G at exact time s+

coincides with G.

Let H be the normal Lie subgroup of G with Lie algebra given by the ideal in g

h = idealg
{
Y 1, Y 2, . . . , Y m

}
generated by the control vectors of the system. Since the algebra g does not contains
ideals of co-dimension one, it follows that for every positive time t, the left translation
of H by exp(tX) coincides with G. Next, we show the existence of a positive time
t+, such that the identity element e belongs to the open set int A(t+, e), as defined
in Section 3. From this fact, we find a time s+ such that any point of the manifold
can be reached by the identity element in exact s+ units of time, i. e., A(s+, e) = G.

Remark 1.3. As Example 5.2 shows, Proposition 3.5 does not imply that you can
reach any point of G from e in arbitrary time. But, in some particular cases the
uniform time could be arbitrary. For instance, it happens in the homogeneous case,
i. e., when the system does not has drift vector field, i. e., X = 0. For a more general
results in this direction see [7].

The uniform time sΣ depends on the order of generation of G, which is defined
as the minimum positive integer k such that every element in G can be expressed as
k product of exponential. This notion is closed related to the concept of uniformly
completely controllable set of left invariant vector fields on Lie groups, analyzed in
[10], see also [11].

Finally, we apply the main results in Theorem 3.6 to a special class of homoge-
neous systems: the affine systems. As usual, we start with a bilinear control systems
in Rn in such a way that its associated Lie algebra generate a connected, compact
and semisimple Lie group G. It follows that there exists a positive time sΣ such that
the affine system determined by the bilinear one is controllable at uniform time sΣ

on the orbit G(x0) ⊂ Rn, for any initial condition x0 ∈ Rn.

This article is organized as follows. Section 2 contains the definition of invariant
control system Σ and the uniform time controllable notion. In Section 3 we recall
some basic results of Σ and we prove the existence of a uniform time for semisimple
Lie groups. In Section 4 we apply the main results to a special class of affine systems
and Section 5 contains a number of examples.

2. PRELIMINARIES

Let G be a Lie group with Lie algebra g.
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Definition 2.1. An invariant control system Σ = (G,D) is determined by a family
D of differential equations given by

D =
{

Xu = X +
∑m

j=1
ujY

j : u ∈ U
}

.

The drift vector field X and the control vectors Y j , j = 1, 2, . . . .,m, are elements
of g considered as left invariant vector fields. The admissible control functions are
elements in the class

UK = {u : R → K ⊂ Rm | u(t) is a piecewise constant function }.

Here, K = Rm : the unrestricted controls, or the cube [−1, 1]m: the bounded con-
trols, or the boundary set ∂ [−1, 1]m: the bang-bang controls.

Except for explicitly mention, any results will be independent of the particular
type of the admissible class of control.

For each u ∈ U and for any initial condition x ∈ G, the ordinary differential
equation determined by Xu has an unique global solution Xu

t (x), t ∈ R, with
Xu

0 (x) = x, where (Xu
t )t∈R is the 1-parameter group of Xu.

We assume that Σ satisfies the Lie algebra rank condition (LARC), i. e.,

Span
LA

(D)(x) = TxG, for any x ∈ G.

Here, [ , ] denotes the usual Lie brackets between vector fields and Span
LA

(D) is the
Lie algebra generated by the vector fields in D, i. e., the real vector space generated by
X, Y j , j = 1, . . . ,m, and closed by the Lie brackets. The LARC property imposed
just on the identity element e of G, means that the finite increasing sequence of
subspaces D + [D,D] + [D, [D,D]] + · · · coincides with g, which implies the LARC
condition.

Furthermore, if u is a constant control the invariance property of Xu implies that
Xu

t (x) = x ·Xu
t (e). The invariant control system −Σ is defined as the system Σ but

replacing the drift vector X by −X. Actually, in any case the set K in Definition 2.1
is symmetric.

Definition 2.2. A control system Σ = (G,D) is said to be

a) Transitive if for any two arbitrary points x, y ∈ G there exists an admissible
control u = u(x, y) ∈ U and a time t = t(x, y) ∈ R such that Xu

t (x) = y

b) Controllable if for any two arbitrary points x, y ∈ G there exists an admissible
control u ∈ U and a time t = t(x, y) ≥ 0 such that Xu

t (x) = y

c) Controllable at uniform time t > 0, if for any two arbitrary points x, y ∈ G
there exists an admissible control u = u(x, y) ∈ U such that Xu

t (x) = y.

Our aim in this work is to give a new proof of Theorem 1, i. e., to find a positive
time sΣ such that the system turns out controllable at uniform time sΣ.
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3. THE EXISTENCE OF AN UNIFORM TIME FOR Σ

In the sequel G will denote a compact and connected Lie group. It is well known that
under the LARC condition, the analytic control system Σ = (G,D) is transitive.
Since the system is invariant for the G-group action, it turns out that Σ is also
controllable [6], which of course is a necessary condition for our study. We denote
by

h = idealg
{
Y 1, Y 2, . . . , Y m

}
the ideal in g generated by the control vectors and by H the connected Lie subgroup
of G associated to the Lie algebra h. Since h is an ideal, it follows that H is a normal
subgroup of G, [4].

Let us consider a positive time t. The Σ accessibility set from the identity element
e of G at exact time t is denoted by

A(t, e) = {Xu
t (x) : u ∈ U} .

In the sequel, we follow reference [6]

Proposition 3.1. Let Σ be a left invariant control system on a compact and
connected Lie group G. Therefore, for each t > 0

i) With respect to the H-topology,

cl
(
intexp(tX)H A(t, e)) = cl(A(t, e)

)
ii) A(t, e) ⊂ exp(tX)H.

In other words, A(t, e) is contained in a G-submanifold of co-dimension 0 or 1,
depending on the fact X ∈ h or not. In particular, A(t, e) has non empty interior in
this submanifold. Just observe that the relation h = g could be possible.

Example 3.2. Let us consider the Torus T 2 = S1 × S1 and the invariant control
system Σ = (T 2,D) with

D = {Xu = X + uY : u ∈ U} .

Here, X = ( ∂
∂x , 0) and Y = (0, ∂

∂y ). The non null component of X and Y are
invariant vector fields on the sphere S1. Since T is commutative, h has dimension 1.
So, the subgroup H has co-dimension 1 and for each positive time t, the accessibly
set A(t, e) at exact time t is contained in the one dimensional submanifold exp(tX)H
of T 2. Therefore, in this situation, we can not expect uniform controllability. From
the general theory of Lie groups we know that any Abelian Lie group G has the form

G = Tn × Rm

for some non negative integers numbers n, m. Since we assume G compact, Exam-
ple 3.2 shows that we can not expect the uniform time property for the Abelian
case.
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Example 3.3. On the rotational group G = SO(3) consider the system

D = {Xu = X + uY : u ∈ U} .

where X and Y are any two arbitrary linear independent skewsymmetric matrices.
Then h = g.

Remark 3.4. According to Proposition 3.1 and the previous examples, it is natural
to concentrate our study on invariant control systems Σ, when the drift vector field
X belongs to the ideal h. We focus the problem on semisimple Lie groups.

Let C be any classical simple Lie algebra over C and consider a compact real form
g of C, that is, g is a real Lie algebra with C = g + ig. Let G be a Lie group with Lie
algebra g. According to the classification of Lie groups and Lie algebras, we have:
up to isomorphism, G must be the Special Orthogonal group

SO(n) =
{
A ∈ M(n, R) : AT A = Id and detA = 1

}
or the Unitary group

U(n) =
{

A ∈ M(n, C) : A
T
A = Id

}
or the Spinors group, which is defined by the short exact sequence

1 → Z2 → Spin(n) → SO(n) → 1

as the double cover of the special orthogonal group.
By definition, a semisimple Lie algebra is a direct sum of simple Lie algebras.

Therefore, a semisimple Lie group is a finite product of simple Lie groups. Since
the semisimple Lie algebra g does not contains ideals of co-dimension 1, for every
positive time t we get

exp(tX)H = G.

Under this hypothesis, we have the following

Proposition 3.5. Let G be a compact and connected semisimple Lie group. Con-
sider an invariant control system Σ = (G,D) which satisfies LARC. Then, there
exists a positive time s+ such that,

G = A(s+, e).

P r o o f . We consider the invariant control systems Σ and −Σ. Since the Lie group
G is semisimple, Proposition 3.1 implies that for each positive time t,

cl
(
intGA(t, e)

)
= cl(A(t, e)) and cl

(
intGA−(t, e)) = cl(A−(t, e)

)
.
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where A−(t, e) denotes the accessibility set of −Σ at the exact time t. On the other
hand, since both systems are controllable we get∪

t≥0
A(t, e) = G =

∪
s≥0

A−(s, e).

It turns out that there are times t, s > 0 and a point x ∈ G with

x ∈ intGA(t, e) ∩ intGA−(s, e).

We claim:
e ∈ intA(t + s, e).

In fact, consider the control u = u(e, x) steering e to the state x at time t by a
trajectory of Σ and the control v = v(e, x) steering the identity element to x at time
s by a trajectory of −Σ. The concatenation w = v∗u steering e to e by a Σ-trajectory
at time t+ = t + s, i. e., e ∈ A(t+, e). Since x ∈ intG A(t, e) the Σ-diffeomorphism
Xv

s induced by the control v at time s shows the claim.
Next, take any neighborhood V of e such that V ⊂ A(t+, e). Since G is connected

and A(e) =
∪

t≥0 A(t, e) is a semigroup, [6], there exists a positive integer number k
such that

G = V k ⊂ A(t+, e)k ⊂ A(kt+, e).

The proof is complete by taking s+ = kt+. ¤

We are able to prove the main results of the paper

Theorem 3.6. Let G be a compact and connected semisimple Lie group and
Σ = (G,D) an invariant control system on G which satisfies LARC. Then, there
exists a positive time sΣ such that Σ is controllable at uniform time sΣ.

P r o o f . In Proposition 3.5 we already proved the existence of a time s+ for Σ
such that starting from e it is possible to reach any point of G at exact time s+.
Now, we consider the invariant transitive control system −Σ on G. Again from
Proposition 3.5, there exists a positive time s− such that through −Σ it is possible
to reach e from any point of the Lie group G at the exact time s−. Take

sΣ = s+ + s−

Therefore, any two arbitrary points of G can be connected in exactly time sΣ and
Σ is controllable at uniform time. ¤

Remark 3.7. The proof of Proposition 3.5 depends on the existence of a state
x in the interior of an accessible set of Σ and −Σ simultaneously. In particular,
the proof doesn’t show that you can reach any point of G from e in arbitrary time.
Furthermore, the uniform time sΣ depends on the integer number k, which depends
on a neighborhood V inside of A(t+, e). But, the uniform time could be arbitrary.



Controllability of Invariant Control Systems at Uniform Time 411

For instance, this is the situation when the Lie algebra generated by the control
vectors

z =SpanLA
{
Y 1, Y 2, . . . , Y m

}
coincides with the Lie algebra of G, i. e., X ∈ z = g. In fact, in this special case and
when the system consider the class of unrestricted control URm , we have

A(t, e) = G, for every t > 0

see [7]. In a more general set up, assume that the set

A =
∩

t>0
A(t, e)

is not empty. Then, in [3], the author proves that A is a closed and connected Lie
subgroup of G with Lie algebra a such that z ⊂ a ⊂ g. Of course,

A = G ⇔ the time sΣ given by Theorem 3.6 is arbitrary.

As indicated by an anonymous referee, the property of uniform time at arbitrary
positive t is strictly related to the condition

intGA(t, e) ∩ intGA−(t, e) 6= ∅, for each t > 0.

Unfortunately, we don’t know any algebraic or geometric property on G or on the
system, in order to obtain this condition. However, by following Example 5.2 we
conjecture later that A is the intersection of the isotropy groups of orbits of G-
representations which contains exp(z).

Remark 3.8. Consider the number

s∗ = inf
s
{s > 0 : ∃V ⊂ A(s, e), V a neighborhood of e ∈ intA(s, e)} .

Except the case A = G, the time s∗ is positive and this number is related to the
notion of order of generation of G, which is defined as the minimum positive integer
k such that every element in G can be expressed as k product of exponential and
also to the concept of uniformly completely controllable, see [10], and [11].

4. AFFINE SYSTEMS

In this section we apply Theorem 3.6 to a special class of homogeneous systems: the
affine systems. Definition 2.1 consider the notion of invariant control systems by
using left invariant vector fields. Obviously, everything remains true if we consider
the same class of systems but with right invariant vector fields.

Let M be a differential manifold and let Σ = (G, D) a right invariant control
system on the connected Lie group G, which acts transitively on M by

p : G × M → M.

The dynamic set D ⊂ g induces the non linear homogeneous system

p∗(Σ) = (M,p∗(D))

where p∗ denotes the differential of p. We have, [8]
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Theorem 4.1. If the system Σ is controllable on G, then p∗(Σ) is controllable
on M. Furthermore, for every positive time s

AΣ(s, x) = G ⇒ Ap∗(Σ)(s, p(x)) = M

Therefore, we get

Theorem 4.2. Let G be a compact and connected semisimple Lie group acting
transitively on M. Consider the right-invariant control system Σ = (G, D). Hence,
there exists a positive time sp∗(Σ) such that the affine system

p∗(Σ) = (M,p∗(D))

is controllable at uniform time sp∗(Σ).

P r o o f . By Theorem 3.6, Σ is controllable at uniform time sΣ. The proof follows
from Theorem 4.1 and the fact sΣ = sp∗(Σ). ¤

As a generic example, consider the Bilinear Control System ΣB on Rn

ẋ(t) =
[
A0 +

∑m

i=1
ui(t)Ai

]
x(t)

determined by the matrices Ai ∈ gl(n, R), i = 0, 1, . . . ,m, and with u ∈ U as in
Definition 2.1. Let G be the connected Lie group with Lie subalgebra

g =SpanLA {A0, A1, . . . , Am} ⊂ gl(n, R).

Therefore, the control system

·
X(t) =

[
A0 +

∑m

i=1
ui(t)Ai

]
X(t), X ∈ G

induced by ΣB is right invariant on G. Assume that G is compact and semisimple.
Thus, the affine system

·
x(t) =

[
A0 +

∑m

i=1
ui(t)Ai

]
x(t), x(0) = x0

defined on the orbit

G(x0) = {x ∈ Rn : x = gxo with g ∈ G}

is controllable at uniform time on G(x0).

5. EXAMPLES

Example 5.1. Let us consider the bilinear control system

ẋ(t) = [A0 + u(t)A1]x(t)
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where A0 and A1 generate the Lie algebra

g =SpanLA {A0, A1} = so(n, R)

of the skewsymmetric matrices of order n. The associated compact Lie group is
G = SO(n). Recall that for each natural number n the group SO(n) is simple,
except the semisimple case SO(4). It turns out that the affine system is controllable
at uniform time on the manifold M = Sn−1.

For a concrete general example, consider A0 =
∑n−2

i=1 Ei,i+1 − Ei+1,i and A1 =
En−1,n−En,n−1. Here the matrices Ei,j 1 ≤ i, j ≤ n are the canonical basis elements
of gl(n, R) Then, A0 and A1 generates so(n, R).

The example below shows that the uniform time given in Theorem 3.6 is not
arbitrary.

Example 5.2. On R3 consider the bilinear control system ΣB :

ẋ(t) = [X + u(t)Y ] x(t),

with X = −E1,3 + E3,1 and Y = E1,2 − E2,1 and u ∈ U .
As Theorem 3.6 shows, the lifting invariant control system Σ determined by

ΣB = p∗(Σ), is controllable at uniform time on SO(3). So, Theorem 4.1 implies
that the bilinear control system is controllable at uniform time on S2 considered,
for instance, as the orbit of G on e2 = (0, 1, 0).

As before we denote A =
∩

t>0 A(t, e). Consider the class of unrestricted admis-
sible controls UR. We claim:

the subset A(e2) ⊂ S2 where any two points can be reached by any arbitrary uniform
positive time, is reduced to the Equator circle.

Consider the function

h : S2 → R, given by h(x) = 〈e3, x〉

on the sphere. Here 〈, 〉 denotes the usual inner product of R3 and β(t) = h(x(t)),
where x(t) is a solution of ΣB with control u. We have,

·
β(t) = (dh)x(t)(Xx(t) + u(t)Y x(t))

Since h is constant on any trajectory determined by the invariant vector field Y ,
we get (dh)x(t)(Y x(t)) = 0. Let x(t) be the solution connecting an arbitrary point
x0 from the Equator to the North Pole at positive time s0. Thus, we obtain

β(0) = 0, β(s0) = 1 and β(s) =
∫ s

0

·
β(ζ) dζ.

In particular,

1 ≤
∫ s0

0

∣∣∣∣ ·
β(s)

∣∣∣∣ ds < Ms0
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where M is an appropriate bound for the integral. In fact, (dh)(·)is bounded on the
sphere. So, we get 1

M < sΣ. Therefore, the North Pole doesn’t belong to the subset
of the sphere obtained by the action of A on e2. This fact shows that in general the
uniform time can not be arbitrary. Furthermore, since the Lie group SO(3) is simple,
the only subalgebra a with z ⊂ a ⊂ g is g. Then, z = a. In other words, A = exp(RY )
and for any arbitrary positive time t

{Equator = exp(tuY )e2 : u ∈ UR} .

Finally, a simple inspection shows that any trajectory of p∗(Σ) connecting the
poles needs at least π units of time. Then, π ≤ sΣ. On the other hand, if one of
any two arbitrary points of the sphere is not a pole, then by sending them to the
Equator we see that they can reach each other at π units of time. In fact, we can
waste the time at the Equator. Therefore,

sΣ = π

is a uniform time for the system.

Example 5.3. On g = su(2) consider the bilinear control system

ẋ(t) =
[
0 1
1 0

]
+ u(t)

[
i 0
0 −i

]
x(t).

In this case, G = SU(2), and the affine system is controllable at uniform time on
M = S3.

Remark 5.4. We hope to extend the main results of this paper to the class of
Linear Control Systems on Lie Groups, introduced in [1] . In this case, the drift
vector field X belongs to the normalizer nX∞(G) of g in the Lie algebra X∞(G) of
all C∞ vector fields defined on G. A results in [1] shows that the normalizer is the
semidirect product of the Lie algebra g of G with the Lie algebra aut(G) of the Lie
group Aut(G), i. e.,

X ∈ nX∞(G)= g ⊗s aut(G).

When G is compact and semisimple there exists a controllable uniform time to the
first component of X. On the other hand, if X ∈ aut(G) it follows that Xt(e) = e
for every positive time t, exactly as in the linear case on Rn. Unfortunately, SΣ(e)
is not a semigroup as in the invariant case, see [1]. Here

SΣ =
{
Xu1

t1 ◦ Xu2
t2 ◦ · · · ◦ Xuk

tk
: ui ∈ U , ti ≥ 0, k ∈ N

}
is the set of all possible flow compositions coming from the system with non negative
times. Furthermore, in [2] the authors give the solution of the differential equation
determined by any element X in nX∞(G).

Finally, by analyzing Example 5.2 we conjecture
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Conjecture 5.5. Let G be a connected Lie group and Σ = (G, D) an invariant
control system. Assume that A =

∩
t>0 A(t, e) is not empty. Then, the closed Lie

subgroup A is the intersection of the isotropy groups of orbits of G-representations
which contains exp(z). Here, z is the Lie algebra determined by the control vectors.

Acknowledgement 5.6. The authors are grateful to an anonymous referee which
pointed out that the main results in this paper was stated and proved by V. Jur-
djevic and H. Sussmann in [6]. On the other hand, he observed that the proof of
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paper.
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