Duality in the space of regulated functions and the play operator

Martin Brokate^{1 2} and Pavel Krejčí^{3 4}

Abstract

As a new weak convergence concept motivated originally by singular perturbation problems, we investigate the wbo -convergence in the space of regulated functions with values in a Hilbert space. Using a generalization of the Tvrdý Representation Theorem for bounded linear functionals on the space of regulated functions, we establish the relationship between the weak and the wbo -convergences. The classical play operator from the mathematical theory of hysteresis is used as an important tool in the analysis.

MSC 2000 : 46E40, 26A45, 34C55

Keywords: regulated functions, weak convergence, evolution variational inequality, Young integral, uniformly bounded oscillation

Introduction

We consider a real Hilbert space X endowed with a scalar product ⟨·, ·⟩ and norm |x| := ⟨x, x⟩^{1/2} for x ∈ X . We mainly work with regulated functions (cf. [1]) with values in X , that is, functions of real variable which at each point of their domain of definition admit both finite one-sided limits, see Definition 1.1 below. The space of regulated functions [a, b] → X will be denoted by G(a, b ; X) according to [20].

Regulated functions play an important role for instance in applications to differential equations with singular right-hand sides, see [18], or to the Skorokhod problem, see [5]. Our aim here is to use the so-called play operator from the mathematical theory of hysteresis as presented in [3, 4, 10, 11, 21] for investigating a specific notion of weak convergence in G(a, b ; X) which we call “weak bounded oscillation” or wbo -convergence and which arises naturally in singular perturbation problems, see [12]. Namely, we say that a sequence {f_n} in G(a, b ; X) wbo - converges to f if f_n(t) converge weakly to f(t) for every t ∈ [a, b] and, in addition, it has uniformly bounded oscillation in a sense made precise below in Definition 2.1. We will prove, using special properties of the play operator, that a subset of G(a, b ; X) has uniformly bounded oscillation if and only if it has uniformly bounded ε -variation. Fraňková has introduced in [7] the latter property and proved, as a generalization of the Helly Selection Principle, that every bounded sequence in G(a, b ; X) with uniformly bounded ε -variation contains a subsequence which converges pointwise at each point t ∈ [a, b] to a regulated function provided dim X < ∞ . This result has been extended to the general Hilbert case in [13]. The main goal of the present

1Technische Universität München, Zentrum Mathematik/M6, D-85747 Garching bei München, Germany, E-mail: brokate@appl-math.tu-muenchen.de.

2Supported by the Academy of Sciences of the Czech Republic.

3Mathematical Institute, Academy of Sciences of the Czech Republic, Žitná 25, CZ-11567 Praha 1, Czech Republic, E-Mail: krejci@math.cas.cz.

4Supported by the DFG through SFB 438.

paper is to investigate the relationship between wbo -convergent sequences and duality issues in G(a, b ; X) . We prove in Theorem 2.6, as a generalization of representation theorems from [20], that the dual G(a, b ; X)^′ to G(a, b ; X) is isomorphic to an explicit subspace of BV (a, b ; X)× BV_0(a, b ; X) via the Young integral, where BV (a, b ; X) is the space of functions of bounded variation and BV_0(a, b ; X) is its subspace consisting of all functions from BV (a, b ; X) which vanish almost everywhere. As a direct consequence, we obtain that the duals to both spaces G_L(a, b ; X) and G_R(a, b ; X) of left- and right-continuous regulated functions, respectively, are isometrically isomorphic to BV (a, b ; X) . The wbo -convergence is neither weaker nor stronger than the natural weak convergence in G(a, b ; X) , it has nevertheless interesting properties with respect to the duality G ↔ BV which we describe in some detail in Theorems 2.5 and 2.7 – 2.8.

The structure of the paper is the following. In Section 1 we give a brief overview of the theory of regulated functions, of the Young integral in the form of [8, 16], and of the play operator as solution operator of a rate-independent variational inequality (which is actually a special case of the Skorokhod problem). The main results are stated in Section 2, and Section 3 is devoted to proofs.

Acknowledgement. The authors wish to thank J. Kurzweil, Š. Schwabik and M. Tvrdý for stimulating suggestions and comments.

1 Preliminaries

This paper is based in a substantial way on results of [13]. In order to fix the notation, we list without proof in this section those of them which will be needed in the sequel.

1.1 Regulated functions and total variation

Consider a nondegenerate closed interval [a, b] ⊂ R , and denote by D_{a,b} the set of all partitions of the form d = {t_0, . . . , t_m} , a = t_0 < t_1 < . . . < t_m = b . For a given function g : [a, b] → X and a given partition d ∈ D_{a,b} we define the variation V_d(g) of g on d by the formula

V_d(g) := m∑ j=1 |g(t_j) − g(t_{j−1})| and the total variation Var_{[a,b]} g of g by

Var_{[a,b]} g := sup{V_d(g) ; d ∈ D_{a,b}} .

In a standard way (cf. [2]) we denote the set of functions of bounded variation by BV (a, b ; X) := {g : [a, b] → X ; Var_{[a,b]} g < ∞} . (1.1) Let us further introduce the set S(a, b ; X) of all step functions of the form

w(t) := m∑ k=0 ĉ_k χ_{{tk }} (t) + m∑ k=1 c_k χ_{]tk−1,tk[} (t) , t ∈ [a, b] , (1.2) where d = {t_0, . . . , t_m} ∈ D_{a,b} is a given partition, χ_A for A ⊂ [a, b] is the characteristic function of the set A , and ĉ_0, . . . , ĉ_m, c_1, . . . , c_m are given elements from X . It is well-known (see e. g. the Appendix of [2]) that every function of bounded variation with values in a Banach space admits one-sided limits at each point of its domain of definition. Following [1], we separate this property from the notion of total variation and introduce the following definition.

Definition 1.1 We say that a function f : [a, b] → X is regulated if for every t ∈ [a, b] there exist both one-sided limits f(t+), f(t−) ∈ X with the convention f(a−) = f(a) , f(b+) = f(b) .

According to [20], we denote by G(a, b ; X) the set of all regulated functions f : [a, b] → X . For a given function g ∈ G(a, b ; X) and a given partition d ∈ D_{a,b} we define the essential variation V_d(g) of g on d by the formula

V_d(g) := m∑ j=1 |g(t_j−) − g(t_{j−1}+)| + m∑ j=0 |g(t_j+) − g(t_j−)| and the total essential variation Var_{[a,b]} g of g by Var_{[a,b]} g := sup{V_d(g) ; d ∈ D_{a,b}} .

We denote the space of functions of essentially bounded variation by BV (a, b ; X) := {g : [a, b] → X ; Var_{[a,b]} g < ∞} . (1.3) The terminology has been taken from [6], although we restrict ourselves a priori to regulated functions which makes the analysis easier. This however means here in particular that V_d(g) is defined for every function g : [a, b] → X , but V_d(g) only for a regulated function g . We summarize some easy basic properties of the above spaces in Lemma 1.2 below the proof of which is left to the reader.

Lemma 1.2

(i) Every regulated function is bounded.

(ii) For every g ∈ G(a, b ; X) we have Var_{[a,b]} g ≤ Var_{[a,b]} g .

(iii) The sets S(a, b ; X) , BV (a, b ; X) , BV (a, b ; X) , G(a, b ; X) are vector spaces satisfying the inclusions S(a, b ; X) ⊂ BV (a, b ; X) ⊂ BV (a, b ; X) ⊂ G(a, b ; X) . (1.4) (iv) Let G_L(a, b ; X) be the subset of left-continuous functions in G(a, b ; X) . Then Var_{[a,b]} g = Var_{[a,b]} g for every g ∈ G_L(a, b ; X) , and G_L(a, b ; X) ∩ BV (a, b ; X) ⊂ BV (a, b ; X) .

Similarly as in Lemma 1.2, we denote by G_R(a, b ; X) the space of right-continuous regulated functions on [a, b] . We further set BV_L(a, b ; X) = BV (a, b ; X)∩G_L(a, b ; X) , BV_R(a, b ; X) = BV (a, b ; X) ∩ G_R(a, b ; X) , and S_L(a, b ; X) = S(a, b ; X) ∩ G_L(a, b ; X) , S_R(a, b ; X) = S(a, b ; X) ∩ G_R(a, b ; X) . Let us introduce in G(a, b ; X) a system of seminorms ‖f‖_{[s,t]} := sup{|f(τ)| ; τ ∈ [s, t]} (1.5) for any subinterval [s, t] ⊂ [a, b] . Indeed, ‖·‖_{[a,b]} is a norm. With this norm, G(a, b ; X) becomes a Banach space, and the injections in (1.4) are dense. Let us note that the space C(a, b ; X) of continuous functions f : [a, b] → X is a closed subspace of G(a, b ; X) with respect to the norm ‖·‖_{[a,b]} .

1.2 The Young integral

We say that a partition d̂ is a refinement of d ∈ D_{a,b} and write d̂ ≻ d if d̂ ∈ D_{a,b} and d ⊂ d̂. Let d = {t_0, . . . , t_m} ∈ D_{a,b} be a partition. We denote by B(d) the set of special refinements D of d (the so-called P -partitions, see [17]) of the form D = {t_0, τ_1, t_1, . . . , t_{m−1}, τ_m, t_m} , a = t_0 < τ_1 < t_1 < τ_2 < t_2 < . . . t_{m−1} < τ_m < t_m = b . (1.6)

For given functions f : [a, b] → X , g ∈ G(a, b ; X) and partitions d ∈ D_{a,b} , D ∈ B(d) of the form (1.6) we define the integral sum S_D(f Δg) by the formula

S_D(f Δg) = m∑ j=1 ⟨f(τ_j ), g(t_j−) − g(t_{j−1}+)⟩ + m∑ j=0 ⟨f(t_j), g(t_j+) − g(t_j−)⟩ , (1.7) again with the convention g(a−) = g(a) , g(b+) = g(b) .

Definition 1.3 We say that J ∈ R is the Young integral over [a, b] of f with respect to g and denote J = ∫_b a ⟨f(t), dg(t)⟩ , (1.8) if for every ε > 0 there exists d_ε ∈ D_{a,b} such that for every d ≻ d_ε and D ∈ B(d) we have |J − S_D(f Δg)| ≤ ε . (1.9) It is an easy exercise to check that if the value J in Definition 1.3 exists, then it is uniquely determined. In what follows, whenever we write ∫_b a ⟨f(t), dg(t)⟩ = J , we interpret it as ‘the function f is Young integrable with respect to g in [a, b] and the integral equals to J .’ For the sake of completeness, we list the following properties of the Young integral which are common for most integrals; detailed proofs can be found e. g. in [13].

Proposition 1.4

(i) Let ∫_b a ⟨f_1(t), dg(t)⟩ , ∫_b a ⟨f_2(t), dg(t)⟩ exist. Then we have ∫_b a ⟨(f_1 + f_2)(t), dg(t)⟩ = ∫_b a ⟨f_1(t), dg(t)⟩ + ∫_b a ⟨f_2(t), dg(t)⟩ . (1.10)

(ii) Let ∫_b a ⟨f(t), dg_1(t)⟩ , ∫_b a ⟨f(t), dg_2(t)⟩ exist. Then we have ∫_b a ⟨f(t), d(g_1 + g_2)(t)⟩ = ∫_b a ⟨f(t), dg_1(t)⟩ + ∫_b a ⟨f(t), dg_2(t)⟩ . (1.11) (iii) Let ∫_b a ⟨f(t), dg(t)⟩ exist. Then for every constant λ ∈ R we have ∫_b a ⟨λf(t), dg(t)⟩ = ∫_b a ⟨f(t), d(λg)(t)⟩ = λ ∫_b a ⟨f(t), dg(t)⟩ . (1.12) Proposition 1.5 Let f : [a, b] → X , g ∈ G(a, b ; X) be given functions and let [r, s] ⊂ [a, b] be a nondegenerate interval.

(i) Assume that ∫_b a ⟨f(t), dg(t)⟩ exists. Then ∫_s r ⟨f(t), dg(t)⟩ exists. (ii) Assume that ∫_s r ⟨f(t), dg(t)⟩ exists. Then we have ∫_b a ⟨( f χ_{]r,s[} ) (t), dg(t) ⟩ = ∫_s r ⟨f(t), dg(t)⟩ − ⟨f(r), g(r+) − g(r)⟩ − ⟨f(s), g(s) − g(s−)⟩ . (1.13) (iii) Assume that ∫_s a ⟨f(t), dg(t)⟩ , ∫_b s ⟨f(t), dg(t)⟩ exist for some s ∈ ]a, b[ . Then we have ∫_b a ⟨f(t), dg(t)⟩ = ∫_s a ⟨f(t), dg(t)⟩ + ∫_b s ⟨f(t), dg(t)⟩ . (1.14) In order to preserve the consistency of (1.14) also in the limit cases s = a and s = b , we set ∫_s s ⟨f(t), dg(t)⟩ = 0 ∀s ∈ [a, b] , ∀ f, g : [a, b] → X . (1.15) Remark 1.6 Proposition 1.5 needs some comment. Here and in the sequel, whenever we integrate functions f, g defined in [a, b] over an interval [r, s] ⊂ [a, b] , we implicitly consider their restrictions f|_{[r,s]}, g|_{[r,s]} . In particular, we have e. g. f|_{[r,s]}(s+) = f(s) , f|_{[r,s]}(r−) = f(r) , similarly as in Definition 1.1.

The following explicit formulas will be needed in the sequel.

Proposition 1.7 For every f : [a, b] → X , g ∈ G(a, b ; X) , a ≤ r ≤ b and v ∈ X we have (i) ∫_b a ⟨ v χ_{{r}} (t), dg(t) ⟩ = ⟨v, g(r+) − g(r−)⟩ ,

(ii) ∫_b a ⟨ f(t), d ( v χ_{{r}} ) (t) ⟩ = 0 if r ∈ ]a, b[ , −⟨f(a), v⟩ if r = a , ⟨f(b), v⟩ if r = b , (iii) ∫_b a ⟨ v χ_{]r,s[} (t), dg(t) ⟩ = ⟨v, g(s−) − g(r+)⟩ ∀ s ∈ ]r, b] ,

(iv) ∫_b a ⟨ f(t), d ( v χ_{]r,s[} ) (t) ⟩ = ⟨f(r) − f(s), v⟩ ∀ s ∈ ]r, b] .

Theorem 1.8 If f ∈ G(a, b ; X) and g ∈ BV (a, b ; X) , then ∫_b a ⟨f(t), dg(t)⟩ exists and satisfies the estimate | | | | | ∫_b a ⟨f(t), dg(t)⟩ | | | | ≤ ‖f‖_{[a,b]} Var_{[a,b]} g . (1.16)

Moreover, for every g ∈ BV (a, b ; X) we have

Var_{[a,b]} g = sup {∫_b a ⟨f(t), dg(t)⟩ ; f ∈ S(a, b ; B_1(0)) } , (1.17)

where B_r(x_0) for r > 0 and x_0 ∈ X denotes the ball {x ∈ X ; |x − x_0| ≤ r} centered at x_0 with radius r .

The assertion of Theorem 1.8 is contained in [13, Corollary 3.10 and Theorem 3.11]. We will also need the following statement as a slight modification of the second part of [13, Theorem 3.11].

Theorem 1.9 If f ∈ BV (a, b ; X) and g ∈ G(a, b ; X) , then ∫_b a ⟨f(t), dg(t)⟩ exists and satisfies the estimates | | | |⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ | | | | ≤ ( |f(b)| + Var_{[a,b]} f ) ‖g‖_{[a,b]} , (1.18) | | | | |⟨f(b), g(b)⟩ − ∫_b a ⟨f(t), dg(t)⟩ | | | | | ≤ ( |f(a)| + Var_{[a,b]} f ) ‖g‖_{[a,b]} . (1.19) Moreover, for every f ∈ BV (a, b ; X) we have

|f(b)| + Var_{[a,b]} f = sup { ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ ; g ∈ S_R(a, b ; B_1(0)) } , (1.20)

|f(a)| + Var_{[a,b]} f = sup { ⟨f(b), g(b)⟩ − ∫_b a ⟨f(t), dg(t)⟩ ; g ∈ S_L(a, b ; B_1(0)) } . (1.21)

Proof of Theorem 1.9. For the existence of ∫_b a ⟨f(t), dg(t)⟩ we refer to [13, Corollary 3.10].

Inequalities (1.18) – (1.19) follow easily if we consider an arbitrary partition D of the form (1.6), and rewrite (1.7) as S_D(f Δg) = ⟨f(b), g(b)⟩ − ⟨f(a), g(a)⟩ + m∑ j=1 ⟨f(τ_j ) − f(t_j), g(t_j−)⟩ − m−1∑ j=0 ⟨f(τ_{j+1}) − f(t_j), g(t_j+)⟩ . To prove (1.20) – (1.21), we fix ε > 0 and find a partition d = {t_0, . . . , t_m} ∈ D_{a,b} such that m∑ j=1 |f(t_j) − f(t_{j−1}| ≥ Var_{[a,b]} f − ε . (1.22)

Let σ : X → X be the function σ(x) = x/|x| for x ≠ 0 , σ(0) = 0 , and for t ∈ [a, b] put g(t) = σ(f(b)) χ_{{b}} (t) − m∑ j=1 σ(f(t_j ) − f(t_{j−1})) χ_{[tj−1,tj [} (t) . (1.23)

We then infer from (1.22), Proposition 1.7 (ii), (iv) and Proposition 1.4 (ii) that ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ = |f(b)|+ m∑ j=1 |f(t_j)−f(t_{j−1}| ≥ |f(b)|+Var_{[a,b]} f −ε , (1.24) and (1.20) follows from (1.18) and (1.24). The proof of (1.21) is analogous. ■ As an easy consequence of Theorems 1.8, 1.9 and of the dense injection BV (a, b ; X) ⊂ G(a, b ; X) , we have the following convergence result.

Proposition 1.10 Consider f, f_n ∈ G(a, b ; X) , g, g_n ∈ BV (a, b ; X) , n ∈ N such that lim_{n→∞} ‖f − f_n‖_{[a,b]} = 0 , lim_{n→∞} ‖g − g_n‖_{[a,b]} = 0 , sup_{n∈N} Var_{[a,b]} g_n = C < ∞ .

Then ∫_b a ⟨f(t), dg(t)⟩ = lim_{n→∞} ∫_b a ⟨f_n(t), dg_n(t)⟩ . (1.25) To conclude this section, we recall two integration-by-parts formulas. Theorem 1.11 For every f ∈ G(a, b ; X) , g ∈ BV (a, b ; X) we have ∫_b a ⟨f(t), dg(t)⟩ + ∫_b a ⟨g(t), df(t)⟩ = ⟨f(b), g(b)⟩ − ⟨f(a), g(a)⟩ (1.26) + ∑ t∈[a,b] ( ⟨f(t) − f(t−) , g(t) − g(t−)⟩ − ⟨f(t+) − f(t) , g(t+) − g(t)⟩ ) .

Corollary 1.12 For every g ∈ BV (a, b ; X) we have ∫_b a ⟨g(t+), dg(t)⟩ = 1 2 ( |g(b)|^2 − |g(a)|^2 ) + 1 2 ∑ t∈[a,b] |g(t+) − g(t−)|^2 . (1.27)

1.3 The play operator

We fix a convex closed (not necessarily bounded) set Z ⊂ X with 0 ∈ Int Z , and a constant r > 0 such that B_r(0) ⊂ Z . (1.28) For a given initial condition x_0 ∈ Z and an input u ∈ G_L(a, b ; X) , we look for a solution ξ ∈ BV_L(a, b ; X) to the problem

( P ) (i) u(t) − ξ(t) ∈ Z ∀t ∈ [a, b] , (ii) u(a) − ξ(a) = x_0 , (iii) ∫_b a ⟨u(τ+) − ξ(τ+) − y(τ), dξ(τ)⟩ ≥ 0 ∀y ∈ G(a, b; Z) . Problem ( P ) has been considered in [13] in a more general setting. We cite without proof the following result as a special case of [13, Theorem 2.4] (up to the obvious variable transformation [0, T ] → [a, b] ).

Theorem 1.13 For every (x_0, u) ∈ Z × G_L(a, b ; X) there exists a unique solution ξ ∈ BV_L(a, b ; X) to Problem ( P ), and the inequality |ξ(t+) − ξ(t)| ≤ |u(t+) − u(t)| (1.29) holds for every t ∈ [a, b] . Moreover, if {(x^n_0 , u_n) ; n ∈ N } is a sequence in Z ×G_L(a, b ; X) such that |x^n_0 − x_0| → 0 , ‖u_n − u‖_{[a,b]} → 0 as n → ∞ , and if ξ_n, ξ are the solutions corresponding to the data (x^n_0 , u_n), (x_0, u) , respectively, then ‖ξ_n − ξ‖_{[a,b]} → 0 , and there exists a constant C > 0 independent of n such that Var_{[a,b]} ξ_n ≤ C .

The solution mapping p_Z : Z × G_L(a, b ; X) → BV_L(a, b ; X) : (x_0, u) → ξ , (1.30) is called the play operator. As a consequence of (1.29), we see in particular that ξ := p_Z [x_0, u] is continuous if u is continuous, hence it is a natural extension of the classical play operator which has many applications in hysteresis modelling, in particular in plasticity, piezoelectricity, ferromagnetism etc., see [3, 11, 14, 21] and the references therein. The following useful statement has been proved in [13, Lemma 4.2].

Proposition 1.14 Let (x_0, u) ∈ Z × G_L(a, b ; X) be given and let ξ = p_Z [x_0, u] . Then for every a ≤ s < t ≤ b we have ∫_t s ⟨u(τ+) − ξ(τ+) − y(τ), dξ(τ)⟩ ≥ 0 ∀y ∈ G(s, t; Z) . (1.31) 2 Main results

We start by introducing some definitions. By R^+ we denote the open interval ]0, ∞[ .

Definition 2.1 Let U ⊂ G(a, b ; X) be an arbitrary set, and let Γ : R^+ → R^+ be an arbitrary function. Then U is said to have

(i) uniformly bounded ε -variation if there exists a non-increasing function L : R^+ → R^+ such that ∀ε > 0 ∀u ∈ U ∃ψ ∈ BV (a, b ; X) : ‖u − ψ‖_{[a,b]} ≤ ε , Var_{[a,b]} ψ ≤ L(ε) . (2.1)

(ii) uniformly bounded oscillation if

– there exists a constant R > 0 such that |u(t) − u(s)| ≤ R ∀u ∈ U ∀s, t ∈ [a, b] , (2.2) – there exists a non-increasing function N : R^+ → R^+ such that for every r > 0 and every system { ]a_k, b_k[ ; k = 1, . . . , m} of pairwise disjoint intervals ]a_k, b_k[ ⊂ [a, b] the implication ( |u(b_k) − u(a_k)| ≥ r ∀k = 1, . . . , m ) ⇒ m ≤ N(r) (2.3) holds for every u ∈ U .

(iii) uniformly bounded Γ -variation if for every partition a = t_0 < t_1 < . . . < t_m = b we have m∑ j=1 Γ(|u(t_j) − u(t_{j−1})|) ≤ 1 ∀u ∈ U .

We now state the first main result of this paper.

Theorem 2.2 Let U ⊂ G(a, b ; X) be a given set. Then the following three conditions are equivalent.

(i) U has uniformly bounded ε -variation. (ii) U has uniformly bounded oscillation.

(iii) There exists a non-decreasing function Γ : R^+ → R^+ such that Γ(+∞) = +∞ , and U has uniformly bounded Γ -variation.

The equivalence (i) ⇔ (iii) restricted to continuous inputs along with quantitative estimates has been established in [19, Theorem 17] in the power law case Γ(r) = Cr^p with C > 0 and p ≥ 1 . The concept of uniformly bounded ε -variation has been introduced in [7, Definition 3.3] with the intention to extend the Helly Selection Principle to regulated functions. For our purposes, we state this result in the following form.

Proposition 2.3 Let {f_n ; n ∈ N } be a bounded sequence of functions from G(a, b ; X) which has uniformly bounded ε -variation. Then there exist f ∈ G(a, b ; X) and a subsequence {f_{nk} } of {f_n} such that f_{nk} (t) converge weakly to f(t) as k → ∞ for every t ∈ [a, b] .

The original reference goes back to [7, Theorem 3.8] in the case dim X < ∞ . The extension to a general Hilbert space X has been done in [13, Theorem 5.2].

Definition 2.4 A sequence {f_n} in G(a, b ; X) is said to wbo -converge to a function f ∈ G(a, b ; X) , if the set {f_n ; n ∈ N } has uniformly bounded oscillation and f_n(t) → f(t) as n → ∞ weakly in X for every t ∈ [a, b] .

The following equivalence statement reflects the “weak” character of the wbo -convergence. Theorem 2.5 Let f ∈ G(a, b ; X) be given, and let {f_n ; n ∈ N } be a bounded sequence in G(a, b ; X) such that f_n(t) → f(t) weakly in X for every t ∈ [a, b] . Then the following two conditions are equivalent.

(i) f_n have uniformly bounded oscillation;

(ii) For every sequence {g_n} in BV (a, b ; X) such that ‖g_n − g‖_{[a,b]} → 0 as n → ∞ and Var_{[a,b]} g_n ≤ C independently of n we have ∫_b a ⟨f_n(t), dg_n(t)⟩ → ∫_b a ⟨f(t), dg(t)⟩ . Representation formulas for bounded linear functionals on G_L(a, b ; X) using the Kurzweil integral have been derived for the first time in [20]. We prove in the next section the following extension to the whole space G(a, b ; X) . To this end, we denote by BV_0(a, b ; X) the closed subspace of BV (a, b ; X) consisting of all functions μ ∈ BV (a, b ; X) which vanish everywhere except on a countable set.

Theorem 2.6 Let P : G(a, b ; X) → R be a bounded linear functional. Then there exist uniquely determined functions μ ∈ BV_0(a, b ; X) and f, f̂ ∈ BV (a, b ; X) such that μ(b) = f(b) , μ(a) = f̂(a) , and for every g ∈ G(a, b ; X) we have P (g) = ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ − ∑ t∈[a,b] ⟨μ(t), g(t+) − g(t)⟩ , (2.4)

P (g) = ⟨ f̂(b), g(b) ⟩ − ∫_b a ⟨ f̂(t), dg(t) ⟩ + ∑ t∈[a,b] ⟨μ(t), g(t) − g(t−)⟩ . (2.5) Moreover, the norm ‖P ‖ = sup{P (g) ; g ∈ G(a, b ; X) , ‖g‖_{[a,b]} ≤ 1} (2.6) of P satisfies the estimates ‖P ‖ ≤ |μ(a)| + |f(b)| + Var_{[a,b]} f + Var_{[a,b]} μ ≤ 3 ‖P ‖ , (2.7) ‖P ‖ ≤ |f̂(a)| + |μ(b)| + Var_{[a,b]} f̂ + Var_{[a,b]} μ ≤ 3 ‖P ‖ . (2.8) In particular, the dual G(a, b ; X)^′ to G(a, b ; X) is isomorphic to each of the two spaces V_b = {(f, μ) ∈ BV (a, b ; X) × BV_0(a, b ; X) ; f(b) = μ(b)} and V_a = {(f̂, μ) ∈ BV (a, b ; X) × BV_0(a, b ; X) ; f̂(a) = μ(a)} .

Note that in (2.4) – (2.5), we sum over a countable set, and ∑ t∈[a,b] |μ(t)| ≤ Var [a,b] μ < ∞ , hence the formula is meaningful. Furthermore, identities (2.4) – (2.5) imply that arbitrary functionals P_R ∈ G_R(a, b ; X)^′ , P_L ∈ G_L(a, b ; X)^′ admit representations of the form P_R(g) = ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ for g ∈ G_R(a, b ; X) , (2.9) P_L(g) = ⟨ f̂(b), g(b) ⟩ − ∫_b a ⟨ f̂(t), dg(t) ⟩ for g ∈ G_L(a, b ; X) (2.10) with functions f, f̂ ∈ BV (a, b ; X) . We will see in the proof of Theorem 2.6 that f, f̂ are also uniquely determined. Moreover, by virtue of Theorem 1.9, we have

‖P_R‖ = |f(b)| + Var_{[a,b]} f , ‖P_L‖ = |f̂(a)| + Var_{[a,b]} f̂ , (2.11)

hence both G_R(a, b ; X)^′ , G_L(a, b ; X)^′ are isometrically isomorphic to BV (a, b ; X) . This is a slight improvement with respect to Theorem 3.8 of [20], where bounded linear functionals P_L on G_L(a, b ; R) (with an obvious extension to X -valued functions) are represented in the form P_L(g) = ⟨c, g(a)⟩ + ∫_b a ⟨p(t), dg(t)⟩ (2.12) with a vector c ∈ X and a function p ∈ BV (a, b ; X) . We thus “save” one component, although (2.12) is indeed (note that g is left-continuous!) equivalent to (2.10) with f̂(t) = c − p(t) χ_{[a,b[} (t) . Let us recall also the Riesz Representation Theorem (see [9, Chapter 4, §6] for real-valued functions) which states that every bounded linear functional P_C on C(a, b ; X) can be represented in a unique way as

P_C (g) = ∫_b a ⟨g(t), df^∗(t)⟩ ∀g ∈ C(a, b ; X) , ‖P_C ‖ = Var_{[a,b]} f^∗ (2.13) with some f^∗ ∈ BV (a, b ; X) such that f^∗(0) = 0 and f^∗(t) = (f^∗(t+) + f^∗(t−))/2 for all t ∈ ]a, b[ . Note that this also follows from (2.10) if we put f_∗(t) = f̂(t) − f̂(a) χ_{{a}} (t) , f^∗(t) = (f_∗(t+)+f_∗(t−))/2 for t ∈ ]a, b[ , f^∗(t) = f_∗(t) for t = a, b , and integrate by parts using Theorem 1.11. A natural question is whether a functional P on G_L(a, b ; X) or G_R(a, b ; X) can also be represented in the form P (g) = ⟨f(b), g(b)⟩ − ∫_b a ⟨g(t), df(t)⟩ , (2.14) P (g) = ⟨ f̂(a), g(a) ⟩ + ∫_b a ⟨ g(t), df̂(t) ⟩ (2.15)

analogous to (2.13) with functions f, f̂ ∈ BV (a, b ; X) . The answer is in general negative. It suffices to consider the functional P_R(g) = ⟨g(s−), v⟩ for some fixed s ∈ ]a, b[ and 0 ≠ v ∈ X , which satisfies (2.4) with μ ≡ 0 and f = v χ_{[a,s[} . On the other hand, the sequence {g_n} , g_n(t) = v χ_{[sn,s[} (t) , s_n ↗ s has uniformly bounded oscillation and g_n(t) → 0 for every t ∈ [a, b] , hence ∫_b a ⟨g_n(t), df(t)⟩ → 0 for every f ∈ BV (a, b ; X) according to Theorem 2.5, but P_R(g_n) = |v|^2 for every n ∈ N in contradiction with (2.14), (2.15). The same argument applies to the functional P_L(g) = ⟨g(s+), v⟩, with g_n(t) = v χ_{]s,sn]} (t) and s_n ↘ s .

In the above example, the functions g_n wbo -converge to 0 , but do not converge weakly in the usual sense. On the other hand, the functions

ĝ_n = 2^n−1∑

k=2^{n−1}+1

v χ_{[a+(1/k)−2}−2n_{, a+(1/k)[} (2.16)

for n ≥ n_0 sufficiently large with a fixed vector 0 ≠ v ∈ X provide an example of a sequence in G_R(a, b ; X) which does not have uniformly bounded oscillation, but ĝ_n(t) → 0 as n → ∞ for every t ∈ [a, b] and P_R(ĝ_n) → 0 for every P_R ∈ G_R(a, b ; X)^′ . Indeed, for every functional P_R of the form (2.9) we have |P_R(ĝ_n)| ≤ |v| 2^n−1∑

k=2^{n−1}+1 | | |f ( a + 1 k ) − f ( a + 1 k − 2^{−2n} )| | | ≤ |v| Var [a+2^{−n}, a+2^{1−n} ]

f . (2.17)

This yields that_∞ ∑ n=n_0 |P_R(ĝ_n)| ≤ |v| Var_{[a,b]} f < ∞ , (2.18) hence P_R(ĝ_n) → 0 as n → ∞ . We see that there is no direct implication between the weak and the wbo -convergence in G_R(a, b ; X) or G_L(a, b ; X) .

We conclude this section by two statements illustrating in a different way the duality between G(a, b ; X) and BV (a, b ; X) with respect to convergences in Theorem 2.5.

Theorem 2.7 Let P : G(a, b ; X) → R be a bounded linear functional. Then the following two conditions are equivalent.

(i) P (g_n) → P (g) for every wbo -convergent sequence g_n → g in G(a, b ; X) ;

(ii) There exist f, f̂ ∈ BV (a, b ; X) such that for every g ∈ G(a, b ; X) the identities (2.14), (2.15) hold.

Theorem 2.8 Let Q_L : BV_L(a, b ; X) → R be a bounded linear functional. Then the following two conditions are equivalent.

(i) Q_L(g_n) → Q_L(g) for every sequence {g_n} in BV_L(a, b ; X) such that ‖g_n − g‖_{[a,b]} → 0 as n → ∞ and Var_{[a,b]} g_n ≤ C independently of n ;

(ii) There exists f̂ ∈ G(a, b ; X) such that

Q_L(g) = ⟨ f̂(b), g(b) ⟩ − ∫_b a ⟨ f̂(t), dg(t) ⟩ ∀g ∈ BV_L(a, b ; X) . (2.19) The next section is devoted to proofs of the results listed above.

3 Proofs of main results

Before passing to the proof of Theorem 2.2, we need the following auxiliary result which uses the concept of play operator defined in (1.30). In its proof we develop an idea which goes back to A. Vladimirov, see [10, Section 19] or [19, Theorem 11], cf. also [15, Chapter 2]. and [13, Lemma 4.4].

Lemma 3.1 Let Z ⊂ X be a convex closed set with B_r(0) ⊂ Z for some r > 0 , and let K > 0 be given. Let p_Z : Z × G_L(a, b ; X) → BV_L(a, b ; X) be the play operator with characteristic Z . Let U ⊂ G_L(a, b ; X) be a set with uniformly bounded oscillation. Then there exists C > 0 such that Var_{[a,b]} p_Z [x^0, u] ≤ C (3.1)

for every x^0 ∈ Z ∩ B_K (0) and every u ∈ U .

Proof of Lemma 3.1 . Let x^0 ∈ Z ∩ B_K (0) and u ∈ U be arbitrary. We define the set S = {t ∈ ]a, b] ; |u(t+) − u(t)| > r} . (3.2) Then S = {s_i}^p_{i=1} with a < s_1 < . . . < s_p < b , 0 ≤ p ≤ N(r) (3.3) by Definition 2.1 (ii). We put s_0 = a , s_{p+1} = b , and for i = 1, . . . , p + 1 define recursively the sequences t^i_0 = s_{i−1} , (3.4) t^i_k = sup{t ∈ ]t^i_{k−1}, b] ; |u(τ) − u(t^i_{k−1}+)| ≤ r/2 ∀τ ∈ ]t^i_{k−1}, t[ } (3.5) as long as t^i_{k−1} < s_i . It follows from (3.5) that t^i_k ≤ s_i . Indeed, assuming t^i_k > s_i would imply |u(s_i) − u(t^i_{k−1}+)| ≤ r/2 , |u(s_i+) − u(t^i_{k−1}+)| ≤ r/2 , hence |u(s_i+) − u(s_i)| ≤ r in contradiction with (3.2).

Let us consider now a fixed i ∈ {1, . . . , p + 1} , and assume that for some q ∈ N we have s_{i−1} = t^i_0 < t^i_1 < . . . < t^i_q < s_i . For each k = 1, . . . , q we have by (3.5) that |u(t^i_k+)−u(t^i_{k−1}+)| ≥ r/2 . We can thus find points a^i_k < t^i_k ≤ b^i_k , a^i_k ≥ b^i_{k−1} , such that |u(b^i_k) − u(a^i_k)| ≥ r/4 for k = 1, . . . , q . (3.6) The uniformly bounded oscillation hypothesis then implies that q ≤ N(r/4) . For each i = 1, . . . , p + 1 there exists therefore q_i ∈ N such that s_{i−1} = t^i_0 < t^i_1 < . . . < t^i_{qi} = s_i , q_i ≤ q^∗ := N(r/4) + 1 . (3.7) Consider now a fixed k ∈ {1, . . . , q_i} . By Lemma 1.14 we have for every y ∈ G(a, b ; Z) , and ε ∈ ]0, (t^i_k − t^i_{k−1})/2[ that ∫_ti_{k −ε} t^i_{k−1}+ε ⟨u(τ+) − ξ(τ+) − y(τ), dξ(τ)⟩ ≥ 0 . (3.8) In particular, we may choose an arbitrary w ∈ S(0, T ; B_1(0)) and put in (3.8) y(τ) = ( u(τ+) − u(t_{k−1}+) + r 2 w(τ) ) χ_{]t}i_{k−1,t}i_{k [} (τ) Indeed, then ‖y‖_{[a,b]} ≤ r according to (3.5), hence y(τ) ∈ Z for all τ ∈ [a, b] . Then (3.8) yields r 2 ∫_ti_{k−ε} t^i_{k−1}+ε ⟨w(τ), dξ(τ)⟩ ≤ ∫_ti_{k −ε} t^i_{k−1}+ε ⟨ u(t^i_{k−1}+) − ξ(τ+), dξ(τ) ⟩

and from Theorem 1.8 and Corollary 1.12 it follows that r Var [t^i_{k−1}+ε,t^i_k−ε] ξ ≤ |u(t^i_{k−1}+) − ξ(t^i_{k−1} + ε)|^2 − |u(t^i_{k−1}+) − ξ(t^i_k − ε)|^2 . Letting ε → 0 (note that ξ is left-continuous), we obtain on the one hand that |u(t^i_{k−1}+) − ξ(t^i_{k−1}+)| ≥ |u(t^i_{k−1}+) − ξ(t^i_k)| , (3.9) and, on the other hand, r Var_{[tik−1,tik ]} ξ ≤ r |ξ(t^i_{k−1}+) − ξ(t^i_{k−1})| + |u(t^i_{k−1}+) − ξ(t^i_{k−1}+)|^2 (3.10) for every i = 1, . . . , p + 1 and k = 1, . . . , q_i .

We now denote x^i_k = u(t^i_k) − ξ(t^i_k) ∈ Z , x^{i+}_k = u(t^i_k+) − ξ(t^i_k+) ∈ Z whenever it makes sense. Then it follows from (3.9) |x^i_k| ≤ |x^{i+}_{k−1}| + |u(t^i_k) − u(t^i_{k−1}+)| ≤ |x^{i+}_{k−1}| + R for k = 1, . . . , q_i . (3.11) On the other hand, inequality (1.29) yields |x^{i+}_{k−1}| ≤ |x^i_{k−1}| + 2 |u(t^i_{k−1}+) − u(t^i_{k−1})| ≤ |x^i_{k−1}| + 2R for k = 1, . . . , q_i . (3.12) Summing up the above inequalities over k , we obtain that |x^i_k| ≤ |x^i_0| + 3Rq^∗ for all i = 1, . . . , p + 1 and k = 1, . . . , q_i , hence |x^{i+1}_0 | = |x^i_{qi} | ≤ |x^i_0| + 3Rq^∗ for i = 1, . . . , p , and |x^i_k| ≤ |x^0| + 3(p + 1)Rq^∗ ≤ K + 3(p + 1)Rq^∗ , (3.13) |x^{i+}_{k−1}| ≤ K + 2R + 3(p + 1)Rq^∗ (3.14) for all i = 1, . . . , p + 1 and k = 1, . . . , q_i . From (1.29), (3.10) and (3.14) it further follows that Var [t^i_{k−1},t^i_k ] ξ ≤ |u(t^i_{k−1}+) − u(t^i_{k−1})| + 1 r |x^{i+}_{k−1}|^2 ≤ R + 1 r (K + 2R + 3(p + 1)Rq^∗)^2 (3.15) independently of k and i . Summing up the above inequality over k and i we thus obtain Var_{[a,b]} ξ ≤ (1 + p)q^∗ ( R + 1 r (K + 2R + 3(p + 1)Rq^∗)^2 ) (3.16) which together with (3.3) and (3.7) completes the proof. ■

Proof of Theorem 2.2.

(i) ⇒ (ii) Let U have uniformly bounded ε -variation, and let ]a_k, b_k[ , k = 1, . . . , m be pairwise disjoint subintervals of [a, b] such that for some u ∈ U and r > 0 we have |u(b_k) − u(a_k)| ≥ r . For ε = r/4 we find ψ_ε ∈ BV (a, b ; X) such that ‖u − ψ_ε‖_{[a,b]} ≤ r/4 , Var_{[a,b]} ψ_ε ≤ L(r/4) . Then L(r/4) ≥ m∑ k=1 |ψ_ε(b_k) − ψ_ε(a_k)| ≥ m∑ k=1 (|u(b_k) − u(a_k)| − r/2) ≥ mr 2 , hence m ≤ 2/rL(r/4) . We now repeat the argument with ε = 1 , and for each a ≤ s < t ≤ b we obtain |u(t) − u(s)| ≤ 2 + |ψ_1(t) − ψ_1(s)| ≤ 2 + Var_{[a,b]} ψ_1 ≤ 2 + L(1) , and the assertion is proved.

(ii) ⇒ (i) Assume that U has uniformly bounded oscillation, and consider an arbitrary ε > 0 . For t ∈ [a, b] and u ∈ U put u_−(t) := u(t−) , ξ(t) := p_Z [0, u_−](t) with Z = B_{ε/2}(0) . The set

U_− = {u_− ; u ∈ U} has uniformly bounded oscillation, and by Lemma 3.1 there exists C_ε > 0 independent of u such that Var_{[a,b]} ξ ≤ C_ε , ‖u_− − ξ‖_{[a,b]} ≤ ε/2 . (3.17) For u ∈ U we introduce the set S(u) = {t ∈ [a, b] ; u(t) ≠ u_−(t)} , S_ε(u) = {t ∈ [a, b] ; |u(t) − u_−(t)| ≥ ε/2} , (3.18) and define the function ψ(t) := ξ(t) + (u(t) − u_−(t)) χ_{Sε(u)} (t) . (3.19) By hypothesis of uniformly bounded oscillation, the number of elements #S_ε(u) of S_ε(u) is bounded above by a constant independent of u , say, #S_ε(u) ≤ N(ε/4) , (3.20) hence Var_{[a,b]} ψ ≤ Var_{[a,b]} ξ + 2 ∑ t∈S_ε(u) |u(t) − u_−(t)| ≤ C_ε + 2RN(ε/4) . (3.21) We moreover have |u(t) − ψ(t)| = { |u_−(t) − ξ(t)| ≤ ε/2 for t ∈ [a, b] \ (S(u) \ S_ε(u)) , |u(t) − u_−(t) + u_−(t) − ξ(t)| ≤ ε for t ∈ S(u) \ S_ε(u) , (3.22) hence U has uniformly bounded ε -variation, and the implication follows. (ii) ⇒ (iii) Let U have uniformly bounded oscillation with a function N(r) and bound R . We define a function Γ by the formula

Γ(r) = 1 2^k N(R/k) for r ∈ ]_R k ,^R_{k−1} ] , k = 2, 3, . . . , Γ(R) + r − R for r > R . (3.23)

Let u ∈ U and a = t_0 < . . . < t_m = b be arbitrary, and let A_k be the sets

A_k = { j ∈ {1, . . . , m} ; |u(t_j) − u(t_{j−1})| ∈ ] R k , R k − 1 ]} for k = 2, 3, . . . (3.24) The number of elements of A_k does not exceed N(R/k) , and we have m∑ j=1 Γ(|u(t_j) − u(t_{j−1})|) = ∞∑ k=2 ∑ j∈A_k Γ(|u(t_j) − u(t_{j−1})|) ≤ ∞∑ k=2 N ( R k ) Γ ( R k − 1 ) ≤ 1 , (3.25)

which we wanted to prove.

(iii) ⇒ (ii) This part is easy. Let ]a_k, b_k[ , k = 1, . . . , m be pairwise disjoint subintervals of [a, b] such that for some u ∈ U and r > 0 we have |u(b_k) − u(a_k)| ≥ r . Then 1 ≥ m∑ k=1 Γ(|u(b_k) − u(a_k)|) ≥ m Γ(r) , (3.26)

hence m ≤ 1/Γ(r) . Furthermore, for each a ≤ s < t ≤ b we have Γ(|u(t) − u(s)|) ≤ 1 , hence |u(t) − u(s)| ≤ sup{r ≥ 0 ; Γ(r) ≤ 1} , and the proof is complete. ■

Proof of Theorem 2.5.

The implication (i) ⇒ (ii) has been established in Proposition 5.4 of [13]. We only prove

here the converse. Assume that ∫_b a ⟨f_n(t), dg_n(t)⟩ → ∫_b a ⟨f(t), dg(t)⟩ for every sequence {g_n}

in BV (a, b ; X) such that ‖g_n − g‖_{[a,b]} → 0 as n → ∞ and Var_{[a,b]} g_n ≤ C independently of n , and that f_n(t) → f(t) weakly in X for every t ∈ [a, b] . To check that the sequence {f_n} has uniformly bounded oscillation, we proceed by contradiction. Consider a sequence of pairwise disjoint intervals ]a^n_k , b^n_k [ , k = 1, . . . , m(n) in [a, b] such that for some r > 0 we have |f_n(b^n_k ) − f_n(a^n_k )| ≥ r for all n and k , and assume that lim sup_{n→∞} m(n) = ∞ . We find v^n_k ∈ B_1(0) such that ⟨v^n_k , f_n(b^n_k ) − f_n(a^n_k )⟩ = |f_n(b^n_k ) − f_n(a^n_k )| for all n and k , and set

g_n(t) = 1 m(n) m(n)∑

k=1 v^n_k χ_{]a}n_{k ,b}n_{k [} (t)

for n ∈ N and t ∈ [a, b] . Then Var_{[a,b]} g_n ≤ 2 , there exists a subsequence of {g_n} which converges uniformly to 0 , and ∫_b a ⟨f_n(t), dg_n(t)⟩ = 1 m(n) m(n)∑

k=1 |f_n(b^n_k ) − f_n(a^n_k )| ≥ r which is a contradiction. ■

Proof of Theorem 2.6.

It suffices to prove (2.4); (2.5) is then obtained by putting

f̂(t) = f(a) − f(t) + μ(t) . (3.27)

Then f̂(b) = f(a) , f̂(a) = μ(a) . As an easy consequence of Propositions 1.7 (i) and 1.10, we have for every g ∈ G(a, b ; X) the identity ∫_b a ⟨μ(t), dg(t)⟩ = ∑ t∈[a,b] ⟨μ(t), g(t+) − g(t−)⟩ , (3.28) and (2.5) follows.

In the proof of (2.4) we proceed analogously as in the Riesz Representation Theorem in [9]. For each fixed t ∈ [a, b] , the mappings v → P (v χ_{[t,b]} ) , v → P (v χ_{{t}} ) are bounded linear functionals on X . There exist therefore elements denoted by f(t) , μ(t) , respectively, such that ⟨f(t), v⟩ = P (v χ_{[t,b]} ) , ⟨μ(t), v⟩ = P (v χ_{{t}} ) ∀v ∈ X . (3.29) For an arbitrary partition a = t_0 < t_1 < . . . < t_m = b and an arbitrary sequence c_0, c_1, . . . , c_m ∈ B_1(0) we have | | | | | m∑ j=1 ⟨f(t_j) − f(t_{j−1}), c_j⟩ | | | | | = | | | | | P m∑ j=1 c_jχ_{[tj−1,tj [} | | | | | ≤ ‖P ‖ , (3.30) | | | | | m∑ j=0 ⟨μ(t_j ), c_j⟩ | | | | | = | | | | | P m∑ j=0 c_jχ_{{tj }} | | | | | ≤ ‖P ‖ , (3.31) hence f ∈ BV (a, b ; X) , μ ∈ BV (a, b ; X) , μ(t) ≠ 0 in at most countably many points. Furthermore, for every function g ∈ S(a, b ; X) of the form g = m∑ j=0 ĉ_j χ_{{tj }} + m∑ j=1 c_j χ_{]tj−1,tj [} (3.32)

with any choice of the partition a = t_0 < t_1 < . . . < t_m = b and of the sequences ĉ_0, ĉ_1, . . . , ĉ_m , c_1, . . . , c_m ∈ X we have P (c_j χ_{]tj−1,tj [} ) = ⟨f(t_{j−1}) − f(t_j) − μ(t_{j−1}), c_j⟩ , hence P (g) = ⟨μ(b), ĉ_m⟩ + m−1∑ j=0 ⟨μ(t_j), ĉ_j − c_{j+1}⟩ − m∑ j=1 ⟨f(t_j ) − f(t_{j−1}), c_j⟩ . (3.33)

On the other hand, Proposition 1.7 yields ∫_b a ⟨f(t), dg(t)⟩ = ⟨f(b), ĉ_m⟩ − ⟨f(a), ĉ_0⟩ − m∑ j=1 ⟨f(t_j) − f(t_{j−1}), c_j ⟩ , (3.34)

hence (note that f(b) = μ(b) ) P (g) = ⟨f(a), ĉ_0⟩ + ∫_b a ⟨f(t), dg(t)⟩ + m−1∑ j=0 ⟨μ(t_j), ĉ_j − c_{j+1}⟩ (3.35)

which is nothing but formula (2.4) for every g ∈ S(a, b ; X) of the form (3.32). Every function g ∈ G(a, b ; X) can be approximated by a uniformly convergent sequence of functions from S(a, b ; X) , hence, by Theorem 1.9, identity (2.4) holds for every g ∈ G(a, b ; X) . The uniqueness of f , f̂ , μ is easy. Assume for instance that ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ − ∑ t∈[a,b] ⟨μ(t), g(t+) − g(t)⟩ = 0 ∀g ∈ G(a, b ; X) . (3.36) Choosing in (3.36) g(t) = g_s(t) := μ(s) χ_{{s}} (t) for s ∈ [a, b[ and t ∈ [a, b] we obtain from Proposition 1.7 that μ(s) = 0 for all s ∈ [a, b[ . Similarly, the choice g(t) = g̃_s(t) := f(s) χ_{[s,b]} (t) for s ∈ [a, b] and t ∈ [a, b] yields that f(s) = 0 for all s ∈ [a, b] , hence also μ(b) = f(b) = 0 . The uniqueness of f̂ can be obtained similarly. Note that the functions g̃_s are right-continuous. The same argument therefore confirms the uniqueness in the representation formulas (2.9), (2.10).

We now pass to the proof of (2.7). From Theorem 1.9 it immediately follows that ‖P ‖ ≤ |f(b)| + Var_{[a,b]} f + 2 ∑ t∈[a,b[ |μ(t)| ≤ |μ(a)| + |f(b)| + Var_{[a,b]} f + Var_{[a,b]} μ . (3.37)

Conversely, for every ε > 0 we use Theorem 1.9 and find g_ε ∈ G(a, b ; X) , ‖g_ε‖_{[a,b]} ≤ 1 , such that ⟨f(a), g_ε(a)⟩ + ∫_b a ⟨f(t), dg_ε(t)⟩ > |f(b)| + Var_{[a,b]} f − ε . (3.38) We construct a finite set D_ε ⊂ [a, b] , D_ε = {t^ε_1, . . . , t^ε_{m(ε)}} , such that a ∈ D_ε if μ(a) ≠ 0 , b ∈ D_ε if μ(b) ≠ 0 , μ(t^ε_i ) ≠ 0 for i = 1, . . . , m(ε) and ∑ t∈[a,b]\D_ε |μ(t)| < ε 2 . (3.39)

Let λ_ε be the function

λ_ε(t) = m(ε)∑

i=1 ( g_ε(t^ε_i +) − g_ε(t^ε_i ) + 2 μ(t^ε_i ) |μ(t^ε_i )| ) χ_{{t}ε_{i }} (t) for t ∈ [a, b] , (3.40)

and set g(t) = g_ε(t) + λ_ε(t) for t ∈ [a, b] . (3.41)

Proposition 1.7 yields (note that ⟨f(b), λ_ε(b)⟩ = 2|μ(b)| = 2|f(b)|) ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ = ⟨f(a), g_ε(a)⟩ + ∫_b a ⟨f(t), dg_ε(t)⟩ +2|f(b)| . (3.42) Furthermore, for i = 1, . . . , m(ε) , t^ε_i ≠ b we have

⟨μ(t^ε_i ), g(t^ε_i +) − g(t^ε_i )⟩ = ⟨μ(t^ε_i ), g_ε(t^ε_i +) − g_ε(t^ε_i ) − λ_ε(t^ε_i )⟩ = −2|μ(t^ε_i )| , (3.43)

hence, by virtue of (3.39) – (3.40), − ∑ t∈D_ε ⟨μ(t), g(t+) − g(t)⟩ = 2 ∑ t∈D_ε\{b} |μ(t)| ≥ |μ(a)| + Var_{[a,b]} μ−|μ(b)| − ε , (3.44) | | | | | ∑ t∈[a,b]\D_ε ⟨μ(t), g(t+) − g(t)⟩ | | | | | ≤ 2 ∑ t∈[a,b[ \D_ε |μ(t)| ≤ ε . (3.45) From (3.38), (3.42), and (3.44) – (3.45) it follows that P (g) = ⟨f(a), g(a)⟩ + ∫_b a ⟨f(t), dg(t)⟩ − ∑ t∈[a,b] ⟨μ(t), g(t+) − g(t)⟩ (3.46) ≥ |μ(a)| + |f(b)| + Var_{[a,b]} f + Var_{[a,b]} μ − 3ε , hence |μ(a)| + |f(b)| + Var_{[a,b]} f + Var_{[a,b]} μ ≤ ‖P ‖ ‖g‖_{[a,b]} + 3ε ≤ 3 (‖P ‖ + ε) . (3.47) Since ε is arbitrary, we obtain (2.7) from (3.37) and (3.47). The proof of (2.8) is analogous. ■

Proof of Theorem 2.7.

The implication (ii) ⇒ (i) follows from Theorem 2.5 with g_n ≡ g . To prove the converse, we define the functions f , f̂ , and μ as in (3.29), (3.27). For every v ∈ X and every t ∈ [a, b[ we have by hypothesis P (v χ_{]t,b]} ) = lim_{s→t+} P (v χ_{[s,b]} ) , hence f(t) = f(t+) + μ(t) , and similarly for t ∈ ]a, b] we have P (v χ_{[t,b]} ) = lim_{s→t−} P (v χ_{[s,b]} ) , hence f(t) = f(t−) . We now invoke the integration-by-parts formula (1.26) which in combination with (2.4) yields (2.14). Using the fact that μ(t+) = 0 for t ∈ [a, b[ , μ(t−) = 0 for t ∈ ]a, b] , we obtain from (3.27) that f̂(t) = f̂(t−) + μ(t) , f̂(t) = f̂(t+) for every t ∈ [a, b] , and argue as above to obtain (2.15). ■

Proof of Theorem 2.8.

The implication (ii) ⇒ (i) follows again from Theorem 2.5 with f_n ≡ f̂ . To prove the converse, we argue as in the proof of Theorem 2.6 and define the function f̂ : [0, T ] → X by the formula ⟨ f̂(t), v ⟩ = Q_L(v χ_{[a,t]} ) ∀v ∈ X ∀t ∈ [a, b] . (3.48) We check by contradiction that f̂ ∈ G(a, b ; X) . Assuming that there exist t ∈ ]a, b] , δ > 0 , and sequences s_j ↗ t , t_j ↗ t , s_j < t_j < s_{j+1} < t_{j+1} for all j ∈ N , such that |f̂(t_j)−f̂(s_j )| ≥ δ , it suffices to choose v_j ∈ X in such a way that ⟨ f̂(t_j ) − f̂(s_j ), v_j ⟩ = |f̂(t_j ) − f̂(s_j )| , |v_j | = 1 ∀j ∈ N , and put g_n = 2^{−n}

2^n∑

j=2^{n−1}+1

v_j χ_{]sj ,tj ]} for n ∈ N . (3.49)

Then ‖g_n‖_{[a,b]} → 0 , Var_{[a,b]} g_n = 1 for n ∈ N , and

Q_L(g_n) = 2^{−n}

2^n∑

j=2^{n−1}+1 ⟨ v_j , f̂(t_j ) − f̂(s_j ) ⟩ ≥ δ 2 which is a contradiction. This implies that f̂(t−) exists for all t ∈ ]a, b] . We analogously prove that f̂(t+) exists for all t ∈ [a, b[ by considering sequences s_j ↘ t , t_j ↘ t , s_j > t_j > s_{j+1} > t_{j+1} for all j ∈ N , hence f̂ ∈ G(a, b ; X) . For each function g of the form

g = c_0 χ_{{a}} + m∑ j=1 c_j χ_{]tj−1,tj ]} , a = t_0 < t_1 < . . . < t_m = b (3.50)

we have by Proposition 1.7 that

Q_L(g) = ⟨ f̂(a), c_0 ⟩ + m∑ j=1 ⟨ f̂(t_j) − f̂(t_{j−1}), c_j ⟩ = ⟨ f̂(b), g(b) ⟩ − ∫_b a ⟨ f̂(t), dg(t) ⟩ . (3.51)

Each function g ∈ BV_L(a, b ; X) can be uniformly approximated by step functions g_n of the form (3.50) and such that Var_{[a,b]} g_n ≤ Var_{[a,b]} g , cf. e. g. [13, Proposition 1.3]. Passing to the limit as n → ∞ and using Proposition 1.10 we obtain the assertion. ■

References

[1] G. Aumann: Reelle Funktionen. Springer-Verlag, Berlin – Göttingen – Heidelberg, 1954. (In German) [2] H. Brezis: Opérateurs Maximaux Monotones. North-Holland Math. Studies, Amsterdam, 1973.

(In French) [3] M. Brokate, J. Sprekels: Hysteresis and Phase Transitions. Appl. Math. Sci., 121, Springer- Verlag, New York, 1996.

[4] P. Drábek, P. Krejčí, P. Takáč: Nonlinear Differential Equations. Research Notes in Mathematics, Vol. 404, Chapman & Hall/CRC, London, 1999.

[5] P. Dupuis, H. Ishii: On Lipschitz continuity of the solution mapping to the Skorokhod problem with applications. Stoch. and Stoch. Rep. 35, 31–62.

[6] L. C. Evans, R. F. Gariepy: Measure Theory and Fine Properties of Functions. CRC Press, Boca Raton, 1992.

[7] D. Fraňková: Regulated functions. Math. Bohem. 119 (1991), 20–59.

[8] T. H. Hildebrandt: Introduction to the Theory of Integration. Academic Press, New York and London, 1963.

[9] A. N. Kolmogorov, S. V. Fomin: Elements of the Theory of Functions and Functional Analysis.

Nauka, Moscow, 1968. (In Russian) [10] M. A. Krasnosel’skii, A. V. Pokrovskii: Systems with Hysteresis. Nauka, Moscow, 1983 (in Russian, English edition Springer 1989).

[11] P. Krejčí: Hysteresis, Convexity and Dissipation in Hyperbolic Equations. Gakuto Int. Ser. Math.

Sci. Appl., Vol. 8, Gakkōtosho, Tokyo, 1996.

[12] P. Krejčí: Hysteresis in singularly perturbed problems. (To appear) [13] P. Krejčí, Ph. Laurençot: Generalized variational inequalities. J. Convex Anal. 9 (2002), 159–183. [14] K. Kuhnen: Inverse Steuerung piezoelektrischer Aktoren mit Hysterese-, Kriech- und Superpositionsoperatoren. Shaker Verlag, Aachen, 2001. (In German) [15] M. D. P. Monteiro Marques: Differential Inclusions in Nonsmooth Mechanical Problems. Shocks and Dry Friction. Birkhäuser, Basel, 1993.

[16] Š. Schwabik: On the relation between Young’s and Kurzweil’s concept of Stieltjes integral. Časopis pěst. mat. 98 (1973), 237–251.

[17] Š. Schwabik: Abstract Perron-Stieltjes integral. Math. Bohem. 121 (1996), 425–447. [18] Š. Schwabik: Generalized Differential Equations. World Scientific, Singapore, 1992. [19] G. Tronel, A. A. Vladimirov: On BV -type hysteresis operators. Nonlinear Analysis 39 (2000), 79–98.

[20] M. Tvrdý: Regulated functions and the Perron-Stieltjes integral. Časopis pěst. mat. 114 (1989), 187–209.

[21] A. Visintin: Differential Models of Hysteresis. Springer, Berlin - Heidelberg, 1994.