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Global behaviour of solutions
to the wave equation with hysteresis
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115 67 Praha 1, Czechoslovakia

Abstract. The wave equation with a Preisach hysteresis operator can be considered as a
one-dimensional projection of Maxwell’s equations in a ferromagnetic medium. An initial-
boundary value problem for this equation is solved here with emphasizing the fact that
under a bounded forcing term the solutions remain bounded. This is due to the strong
dissipation of hysteresis energies. New proofs of hysteresis energy inequalities are given
without referring to the structure of hysteresis memory.

Introduction.

Hyperbolic equations with hysteresis operators appear in various problems of mathe-
matical physics (Maxwell’s equations, elastoplastic oscillations etc.). We present here a
qualitative study of an initial-boundary value problem for the equation

W(ut)t — Ugy = g(mv t)?

where ¢ is a given function and W is a Preisach hysteresis operator. It has been proved in
[5] that this equation is hyperbolic in the sense of finite speed of propagation of waves.

The present paper is divided into 9 sections. Sections 1-3 are devoted to the investiga-
tion of properties of the Preisach operator (representation, continuity, superposition and
inversion, energy inequalities). We introduce here a new approach which does not make
use of the structure of memory. This enables us to replace the assumptions of oddness
and ”virgin initial state” (cf. [5]) by weaker ones. The Preisach operator W is locally
represented by a superposition (Nemytskii) operator ® (Lemma (1.18)). The two hystere-
sis energy potentials still play a crucial role here. The assumption of convexity of loops
is interpreted in terms of ® as the requirement that u — ®(u) is convex if u increases
and concave if u decreases. Indeed, for a general Preisach operator this is true only if u
remains small during the whole history of the process (Lemma (3.1)). In §4 we investigate
parameter-dependent Preisach operators.

The main results of the paper are formulated in §5, namely the existence of global
solutions, sufficient conditions for uniqueness, regularity and asymptotic behaviour. Their
proofs are given in §§6-9.



1. Preisach operator

Let w € WH(0,T) be a given function and h > 0, 2% given numbers, |29 < h. The
problem of finding a function z;, € W1(0,T) such that

(1.1) (i) an(t) € [—h,h],t €[0,T],
(i1) (23, (t) = () (zn(t) —¢) <0 a.e.  Vy € [=h,h]
(4ii)  x,(0) = x)

has a unique solution (cf. e.g. [6]).
Let h > 0 be a given number. We introduce the sets

A:={AeWh>(0,00); |N(h)|<1ael,
A(h) :={N€A; Xh)=0for h > h}
of admissible initial states and we put
(1.2) z9 = sign (u(0) — A(h)) min {h, |u(0) — X(h)|}

for some \ € A.
The initial condition characterized by the function A = 0 is called reference (or virgin )
state .

The existence and uniqueness result for (1.1), (1.2) enables us to define an operator
fn(A(R)) : WHE0,T) — WHL(0,T) for every h > 0 and X € A by the formula

(1.3) So(u, M(R))(t) == xn(t),  t€[0,T],

where zj, is the solution of (1.1), (1.2).
The operator fj, is called stop . We further introduce the operator (I denote the identity)

(1.4) (5 A(R)) == T = fu(.; A(R))
which is called play (cf. [3], [9])-

It can be shown easily (cf. e.g. [6]) that I5(., A(h)), h( ,A(h)) are Lipschitz continuous
in WH1(0,T) and that for every A\, u € A, u,v € WH(0,T) we have

(1.5) [n (s A(R))(E) = U (v, p(h)) ()] < maz{[A(h) — p(h)]; |

where we denote ||w||(o4 = maz{|w(s)],0 < s < t}.
This implies immediately that {;,(., A(h)), frn(., A(h)) can be considered as Lipschitz con-
tinuous operators in C([0,77).

(1.6) Lemma. Let A € A(h),u € C([0,T)),t € [0,T] be given, ||ulljo,g < h. Put p(h) :=
In(u, A(h))(t) for every h > 0. Then p € A(h), u(0) = u(t).
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Proof. The Lipschitz continuity of [ (., A(h)) and the closedness of A(h) with respect to
the uniform convergence imply that it suffices to assume u to be smooth and piecewise
monotone.
More precisely, we assume that 0 =ty < t; < ... <ty = T is a partition of [0, 7] such
that u'(t) 7é 0 in (ti_l,ti),i = 1, ,N
For t € (ti—lati) (11) yields
min{xzy, (t;—1) + u(t) — u(t;—1), h} if u/(t) > 0,
(1.7) .%’h(t) = : /
max{xp(t;—1) + u(t) —u(ti—1),—h} ifu/(t) <O,
hence
max{ly(u, A\(h))(ti—1),u(t) — h if u/(t) > 0,
(18) lhmk(h))(t):{ . {ln(u, A(h))(ti-1), u(t) — h} | /()
min{lp (u, A(h))(t;—1),u(t) + h} if o/, (t) <O.

An easy induction argument completes the proof. [ ]

(1.9) Remark. Relations (1.7), (1.2) represent the standard definition of the stop for
piecewise monotone inputs (cf. [3]). The extension to arbitrary continuous inputs is then
possible by (1.5).

(1.10) Definition. Let p : R* — R',v : R' x [0,00) — RY,n € L}, (0,00),m0 €
L'(0,00),a > 0 be given such that

(1.11) @) ¥ € LR, 5 € L (R % (0.50))
(@) v(0,h) =0,
(i) () > g—;m B) = —no(h), (k) = me(h) = 0 ae.,
) P za ae

Let A € A(h) be a given initial state. The operators Wy, defined by the formula

(1.12) Wi(u)(t) == p(u(t)) + /Ooo v(ln(u, A(h))(t), h)dh

15 called a Preisach operator.
If p,v are linear with respect to p, i.e.

(1.13) p(p) =ap,  v(p,h) = pn(h)

then the Preisach operator W is called an Ishlinskii operator.

In the sequel we assume

(1.14) (1) /OT no(h)dh < « for every r > 0,
oo h poo
(i) hlirgo [h(a —/0 no(a) da) —|—/0 /b no(a) da db| = +o0
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(1.15) Remarks.
(i) It is easy to see that the Preisach operator W) is continuous in C([0,T7).
(ii) It can be shown ([5]) that formula (1.12) is equivalent to the standard definition of the
Preisach operator (cf. e.g. [2],[8]).
(iii) In general we need not require so much regularity for p,v (cf. [2]). Here, in application
to hyperbolic PDE’s, this regularity plays an important role.
We present here an alternative approach to the Preisach operator without referring to
the structure of memory. The philosophy is close to [2] in spite of important differences.
We first represent the Preisach operator locally by means of Nemytskii (superposition)
operators. According to [7] we introduce the identification function S(p,h) of the operator
W as the solution of the Cauchy problem

(1.16) (2) Shh — SQQ = l/(Q, h)
(4)  Sn(e,0) =p(o)
(iii)  S(0,0)=0

We have

1 o+ o+h—0b
(1.17) S(o,h) = 5/ £)dé + = / / (a,b)da db.
o—h o—

h-+b

(1.18) Lemma. Let u € C([0,T]) and [t1,t2] C [0,T] be given such that u is monotone in
[t1,t2]. Let Wy be a Preisach operator (1.12). Then there exists an absolutely continuous
increasing function ® depending only on {ly(u, A(h))(t1); h > 0} such that for every t €
[t1,t2] we have Wy (u)(t) = ®(u(t)).

Proof. (i) Let u be non-decreasing in [t1,ts]. Put A (h) := I (u, A\(h))(t1), h* := maz{h,
||ullo,r7}. By Lemma (1.6) we have Ay € A(R*), hence for every v € [u(t1),u(t2)] there
exists ¢ € (0,00),such that A\;(q) + g = v. Put

(1.19) RT(v) :=maz{qg>0; v=q+X(q)}
Indeed, formula (1.8) holds for t € [t1, t2], hence

u(t) —h  for h < R*(u(t)),

)\1(}1) fO’r’h > R*(u(t)), t e [tl,tz]_

1, A(R)) (1) = {

This yields

R (u(t)) h*
W (u)(t) = p(u(t)) +/0 v(u(t) — h,h) +/ v(Ai(h), h)dh.

R+ (u(t))

It is easy to see that the function v — R (v) is increasing and R*(v) < h* for v €

[u(t1), u(t2)].



Putting

(1.20) P(v) =p(v) + /OR " v(v— h,h)dh + /Rh:( )V()\l(h), h)dh

we obtain using (1.16)
.
(121 e0)= (sh+ )00 - | o (LF X 0) S+ 850) (a4), )l
Rt (v
It remains to prove that ® is increasing and absolutely continuous in [u(t1), u(t2)]. Let
v1,v2 € [u(t1), u(t2)] be arbitrarily chosen, v; < vs.

Then
R (v2)
Vg — vy = / (1 + Ai(h))dh,
(1.22) R;f&l)
‘I)(Uz) - ‘I)(Ul) = /R+( : (1 + /\ll(h))(shg + SQQ) ()\1(h), h)dh'
v1
We have

h
0
(Son+ Seo)e.h) = (e W)+ [ 50+~ a,a)da
0
hence (1.11),(1.14) yield
01(1}2 — 1)1) S (D(Ug) — @(Ul) S CQ(UQ — 1}1)

for some positive constants cq, cs.
(ii) Let u be non-increasing. We proceed as before putting

(1.23) R™(v) =max{q > 0;v = —q+ A\ (q)}

for v € [u(tz),u(t1)]. The function R~ is decreasing in [u(t2), u(t1)] and by (1.8)
u(t)+h for h < R (u(t))

Ai(h)  for h > R™((t))

t € [t1,t2]. Analogously to (1.21) the function @ is defined for v < u(t;) by the formula

i (w2)(0) = {

h*

120 e =(Sh-S)0.n) - (X0 (ke = 8p0) Q) )
R (v
with the same conclusion.
Lemma (1.18) is proved. [

(1.25) Remark. The same argument can be used for deriving the ”primary curve” of the
operator Wy. Indeed, the value of Wy (u)(0) depends only on A and u(0). Replacing A\,
by X in the computation above we obtain Wy (u)(0) = ®o(u(0)), where the function ® is
given by (1.21) for u(0) > A(0) and (1.24) for u(0) < A(0) with A; replaced by A.
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2. Properties of the Preisach operator

In this section we still assume that (1.11),(1.14) hold and that W) is a given Preisach
operator (1.12).

The two following lemmas establish a superposition formula for hysteresis operators.

(2.1) Lemma. Let S be the function (1.17) and let v € WH(0,T),A € A(h),r > 0 be
given, b > ||u|ljo,7]. Then there exists a function h, € WH(0,T) such that for every
t €[0,T) we have

So(n, (1 (w AR (D)) (1), hr<t>) r
Proof. Let t € [0,7] be fixed. The function u(h Un (u, A(h))(t) belongs to A(h)
by Lemma (1.6) and 4 (S,(u(h),h)) > o — fo no(a da > 0, lim S,(u(h),h) = +oo,
So(1(0),0) = 0 by (1.14), (1.16)(iii) (let us note that for h > h we_)floave w(h) =0).

Denoting by h,(¢) the unique solution h of the equation S, (Ix(u, A(R))(t),h) = 7 we
obtain for every t; < to, h; := h,(t;),i = 1,2

So(lny (1, A(h2))(t2), ha) = So(ln, (u, A(h1))(t2), ha) =
= So(ln, (u, A(h1)) (1), h1) = So(ln, (us A(R1))(t2), ha),

hence
ﬁ /t 88755 (I, (uy A(ha)) ((2), ha) dt|,

where a(r) := inf{2-5, (I (u, A\(R)) ((t),h);0 < kb < hy,t € [0,T]}, by == max{h,(t);t €
[0,T]}. Therefore, h, is absolutely continuous in [0,7] and Lemma (2.1) is proved. [

|he — hq| <

(2.2) Lemma. Let u € WHY(0,T),A € A(h),h > |Julljo,r], v > 0 be given and let
h, € WHY0,T) be the function introduced in Lemma (2.1). Put

No(h) = Iy (1, A(R)) (0),

;mv:SMMm%m%+[ju@amwmm

where hY is the solution of the equation S,(Ao(h2),h%) =r. Fort € [0,T] put

o0

Up(t) = Sn (I, (0 (1, A (£))) (£), B (£)) + / v (I (u, A(R)) (£), k) dh.

h(t)

Then p € A, p(0) = Wi(u)(0), Us(t) = Wia(w)(t) and U.(t) = 1, (Uo,pu(r))(t) for
t € [0,T].

Proof. The identities p(0) = Wy (u)(0), Up(t) = Wi (u)(t) follow from the fact that h,.(t) =
0 for r = 0. We further have

d -1
EM(T) = (SQQ + )‘/(hg)she)(sh@ + X(hg)sge) ’
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hence {d%u(r)‘ <1a.e.

By definition we have U,.(0) = u(r). Let [t1,t2] be a subinterval of [0, 7] such that u is
non-decreasing in [t1,t2]. Put A\j(h) := Iy (u, A(h))(t1) for each h > 0. By Lemma (1.8)
Up is non-decreasing in [t1,t5]. Let R* be the function (1.19). We have 2 h,(t) > 0 for
every fixed t € [t1,%s], hence there exists a unique #(t) such that h,(t) < R*(u(t)) for
r < 7(t), he(t) > R (u(t)) for r > #(t).

Thus for r < #(t) we obtain

Ur(t) =Sn (Ih,. (1) (us AR (£)))(8), (1))

RT (u(t)) h
+ / v(u(t) — h, h)dh + / v(\i (h), h)dh.
hr () R (u(t))

Using (1.16) we obtain analogously to (1.21)
(2.3) U.(t) =Uy(t) —r for r < 7(t)

For r > 7(t) we have

oo

U1 = Sh () et) + [ ), Ry

So(M(he (1)), he(t)) =1
This yields 4h,(t) = 0 for r > 7(t) for a.e. t € (t1,t2), in particular

(2.4) U,(t) = Uy(t1) for r > 7(t).

We have indeed Uiy (t) = Uo(t) — 7(t).

Therefore, (2.3),(2.4) yield U,(t) = max{U,(t1), Uo(t) — r}.

We verify in a similar way that if « is non-increasing in [¢1,t2] (and, consequently, Uy is
non-increasing in [t1, t2]), then

U, (t) = min{U,(t1),U(t) 4+ r} for t € [t1,ts].

By induction we conclude that U, (t) = I,-(Uo, pu(r))(t) for every piecewise monotone func-
tion u € WH1(0,T). The assertion now follows from (1.8),(1.9).
|

(2.5) Proposition. Let us assume (1.11), (1.14) and let A, n € A(h) be given. Let Wy, W),
be the Preisach operators (1.12). Then
(i) for every u,v € C([0,T]) and t € [0,T] we have |Wx(u)(t) — W, (v)(t)]
< () Ju=vllo.g+ fy INB)—p(h)|n(h)dh, where r = max{h, ||ulljo.q, [v]lj0.0} and @(r) :=
supess {p/(s),s € [0,7]} + [y n(h)dh,
(ii) if p’ is bounded in R' and n € L1(0,00), then W), is Lipschitz in C([0,T)),
(iii) the operator Wy is invertible in C([0,T)) and W' is locally Lipschitz.
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If moreover [ no(h)dh < a, then Wt is Lipschitz with the constant

2(a = [~ mo(h)dh)~",
iv) of (1.13) holds an \ 18 an Ishlinskii operator, then W, = is also an Ishlinskii operator.
i f hold aw Ishlinsk hen W ! l Ishlinsk

Remark. A more complete information about the inversion and superposition of Preisach
operators in the case A = 0 can be found in [7].

Proof of (2.5)

(i) For A € A(h) we have by (1.5),(1.6)

[l (, A(R)) (t) = U (v, A(R)) (@) < [[u = vll0,17, |1, A(R))(B)] < max{h, [ulljo,q}
hence (i),(ii) follow easily from (1.14).

(iii) Let u,v € WH(0,T) be given piecewise monotone functions and put U = Wy (u),V =
Wy (v). Our aim is to prove that there exists a function v such that for every t € [0, T
we have

(2.6) [u(t) — v(®)] < (maz{[[ulljo,q, [[v]lj0,4, BT = Vllo,9-

This implies already the local Lipschitz continuity of W5 ! in C([0,7]). Indeed, for
||ulljo,q > h we have either ||ul|jp,; = u(r4) for some 71 € [0,t] or ||ul|py = —u(r-) for
some 7_ € [0,t]. Putting pu(h) = I, (u, A(h))(7+) we obtain using Lemma (1.6) u(|u(1+)]) =
0,4(0) = u(7x), hence u(h) = u(r+) F h for h € (0, |u(r+)|). Consequently, ||Ul[jp,q >
\U(m+)| = &o(l|ulljo,5)), where §(h) is the function in (1.14) (ii).

Moreover, by Lemma (1.18) for every U,V continuous and piecevise monotone we can
find continuous and piecewise monotone functions u, v such that U = W (u), V = Wy (v).
Assuming (2.6) we obtain the local Lipschitz continuity of W ! by a standard density
argument.

It remains to prove (2.6). We can assume u(t) — v(t) = [[u — v|[p,g > 0. Put h* :=
min{h > 0; 1, (u, A(h))(t) < In(v,A(h))(t)} and

r = So(ln- (u, A(R))(8), ") = S,(ln= (v, A(RT))(E), A7),

where S is the identification function (1.17).
We have

and by Lemma (2.2)

e (U lr) 0 = - (V)0 = [~ (s XD (E)28) = (0 (0 X)), 1))



hence using (1.5),(1.11) we obtain

alu(t) —v(t) <2/|U =Vl +/0 (I (us A(R)) (&) = L (v, A(R)) (t) ) mo (h)dh,

hence .
(= /0 no(h)dh) (u(t) —v(t)) < 2/|U — V|04

We have h* < max{||ul|,q, |[v]|j0,¢], 2} and (2.6) follows easily from (1.14)(i).
(iv) Formula (1.17) yields S(o, h) = op(h), where ¢(h) := ah + foh o n(b) db da.
Let u € C([0,T]) and X € A(h) be given. Put U = W (u), Ao(h) = ln (u, A(h))(0).
We have ¢'(h) > 0, hlim ¢(h) = +00 and Lemma (2.1) implies h,.(t) = ¢~ !(r), hence
h.(t) is independent of ¢.
Let 8 > 0,¢ € L}, .(0,00) and p € A(7) be arbitrarily chosen and let Z,, : C([0,7]) —

loc

C([0,T7]) be the Ishlinskii operator

2,000 =500+ [ 1 (0on(r) (050

According to Lemma (2.2) it is convenient to put

o0

uvwz%mmww+l No(h)n(a)da

where h = o~ ().
Then 4 € A(p(h)) and

oo

L (U, w(r)) = U (u, A(R)) () - ¢ (h) + /h Lo (u, M(a))(t)n(a)da.
Put o(r) := Br+ [; [, &(b) db da. We have Z,(U)(t) = afu(t) + [y ln(u, A(h)) ()6 (h)dh
where §(h) = 4 (a(p(h))).
For 0 = ¢~! we obtain 8 = 1 and Z, o Wy = I, hence Z, = W, ' is the Ishlinskii
operator generated by the function o = ¢~ 1. [ ]

(2.7) Proposition (Monotonicity). Let uv € WH1(0,T),X € A(h) be given functions
and let W be the Preisach operator (1.12) satisfying (1.11) with no = 0. Put Np(u)(t) :=
v(In(u, )\(h)z(t), h),Nh(v)(,t) := v(lp(v, A(h))(t), h) for h > 0. Then

(0 [(Na() (t) = (Na () (0)Tn (u A(R)) (£) = I (v, A(R)) (8)] <

< [(Nn(w)'(6) — (Na()) () (u() — v(8)) ae.
(ii) If Wy is an Ishlinskii operator and (1.13) holds, then

(W) (5) — (W2 () 0] (u(t) - o(®) >

Sla(u® = v®)” + [ (AR - Lo AW)0)

0

2

> n(h)dh a.e.

N =
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Before proving (2.7) we state an easy lemma.

(2.8) Lemma. Let Wy be the Preisach operator (1.12), g—’; >0 a.e. Letuw € WH(0,T)

be a given function such that u'(t) # 0 ezists and (W)\(U))/(t) exists for some t € (0,T).
Then there exists h(t) > 0 such that for h > h(t) we have L1, (u, A(R))(t) =0, for h < h(t)
we have L1, (u, A\(R)) () = u'(t), 1, (u, A(R)) () = u(t) £ h.

Remark. The implication v/(t) =0 = (W,\(u)),(t) = 0 is trivial.

Proof of (2.8) Let z;, be solution of (1.1),(1.2). Let us suppose that for some hy < ho
we have xp, (t) € (—h1, h1),|zh, ()| = he. Lemma (1.6) and (1.3),(1.4) give ‘%mh(tﬂ <1,
which is a contradiction. Put hg = inf{h > 0; |z (t)| < h}.

Let us suppose that for some hg < ho the derivative %xhs (t) does not exist. This means
wy,.,(t) = 0,7}, () = u'(t) for the right and left derivatives, ArespectiveAly. The same
argument as above shows that the same is true for all h € [h3, ho]. Put h; = sup{h <
ha; %xh(t) does not exist }. For h < h; we have indeed %xh(t) =0.

A standard use of the Lebesgue dominated convergence theorem yields

ha ov

(W)’ (0= (Wa () () = w'(®) [ G2 (s AG)0). ),

hence hy = hy and (2.8) follows easily. [

Proof of (2.7) We obtain from (1.1)(ii),(1.3),(1.4) putting ¢ := hy (v, A(h))(t)

(Na(w)"(t) - [fn (w, M) (&) — fu (v, A(R)) ()] = 0

and similarly )
(Nu(v))' () - [fn (v, A(h)) (£) = £ (u, A(R)) ()] = 0,

which gives (i). Part (ii) follows immediately from (i) and Lemma (2.8). [

3. Energy Potentials

The role of the convexity of hysteresis loops in the theory of hyperbolic equations with
hysteresis has been pointed out several times (cf. e.g. [4],[5]). We present here a different
approach which consists in determining sufficient conditions for the function ® from Lemma
(1.18) to be convex when u increases and concave when u decreases.

(3.1) Lemma. Let A € A(h) be given and let Wy be the Preisach operator (1.12) with
p(u) = au and g—g, gi@g continuous in R x [0, 00), g—Z(0,0) > 0.
Let @ be the function (1.21) and let us denote by @', " its right and left derivatives,

respectively. Then there exists Uy € (0,+00] and a continuous non-increasing function
v:10,Up) — RY such that for every u € C([0,T]) the following implications hold:
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(i) If w is non-decreasing in [t1,t2] and max{h,||ul|jp)} < U < Uy, then ®_(vy) —
P!, (v1) > 2y(U)(v2 — v1) for all vy > vi, vy,v2 € [u(ty), u(tz)];

(ii) If uis non-increasing in [t1,to] and max{h, ||ul|jo+,)} < U < Up then @' (v2) =@’ (v1) <
—29(U)(v2 —v1) for all vg > vy, wve,v1 € [u(ta),u(tr)].
Proof.

(i) Let RT be the function (1.19) and put Ay (h) := I, (u, A(h))(t1) for h > 0 as in the proof

of Lemma (1.18). Let u(t1) < v1 < vy < u(tz) be given and let us choose an arbitrary
sequence v, | vi. Then R (v,) \, R (v1) and (1.22) yields

RT (v1) ov

B (01) = (Snp + Suo) (MR (1)), R (1)) = a + /0 oo = )

Similarly, putting Ry (v) = min{q > 0;v = g + A1(¢)} we obtain

, Rg (v2) g,
(I)_(Ug) =« +/0 8—@(1)2 — h,h)dh
Therefore,
R+(’U1) V2 R+(U1) al/
' (v7) " (v1) / —( — h, h)dadh+/ — (v — h, h)dh.
" R (vs) 00
Put
ov
01(U) := min{|=— (0, h)|;
(U = min{ | 5 (0,1)
0%v
62(U) := max{ 8—Q2(Q,h) slol +h < U}

Then §; is non-increasing, dy is non-decreasing and for h,|vi|, |va| € (0,U] we have
R*(v1), Ry (v2) € (0,U] and @ (v2) — @/, (v1) > (R{ (v2) — RT(v1))61(U) — Uda(U) -
(v2 — v1). We have vy — vy < 2(Rg (v2) — R (v1)), hence putting Uy = inf{U >
0; 361 (U) — Ub2(U) > 0},7(U) = 1 (561(U) — Ub2(U)) we obtain (i).

(ii) The argument is similar. We use the functions R~ defined by (1.23) and R; (v) :=
min{q > 0; —q¢ + A1(¢) = v} and we obtain the formula

R (’Ug V2 R (1)1) a]/
P (vg) — D (v1) / (a + h,h)da dh — / ——(v1 + h, h)dh,
v R— ('UQ) 8@

1

2(Ry (v1) — R( 2)) > va — v,

hence
q)/_(vg) — (I)i’_(l}l) S —(%51([]) — U52(U))(UQ - ’Ul).
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(3.2) Lemma. Let U be an absolutely continuous increasing function and let W', W’
exist at every point of its domain of definition. Let K > 0 be a given constant and u €
Whe°(0,T) a given function such that ¥(u) € W21(0,T). Then the following implications
hold:
(i) If w is non-decreasing in [t1,t2] and ¥’ (vp) — ¥/ (v1) > K(vgy — vy) for all v; < vy,
v1,v2 € [u(ty), u(ts)], then (W (u)'-u') € BV (t1,t5) and
t2 " 1 / to 1 t2
(3.3) / (T(w)) () (t)dt > [5(\11(u(t))) u' ()], + 5K lu' (t) P dt.
t1 t1
(ii) If u is non-increasing in [ti,t2] and ¥’ (vg) — ¥/ (v1) < —K(vy — vy) for all v; <
va, 1,2 € [u(ta),u(t1)], then (3.3) holds.

Proof. The problem consists in justifying the integration by parts at the left-hand side
of (3.3). Put w(t) = \Il(u(t)) and U, (v) = f;o ng(n(v - a))\If(a)dU, where ©u € N is
an arbitrary integer and ¢ € D(—1,1) is a nonnegative mollifier, f_ll p(o)do = 1. Put
un(t) = ¥, (w(t)). The functions ¥, converge to ¥ locally uniformly, W/, are locally
bounded away from 0 and V¥, (u,) — ¥V, (u) = V(u) — ¥,,(u), hence u,, — w uniformly.
The identity ¥/ (u,)u!, = ¥ (u)u’ a.e. yields |ul (t)| < const.|u/(t)| a.e., hence u!, — v in
L>°-weak *. The function ¥’ is monotone in [u(t1),u(t2)] (or [u(t2),u(t1)]), hence it has
at most countably many points of discontinuity.

If u(t) is a point of continuity of W', then W/ (u,(t)) — ¥ (u(t)), hence ul, (t) — u/(t).
Put M := {t € (t1,t2); ul,(t) — v/(¢)}. We have meas u(M) = | [}, v/(t)dt| = 0 since ¥'(v)
is discontinuous for every v € u(M). Consequently, u'(t) = 0 for a.e. t € M and meas
M = 0. This implies u,, — u in W1P(0, T)-strong for every p € [1,0).

In the case (i) we have linrr_l)ioréf " (un(t)) > K for every ¢ € [t;.t2] hence the identity

[ (e 0) s 03t = [5 (W an0) 0]+ 5 [ Wm0

1 1
for t1 < 1 < 1 < tg yields

K [

| ) o> [ eae) o)+ 5 [P

1 T1
for a.e. 7,79 € [t1,t2], 71 < To.
The function 7 — %[(\If(u(t)))lu'(t)}; + & ftTl [u/ () [3dt — ftTl (U (u(t))"n'(t)dt is non-
increasing, hence 1 (¥(u)'v’) € BV (t1,t2) and (3.3) holds. The case (ii) is analogous.
|

In what follows we reduce the class of Preisach operators (1.12). We assume

2
(3.4) (7) g—z, Z—QZare continuous in R' x [0, 00),
(44) 7 is continuous in [0, o),
(4i7) p(0) = ap for p € R,
() P50, )= o) 20 o) € R x[0,00)

do )
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We further define the function

(3.5) B(o,h) = o,h)do.

80(

For u € Wh1(0,T) we introduce the energy potential

(36) @) P = 500+ [ Bl w0, k) dn
(i) Pa(u)(t) = 5 W) (10 (1),

where B is given by (3.5) and W), is the operator (1.12).
The potential P, does not correspond to the usual physical notion of energy. Its physical
meaning does not seem obvious.

max{h,r}

(3.7) Theorem. Put &(r) = o+ [, n(h)dh. For every w € W11(0,T) we have
Py

u) € WH(0,T) and the inequalities

(i) (Wa@)®)” < 2(lullpm) - Pr(w)(®),
(@) (Pi(w)'() < (Waw) (t)ult)

hold (almost) everywhere in (0,T).
Proof. For all (g,h) € R! x [0,00) we have

ov . ov
v(o, h)a—g(@, h) sign o < Ig\n(h)a—g(e, h),

hence %(0,h) < 2n(h)B(e,h). Put § = [IUIM0mdyiyan. For ¢ = 4 Holder's
inequality yields
(W,\(u)(t))2 < (1+ é)(ozu(t))2 +(1+¢) (/OO v(lp(u, A(h))(t), h)dh)
0
and
(/o v(lp(u, A(h))(t), h) dh) < ﬂ/ lh u A(h)) (1), h)dh
which implies (i).
Part (ii) is an easy consequence of (2.8) and (2.7)(i) for v = 0. [

(3.8) Theorem.
(i) Let &(r) be as in (3.7). Then for every u € WH1(0,T) the inequalities [((Wy(u)) (t)]? <
26(|ulljo,r) Pe(u)(t), (' (t))? < Pa(u)(t) hold almost everywhere in (0,T).
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(ii) Let Uy, be as in Lemma (3.1). Let u € WH>(0,T) be such that Wx(u) € W'(0,T).
If max{h,||ul|pr} < U < Uy, then we have P2(u) € BV(0,T) and [Py(u)(t)]y® <

2 (Wa(w)" (! ()dt — y(U) [ [ (6)Pdt  for all0 <ty <ty <T.

Remark. We see an important formal similarity between (3.7) and (3.8). This justifies
the “energy” terminology.

Proof of (3.8)

(i) It is easy to see that Wi (u) is absolutely continuous, hence (i) follows from (2.8).

(ii) The function (W,\(u))/ is absolutely continuous, hence the set Z := {t € [t1,t2];
(WA(u))/(t) # 0} is open, Z = Uy, (ak,br). By Lemmas (3.1), (3.2) (ii) holds if ¢,
is replaced by aj and ty by by. Moreover, for t; < a; < t2,t1 < b; < to we have by (i)
Ps(u)(a;—) = Pa(u)(a;+) = 0, Py(u)(bj—) = Pa2(u)(bj+) = 0. The same argument as at
the end of the proof of Lemma (3.2) shows that Py(u) € BV(0,T). The assertion now
follows from the additivity of the Lebesgue integral.

(3.9) Corollary. Let Wy be the Ishlinskii operator (1.13) and let n : [0,00) — [0, 00)
be continuous and positive in [0,00). Then the conclusion of Theorem (3.8) holds for

Uy = +oo and y(U) = L min{n(h),0 < h < U}.

Proof. The formulas for Uy and (U) are given in the proof of Lemma (3.1). [

4. Dependence on parameters.

We have to consider hysteresis operators acting on functions of one ”time” variable
and several ”spatial” variables. For our purposes it suffices to consider functions w :
[0,1] x [0,T] — R! such that for every x € [0,1] the function u(z,-) belongs to C([0,T]).
The initial state A may also depend on x.

We assume

(4.1) (1) A:[0,1] x [0,00) — R! is continuous,

(i1) Az, ) € A(h) for every = € [0, 1],
and we define for every u € C([0,1] x [0,T]) and (x,t) € [0,1] x [0, T
(12) W (1) (2, £) = Wigon (u(e, ) (),
where Wy, .) is the operator (1.12).

(4.3) Proposition. Let us assume (3.4) and let X satisfying (4.1) be given. Then W given
by (4.2) is a locally Lipschitz operator in C([0,1] x [0,T]) which is invertible and W1 is
Lipschitz.
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Proof. For u € C([0,1] x [0,T]) put U(z,t) := W(u)(x,t),||u|| := max{u(z,t)|, v €
[0,1],¢ € [0,T]},r = max{h,||u||}. We have to prove first that U € C([0,1] x [0,7]). Let
0<s<t<T,z,y€[0,1] be given. We have by (2.5)(i)

U(z,t) = Uly,s)| < |U(z,t) = Ulz, s)] + o(r)|u(z, -) = uly, )]

[0,s] 1
h
+ / M@, B) — Aly, 1) n(h)dh,
0

hence U is continuous. The local Lipschitz continuity of W follows easily from (2.5)(i
Let further U € C([0,1] x [0,7]) be given and put u(z,t) := W;& H(U(z,-))(t)
invertibility of Wy, .y is ensured by (2.5)(iii)). We have

the

A~ —

«
Wi, (@) = W,y (wly; Do) < 5 llu@, ) = wly: ).,

h
W) (u(y; ) = Wiy, (u(y, Dllo,s) < /O (A, h) = Ay, h)In(h)dh,

hence u € C([0,1] x [0,T]). The Lipschitz continuity of W~! is an immediate consequence
of (2.5)(iii). m

(4.4) Remarks.
(i) The operator W given by (4.2) depends continuously on A. If A1, A2 are two functions

satisfying (4.1) and W; is the operator corresponding to \;, i = 1,2, then for every
u,v € C([0,1] x [0,T]) we have

W (u) = W2 ()] < @(r)[|lu —vl| + maX{/O [Av(z, h) = Ag(z, h)[n(h)dh; z € [0,1]}.

(ii) There is a slight ambiguity in the formula (4.2), where the dot in wu(x,-) replaces the
"time” variable t and in A\(x,-) the "memory” variable h. Here, the "memory” character
of h is not as important as in [7].

5. Statement of the problem.
Our aim here is to solve the problem

(51) (Z) W(Ut)t — Ugy = g(x,t),
)

where u®,u', g are given functions and W is the Preisach operator (4.2) satisfying the
assumptions of Proposition (4.3).
We first give a list of assumptions.
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(5.2)
g € L7.(0,00; L%(0,1)),G : [0,00) — [0,00) are given functions such that
(7) G is nonincreasing in [0, 0o],
(i) ge € L%(0,00; L*(0, 1)),

1
(7i7) /0 g¢ (z, 1)|?dz < G(t) a.e.,

(5.3) u® € W22(0,1), u* € WhH2(0,1)  are given functions such that
u’(0) = u(0) = u® (1) = 0.
We put  E(0) = § fy [5 (" (2) + g(2,0))* + [u" (x) ] dz,
(5.4) there exist U € (0,Up) and & > 0 such that h < U and
() GOy <3
(ii) 6E(0)+3G(0) (45(U) +G(O)) < (1-0)U?, where Up,~, £ are introduced in Lemma

)
(3.1) and Theorem (3.8).

(5.5) Remark. The condition (5.4) needs some comment. For an arbitrary operators W
and U < Uy (5.4) holds if the data h,u°,u', g; are sufficiently small in appropriate norms.
On the other hand, if W is an Ishhnsku operator satisfying the assumptions of (3.9) and

v(U) . U*(U)

lim ——= =0, lim ——— =+

v E(U) |

then (5.4) holds for arbitrary data and U sufficiently large.

We can easily see that Ishlinskii operators satisfying (5.6) exist. Putting in (1.13) n(h) =
ho=2 for some o € (1,2), we have y(U) = In(U) = U2 EU) = a+ U ! for U
sufficiently large, hence (5.6) holds.

The main results of this paper are the following:

5.7) Theorem. (Existence). Let (5.2)-(5.4) hold. Then there ezists a continuous function
w:[0,1] x [0,00) — R such that

Up, Ugy € L™ (0, oo; L?(0, 1)),um € L;5.(0, o0; L?(0,1)),

(5.1)(ii), (i3i) hold for all t > 0 and = € |
(0,00) and |ug(z,t)| < U for all (x,t) € |

1], (5.1)(i) holds almost everywhere in (0,1) X

0,1
0,1] x [0,00).
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(5.8) Theorem. (Uniqueness). Let (5.2)-(5.4) and let u,v be two solutions of (5.1)
satisfying Theorem (5.7).

(i) If W is an Ishlinskii operator, then u = v.

(ii) If W is a general Preisach operator and ug, vy € Ll (0,00; L>°(0,1)), then u = v.

loc

(5.9) Theorem. (Asymptotic behaviour). Let (5.2)-(5.4) hold and let u be a solution of
(5.1) satisfying Theorem (5.7). let us assume tlim G(t) = 0. Then there exists a function

K :[0,00) — [0,00) such that tlim k(t) =0 and

lug (2, 1) < K(t) V(x,t) € [0,1] x [0, 00).

If moreover G(t) = 0 for t > to, then there exists a function v € W%2(0,1) and a constant
K > 0 such that v(0) =v'(1) =0 and

|ug(z, )] + |ug (2, t) — 0" (x)] < % V(z,t) € [0,1] x [0, 00).

Remark. The qualitative analysis of the ‘ordinary’ equation u” + W =1(u) = 0 (cf.[4])

shows that the estimate % can hardly be improved.

(5.10) Proposition. (Regularity). Let (5.7) hold. Then the functions W(ug)¢, Uzt :
[0,00] — L2(0,1) are weakly continuous.

6. Approximation and estimates.
We apply the space-discretization method. Let n > 0 be a given integer. For ¢t > 0 put

i+ g .
g;it):=n ;" [y9(&T)drds, j=0,1,---,n—1.
Let us consider the system of differential equations for j =1,--- ;n — 1.

(6.1) Wii(u5)(8) =Aj0(t) + g;(8),
U;- (t) :Aj_lu(t),

for unknown functions uq, ..., up_1,v1, -+ ,Vn_1, Where we put ug = v, =0, vg = v1, U, =
Un—1, Ajv:=n(vj41—vj), Aj_ju=n(u; —uj_1), W, = WA( ) with initial conditions

A
n’’

(6.2) w;(0) = u° (%) L Aju(0) = B <u1 <%)> 0n(0) = 0,

where ®? is the function corresponding to W in the sense of (1.25).
By (2.5)(iii), (3.4) the operators V[/j_1 are Lipschitz in C([0,T]) for every T' > 0 and
j > 1 with the Lipschitz constant 2, hence the system (6.1),(6.2) has a unique global

classical solution {u;,v;;j =1,---,n —1} and (3.8)(i) implies u;,v; € Wli’COO(O, 00).
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We obtain from (6.1),(6.2) u}(0) = u' (L) and from (5.3),(5.4) |u'(¢)| < (2E(0))z <

[(1—5)/3]%U for each £ € [0, 1], hence u’;(t) < U for every j = 1,--- ,n—1 and ¢ sufficiently
small. Put
T,, = inf{t > 0;u}(t) > U for some j =1,--- ,n — 1}

and

po0 = 15 (R + Joso?)

Jj=1

for t € (0,T},), where Pj is the potential (3.6)(ii) corresponding to W;.
Equations (6.1) and Theorem (3.8)(i) yield

—(n(Aju(t) — Aju(t) + g5(1)*+

+n? (W (Ajv 4 g;)(t) = W (A 1w+ g5-1) ()] -

EM™(0+) < QL 2;: { — Aj_1u(0)) + ¢5(0))*+
+n2((95) 1 (A,0(0) — (@) ~H(Aj-10(0)))

This yields
lim sup E™ (04) < E(0)

n—oo

hence (5.4) (i) remains valid if F(0) is replaced by E( (0+) for n sufficiently large. We
can differentiate (6.1) twice with respect to ¢, hence

(6.3) (i) Wiup)" = A" + g7,

(ZZ) U;-H = Aj_lu”

holds in the sense of distributions and almost everywhere.
Let o € (0,T,) be arbitrarily chosen. Multiplying (6.3) by v/ and (ii) by v} we obtain
from (3.8)(ii) for all 0 < s <t < T,

t 1 n—1
EM™ (t=) — E™ (s4)4+4(U) / - >l (r)Pdr <
S j=1

/S ()l ()

1

n

<

SRS

1

.
Il



We have indeed %Z;:ll \g;’(t)lg < fol \g¢:(z,t)|?dz for every 7 < 0, hence (3.8)(i),
(5.2)(iii) and Hoélder’s inequality yields

3
2
dr <

PJ(u})(7)

(6.4) EM(t—) — B™ (s+)+B% ni /t
<K\G2(0)(t— s),

where B : v2~v(U)&(U) ™2

3
: (3)* ()2,
We further multiply (6.3

)(i) by u}; and we obtain after integration
1 n—1 t ) 9 n—1 t )
o3 [ ey =23 [ P are
Jj=3 =1
1 n—1 t
o3 [ e+ V) - V),

where V() (1) := L 27;11 WJ(UQ)I(T)U; (1)

T on

The relation %Z;:ll ) (7')!2 < %Z?;ll A1/ (7)) = %Z;:ll }v;’(7)|2 then gives
(6.5) V() — VI (s)+
2

t = R ?
+/ B (r)dr <3(t - )7 |~ Z/ |PI())(n)]* dr| +

s j=175

L o

+§G (o)(t —s).

Let us choose a number &(o) > 0 such that

1, EU)]? 1, EU)]?
(6.6) [56’((’)@} < (o) < {;J(O)m]
Then (6.5) implies
(6.7) V() — V) (5)4 / B0 (1 < (%G%—) +4g2(0)) (t— 5)+
+$ %2/ By (u)(r)|” dr.

Let us denote Fén)(T) = E() (1) 4+ Be(o)V™) (1) for 7 > 0.
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We have by (3.8)(1) V™ (1) < £(U)2 E™(7), hence (5.4)(i) implies
1 3
S B0 < F{(r) < 5B ()

for a.e. 7> 0.
Putting (6.4) and (6.7) together we obtain

F{)(t=) = FV (s+) + Be(o) /t EM™(r)dr < Ks(0)(t - 5),

S

where

Ky (0) := K1G* (o) + Be(o) (%GQ(U) - 452(a)> ,
consequently
(6.8) F(t—) — B0 (s4) + %Bg@—) / CEON (r)dr < Ko(o)(t - 5).

We see that the function

2 t
= EO(1) + 2 Be(o) / F (1)dr — Ky(o)t

o

is nonincreasing in (o, T}, ), hence its derivative in the sense of distributions is non-positive.
For every smooth positive function ¢ and every t € (o,T;,) this yields

t

POF (1) -0 F o) + [ [~ )+

o

+ SBEOF(T)e(r) = Kalo)olr) | dr <0

In particular, for ¢(t) = e3Be(0)(t=9) this gives

Fo('n) (t—) S e—%BE(U)(t—o)Fén) (G+) + BKQ(U) (1 _ 6—%36(0‘)(t—0’)> ’

2Be(o)
hence
_2 _ Ky (o)
(n)(4_ 3Be(o)(t—0) 1p(n) 2
(6.9) E'(t—) <3 [e E™(oc+) + Be(a)}
holds for every 0 < o <t < T,,.
Foro =0 (6.6),(6.9) imply
(m) (5 (n) o) 1 )]
E"™(t—) <3 {E (0+) + G(0) (27((]) + 2G(O)
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hence by (5.4)(ii)

(6.10) EM(t—) < =(1-6)U%

N | =

Let us suppose T;, < +o00. For almost every ¢t < T),, we have

n—1 n—1
1 1

max [uj ()] < | = > A/ O | = (=) Ri®PF] <
=1 i

hence
limsup |[u}(t)| <U forallj=1,--- ,n—1,
t—T),
which is a contradiction.
Consequently, T,, = 400 for n sufficiently large and (6.9),(6.10) hold for all
0<o<t<+o0. [ ]

7. Proof of existence and regularity. o
Let {uj,v;; j=1,---,n — 1} be the solution of (6.1),(6.2). For x € [%, 3%1) and t <0
we put

a™ () :=u;(t),
50 (2, 1) =041 (1),
g (@, 1) =g} (t),
A (2, h) =X <% h>

and for every function z : [0,1] x [0,00) — R! such that z(z,-) is continuous for every
x € [0, 1] we put
W(n) (2)(137 t) = WA(")(my) (Z(I, )) (t)

The system (6.1) can be rewritten in the form
t
(7.1) w) (aﬁ”)> = o™ —|—/ 3™ (x, 7)dr,
0
{)gn) = u;gcn)v
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for t >0, z € (0,1)\{2,2,-- —1}

The estimate (6.10) shows that ug),vg),uﬁ?),vgf) are bounded in L> (0, 00; L?(0,1))
independently of n. For every T' > 0 there exist functions z,w € C([0,1] x [0,T7])
such that z,, 2, wg, wy € L™ (O,T; L?(0, 1)) and subsequences {u(m) U(m)} of {u(”),v(")}

(m) o™ (m)

(m) (m) . (m)
such that uw; ' — z,v, ’ — w uniformly, u,,’ — 2z, Uy = — 2,V — Wg,Vy ——
wy in L (0,77 L*(0, 1)) weak *.  Moreover, there exist a constant ¢ > 0 such that

(z,t) — ugn) (m,t)‘ < £, (n)(x,t) - vin) (z,t)] < £, hence u( m z,fzim) — w uni-
formly.

Remark (4.4)(i) holds also for functions A;,u,v which are piecewise continuous with
respect to x. Therefore, W (™) (a,ﬁm)) — W (2) uniformly and W™ <a§m>) — W (2); in
t

L*>(0,T;L*(0,1)) - weak *.

We conclude from (7.1) that W(z); = w, + ¢, 2, = w; almost everywhere and putting
u(z,t) == [ w(&, t)dé we obtain w = u, a%(z —u¢) = 0, hence z = u; and (5.1)(i) holds
almost everywhere in (0,1) x (0,7"). The initial and boundary conditions (5.1)(ii),(iii) are
satisfied trivially.

We can now repeat the same procedure in the interval [0,27] choosing a convergent
subsequence {u(r),v(’”)} of {u(m),v(m)}. By induction we construct a sequence {u(k)} of
solutions of (5.1) such that u(*) is defined in [0,1] x [0,kT] and u'® | ;7 = w for | < k.
Let us note that (6.10) is independent of 7', hence u can be extended to [0, 1] x [0, c0] in
such a way that (5.7) holds.

Proposition (5.10) follows from a standard argument ([1]). Let ¢, — ¢ be an arbi-
trary sequence and let ¢ > 0 be given. For ¢ € L?(0,1) we find ¢y € W'2(0,1) such

_ 2
that fol ‘1/1 — 1/1‘ dr < e. The functions ., us, W(u)e : [0,00) — L?(0,1) are (locally)
bounded, hence there exists a constant ¢ > 0 such that e.g.

< ce+

/O(um(ac,tn)—um(:v,t))w(ac)daf;

*\ /01<“w<x7tn> — uy(a, ) ()da

and (5.10) follows easily.

8. Proof of uniqueness.
Let us assume that the hypotheses of Theorem (5.8) hold. We have

1
(8.1) /0 (W (ue)e — W(ve)e) (ue — vg) + (ug — vg) (Ugt — vgt)] dz =0

for a.e. t > 0.
In the case (5.8)(i) the assertion follows 1mmed1ately from (8.1) and (2.7)(ii). In the case

i ). 1
(5.8)(ii) we put u”(x,t) = Iy (ue (2, ), Mz, h))(t),v"(z,t) := I, (vs(z,-), Xz, h))(t). Then
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(8.1) and (2.7) (i) yield

1 00
(8.2) /0 /0 {%(y(uh(:ﬁ,w,m _ V(vh(x,t),h))] (" (2, t) — " (2, 1)) dh da+

+%/o % [(ux(a:,t) - Um($,t))2 + a(u(z, t) — vt(:z;,t))g} dr <0

for a.e. t > 0.
The expression g—;(g, h) is bounded away form 0 for |g| + h < U (we have v(U) > 0, cf

the proof of (3.1)). Putting

M) ::% /01 ([/Ooog—g(uh(x,t),h) (" (z, ) —vh(x,t))dh} +

+ (ug(z,t) — vx(m,t))z + a(u(z,t) — vt(;v,t))2> dx

we see that there exists a function k € L}, .(0,00) such that M (t) < k(t)M(t) a.e. and
Gronwall’s lemma completes the proof of Theorem (5.8). [ |

9. Asymptotic behaviour.
The proof of Theorem (5.9) relies on the inequality (6.9). We can choose ¢ in (6.6
such that tlim e(t) = 0. Let us construct a sequence {tx},tr — +oo by induction: t; =
log <—%(1_6)U2> :

e*(tk)

0,thy1 — tp = % We have % < c16%(ty), where c; is a positive

constant.
For an arbitrary integer n and for ¢ < ¢34 ; we obtain from (6.9),(6.10)

EM(t—) < coe(ty),

where ¢ > 0 is a constant independent of n and k. It suffices to put k(t) := [202€(tk_1)]1/2
fort € [tk,tk+1).
Let us suppose now G(t) = 0 for t < ¢. Putting () = ¢ for ¢ > t; we obtain from (6.9)
EM(r—)<c <e_§BéE(”) (t+) + ?—;) for every 7 > 2t, where c is a positive constant.
Choosing ¢ sufficiently large (taking a larger t,, if necessary) we obtain

1 c6?
EM(r—) < —EM —

for all = > 2¢.
Put ¢, := 2Ftq. We choose K > 32¢§? such that E™)(tg4) < tKQ By induction we
0
obtain K K
Emry < X K
(T+) < 42— 72
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for T € [tk7tk+1).

|u

We have g(z,t) = g°(z) for t < to. It suffices to put v(z) = [ fal g°(b) dbda. We have
0P < ) g (@ t)Pde < 2B09(1) ae, [u (2, 1) = o' ()2 < fy WO ("), Pda

< 26(U)E™(t) 4 o(n) for a.e. t <ty and Theorem (5.9) is proved.
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