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OSCILLATIONS AND CONCENTRATIONS GENERATED
BY A-FREE MAPPINGS AND WEAK LOWER SEMICONTINUITY
OF INTEGRAL FUNCTIONALS

IRENE FONSECA! AND MARTIN KRUZ{K? 3

Abstract. DiPerna’s and Majda’s generalization of Young measures is used to describe oscillations
and concentrations in sequences of maps {ux tren C LP(2; R™) satisfying a linear differential constraint
Aur = 0. Applications to sequential weak lower semicontinuity of integral functionals on A-free
sequences and to weak continuity of determinants are given. In particular, we state necessary and
sufficient conditions for weak* convergence of detViy — detV in measures on the closure of @ C R"
if o — @ in WH"(Q; R™). This convergence holds, for example, under Dirichlet boundary conditions.
Further, we formulate a Biting-like lemma precisely stating which subsets Q; C © must be removed to
obtain weak lower semicontinuity of u +— fQ\Qj v(u(x)) dz along {uir} C LP(Q;R™)Nker A. Specifically,
Q; are arbitrarily thin “boundary layers”.
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1. INTRODUCTION

Oscillations and concentrations appear naturally in many problems in the calculus of variations, partial
differential equations, and optimal control theory. While Young measures [39] successfully capture oscillatory
behavior of sequences, they completely miss concentration effects. These may be dealt with appropriate general-
izations of Young measures, as in DiPerna’s and Majda’s treatment of concentrations [9], following Alibert’s and
Bouchitté’s approach [1] (see also [13,25,26]), etc. Detailed overviews of this subject may be found in [33,36].

We are interested in the interplay of oscillation and concentration effects generated by sequences {uy }reny C
LP(Q; R™) which satisfy a linear differential constraint Auy = 0, or Auy — 0 in W=LP(Q;RY), 1 < p < +o0,
where A is a first-order linear differential operator. An explicit characterization of Young measures generated
by sequences fulfilling Aup = 0 (A-free sequences) was completely given in [15], following earlier works by
Kinderlehrer and Pedregal [19,21] in the special case A := curl, the so-called gradient Young measures (see
also [30,32]). The complete study of oscillations and concentrations when A = curl can be found in [16]
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2 I. FONSECA AND M. KRUZIK

(see also [18] for a more general setting). Another particularly interesting situation, that will be a corollary of
the theory developed in this paper, is A := div which is relevant in the theory of micromagnetics [8,31,32].

Here we will use DiPerna’s and Majda’s generalization of Young measures, the so-called DiPerna-Majda
measures [9,33], to address oscillations and concentrations features in sequences {gv(ux)} where v agrees at
infinity with a positively p-homogeneous function and g € C(9).

The main results may be found in Section 2. First, we will state necessary and sufficient conditions for a
DiPerna-Majda measure to be generated by an A-free sequence that admits an A-free p-equiintegrable extension,
see Theorem 2.1. Secondly, we formulate necessary conditions for a DiPerna-Majda measure to be generated
by a general A-free sequence, see Theorem 2.2. New sequential weak lower semicontinuity theorems issue from
this analysis (cf. Thms. 2.3 and 2.4). We further state a necessary and sufficient condition ensuring weak L'
convergence of {detVy bren if {or} C WE(;R™) and det Vi, > 0 for all k € N, see Proposition 2.6. In the
absence of the sign assumption, the same condition is equivalent to the weak* convergence detVyy, — detVe in
measures supported on the closure of 0, ¢f. Proposition 2.8. In particular, this holds if ¢, = ¢ on 99 for some
© € WEn(Q;R™). Finally, we formulate a Biting-like Lemma for A-quasiconvex functions, see Lemma 2.10,
showing that sets which must be bitten to recover weak lower semicontinuity are only arbitrarily thin “boundary
layers”.

1.1. Preliminaries and Young measures

We recall some measure theory results and set the notation [10]. Let X be a topological space. We denote by
C(X) the space of real-valued continuous functions in X. If X is a locally compact space then Cy(X) denotes
the closure of the subspace of C(X) of functions with the compact support. By the Riesz Representation
Theorem, the dual space to Co(X), Co(X)’, is isometrically isomorphic with M(X), the linear space of finite
Radon measures supported on X, normed by the total variation. Moreover, if X is compact then the dual space
to C(X), C(X)', is isometrically isomorphic with M(X). A positive Radon measure p € M(X) with u(X) =1
is called a probability measure, and the set of all probability measures is denoted P(X).

If not said otherwise, we will work with a bounded Lipschitz domain 2 C R™ equipped with the Euclidean
topology and the n-dimensional Lebesgue measure £™. By LP(Q,u), 1 < p < 400, we denote the space of
p-integrable functions with respect to the measure p € M(2). Further, WHP(Q;R™), 1 < p < +00, stands
for the usual space of measurable mappings, which together with their first (distributional) derivatives, are
integrable with the p-th power. The closer of Co(2; R™) in W1P(;R™) is denoted Wol’p(Q;Rm). Ifl<p<
+00 then W=1P(Q;R™) denotes the dual space to Wol’p/ (;R™), where p'~' + p~t = 1. If p € M(Q) then
LY, p1; Co(X)) may be identified with L2°(Q, u; M(X)), the space of weakly* y-measurable mappings 7 : Q —
M(X). We recall n: Q@ — M(X) is weakly* p-measurable if, for all v € Cy(X), the mapping x € Q — (n(z), v)
is -measurable. If X is compact then L'(€, u; C(X))" may be identified with L3°(€, u; M(X)). We drop the
reference to p in this notation if p := L"LQ.

The support of a measure p € M(Q) is the smallest closed set S such that p(A) = 0if SN A = (). Finally,
if p € M(Q) we write s and d,, for, respectively, the singular part and the density of  with respect to the
Lebesgue measure, i.e., using the Radon-Nikodym theorem [12]

dp

n du .,
uzmﬁ LQ + ps and dy, := ——L".

S odcn
For p > 0 we define
Cp(R™) := {v € C(R™): v(s) = o|s|?) for |s| — oo}

The Young measures in a domain @ C R™ with values in P(R™) are the weakly* measurable mappings v :
Q — P(R™). In what follows, and when there is no possibility of confusion, we write v, in place of v(z) and
abbreviate v := {v; }zeq. We denote the set of all such Young measures by Y(Q2; R™). Obviously, Y(; R™) is
a convex subset of L (£2; M(R™)). A classical result [13,35,38,39] is that, for every sequence {y }ren bounded
in L*°(Q2; R™), there exists a subsequence (not relabeled) and a Young measure v = {v, }zecq € Y(Q2; R™) such
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that for all v € C'(R™)

klim VoYL =, weakly* in L>°(Q), (1.1)
—00
v, (x) == / v(8)dv,(s) for a.e. x € Q. (1.2)

We say that {yi} generates v if (1.2) holds. We denote by Y°°(£2; R™) the set of all Young measures generated
in this way, i.e., all Young measures attained by bounded sequences in L (€; R™).

A generalization of this result was formulated by Schonbek [34] for the case 1 < p < 400 (c¢f. [2] where
further results in this direction have been obtained; see also [23]): If {yx}ren is bounded in LP(€2;R™) then

there exists a subsequence (not relabeled) and a Young measure v := {v; }.cq € Y(;R™) such that for all
v e Cp(R™)
klim VoYL =, weakly in L'(€). (1.3)

As before, we say that {yr} generates v if (1.3) holds. We denote by YP(Q;R™) the set of all Young measures
which are generated in this way.
1.2. The operator A and .A-quasiconvexity

Following [5,15], we consider linear operators A® : R™ — R% i = 1,...,n, and define A : LP(Q;R™) —
W-LP(Q;RY) by

n

5 0

Au = ZA(Z) 8;7 where u:Q — R™,
i=1

i.e., for all w € WlP (Q; RY)

(Au, wy = — Z;/QA(i)u(x) ' ag)g) da.

For w € R™ we define the linear map
Alw) := ZwiA(i) : R™ — RY,
i=1

and assume that there is 7 € NU {0} such that
rank A(w) =r for all w € R, |w| =1,

i.e., A has the so-called constant-rank property.
Let @ be the unit cube (—1/2,1/2)" in R™. We say that u : R™ — R™ is Q-periodic if for all x € R™ and
all z € Z
u(z + z) = u(x).
If u € LP(R"; R™) then we say that u € ker .A when for all open bounded sets  C R”, Au = 0 in W~1P(Q;R?),
i.e.,

ker A= {u € LP(QR™): (Au,w) = 0 for all w € W2P (R4 }-
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Although the definition of A depends on the domain 2 we will omit specifying it whenever it is obvious from
the context. Let us finally define

LLR™R™) = {u € Ly, (R";R™): u is Q-periodic}-

loc

We will use the following lemmas proved in [15], Lemmas 2.14, and [15], Lemma 2.15, respectively.

Lemma 1.1. If A has the constant rank property then there is a linear bounded operator T : Lﬁ; (R™; R™) —
Li(R";Rm) that vanishes on constant mappings, T(Tu) = Tu for all u € LQ(R";R’”), and Tu € ker A.
Moreover, for all uw € LY, (R™;R™) with [, u(z)dz = 0 it holds that

l[u— T“HL;(R”;RM < CllAuflw-1.0@nre),

where C' > 0 is a constant independent of u.

Lemma 1.2 (decomposition lemma). Let Q C R™ be bounded and open, 1 < p < 400, and let {ur} C LP(;R™)
be bounded and such that Auy — 0 in W—IP(Q;R?) strongly, up — u in LP(S;R™) weakly, and assume that
{ur} generates v € YP(;R™). Then there is a sequence {zi }ren C LP(Q;R™)Nker A, {|z;|P} is equiintegrable
in LY(Q), {2z} generates the Young measure v, and ux — z;, — 0 in measure in €.

Definition 1.3 (see [15], Defs. 3.1 and 3.2). We say that a continuous function v : R™ — R, |v| < C(1+]-|P)
for some C' > 0, is A-quasiconvez if for all sp € R™ and all ¢ € LP(Q;R™) Nker A with fQ (x)dz = 0 it holds

v(sp) < /Qv(so + ¢(x)) da.

The A-quasiconvex of v we define its A-quasiconvex envelope as

Qav(sp) := inf {/Q v(so+¢(x))dr: p € LP(Q;R™) Nker A and /

p(x)de = 0} for all 59 € R™.
Q

If v is A-quasiconvex then v = Q4v.

Definition 1.4. Let {ug}reny C LP(; R™) Nker A. We say that {u;} has an A-free p-equiintegrable extension
if for every domain Q C R" such that Q C Q, there is a sequence {iz}ren C LP(€; R™) Nker A such that
(i) @r = uy a.e. in Q for all k € N;
(ii) {|@x|P}ren is equiintegrable on €\ €; and
(iii) there is C'> 0 such that [|a|[ ;s ¢.gm) < Cllulle(@rm) for all k € N.

Example 1.5. If A := curl and {¢r} C WEP(Q;R™), ¢ — ¢ weakly in WHP(Q; R™) then {uy} := {Vr}
has a curl free p-equiintegrable extension if {¢5 — @} C WP (Q; R™).

Other examples of A-free mappings include solenoidal fields where A = div, higher-order gradients where
Au = 0 if and only if u = V®) ¢ for some ¢ € WeP(Q;R), and some s € N, or symmetrized gradients where
Au = 0 if and only if u = (Vi + (V) T)/2 for some p € WHP(Q;RY).

1.3. DiPerna-Majda measures

Consider a complete (i.e. containing constants, separating points from closed subsets and closed with respect
to the supremum norm), separable (i.e. containing a dense countable subset) ring R of continuous bounded
functions from R™ into R. Such ring always contains Co(R™). It is known that there is a one-to-one corre-
spondence R — OrR™ between such rings and metrizable compactifications of R™ [11]; by a compactification
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we mean here a compact set, denoted by GrR™, into which R™ is embedded homeomorphically and densely.
For simplicity, we will not distinguish between R™ and its image in SrR™. We set

Th i={v:i=vo(1+|-]7): vo € R}

Let m € M(Q) be a finite positive Radon measure, and let A € L (Q, m M(BrR™)), Ao = Az) €
P(BrR™), i.e. the parameterized measure A := {\; },cq is a Young measure on §2 equipped with 7 see [39], and
also [2,33,35,37,38]). DiPerna and Majda [9] proved the following theorem:

Theorem 1.6. Let 2 be an open domain in R™ with £L"(02) = 0, and let {yx}ren C LP(Q;R™), with 1 <p <

+00, be bounded. Then there exists a subsequence (not relabeled), a positive Radon measure m € M(Q) and a
mapping A € L (Q, m; M(BrR™)), Ax € P(BrR™) for m-a.e. x € Q, such that for all g € C(Q) and allv € Y4,

k—o0

im [ a(ep(a)ds = | /ﬁ L S@) )z, (1.4)

Take v := 1 in (1.4) (recall that constants are elements of R) to get

klim (14 |ye[)L"LQY = 7 weakly™ in M(Q). (1.5)

If (1.4) holds then we say that {yx}en generates (r, A), and we denote by DM, (Q; R™) the set of all such pairs
(m,A) € M(Q) x LZ(Q, 5 M(BrR™)), Ay € P(BrR™) for m-a.e. = € . Note that, taking vy := 1 and g := 1
in (1.4), generating sequences must be necessarily bounded in LP(£; R™). We say that (m, A) € DM% (;R™)
is homogeneous if x — A, is constant. In this case, the density of m with respect to the Lebesgue measure is
constant (see formula (A.1) below).

1.3.1. Compactification of R™ by the sphere

In what follows we will work mostly with a particular compactification of R, namely, with the compactifi-
cation by the sphere. We will consider the following ring R of continuous bounded functions

S = { vg € C(R™): there exist ¢ € R, vgo € Co(R™), and vg1 € C(S™ 1) s.t.
vo(8) = c+vp,0(s) + v <i) Ll if s #0 and vo(0) =c+v (0)} (1.6)
ol(s) = 0,0 01 {51 ) T4 s 0(0) = 0,0 ; :

where S™~1 denotes the (m — 1)-dimensional unit sphere in R™. Then SsR™ is homeomorphic to the unit ball

B(0,1) C R™ wia the mapping f : R™ — B(0,1), f(s) :=s/(1+|s|) for all s € R™. Note that f(R™) is dense
in B(0,1).
For any v € Y% there exists a continuous and positively p-homogeneous function v, : R™ — R, i.e.,

Voo (t8) = tPuoo(s) for all ¢ > 0 and s € R™, such that

L p(s) —vse(s)
|s|—o0 |S|p

=0. (1.7)

Indeed, if vg is as in (1.6) and v = vo(1 + | - |P) then set
il P
onls) e § (et () sl it s #0,
0 if s=0.

By continuity we define v, (0) := 0. It is easy to see that v satisfies (1.7). Such v is called the recession
function of v.
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Remark 1.7. Notice that S contains all functions vy := v9,0 + Veo/(1 + | - |[P) where voo € Co(R™) and
Voo : R™ — R is continuous and positively p-homogeneous.

2. CHARACTERIZATION OF THE SET ADMZ%(Q;R™) AND WEAK LOWER SEMICONTINUITY
S )

In what follows we will denote by ADM%(Q;R™) the set of DiPerna-Majda measures from DM (Q; R™)
which are generated by A-free mappings. We restrict ourselves to the compactification of R™ by the sphere,
although our results can be straightforwardly generalized to finer metrizable compactifications if the following
two conditions are satisfied:

(i) two (sub)sequences whose difference tends to zero in LP(€;R™) generate the same DiPerna-Majda
measure;

(ii) A-quasiconvex functions in Y%, are separately convex. If this is the case, and if v € T% and Qv > —o0
then |Qav| < C(14]-|P) for some C' > 0; c¢f. [22] and, moreover, @ 4v is p-Lipschitz, see e.g. [27] or [7].
However, in general A-quasiconvex functions do not need to be even continuous; cf. [15].

Let 2 be an open bounded Lipschitz domain and 1 < p < +oo. While the case p = 400 does not allow for
concentrations and was fully resolved in [15], the case p = 1 is much more complicated due to non-reflexivity of

LY(Q;R™).
Theorem 2.1. Let (w,\) € DME(Q;R™). Then there exists {ur} C LP(;R™) Nker A, having an A-free

p-equiintegrable extension, and generating (m,\) if and only if the following three conditions hold:
(i) there exists u € LP(R™;R™) Nker A such that for a.e. x €

u(w) = dole) [ A (o)

—d
rm L+ [s[P

(ii) for L™-almost every x € Q and for all v € Y%

Qav(u(z)) de(ac)/ v(s) Az (8); (2.1)

BsR™ 1+|S|p v

(iii) for m-almost every x € 0 and all positively p-homogeneous v € Y& with Q 4v(0) = 0 it holds that

0< / U(S)|pd)\l.(s). (2.2)

BsRm\Rm™ 1+ |S

The next theorem characterizes DiPerna-Majda measures generated by an arbitrary sequence of A-free map-
pings, i.e., there may not exist a generating sequence with an A-free p-equiintegrable extension. Then inequal-
ity (2.2) does not have to hold on 0.

Theorem 2.2. Let (m,\) € ADME(Q;R™) be generated by {ur}ren C LP(Q;R™) Nker A. Then (i) and (ii)
of Theorem 2.1 are satisfied but (2.2) in (iii) may hold only for w-a.e. x € Q.

The proof of the necessary conditions in Theorems 2.1 and 2.2 is the subject of Section 3 (see Prop. 3.5).
Section 4 establishes the sufficient conditions (see Prop. 4.6).

The following two sequential weak lower semicontinuity theorems follow from Theorem 2.2. Their proofs may
be found in Section 5.

Theorem 2.3. Let 0 < g € C(), let v € YE(R™) be A-quasiconver, and let 1 < p < +oo. Let {uy} C
LP(Q;R™) Nker A, up, — u weakly, and assume that at least one of the following conditions is satisfied:

(i) for any subsequence of {uy} (not relabeled) such that |ugx[PL"LQ — 7 weakly* in M(S), it holds
m(092) = 0;
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(i1) limjs)—oo % =0 where v~ := max{0, —v};
(#i7) {ur} has an A-free p-equiintegrable extension;
(iv) g € Cp().

Then I(u) <liminfy_,o I(ux), where

I(u) ::/Qg(ac)v(u(ac))dx. (2.3)

Theorem 2.4. Let 0 < g € C(Q), let v € TH(R™) be A-quasiconvez, and let 1 < p < +oo. Then I
is sequentially weakly lower semicontinuous in LP(;R™) Nker A if and only if for any bounded sequence
{ug} € LP(;R™) Nker A such that uy, — 0 in measure

liminf I'(ug) > 1(0).
k—oo

2.1. Weak/in measure continuity of determinants

As an application of our results, we give necessary and sufficient conditions for weak sequential continuity of
o € WHn(Q;R") — det Vo € LY(Q). Here n = p, d = n?,

Au = 0 if and only if curl v = 0,

and the notion of A-quasiconvexity reduces to the well-known notion of quasiconvexity, see [3,28]. We recall
(see [7,13]) that a Borel measurable function v : R"*™ — R is quasiconvex if for all s € R™*™ and all
¢ € Wy (Q;R™) it holds that

v(s) < /Qv(s + Vo(z)) de. (2.4)

If o) < C(1+]-|™), a simple density argument shows that (2.4) remains valid if we take ¢ € Wé’fper(R"; R™),
see [3].

In particular, v(s) := £ det s is quasiconvex (see e.g. [7]) and, since it is n-homogeneous, +=det/(1+]-|") € S
in view of Remark 1.7. Indeed, det(as) = adets if @ > 0 and s € R™*". Consider {py}rey C W (;R™)
such that w-limg o @or = ¢ in WH(;R"). We extract a further subsequence, if necessary, such that {Vo}
generates v € Y"(Q; R™*") and (m, \) € DM(Q; R™ ™), and so that (A.7) holds for v := det and y; := Vi,
i.e., if g € C(Q) then

lim [ g(z)det Vi (z)dz = / / det s dv,(s)g(x)dx —|—/ / ﬂd)\x(s)g(x)dw(x). (2.5)
Q Q JRnxn Q JBsRnxn\Rnxn 1+ |S|n

k—oo

It is known that (see [21,30])

// det s dul.(s)dx:/detho(x)dac,
Q Jrnxn )

and, due to (2.2) applied to v := +det

/ ety (s) =0 (2.6)
B

SR X1\ RN X7 1 —+ |S|n v
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for m-almost all z € Q. Therefore, we can rewrite (2.5) as

lim [ g(z)det Vi (z)dz = /Qdetho(x)g(x) dz +/

k—oo Jo le)

/ L (g@dn(@),  (27)

BsRnxn\Rnxn 1 + |S|n

and, in particular, we have

lim [ g(z)det Vi (z)de = / g(z)detVp(x) dz (2.8)

k—oo 9] 9]

for all g € Cy(R), i.e., detVyy, — detV in the sense of measures [3]. Moreover, if

det
/ A5 () = 0
BsRnxn\Rnxn 1 + |S|n

for m-almost all x € 912, then (2.8) holds for all g € C(Q).
We will need the following lemma.

Lemma 2.5. Let 0 < vy € R and let {uptren C LP(Q;R™) generate (m,\) € DML (ER™). Let v =
vo(1+ |- |P). Then {v(ug)}ren is weakly relatively compact in L*(Q) if and only if

//ﬁRRm\nw 8)dhs (s)dn(z) = 0. (2.9)

Proof. We follow the proof of [33], Lemma 3.2.14(i). Suppose first that (2.9) holds. For ¢ > 0 define the function
€ .R™ =R

0 if [s| <o,
£%s) = [s|] —o ifo<|s| <o+1,
1 if [s| > o+ 1.

Note that always &2 € R, hence {2y € R because R is closed under multiplication. We have due to the
Lebesgue Dominated Convergence Theorem

lim// vo(s)dA // (5)dAs (s)dr(z) = 0.
2700 JQ JBrR™\B(0,0) RR™\ ]Rm

Let € > 0 and p be large enough so that

//BRRM 0(8)dAs(s)dm(z) < /Q/ﬁR]Rm\B(O,g) vo(8)Ag (s)dm(z) <

and choose k, € N such that, if £ > k,, then

)

| ™

(s)dAs (s /%w up()) da| <

wlm

ﬁRRm

Therefore, if k > k, then [, £§ (ux(z))v(ur(z)) dz < e, and so

/ v(ug(z))de < / &8 (ug(z))v(ug(x)) dz < e.
{zeQ: Juk(z)|>e+1} Q
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As0<ov<C(14|-|P) for some C > 0, we get for K > C(1+ (o + 1)?) that

v(ug(x))de < / v(ug(z))de <e.
{z€Q: |up(z)|Zo+1}

/{1‘691 [v(uk(z)) |2 K}
Clearly, the finite set {v(uk)}:gzl is weakly relatively compact in L!(2), which means that for Ky > 0 sufficiently
large and 1 < k <k,
/ v(ug(z))de <e.
{z€Q: |v(uk(x))| =Ko}
Hence,

sup/ v(ug(z))da < e,

keN J{zeQ: |v(ug(z))|>max(Ko,K)}

and {v(ug)} is relatively weakly compact in L'(2) by the Dunford-Pettis criterion. Consequently, if {v(uy)}
is relatively weakly compact in L(£2), then the limit of a (sub)sequence can be fully described by the Young

measure generated by {ug}, see e.g. [2,30,32]. Formula (2.9) then follows from (A.7). O

Suppose now that detVpy, > 0 for all £ € N. Then Lemma 2.5 applied to v := |det|, together with (2.6),
implies that (notice that |detVy| = detVy, k € N) if

det s
———dX;(s)dn(x) =0 2.10)
/BQ /BS]R"X"\]R"X" 1+ |S|n l( ) ( (

then w-limyg .o detVer = detVep in L'(Q). On the other hand, if w-limj .., detViyp, = detVe in LY(£)
then (2.7) yields (2.10). We proved the following proposition, which is a generalization of Miiller’s result [29];
cf. also [17,20].

Proposition 2.6. Let {pkren € WH(Q;R™) be such that w-limy_o o = ¢ in WE(Q;R"™), detVpr > 0
a.e. in Q for all k € N, and {Voy}ren generates (m,\) € DME(Q;R™). Then w-limy_.o detVpy, = detV in
LY(Q) if and only if (2.10) holds.

Condition (2.10) can be ensured, for instance, if ¢, = ¢ on 0 in the sense of traces [18]. The fact that
w-limy oo detV, = detVp in LY(Q) if detVipr > 0 and ¢ = ¢ on 0 was already mentioned in [20],
Theorem 4.1. However, (2.10) also holds if {¢}} has an extension to Q D Q such that {IVeorlPloq} is weakly
relatively compact in L*(Q), see (iii) in Theorem 2.1.

Corollary 2.7. Let {pr}ken C WET(Q;R™) be such that w-limg_.oo o =  in WE(Q;RY), or € ¢ +
Wy " (4 R™), and detVipg(z) >0 for all k € N and a.e. x € Q. Then w-limy,_. detVy, = detVy in L'(Q).

Removing the assumption detVpy, > 0 from Proposition 2.6 substantially weakens the assertion. Its proof
follows again from (2.7).

Proposition 2.8. Let {pk}ren C WE(Q;R™) be such that w-limy_. @ = ¢ in WH(Q;R"), and {Vk }ren
generates (m, \) € DME(ER™). Then w*-limy_.o detVi, = detVp in the sense of measures on Q0 if and only
if (2.10) holds.

Remark 2.9. Analogous variants of Propositions 2.6 and 2.8 clearly hold for A-quasiaffine functions, i.e., if v
and —v are both A-quasiconvex.

2.2. Biting lemma for A-quasiconvex functions

The next proposition can be seen as a version of the Biting Lemma [6] for A-quasiconvex functions. It
generalizes a result from [4]. It is known that if v € T% is A-quasiconvex then the functional I given in (2.3)
does not have to be sequentially weakly lower semicontinuous in LP(;R™) Nker A; cf. [3] for a particular
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example with the determinant. Our next lemma asserts that the weak lower semicontinuity is preserved if we
remove (bite) an arbitrarily thin “boundary layer” of Q.

Lemma 2.10. Let Q@ C R" be a bounded Lipschitz domain and such that 0 € Q. Let up — u weakly in
LP(Q;R™)Nker A, 1 < p < 4o00. Let further 0 < g € C(Q) and let v € Y% be A-quasiconvex. Then there exists
a subsequence of {ur} (not relabeled) and {cs}een C (0, 1] such that

lim inf /Q g(x)v(ug(x)) dx 2/ g(z)v(u(x)) dz, (2.11)

k—o0 =Q

if e € {eo}oen and eQ = {ey: y € Q}.

The proofs of Theorems 2.3, 2.4, and of Lemma 2.10 can be found in Section 5. The next two sections will
be devoted to proving Theorems 2.1 and 2.2.

3. THEOREMS 2.1 AND 2.2: NECESSARY CONDITIONS

The following result can be found in [18], Lemma 3.2. It follows by the approximation of the characteristic
function by continuous ones.

Lemma 3.1. Let (m,\) € DML (4R™) and let w C Q be an open set such that m(0w) = 0. Let {uy}ren
generate (mw, \) in the sense of (1.4). Then for all vo € R and all g € C(2)

lim /v(uk)g(m)dx//ﬁ Rmvo(s)d)\z(s)g(x)dﬂ(x). (3.1)

k—o00

Proposition 3.2. Let 1 < p < +o0, let {ug} C LP(;R™) be such that Aup — 0 in W=LP(Q;RY), uy — u
weakly in LP(Q;R™). If {uy} generates a DiPerna-Majda measure (w,\) € DME(Q;R™) with m absolutely
continuous with respect to the Lebesgue measure, then there is {wy }reny C LP(€;R™)Nker A that also generates
(m,\). Moreover, [q,(wi(z)—u(x))dz =0 for all k € N.

Proof. We follow the proof of [15], Lemma 2.15. After an affine rescaling, we may assume that Q C Q. Clearly
Au = 0, and by linearity and Lemma A.5 we may suppose that u = 0.
For any n € C§°(2), 0 < n < 1, it follows

n
5 O0n

A =nA AD L 0 in WbP(Q; R?

(nuk) = nAuy —l—;uk s —0in ( )
because LP(Q;R™) is compactly embedded into W~1P(Q; R™). Take nx € C§°(2), 0 < np < 1 for any k € N,
Nk — X pointwise everywhere. Define wjy, := njug, j, k € N. By Lemma A.7 extract a subsequence of {w;}; k,
denoted by {wy.}ren, that generates (m, \) with ux, — 0 weakly in LP(;R™) and Awy — 0 in W—1P(Q;RY).
We extend wy, by zero to @\ 2, and then periodically to the whole R™. Define

By =T (wk - /ka(x)dx) .

By Lemma 1.1 {w} C LP(€;R™) Nker A and we have due to the fact that fQ wi(z)de — 0 as k — oo

lim [Jwy — Wkl/|Lr(Qrmy = lim Hwk/ W d:E’JI‘<wk/ wk(m)dx)
k—o0 k—o0 Q Q

Jm CllAwg|lw-1.»(@raey = 0.

L%, (Rm;R™)

IN
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Therefore, by Lemma A.6 {Uy}ren generates the same DiPerna-Majda measure as {uy}. Finally, we set
wy = Wy — L™(Q) 7 [, Wk (2) d for any k. O

Proposition 3.3. Let 1 < p < +oo, let {ug}ren C LP(Q;R™) be such that Aup — 0 in W~LP(Q;RY) as
k — oo, and let {uy} generate (m,\) € DME(Q;R™). Let further up — w weakly in LP(Q;R™). Then for
almost every a € Q (Mg, dr(a)L"LQY) is a DiPerna-Majda measure. Moreover, (Aq,dr(a)L™LQ) is generated by
a sequence in L, (R™; R™) Nker A.

Proof. We remark that

dr(a) = (/Rm fi‘l'(;'l)l (3.2)

as follows from (A.1). Define v := dr(a)L"LQ and pu, := A, for a.e. z € Q. Notice that (v, ) € DME(Q;R™)
by Proposition A.1. We proceed as in [32], Theorem 7.2, and apply Lemma 3.1 to any w := a+ 0@ with ¢ small
enough and such that m(d(a + 0Q)) = 0. Define Vy(y) := d(y) fﬁsRm v§(s)dA\y(s) where {v§}een is a dense
subset of S. Consider a € 2 a common Lebesgue point of u, d, V;, for any ¢ € N, and such that 7,({a}) = 0.
The set of such points has full Lebesgue measure.

We recall that w* — limy_, oo (1 + |ug|P) = 7, i.e., for any & € C ()

dm [ €@+ )P de = [ €la)dn(a),
— 00 Q Q
Let &4, € Co(2) be such that

0 < Xat0Q(7) < &ao(2) < Xar20@(x), 2 € Q.

Then
lim sup limsup p™" / (14 |uk(2)”)Xatoo(x)dz < limsuplimsupp™" / (1 + Jug(z)|P)&q,o(x) dz
0—0 k—oo O 0—0 k—o0 Q
= limsupp™" / o p(x) dr(z)
0—0 Q
<

timsup o [ Xerauole) dn(z) < Cau(a).
0—0 Q

Hence,

lim sup lim sup Q_”/ |uk (2)|P Xat0q () dz = limsup lim Sup/ luk(a + ox)|P dx < 4o0.
) )

0—0 k—o00 0—0 k—o0

Define
uj, () ;== ug(a + ox), r€Q, 0>0.

Taking v € Y% and g € C(Q), we have

/Q o(uf o (2))g() d = /Q olun(a-+ on))gle)dn = 07 [ o) erae o (y = ) dy.

0
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Using Lemma 3.1, we get for all v* := v§(1 +|-|?) and all g € C(Q) that

lim ’ue(uzyg(m))g(m) de — Q—”/sz(y)XaJr@Q(y)g (y—ga> dy

k—o00 Q
-n 14 y—a
o [ e e (S50 . (3)
QJBrR™ o
Since 75({a}) = 0, we have
. . —a ) .
lim sup o / / v5(8) dAy ($)Xa+o0(Y)g (y > drs(y) < lim Cp / drs(y) = 0.
0—0 Q JBrR™ o e—0 a+0Q

Thus,

lim lim ve(uzﬂ(m))g(m)dx* lir% Ve(a+gm) (z)dx = Vy(a )/ g(z)dx

00 k—s0
//%Rm (s)g( dx_/ /BSR7'L 8)dpy (s)g(x) dy(z).

As § and C(Q) are separable, we use a diagonalization procedure to find {uf }ren such that for any v € T’

Q
and any g € C(Q)
lim ( x)de = / / 8)dpy(8)g(x) dy(z).
k—oo SRm
To modify the sequence such that it belongs to L%, (R" R™) Nker A we follow the proof of Proposition 3.2. O

Lemma 3.4. Let (m,\) € ADMEZ(Q;R™), 1 <p < +o0. Then for m-almost every x €

/ °8)_4x.(5) > 0 (3.4)
B

SsR™\R™ 1 + |S|p

for all positively p-homogeneous v € Y% with Q 4v(0) = 0.

Proof. By rescaling, we can assume that 2 C Q. Fix v, zg € 2, a w-Lebesgue point of = — fﬁsRm\Rm
11(“5)|pd)\ (s), and r > 0 such that B(xo,r) := {z € Q: |z —z9| < r} C Q and 7(0B(zo,r)) = 0. Suppose
further that {ux} C LP(Q;R™) Nker A generates (m, ) € ADMYE(;R™) and decompose uy = zx, + wy, using
Lemma 1.2 with z; € LP(€;R™) Nker A and wy — 0 in measure. By Lemma 3.1 and by (A.7)

lim o(we(2))g(x) dz = / / 5)dAs (s)g(x)dm(z) (3.5)
k—oo JB(xo,r) B(zo,r) ﬁSRm\Rm

for all v € T% positively p-homogeneous and all g € C (€2). As in the proof of Lemma A.7, we find a sequence
{mtren C C§(B(x0,7)), M — XB(wo,r)» Mk € [0,1] for all x € B(xo,r), such that {w} := {nrws} still
satisfies (3.5). Moreover, by the compact embedding of LP(B(xq,r); R™) into W~1P(B(xq,r); R™) and the
assumption that Awy = 0, we have that Awy — 0in W=5P(B(zg,7); R™). We extend 1y, by zero to Q\ B(zo,r)
and then periodically to the whole R™. The extension is still denoted by w; € Lﬁ; (R™;R™). We define

i, :=T<wk—/ka).
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By Lemma 1.1 {@.} C L, (R"; R™) Nker A and we have, due to the fact that [, @y dz — 0 as k — oo,

lim ||UA}]¢—U~}]¢|||LP (RnRm) = lim ﬁ}k—/ widx — T ’Lf)k—/ Wy, dx
k—o00 # ’ k—o0 Q Q

kli)l{.lo C||A?1)k ||W71,p(Q;]Rd) = 0

Lz;;: (Rn ;R?n)

IN

Hence, for all v € T%, positively p-homogeneous and all g € C () it holds that

, _ v(s)
lim v(wk(x))g(x)dxz// Az (8)g(z)dm(x).
k—o0 Q Q J BsRm\R™ 1+ |S|p v
Suppose that v € Y%, positively p-homogeneous is such that Q4v(0) = 0. By the definition of

A-quasiconvexity

0< lim [ v(wg(x))de = lim v(u}k(x))dxz/ / v(s) dA\;(s)dm(z),
k—oo Jg k=00 J B(wo,r) B(zo,r) Jpskm\rm 1+ [s[P

and so

. 1 v(s) v(s)
0 < lim 7/ / dAz(s)dr(zx) :/ Ay (8).
r=0 m(B(20,7)) JB(zo,r) Jasrm\Rm 1+ [8[P gsrm\Rm 1+ [s[P "

Proceeding as in [16], the previous calculation yields the existence of a m-null set E, C  such that

o< [ o) gy, (s)
/@SRm\]R'nL 1 + |5|p

if & E,. Let {vf}ren be a dense subset of S, so that {v*}ren = {vE(1+ |- |P)}ren C Y. We define

E:=] U Elok41/7)(141-17)-
k {(GEN; Qa(vh+1/4)(1+]7)(0)=0}

Clearly n(E) = 0. Fix z € (Q\ E), a positively p-homogeneous v € T% such that Q4v(0) = 0, and choose a
subsequence (not relabeled) {v&} e such that

1

vy — vo in C(BsR™) and [jvf — vol|c(ssrm) < o

where k — oo if k — co. Denote 9% := v* 4+ £(1 4 |- |P). We have

o (s) = v"(s) + L+ IsIP)llvg — vollepsrm)
> 0"(s) + o5 (s) — vo(s)|(L + |s”) = w(s).

Finally, as « ¢ E then © & E(,r 1 3)(14.») and

0< lim o8(s) Ao (s) = / O8)_x(s). O
B

k—oo BsRm\R™ 1 —+ |S|p SRm\R™ 1 -+ |S|p *
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Proposition 3.5. Let (m,\) € ADMEZ(GR™), 1 < p < 400, be generated by {ur}ren C LP(Q;R™) Nker A.
Then the following conditions are satisfied:
(i) there exists u € LP(C;R™) Nker A such that uy — u and for a.e. x € Q

we)=dn(@) [ ) (3.6)

and for all v e Y%

Quvtuta) < do(o) | o)y, (s), (3.7)

BsR™ 1 + |5|p ¢

for almost all x € §;
(ii) for all v € Y% such that Q4v(0) =0

0< / U(8)|pd)\x(s) (3.9)

BsRm\R™ 1+ |S

for m-a.e. x € Q. Moreover, if {us} has an A-free p-equiintegrable extension then (3.8) holds for m-a.e. x € Q
and u € LP(R™; R™) Nker A.

Proof. Using (1.4) with vo(s) = s;/(1+ |s|P) for i = 1,...,m and g € C(£2) shows that (3.6) is the expression
of the weak limit of {u}, u, in terms of DiPerna-Majda measures. Clearly, Au = 0 because u;, — u and
uy, € ker A. In order to prove (3.7) we use Lemma 3.3 and consider for almost all a € Q a sequence {uf},cq C
L (R™;R™) Nker A generating (dr(a)dz, \,) € ADMG(Q;R™), and converging weakly to u(a). We define for
allk e N
() = uj () + / (u(a) — uj(x)) dz.
Q
Notice that fQ uf(z)der = u(a) and that |uf — QZHL;(RH;R?") — 0 as k — oo, and therefore {af}ren also

generates (dr(a)L"LQ, A,). Then we have by (1.4) and the definition of A-quasiconvexity for any v € T’

, _ v(s)
v(u(a)) < lim v(af(x dx:dwa/ dAq(s),
Q.A ( ( )) — koo Q ( k( )) ( ) ﬁS]Rm 1+|S|p a( )
which proves (3.7). Finally, (3.8) follows from Lemma 3.4.
Assume now that {uy} has an A-free p-equiintegrable extension {uy }reny with @y — @ weakly in LP(R™; R™),
4 € ker A, and & = u a.e. in €. _
Let Q be an arbitrary bounded domain such that ©  , and consider v € Y% and g € C (Q), write

[ vlan@g@s = [ va@)gis + | o)

Q a0 Q

Suppose that {iy, }ren restricted to ©\ Q generates a DiPerna-Majda measure (v, 1) € DME(Q\ Q;R™). Since
{|ax|P} is weakly relatively compact in L'(2 \ ©2) we have that (90 U 0€2) = 0, see Lemma 2.5. Altogether,
{1} generates a DiPerna-Majda measure (7, \) on  such that

=_ 1 in Q\Q 5o e if z€Q\Q
7 in Q Tl A i e

Using Lemma 3.4 applied to (T, 5\) that (3.4) holds true for 7-almost all 2 € Q. In particular, it holds true for
m-almost every x € €. O
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4. THEOREMS 2.1 AND 2.2: SUFFICIENT CONDITIONS

We will follow [15]. Let us take A € P(8sR™) such that A(R™) > 0, and

o (2

Consider a set of DiPerna-Majda measures 7 = (7, \) defined for all g € C(Q) and all vy € S by

Define

@)= [ @A) dre). (43)

where 7 is absolutely continuous with respect to the Lebesgue measure with the density d,.. Here we used the
fact that the linear hull of {g ® vo; vo € S, g € C(Q)} is dense in C(Q x BsR™). We denote by H the set
of DiPerna-Majda measures of the form (4.3) with the first moment zero, i.e. (4.1) holds, and generated by
p-equiintegrable sequences in Li (R™;R™) Nker A.

There is an obvious one-to-one mapping from H to the Young measures in YP(Q;R™) generated by
p-integrable sequences in Li(R";Rm) Nker A; cf. (A.6). This is clear because any such sequence gener-
ates both a DiPerna-Majda measure as well as a Young measure. Let us denote by Y the set of homogeneous
Young measures from Y?(Q;R"™) generated by p-integrable sequences in Li (R™;R™) Nker A, and define

B, = {u cC®™): 1im 28 ¢ R}-

|s|—oo 1 + |S|p

It is well-known that F), is a separable ring corresponding to a one-point compactification of R™. The dual
space of I, E, can thus be identified with M(8g,R™).

Lemma 4.1. H is convez.

Proof. We first show that H is convex. We follow [15], Proof of Proposition 4.2. Let {uy}, {ax} C L, (R™; R™)N
ker A be p-equiintegrable and generating 1,77 € H and Young measures v, 7 € YP(Q; R™), respectively. There
is a one-to-one correspondence between 7 and v and 77 and 7; cf. (A.6).

By mollification we may suppose that {uk} {ur} € C*°(Q;R™), and because {ux}, {ir} converge weakly
to 0 we may suppose that fQ ug(z)de = fQ ap(z)dx = 0. Fix 6 € (0,1). As {ui} and {ay} converge strongly
to zero in W~1P(Q; R™) we have for every £ € C’O ((0,0) X Qp—1) with Q,,—1 := (—1/2,1/2)"~! that

n

Z A(Z uk — uk)

=1

— 0.

A (ur — @) lw-10(Qiray =

WL Qi)

Hence, we may find a sequence {¢r} C C§°((0,0) X Qn—1), ¥r — X(0,6)xQ,_, Pointwise, such that

[ A(pr (ur — @) llw =10y = 0.

We define
wp = up +T <<pk(dk ) - /Q o () (g () — uk(x)) da.
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Then {wg} C L (R™R™) Nker A, fQ o (x)(uk () — uk(z)) de — 0, and by properties of T it holds
wy, = U + @ (tx — ug) + hg,
where hy — 0 in Lzﬁ (R™;R™). In particular, {wy} is p-equiintegrable and generates a Young measure {/iz }zc
such that p, = v, if 1 € (0,0) and p, = 0, if 21 € (0,1). Finally, we set wy ; := wg(jz) for 7 € N. Then

{wr,;} € C®(Q;R™)Nker A, {wy ;} is bounded in L% (R™;R™), and it is equiintegrable for every j € N. Hence
for any v € Y% and any g € C(Q)

im i [ gt = g [ g ( /Q o) dy ) do

k—oo j—oc Jo k—oo

/Qg(x)dx (e/m o(s)di(s) + (1 — ) / du(s))

= 0(ifg@v)+(1—-0)(ngv)-

As S and C((Q) are separable we diagonalize to find a sequence {0 iy} € C(Q;R™) Nker A generating
0(n,gv)+ (1—20)(ngeuv),ie., His convex. O

Lemma 4.2. H is closed.

Proof. We follow [15], p. 1385. We show that Y is closed in the weak™* topology of E;. Suppose that v € Y.
Let {fi}ien C C*(Q) be dense in L'(Q) and {g;}en be dense in Co(R™). Moreover, we take f = 1 and
go(s) = [s|P for any s € R™. By the definition of the weak™® topology in Ej there is v € Y such that

1 .
|<kayagj>|§ﬁ7 J:077k,

hence by the Fundamental Theorem of Young measures [2] we can find wy, € Li (R™; R™) such that

wap [ fe)de— [ @) < g 0<ig<k

Taking ¢ = j = 0 in the above formula we get that {wy} is bounded in Li (R™;R™) and it generates a Young
measure in YP(Q;R™). Clearly, this Young measure is v. Again, setting ¢ = j = 0 yields

0l ey = 051+17).

as k — oo. Hence, {wy} is p-equiintegrable. Therefore, v € Y. Correspondingly, H is closed. O

Take u € L (R™;R™) Nker A, fQ u(z)dr = 0. It is well-known [3] that the sequence {uy}reny with ux(z) =
u(kz), z € Q, k € N, generates the homogeneous Young measure d,, given, for any v € C,,(R™), by

/ v(s)do,(s) = / v(u(z)) de.
Q
We can embed 6, in DME(Q;R™) as follows. Define 7, = (,9) € H where for any v € T%

/ﬁSRm vo(s)dd(s) :=d_ /Qv(u(x))dx (4.4)
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and
dy := / (1+ |u(z)|?) dz, (4.5)
Q
where d, is the density with respect to the Lebesgue measure of the absolutely continuous measure 7 € M(Q).

Lemma 4.3. Let 1 < p < +oo and let (m,\) € DME(Q;R™) be such that X is homogeneous, i.e., Ay = A, for
all x,y € Q, and 7 is absolutely continuous with respect to the Lebesque measure with the constant density

0= ([ 5%

S
———d\(s) =0
/ﬁsR’” ].+ |S|p ( )

such that

and for any v € Y%

Qv(0) < d, / o) as). (4.6)

BsR™ 1 + |S|p

Then (m,\) € ADME(S;R™).
Proof. We define £ € M(BsR™) by

Gr)i=de [ A
where vg € S. By (4.6)

(&, v0) > Q4v(0). (4.7)

We will use the Hahn-Banach Theorem to prove that £ cannot be separated from H in the weak* topology
by an element of C'(SsR™). Suppose that £ does not belong to H. Then it does not belong to co(H) by
Lemmas 4.1 and 4.2 and there is vg € S and « € R such that (i, v9) > « for all p € H and (£,v9) < «, i.e.,
by (4.7) Qav(0) < a. Consider u € L (R"; R™)Nker A and 7, defined as in (4.4) and (4.5). Then we have that
(N, L @ vg) = fQ v(u(z)) dx > «, hence Q4v(0) > «, and we reached a contradiction. Therefore, ¢ € H. O

Lemma 4.4 (see [32], Lem. 7.9 for a more general case). Let Q C R™ be an open domain with |09 = 0, and
let N C Q be of the zero Lebesgue measure. For vy : @\ N — (0,+00) and {fr}ren C LY(Q) there exists a set
of points {a;;} C Q\ N and positive numbers {e;.}, €ix < rr(air) such that {a;x + €;xQ} are pairwise disjoint
for each k € N, Q = U{a;, + €;xQ} U Ny, with L*(Ny,) =0, and for any j € N and any g € L>=(Q)

i, 3 e | ewar= [ p@

Proposition 4.5. Let (7, \) € DMEZ(QR™), 1 < p < 400, be such that 7 is absolutely continuous with respect
to the Lebesque measure and let d, be its density. Set for almost every x € )

u(z) == dw(x)/ >

——dX;(s). 4.
T (43)



18 I. FONSECA AND M. KRUZIK

If u e LP(R™;R™) Nker A and if for all v € Y% and for almost every x € Q

Qutue) <drte) [ i), (4.9)

BsR™ 1+|S|p v

then (m,\) € ADMEG(Q;R™). Moreover, its generating sequence can be chosen to be A-free with a
p-equiintegrable extension.

Proof. Using a rescaling argument, we may assume that 2 C Q.
(1) Suppose first that w in (4.8) is zero. We are looking for a sequence {u }reny C LP(2; R™)Nker A satisfying

1 = U(S) S xr)am(xT
jim [ o@noear= [ [ G @)

for all g € T and all v = vo(1 + | - |P), vo € X, where I' and ¥ are countable dense subsets of C(Q2) and S,
respectively. -
Take 7y, := 1/k and, using Lemma 4.4, find a;; € Q\ N, €; < 1/k, such that for vy € ¥ and g € C(Q)

lim V(aik)/ g(x)dm:/V(x)g(x)dx, (4.10)
k=00 i aip+teipd Q
and
lim 37 V() gla)do = [ 7 (@)g(a) da. (4.11)
k—o0 i aip+teipd Q
where

V(z) = dw(x)/[j . vo(8)dA,(s).

Notice that Q@ = U;{ai + €xQ} U N, with £7(Ny) = 0. By (4.9) and by Lemma 4.3, we can assume that
(dr(ain)L"LQ, Aq,, ) is a homogeneous A-free DiPerna-Majda measure in ADME(€;R™). Let {ulf}jen C
Li (R™;R™) Nker A be a generating sequence. Recall that u = 0, so w-lim;_, uék =01in Li (R™;R™), and for
all g € C(Q) and all v € Y%,

lim U(u;k(x))g(x) dz = V(aik)/Qg(x) dz. (4.12)

j—o0 O

We define a sequence of smooth cut-off functions {ng}ren C C3°(Q2), 0 < 9y < 1, such that ne(x) = 1 if
x € Q= {x € Q: dist(x,0Q) > £~} and |Vn,| < CF for some C' > 0. Define

ui(x) N (m;ilk) uék (I;im) if x € air + €2,
0 otherwise.

Let I'x ¥ = Ug By, with Ey, C Ei1, finite sets. For k, i, ¢ fixed, take j = j(k, 1, £) so large that for all (g,v9) € Ex

) _ 1
€?k/ g(air + exy)v(ul (y)) dy — V(aik)/ g(z)dx| < >k (4.13)
Q ikt+€ik 2
and
. _ 1
G?k/ g(air + ezky)v(u;k(y)) dy — €?kv(aik)/ glair + eiry) dy| < S (4.14)
Q\Q O\Q,
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Here we used (4.12) written for §(z) := g(a;x + €;2) instead of g. Using this estimate and (4.10), we get for

any (g,v9) €I'x X

/Q (z)v(up,(z dx—z m/ (air, + €ixy)v ))dy — Z ’k/\g (@i + ery)v(uif(y)) dy
14

+ Z Gm/ g(ain + eny)v(ug(ain + einy)) dy =: Ty — Ty + Ty
Q\m

As T}, is independent of £, (4.13) yields

lim lim T}, = lim V(aik)/ N Qg(x)dxz/gf/(x)g(x)dx
QikTEiK

l—o00 k—o0 k—oo

_ t/“]£SRm ()g(x) dr(z).

Applying (4.11) with g = 1, yields

hm Z|V air)|en L™ (2 / |V (z)| d.

Therefore, we have due to (4.14)

. . 2 o . . nYr(, ) )
Jim Jim (17 = it |55 aun) [ ot + ) dy
L0\ Q)

IN

Jm i llgllow =Zmgy Z L)V (a)|
. LM\ Q) B
= Jim = lollew) /Q V(@) dz = 0

because L™ (Q\ Q) — 0. We show that also limy_, o limyg_, o T,fe = 0. Indeed,

n / o, s+ ) o+ ) dy
Q\Q,

< CZ%/ (14 [neulf*(y)|?) dy
Q\Q

<eya [ P dy = g

O\Q

But limy—, oo limg .00 Jiz = 0 because it is (4.15) written for vg = 1. Altogether, we have

llirlgo klirlgo A g(x)v(ug(z)) de = /Q/ﬁs]Rm vo(8)dAz(s)g(z) dm(x).

Further, for ¢ € Wol”’/(Q;Rd), VOl Lo (raxny < 1, we write

bar(y) = € d(an + esny) — |21 /Q 1 baak + eany) dy.

(4.15)

(4.16)
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In view of the Poincaré inequality {¢;x}ix is uniformly bounded in Wl’p/(Q; R™). Notice that

1/p
Hvd)ik‘HLp’(Q;]Rdxn) = (/ |V¢(£L’)|p dl‘) <1
ikteiR

Hence,

0o(x) T—aik\ . [T — Qi
A(l é / l) e uz‘k dx
/sz; el Z aqurﬁszl 1 Iy €ik ’ €ik
n
n a¢) a”L +€’L y
:Z%/QW(?J ZA”’“—’“)dy
i I

=Z/Q77e(y)U’k )y A a¢g;l dy (4.17)
] =1

_ w90 (y)ney))

Z/ A oy d

o A 0 ik 7’ (y)) du.
> [ ; o) Ly
7 =1
ik ¢ ker A. Moreover,

On the other hand, fQ i ( Y)Y, AW wdy = 0 for all ¢,i,k,j because uj
;-k Sy AW a(%[—w)) -0 weakly in LP(Q;R™) (and strongly in W~1P(€;R™)) as j — oo. Thus, for j large

enough

<

S A(ne(y)) 1
E ' D) 4. NS _—
k(y) i A ! (bzk (y) ayl dy = 2”@”

so that
(l)éf)z'k (Z/)

Y| <

A(ne(y))
oy, d

~ le

Relying on the separability of S and (1), and taklng into account (4.16),
{uf;(e)}geN, denoted by {uy}ren, such that

klirgo Qg(x)v(uk (z))dx = /Q/BSRM vo(8)dAz (s)g(x) dm(x)

we can choose a subsequence of

and
Jm [ Auk|lw -1 @ra) = 0.

If we extend wuy, by zero on @ \ Q and set for all k € N

=T (1w /Q o) da

we have {i} C ker A and limy .o ||ur — Gr||zrorm) = 0 and therefore by Lemma A.6 {i}ren generates
(7, A).

It remains to show that the generating sequence has an A-free p-equiintegrable extension. We take a Lipschitz
domain €2 C R” such that Q C 2 C @ and extend (m, \) to Q by (L"L(£2\ ), dp). This extended DiPerna-Majda

measure satisfies (4.8) and (4.9) for almost every = € {2 and we denote it (7, A). Hence, by our previous result,
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there is {@x}ren C LP(€;R™) Nker A generating it. Due to Lemma 3.1, {ik|g\ o} generates (L"L(Q\ Q), 60),
so it must be p-equiintegrable.

(ii) Suppose now that u # 0 with Au = 0. We rewrite (4.8) using the Young measure v € Y?(Q2;R™)
corresponding to (m,\) € DME(Q;R™). A generating sequence of (m,\), {ur}tren C LP(;R™), can be
decomposed as up = z + wy by decomposition Lemma 1.2 applied for A := 0. Then {zx} is p-equiintegrable.
In view of Lemma A.5

/m v(s)dv.(s) + dw(x)/ﬁ Rm\Rm 1 Z(T;p »
Uoo(s)

/m v(s)dv,(s) + dﬂ(x)/ﬁ g T J5]7 dAz(s). (4.18)

For z € Q and all s € R™ define f(s) := v(s+u(z)). By Lemma A.4, fo:= f/(1+]-|P) € S, and (see the proof
of Lem. A4) foo = V. In particular, fo, does not depend on the choice of & € ). Therefore, we write (4.18)
in the form

Qav(u(z))

IN

(s)

foo(8)
Qi) < [ s = u@)dun(s) + dr(a) /B o ) (4.19)
_ s s 2 fOO(S) s
= - ( )dﬂm( )+dw( )/ﬁsRm\Rm 1+ |S|pd>\m( )7

where we used formula (A.12). This defines the Young measure p := {ps}.cqo € YP(Q;R™) which is by
Lemma A.5 generated by the p-equiintegrable sequence {2z, — u}ren C LP(Q;R™). Altogether, using (A.10) for
{2z — u} instead of {21} we have for all g € C(Q2) and all v € T

klim g(@)v(zk(x) — u(x) + wy)dz = klim g(x)v(zg(x) — u(x)) de + klim g(x)v(wg(z)) dz
—o0 Jq —JQ

oo Jo
= Vso(5)
i/Q/mU(S)d,uz(S)g(l') dm+/ﬁ/ﬁSRm\Rm 1+|5|pd)\z(s)g(m)d7r(x) da
_ v(s) (el

_/Q/gsRm Tt s d0a(9)9(@)dr(z)

_ v(s) (o)l N

/Q/ﬁsRm 1+|3|Pd 2(8)g9(z)dy (2) dz,

where (k,a) € DME(Q;R™) is generated by {zx —u+wy}. As g € C(Q) is arbitrary, we get for a.e. z €  and
all v € T% that

Voo () d(e v(s) o (s
/m o(8)dpia(s) + d (x) /BSRW\W i () = d )/;;S]Rm o). (4.20)
By (4.20), (4.19) now reads
f(s)
QO <o) [ TAGdan(e)

and therefore, by (i) (k, «) is generated by an A-free sequence {uy tren C LP(;R™) Nker A, 4y — 0. Clearly,
{@y + u} generates (m, \). O

Finally, we prove the general result with 7 possibly having also a singular part.
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Proposition 4.6. Let 1 < p < +o0 and let (7, \) € DME(QR™) be such that the following three conditions
hold:
(1) we LP(;R™) Nker A where for almost every x € Q

u(z) = dn(z) / >

— A\ (s); 4.21
i) (4.21)

(ii) for almost every x € Q and for any v € Y%

Quolu(e) < dr(o) [ v(s)

Ao (s);: 4.22
o T 5P (s) (4.22)

ii1) for m-almost all x € Q and all positively p-homogeneous v € Y% with Q 4v(0) = 0, it holds that
S

og/ v(8) g, (s). (4.23)
B

sRm\Rm 1+ |s[P

Then (m,\) € ADMZ(Q;R™). Moreover, a generating sequence {uy}ren can be chosen so that it has an A-free
p-equiintegrable extension.

Proof. If the singular part of 7w vanishes, then the assertion follows from Proposition 4.5. Hence, we suppose
that w5 # 0. The proof is divided into two steps.

(i) We assume first that the singular part of 7, 7, consists of a finite sum of atoms, i.e., T, = 22;1 @;i0y,
where ¢; >0 and z; € Q, 1 <i < N.

Note that by Lemma A.2 \;,(R™) =0 for 1 <7 < N. Choose r > 0 sufficiently small and balls B(z;,r) C €,
such that B(z;,7) N B(xj,r) =0 if i # j. We define, for i =1,..., N,

1
a;(r) = — (1+ u(2)?) da.
@i JB(wi,r)
As lim, ¢ o;(r) = 0 we will only consider r < r¢ for 19 > 0 so small that 0 < a;(r) < 1 foralli=1,..., N.

Further, for a.e. x € ) we define

\r Az if x € Q\ UL, B(z;,7),
T @i(r)Ougey + (1 —au(r)Ae,  if @ € B(ay,r) for some 1 <i < N

and introduce the measure 7, := d., L"LQ) defined through its density d, as

1t |u(@)|? if x € B(x;,r) for some 1 <i < N.

a;(r)

0 (2) i { de(x)  if € Q\ UL, B(x,r),

We claim that (7., \") € DM (Q;R™). For almost all z € Q2

u(e) =dn (o) [ NG

—d
R L [sfP

Indeed, if x € B(x;,r), then we get

S ity @O @) [ .
b @) [ ) = ula) + e L i o) =
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and due to (4.23), for almost all x € B(a;,r)

B

a;(r) sRm\Rm 1+ |8[P

Altogether we have for any v € T% with Q4v > —o0

Quv(u(x)) < dy, (x) /ﬁ o) gy (s),

sR™ 1+ |5|p

and by Proposition 4.5 there is {uj,} € LP(€; R™)Nker A such that {u}, }ren generates (7, A") € ADM(Q;R™).
We calculate for fixed vy € S and g € C(Q2)

1im// $)dAL(8)g(x) dm, () = lim / vo(8)dAz (8)g(x)dy () da
r=0 55Rm r—0 Q\U" 1B(zir) JBsR™

Obviously, I +II = [q [3 gm vo(s)dA:(s)g(2)dx (2) dv, while

n

. 1 - -, S
Hr = hi%z /B(W)g(ﬂf)(HIU(x)l )d / o(s)d)a, (3)

— ai(r) BsR™

n

1 P
= D (/g ”"“)C““(s)) M T+ u@l) de /B<x7,,,«>g(””)<1+'“<x)' ) d

i=1

_ iaig(m) /ﬁ ol (s / /ﬁ N (s)g() dr (x).

We conclude that

}ii% klirgo A v(ug(z))g(x)de = /(2 /ﬁs]Rm vo(s8)dAz(s)g(z) dr(z).

A suitable diagonalization yields the existence of a bounded sequence {uy }reny C LP(Q2; R™) Nker A such that

klirrgo Qv(uk(ac))g(ac)dx = /Q/ﬁs]Rm vo(8)dA,(s)g(x) dm(z),

whenever v € T4 and g € C(9).
(ii) Now we prove the general case. Take | € N. There exists a finite partition P, := {Ql }Jil) of Q such that

QL NQ, =0, 1 <ji <jp <J(I) and all Q) are measurable with diam(€2}) < 1/I. We suppose that, for any
I € N, the partition Pjy; is a refinement of P; and that int(9}) # 0 for all j. Set af := 7,(2}), and

N(l):={1<j<J({); a #0}-
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If i € N(I) then fix x; € int(Q!) and define a measure (7!, \') with 7! := d,£L"LQ + dieNQ) als,, and

N __{ Ae  ifx#uy

AL ifa =gy,

and for any vg € S

/ vo(8)dAL, (s) == ——= / / (s) dmy (). (4.24)
BsR™ l 7T5 Q QL ﬁR]Rm
By Lemma A.2 and because supp A, C BsR™ \ R™ we can rewrite (4.24) as
/ vo(s)AL, (ds / / s)d\ (s) dms (). (4.25)
BsR™\R™ QL ﬁsRm\Rm

Part (i) implies (7, \') € ADME(Q;R™). Indeed, Proposition A.l ensures that (7!, \!) € DME(QR™)
Moreover, an easy verification shows that (4.21), (4.22), and (4.23) are also satisfied for (7!, \!), and (4.21)
holds with the same function u.

Let {ul }ren C LP(Q;R™) Nker A be such that {u} }ren generates (7!, \') and, in addition, it has an A-free
p-equiintegrable extension. We have for any [ € N

lim [ (1+[ul(@)) de = (@) = m(Q),

k—o0 O

and for any vy € S and any g € C(Q)

lim s)dXL (s)g(x) dwl(x)—// vo(s)dAg(s)g(x) dm(z)
[=eo ﬁsRm O JBskm
= lim Z g(mi)ﬂs(Qé)/ s)dAL, ( // 5)dAz(s)g(x) dmg(x)
oo SN0 ﬁs]R’"\R’" S]R’"\R’"
~ lim / / $)dAs (5)g(x:) drsy (2 / / $)dAs ()g () dres (2)
oo SN\ BS]R’"\]R’" ol ﬁs]R’"\R’"
: . 1
<pim Y[ ] @A 0ls(e) — o)) < ol @) Jim My (7 ) =0
sR™ m —oo

where M is the modulus of continuity of the uniformly continuous g € C(£2). Hence, for any v € T% and any
g € C(Q2) we obtain

Jim i [ ok (@))gle) do = / /ﬂ ) s)g(e) d)

and we complete the proof using a diagonalization argument. O

5. PROOF OF THEOREMS 2.3, 2.4, AND LEMMA 2.10

Proof of Theorem 2.3. It follows from Theorem 2.1 that each of conditions (i)—(iv) ensures that
Jo0 stRm\Rm 1+(\ )lpd)\ (s)g(z)dm(xz) > 0 for v and ¢ as in the statement of the theorem. Thus, it suffices
to integrate (2.1) and (2.2) with respect to m over Q and use (1.4). O
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Proof of Theorem 2.4. Let us first prove the “only if part”. We have from the assumption that wp — 0 in
LP(Q;R™). By sequential weak lower semicontinuity of I we have liminfy_, o I(wg) > I(0).

Now we are going to prove the “if part”. Let us take any bounded {ux} C LP(2;R™) Nker A such that
w-limy . up = u. Suppose that a subsequence of {u} (not relabeled) generates (m, A) € ADM%(Q; R™). Using
Lemma 1.2, we decompose uy = z+wy, for any k& € N. Then (A.8) and the assumption lim infy o I(wy) > 1(0)
imply that

v(s)
/Q/ﬁs]Rm\]Rm 1+ |5|Pd)\x(s)g(x) dr(z) >0 (5.1)

for any subsequence of {wy} (not relabeled) such that {I(wy)} converges. Let {uy}renNker A generate a Young
measure v = {Vz freq € YP(2; R™). We have using (1.4) and Lemma A.5

klirlgo Qg(x)v(uk(m))dx:/Q/mg(m)v(s)dz/m(s)dm
+/Q/[3 - 9(x) (o) d)\x(s)dﬂ(x)Z/g(x)v(u(x))dac.

L+ |sf? Q

The last inequality follows from (5.1) and from the characterization of A-free Young measures given in [15].
The theorem is proved. i

Proof of Lemma 2.10. Without loss of generality, we will assume that {ur} generates (m,\) €
ADME(Q;R™).  Since, 7(9(e2)) > 0 only for at most countably many values of e, which we denote &g,
¢ € N. Thus we take ¢ > 0 such that 7(9(eQ2)) = 0. Then using Lemma 3.1 we have that the restriction of {uy}
on &) has the property that {ug|.q} generates (7, A)|zq, and now (2.11) follows from Theorem 2.3(i). O

A. APPENDIX

A.1l. Characterization of DiPerna-Majda measures

The explicit description of the elements from DM (Q;R™), called DiPerna-Majda measures, for uncon-
strained sequences was obtained in [24], Theorem 2.

Proposition A.1 (see [24]). Let Q C R™ be an open bounded domain, let (7, \) € M(Q)x L (Q, m; M(BrR™)),
and let 1 < p < +oo. Then the following two statements are equivalent:
(i) (m,A) € DMEL (4 R™);
(i) The following properties hold:
(1) 7 is positive;

(2) mx € M(Q), defined for all v € Co(R™) by [q(x)dmr(z) = [5¢(@)A(R™)dm(z),
is absolutely continuous with respect to the Lebesgue measure (dr, will denote its
density);

(3) for a.e. x € Q it holds

MR >0, dey (@) = ( / A, (¢) ) Ao (R™);

m 1+ ]s|P

(4) Ay € P(BrR™) for m-a.e. x € Q.

We will also use the following result, whose proof can be found in various contexts (see [24], Lem. 1, Thm. 1,2,
[33], Prop. 3.2.17), [1], Proposition 4.1, part (iii).
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Lemma A.2. Let Q C R" be a bounded Lipschitz domain and let (m,\) € DM (Q;R™). Then for L™-a.e.
z €
d\, -t
o= ([ 15) (A1)
rm 1+ [s[P

Ao(R™) = 0.

and for T4-almost all x € Q we have

Proof. Setting vy := (1 + |- [?)~!in (1.4) we get for all g € C(Q2)

/Qg(ac)dx = /Qg(ac) (/Rm fiﬂjl) dﬂ(ac)dx—l—/ﬁg(x) </R fj\_j(;'z;) dms (). (A.2)

Here we used the fact that vg = 0 on SgrR™ \ R™. Hence, it follows from (A.2) that d.(z) (fR dAw(S)) =1

™ 1+[s[P
a.e. in Q and A\, (R™) = 0 for ms-a.a. v € Q. O

A.2. DiPerna-Majda measures on the sphere compactification

We start with an easy lemma from [16].

Lemma A.3. Let v € C(R™) be Lipschitz continuous on the unit sphere S™~1 and p-homogeneous, p > 1.
Then v is p-Lipschitz, i.e., there is a constant o > 0 such that for any s1,so € R™ it holds

[v(s1) = v(s2)| < al|s1P7" + [s2P7)|s1 = s2l. (A.3)

Lemma A.4. Let vy €S, so € R™, and v(s) := vo(s)(1 + |s|P) for all s € R™. Then s — vg(s) := ”l(iTj‘;) also
belongs to S.

Proof. Since vs, is continuous on S™~!, using the Stone-Weierstrass theorem, we can uniformly approximate
Voo|gm—1 by Lipschitz functions. Take a sequence {t;};en such that ¢; : S™~! — R is Lipschitz continuous for
all 7 € N and identify v; with its positively p-homogeneous extension to the whole R™. We assume that for
all j e N

1
195 — vcllc(sm—1y == JJnax 1 (5) — veo(s)| < 7 (A.4)
Then
i Lo (s +80) = Voo (5))] < lm 195 (s + s0) — ¥;(s)] + lim sup [vss (8 4 S0) — (s + s0)
|s|—o0 |5|p |s|—o0 |5|p |s|—o00 |S|p
+ limsup |1 (5) — veo(s)|
|s|]—o0 |S|p

The first term on the right-hand side is zero due to Lemma A.3. By (A.4) and using the p-homogeneity, we
further estimate the remaining two terms

_ P
lim [Voo (8 4 50) — Voo (8)] < lim sup |os < 5+ 50 ) v, ( 5+ 50 > s + 0]
|s|—00 s 5] —o0 |5 + sol |s + sl |s[?
2
+ limsup |1 <i> — Uso <i>‘ <-
|s|—o0 |5| |5| J
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As j € N is arbitrary we deduce that

o s (5 50) = 0 (9)

|s|—o0 |S|p

=0. (A.5)

Hence, we have in view of (A.3)

o P50 —v )] L (s so) —vls o)l | el o) = vse(a)]

|s| o0 |s[P T lsl—oo |s[P |s|—o00 |s|P

which means that v(- + s¢) has the recession function v.. Denote ¥ := v(- + s9)/(1 + | - |P) and write

Fo(s) = V(s + 80) — Voo ($) Voo (8) .
’ L+ sl L+ sl

The first term on the right-hand side belongs to Co(R™) and v is positively p-homogeneous. Hence, 0y € S
in view of Remark 1.7. O

Given a bounded sequence in LP(€;R™) that generates a DiPerna-Majda measure (m,\) € DM (Q;R™)
and that also generates an LP-Young measure v € YP(€;R™) we have for all g € C(€2) and all v € C,(R™) (i.e.

v =0 on BrR™\ R™)
// §)dvy (s dx—//m

Observe that (A.6) holds in fact for all v € T% and all g € C(Q). Indeed, for any j € N let a; € Co(R™)
be such that 0 < a; <1, a;(s) = 1if |s| < j. Then va; € C,(R™) is admissible for (A.6) and the Lebesgue
Dominated Convergence Theorem finishes the argument. Therefore, for all g€ C'(Q) and all v € T4, we have

kliﬁrgO Qg(m)v(yk(x))dm:/ﬂ/m v(8)dv, (s d:EJr/ /ﬁRRm\Rm s)dAz (s)g(x)dm(z). (A7)

We now show that oscillations and concentration effects, generated by a sequence bounded in LP(£2; R™)
and encoded in (7, \) € DMYE(;R™), can be separated. Suppose that {uj}ren C LP(Q;R™), 1 < p < +o00,
is a bounded sequence generating (m,\) € DML(LR™), v € YP(Q;R™), and converging weakly to zero in
LP(Q;R™). Notice that for all v € T% and all g € C(£2) we have

d)\x(s)dﬂ'(x). (A.6)

klim g(x)v(ug(z))de = klim 9(2) (v — Voo ) (ug(z)) da + klim 9(2) Voo (ug(x)) da. (A.8)
—oo Jq —o0 J —oo Jo

As (v—vs) € Cp(R™) the first term on the right-hand side of (A.8) can be represented by the Young measure v.
The second term on the right-hand side of (A.8) carries all concentrations and is described by (7, A). Applying
Lemma 1.2 with A := 0 to the sequence {ux} we may decompose ur = z + wi where {zx}ren, {wktren C
LP(Q;R™) are bounded, {zk }ken is p-equiintegrable and wy, — 0 in measure. Moreover, {uy} and {z;} generate
the same Young measure v € YP(2; R™), see also [14], Corollary 8.8, and setting

Qi = {x € Q: wy(x) # 0},

we have that £™"(Q;) — 0 as k — oo. Thus, (A.8) can be written as

klim g(x)v(ug(z))de = klim 9(2) (v — Voo ) (2 (2)) d + klim 9(2) Voo (ug(x)) d. (A.9)
—o0 /o —oo Jq —oo Jo
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Take the sequence {1, }jen of Lipschitz functions on S™~! as in the proof of Lemma A.4 to get for all g € C()
and all j € N

lim

k—o0

g(ﬂf)(voo(wk( ) = (Voo (ug(2)) — Voo (2k(2)))) da

< lim ‘/ 2) (5 (wp () — (5 (up (@) — v (20(2)))) da

k—o00

stmsup lole [ o (200) < (245 |)‘ el
+1i]£ris§p||9||0(ﬁ)/ (|ZZE?|) e (Iwéﬁ)
+1iII€ILS£pHgHC(Q)/ Voo (;:Ez”) ¥ (;:Eiil)

as C' > 0 depends only on g and LP bounds of {z;} and {wy}. Altogether we see that

()P de < f@“o

lim [ g(@)v(ug(x))de = lim [ g@)v(zk(x))dz+ lim [ g(x)ve (wi(z)) da (A.10)
holds for all g € C(Q) and all v € T%.

If u € LP(€;R™) then we have up, — u = (2, — u) + wy. Again {z; — u}ren is p-equiintegrable, so we get
by (A.10)

kli»ngo A g(x)v(ug(z) —u(x))de = kli>nolo A g(@)v(zk(x) —u(z)) da + kli>nolo ; 9(X) Voo (Wi (z)) dz.  (A.11)

Note that {z; —u} generates the Young measure p € YP(€;R™) given for almost all €  and all v € C,(R™)
by the formula (see [15], Prop. 24)

/ v(8)dpg(s) = / v(s — u(z))dvy(s). (A.12)

Comparing (A.10) with (A.11) we see that {ux} and {ur — u} generate the same concentration effects, namely
those related to {wy}. The shift by w is recorded only in the first terms in the right-hand sides of (A.10) and
(A.11) which generates only oscillations but no concentrations. It will be occasionally convenient to assign to
a generating sequence a Young measure-DiPerna-Majda measure pair [v, (r,\)] € YP(Q;R™) x DMG(Q;R™).
We have the following result.

Lemma A.5. Let {ux} C LP(;R™), 1 < p < 400, generate a DiPerna-Majda measure (7,\) € DME(Q;R™)
and a Young measure v € YP(Q;R™), and let u € LP(Q;R™). Then for all g € C(Q) and all v € Y% it holds

lim | v(ug(z) —u(x))g(z)de

k—o0 Q

- os —ula)dva gl de + [ =) e()g(e)dn(a)
/Q/m /Q/BSRm\]Rm 1+ |S|

os —u@) ()o@ + [ Y an(s)g(a)dn(a),
/Q/m /Q/BSRm\]Rm 1+ |S|

Proof. We decompose uy = z + wy using Lemma 1.2. In view of (A.11) and (A.12) and of the fact that {u}
and {z} generate the same Young measure, we have by (1.4) for all g € C(Q2) and all v, : R™ — R positively
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p-homogeneous and continuous

fim [ g(@)o(we(z)) dz = /

k—oo Jq Q

/B Vo) 1 ()9l dn(a). (A.13)

sR™\R™ 1 —+ |S|p *

Finally, it remains to prove that

Voo (8) B u(s) PR
Jo i Tpp e O@inta = [ [ S Gateldnta) (A11)

Let € > 0. By (1.7), there is ¢ > 0 such that [v(s) — veo(s)|/(1 + [s[P) < & whenever |s| > 0. Thus, for 7-a.e.

z e
/ o) = vy -
BrE™M\B(0,0) 1+ s

and we obtain (A.14). O

Lemma A.6. Let {uy}, {wr} C LP(Q;R™) be bounded sequences such that limy .o ||ur, — wi||Lr@mrm) = 0 and
{ur} generates (w,\) € DME(Q;R™). Then {wy} also generates (m, \).

Proof. Suppose that v € Y% is such that v is Lipschitz on S™ 1. By (A.3)

/Q 0200 (g () da — / () e (t0 (2)) dz

Q

< HQHC(Q)/QWOO('“I@(CC))*UOO(wk(m)”de

< Cllgllc@) /Q(Iwc(fv)l”_1 + [wr (@) [P~ [un(2) — wi (2)| dz

—1
< C”QHC(Q)(HukHiI)(Q;Rm)

—1
el o) et — w2y — 0

as k — oo. By density, the result extends to any continuous v.,. Hence, the second term on the right-hand side
of (A.8) is the same for both sequences {uy.} and {wg}. As limg oo [|ur — wi||Lr(Q;rm) = 0 then both sequences
generate the same Young measure v € YP(Q; R™), thus the first term on the right-hand side of (A.8) is also the
same for both sequences. O

Lemma A.7. Let {uy}ren C LP(Q;R™), 1 < p < +o0, generate (m,\) € DME(QR™) with ©(0Q) = 0. Let
{nj}ien C Co(R2), 0 <n; <1, j €N, be such that n;(z) — xq everywhere in Q. Then there is a subsequence of
{uryn;}jen generating (m, ).

Proof. 1f v € T%, and if v is Lipschitz on S™~!, then

/ 9(x)voo (up(x)) dz — / 9(2)voo (ug,(2)n; (2)) dz
Q

Q

< ||9||c<ﬁ>/ﬂ|voo(Uk(fE)) = Voo (up ()1 (x))| d
< Cliglew@) /Q Juk ()P (1 + 15 (2)P 1) (1 = ;(2)) da.

Further, as w(92) = 0 we get

lim lim /Q |ug ()P (1 + nj(:c)pfl)(l —nj(z))de =

Jj—00 k—oo
P
lim// 5
j—oo Jo Jgsrm 1+ 8]

S () (1 +1;(2)P 1)1 = (x))dm(x) =0
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by the Lebesgue Dominated Convergence Theorem. Therefore

lim lim [ g(z)ve(ur(x)n;(x d:c//[j . 1+| |pd)\ «(s)g(z)dm(x). (A.15)

j—oo k—oo Jo

By density (A.15) holds for all continuous v... As S and C(2) are separable, we conclude by using a diago-
nalization argument. Similarly, the chosen subsequence generates the same Young measure as {uy}. Therefore,
the constructed sequence generates the same DiPerna-Majda measure as {ux} by (A.8). O
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