On uniqueness in evolution quasivariational inequalities
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Abstract

We consider a rate independent evolution quasivariational inequality in a Hilbert space
X with closed convex constraints having nonempty interior. We prove that there exists
a unique solution which is Lipschitz dependent on the data, if the dependence of the
Minkowski functional on the solution is Lipschitzian with a small constant and if also the
gradient of the square of the Minkowski functional is Lipschitz continuous with respect
to all variables. We exhibit an example of nonuniqueness if the assumption of Lipschitz
continuity is violated by an arbitrarily small degree.
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1 Introduction

In 1973, Moreau has introduced the sweeping process, [10, 11]. It describes the movement
¢ = &(t) of a point in a Hilbert space X induced by a time-dependent closed convex set
C' = C(t) according to '

—&(t) € New (£(1),  €(0) =&, (1.1)

where Nk (z) denotes the normal cone to a convex set K at a point x. The evolution variational
inequality

(O(t),w—o(t)) > (f(t),w—v(t)) Ywel, ovE)el, v(0)=nu1, (1.2)

[' C H closed and convex, constitutes a special case of (1.1), if we set

t t
) =ot) = [ Fs)ds, Go=vo, C1) =T~ [ f(s)ds. (13)
In the same manner, the evolution quasivariational inequality

(0(t), w — o)) = (f(t),w—o(t)) YweT(ut)), o)el(w), v0)=uv, (14)
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becomes a special case of the tmplicit or state-dependent sweeping process

—£(t) € Newew)(€(t),  €(0) =&, (1.5)

if we set

£(t) :U(w—/otf(s) ds, & =1, C(t€) :r<g+/0tf(s) ds) —/Otf(s) ds.  (1.6)

An appropriate meaning has to be given to the time derivative if discontinuous processes are
taken into consideration. The Young integral formulation was investigated in [5]. Another
approach to nonsmooth evolution differential inclusions based on energy considerations was
recently proposed by Mielke and Theil in [9)].

While the sweeping process (1.1) has been an object of extensive study, see the survey [7], much
less is known about the implicit process (1.5). The paper [2] seems to be the first result in this
direction, in a more general setting actually, but restricted to the case dim X = 1. Kunze and
Monteiro Marques [8] have proved existence for (1.5), if C' satisfies a Lipschitz condition with
respect to the Hausdorff distance,

du(C(t,€),C(s,m) < Laft = s| + Lof§ — 1l (1.7)

if Ly < 1 and give examples for nonexistence if Ly > 1. However, no matter how small Lo
is chosen, uniqueness may fail to hold; Ballard [1] has given an example in the context of
quasi-static friction problems.

Indeed, it is a general feature of quasivariational inequalities that the loss of monotonicity, as
caused by the state dependence of the constraint C', is accompanied by a loss of uniqueness
of their solution. On the other hand, there is no a priori reason why it should be impossible
to enforce uniqueness if the constraint behaves in a sufficiently regular manner. We will show
in this paper that uniqueness holds if the normal vectors to the constraint C(t,§) satisfy a
Lipschitz condition with respect to (¢,£). Under the assumptions below this means that we
require the gradient of the Minkowski functional M of C to be Lipschitz continuous as a
function of (¢,€¢), whereas (1.7) is under suitable hypotheses, see Lemma 3.2 below, equivalent
to the Lipschitz continuity of M itself.

Our proof of uniqueness (and, incidentally, of existence at the same time) is based on the
contraction principle, thus the possible loss of monotonicity does not play any role here. In order
to obtain a contraction, results concerning time regularity for the solution operator f +— & of
the standard variational inequality (1.1) are required which are stronger than the basic estimate

61(6) — &0 < Jeon — €ual + [ 1fa(o) — ol s (1.9

Such stronger estimates have been provided within the context of hysteresis operators, see [4] for
a recent exposition. However, to apply those results we need the constraint to be sandwiched
uniformly between balls with fixed radius around zero. In particular, constraints with empty
topological interior are excluded.

In addition, we will relate the nonuniqueness in the quasivariational inequality to the generic
nonuniqueness phenomenon for scalar ordinary differential equations. More precisely, to every
concave increasing function ¢ : R — R with ¢(0) = 0 which gives rise to a positive solution
of the scalar problem

y =1(y), y(0)=0, (1.9)



besides the trivial one, there corresponds a quasivariational inequality with nonunique solution,
where the gradient (with respect to the state &) of the Minkowski functional varies like 9(|£]).

2 Problem statement

We consider a separable Hilbert space X endowed with a scalar product (-,-), a norm |z| =

\/{(z,x) for x € X, and a family of bounded convex closed sets Z(p) C X with a smooth
boundary parametrized by o € R C Y, where Y is a reflexive Banach space endowed with a
norm |-|y and R is a convex closed set with non-empty interior R°. By Y’ we mean the dual
of ¥, ((-,-)) is the duality pairing between Y and Y’, and |- |y/, |- [y, denote natural
norms in the corresponding spaces.

Throughout the paper we assume that there exist 0 < ¢ < C such that
B.(0) € Z(p) C Be(0) YoeTR. (2.1)

We consider two problems, namely a variational inequality where the constraint Z depends
on an additional given function (Problem (7P)), and a quasivariational inequality (Problem

(T))
For given functions v € Wh(0,7; X), » € WH(0,T; R) and an initial condition z, €
Z(r(0)) we look for a function & € Wh1(0,T; X) such that

(P) (1) ut)—&(t) e Z(r(t)) Vtelo,T],
(ii) u(0) —&(0) = o,
(iii) (€(t),u(t) =) —y) > 0 Vye Z(r(t)) fora.e t€l0,T].

Besides serving as the crucial tool for the solution of problem (Z'), problem (7P) is of interest
in itself (consider, for example, a constitutive stress-strain law where the yield function depends
on the temperature).

We now formulate problem (Z). Let ¢g:[0,7]x X x X — R be a mapping satisfying Hypoth-
esis (G) stated below at the beginning of Section 6. For a given function v € WhH(0,7; X)
and an initial condition zo € Z(g(0,u(0),u(0) — x¢)) (for instance, any zy € B.(0) satisfies
this inclusion) we look for a solution & € W10, T; X) of the implicit problem

(Z) () wult) —&(t) € Z(g(t, ult), £(2)) vt [0,T],
(i) u(0) = £(0) = o,
(i) (£(t),ult) — &) —y) > 0 Vye Z(g(t,u(t),&(t)) fora.e t €]0,T].
The implicit sweeping process (1.5) becomes a special case of (), if we set uw =0, g(t,u,§) =
(t,€), xg = —& and C' = —Z. On the other hand, (Z) becomes a special case of (1.5), if we

set C(t,&) = u(t) — Z(g(t,u(t),€)) and & = u(0) — zg. The quasivariational inequality (1.4)
is subsumed under (Z') either going through (1.6), or by setting

E(t) =wv(t) +u(t), u(t):/otf(s)ds, xo=—v, Z=-I, gt,u,§)=&—u. (2.2)
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The formulation (1.5) certainly looks more compact than (Z). However, in applications a
driving function like u (or its derivative f) often appears, and it is useful to study the depen-
dence of £ on u with respect to standard function spaces. (In (1.5) one has to deal with metric
properties of the set-valued mapping t — C(t,§).)

Our main results include the existence, uniqueness, and Lipschitz continuous input-output
dependence for both Problems (P) and (Z) in Section 4. Before, we recall some basic
notions from convex analysis as presented in [12, 4].

3 Preliminaries: Convex sets

Consider a Hilbert space X as in the previous section and a convex closed set Z C X . The
mapping My : X — R, defined by the formula

Mz(x):inf{s>0;:§€Z} (3.1)

is called the Minkowski functional associated with Z. The polar set Z* to Z is defined by the
formula
Z7r = {reX;(r,yy <1 VyeZ}. (3.2)

We first summarize in Lemma 3.1 below some results of [4, Sections 3 and 6.

Lemma 3.1

(i) Assume that there exist C' > ¢ > 0 such that

B.(0) ¢ Z C Bc(0). (3.3)
Then we have
Bl/c(O) C 7 C Bl/c(O), (34)
7] 7]
— < < — .
o< Mae) < B (35
cle] < Mz(z) < Clxl. (3.6)

(ii) Let the derivative 0, Mz(x) € X exist for each x € X \ {0}, and set Jz(0) = 0,
Jz(x) = Mz(x)0.Mz(z) for x # 0. Then the unit outward normal nz(x) to Z is
uniquely determined at each point x € 0Z , and we have

_ Jz() .
ny(x) = T, Vo € 07, (3.7)
Mg (Jz(x)) = Mz(x) Ve e Z. (3.8)

(iii) Let there exist L > 0 such that
nz(x) —nz(y)| < Llz—y|  Va,yecdZ, (3.9)
and let (3.3) hold. Then we have

s(2) = Jo(y)| < <;+L(1+f) ) w—y| VeyeX. (3.10)



We can measure the distance of two sets Z1, Z5 in the system C of all closed convex subsets Z
of X either as the Hausdorff distance

dy(Zy,Zy) = max{ sup dist (21, Z2), sup dist (22, Z1)}, (3.11)

Z1€21 z2€23

or the Minkowsk: distance

dy(Z1,Zs) = sup |Mg, () — Mg, (x)] . (3.12)

la|=1

We first show that these concepts are equivalent in the class of sets satisfying (3.3).

Lemma 3.2 Let Zy,7Zs € C be such that (3.3) holds for Z = Z;, i =1,2. Then we have
CQdM(Zl,Zg) S dH(Zl,ZQ) S Csz(Zl,ZQ>. (313)

Proof. Assume first that there exists = € Z; \ Zy. Using (3.5) we obtain
T

| e <M22 (ér) M (H))
< CPdy(Zy, Z,),

dist (z,Z2) < |z

and reversing the roles of Z; and Z; we obtain the right inequality in (3.13). To prove the left
estimate in (3.13), we divide the unit sphere 9B;(0) into the sets

Ao = {z € 9Bi(0); Mz () = Mz, (z)},
A = {I‘ c 631(0), MZI([L’) > MZQ(QT)},
Ay = {2 €0B(0); My (x) < Mg, (x)}.
For o € Ay set & = x /My (), and let Q2 be the orthogonal projection of Z onto Z,, that

is,

szf € ZQ, |PZ2ZE'| = dist (f, ZQ), (314)

where we denote Pz,T = T — Q2. We have My, (Z) > Mz (Z) = 1, hence T ¢ Z; and
d :=|Pzx| > 0. Put m =1+ d/c. Then the vector

_ (& _ d CPZQZf
v QnT + c+d d

1
m c+d
is a convex combination of elements of Z,, hence My, (z) < m. This yields

1 1
MZQ(i')—le(i’) < m-—1 S *diSt(ZZ‘,ZQ) S *dH(Zl,ZQ).
c c
Using (3.5) we conclude that
1
MZz (x) - MZl (x) < gdH(Zla ZZ) ’
and arguing similarly for x € Ag U A; we complete the proof. [ |

Another distance criterion for convex sets involving the mapping J introduced in Lemma 3.1
is used in Sections 5 and 7. Here, we derive the following estimate.
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Lemma 3.3 Let the hypotheses of Lemma 3.2 hold, and let the outward normal vectors ng,
satisfy (3.9) for Z = Z;, 1 = 1,2. Let Lj be the Lipschitz constant on the right-hand side of
(3.10). Then

1z, () = Jz(z)| < z‘gi(dM(Zl,Zz) (cLy+du(Z1,2)))”" Vo€ dBy(0).  (3.15)

Proof. Let x € X with |z| =1 and let Jgz (z) # Jz,(z). We define

JZQ<$> - JZl(x)
| Sz, (x) — Jz, (2)]

We may assume that (z, —z,x) < 0, otherwise we interchange Z; and Z5. The functions
Ai(s) == $ M2 (z,) are convex and satisfy

Ts =T+ S

for s>0. (3.16)

Ai(0) + sA(0) < Ni(s) < N(0)+sAi(s)  for s>0. (3.17)
Thus,
Ao(8) = Ai(s) = A2(0) = Ai(0) + s (A5(0) — Ni(s)) (3.18)
= 2(0) = M(0) + 5 (X(0) = X,(0)) + s (X,(0) = Xi(s))
Note that o) — Ty ()
Ai(s) = <Jzi($s), |Jzz($) — Jzi($)|> for s>0,
hence
(A1(s) = A(0)] < [Tz (zs) — Iz (2)] < sLy. (3.20)

We further have by (3.5) for all s > 0 that

|z, 1+ s?

'CL‘S
2| dv(Zy, Zy) <

[Aa(s) = Aals)| <

c |MZ2(IS) - MZ1(J;S>| < c

Combining (3.18)—(3.21) we obtain for all s > 0 that

dv(Z1, Z5) . (3.21)

2+ 52
sc

|z, () = Jz, ()] <

dM(Zl,ZQ> + SLJ. (322)

The right-hand side attains its minimum for s = \/2 dy(Zy1, Zs)/(cLy + dy(Z1, Z3)), and the
assertion follows. [

We conclude this section with the following result as a simplified variant of [6, Lemma 3.2].

Lemma 3.4 Let Z C X be an arbitrary convez closed set, and for 0 > 0 set Zg = Z + By(0).
Then the outward unit normal ng(z) to Zy is uniquely determined at each point x € 0Zy, and
we have

1
Ing(z) — ng(y)| < g |z — vy Ve,y € 0Zy. (3.23)



Proof. Let QQz : X — Z be the orthogonal projection onto Z. Putting Pzx = x — Qzx we
have |Pzz| = dist (z, Z) for each z € X, and

(Pzx,Qzr—z) > 0 VYreX, Vze Z. (3.24)
For € 0Zy and & € Zy this yields |Pzx| =6, |Pz&| <60, and
<le',l’—i’> = <le‘,Qzl'—in'> + |szL‘|2 — <le‘,PzaA7> Z 0.

Let n be an arbitrary unit vector such that (n,x — ) > 0 for every & € Z,. Putting
T = Qzx + 0n we obtain (n, Pzx) > 0, hence n = (1/0)Pzx = ng(z). From (3.24) it follows
for all z,y € X that (Pzx — Pzy,Qzx — Qzy) > 0, hence |Pzx — Pzy| < |z — y|, and (3.23)
follows. [

4 Existence and uniqueness for the explicit problem

By M(o,x) we denote the Minkowski functional My, (x) associated with Z(o) as in (3.1).
In addition to (2.1), we make the following hypothesis:

(E) There exists a function p: R x X — R, and a constant xk > 0 such that

lu(o,x) — pu(o,z)| < klo—oly Voo eR VrelX, (4.1)
2]

= ,x) YoeR Vxre X \{0}. 4.2

V(o 7) plo,x) Vo \ {0} (4.2)

A typical example is Z(9) = 0 Z for 0 > 0, where Y =R, R = [¢, ("] for some C" > ¢ >0,
Z C X is a fixed bounded convex closed set with B.(0) € Z C B (0) for some 0 < ¢’ <
C”. Then (4.1), (4.2) are trivially satisfied, as p is linear in o.

It is obvious that if Problem (P) has a solution, it is unique. Indeed, if £, 7 are two solutions,
then <§,17 — §> >0, (n,§ —n) >0, hence <§ —n,& — 77> < 0 and the assertion follows.

Proposition 4.1 Let Hypotheses (2.1) and (E) hold. Then Problem (P) admits a unique
solution & € WH(0,T; X) for every given functions v € WHH0,T; X), r € WH(0,T; R)
and every initial condition xy € Z(r(0)).

Proof. We construct the solution by time-discretization. Fix some n € N and the corresponding
equidistant partition 0 =ty <t; < ... <t, =T with t, =kT/n, k=0,1,...,n. For o >0
we denote by @, : X — Z(p) the orthogonal projection of X onto Z(p), and set P, =1—@Q),
where [ : X — X is the identity. Analogously as in the proof of Lemma 3.4 we have

(Pyr,Qur—2z) >0 VreX, VzeZ. (4.3)

For k = 0,...,n we define the sequences wu, = u(ty), 7 = r(tx), & = up — T, T =
Qr, (Tp—1 + up —ugx—y) for k > 1 starting from the given initial condition z,. Then we have

& — &1 = P (-1 +up — up—1) (4.4)
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hence
<£k—5k_1,$k—yk> >0 szl,...,n, VykGZ(rk) (45)

according to (4.3). We have M(ry,z;) <1 for all k, and from (4.5) it follows that

M(rg—1,2k-1)
— & S H o > .
<§k Ek—1, Tk M{re, 2r 1) Tp—1) = 0

This yields
16 — & < (& — Gty uk — wp—1)

1 1
+ M(rp—1,xr-1) <§k — &1, (M(Tk_1,$k_1) - M(rk,xk_1)> 36k1>

< & = &em1| (Juk — wper| + K e — -1y )

hence ‘
k
|€k_€kz—1| S |uk—uk_1|+/<a|7“k—rk_1|y S /t (|U|—|—I€|T’|y)dt (46)
k—1

We now define the piecewise linear functions

n

U(n)(t) = Up_1+ T(t — t—1) (g — ug—1),
n
T(n) (t) = 7Tr_1+ T(t — tk,l)(rk — T'kfl) ,
M) () — n
2"M(t) = w1+ T(t — 1) (@) — 1)
M () — "
§M(t) = &1+ f(f — 1) (§k — k1)
for t € [tj_1,t,[, k = 1,...,n, continuously extended to t = T'. Then u™ — u strongly in

WLH0,T; X), 7™ — r strongly in W'1(0,7; R) as n — oo, and the first inequality in (4.6)
has the form .
€ @) < @™ (#)] + sl ()] a.e. (4.7)

For every t € [t;_y,tx[, 2™ (t) is a convex combination of x; and zj_;, hence

M(r(t),z™ () < aM(r(t),z) + (1 — a)M(r(t), z4_1) (4.8)
< 1+ aM(r(t), zx) — M(re,zx))) + (L — a)(M(r(t), 2x-1) — M(re-1, 2-1)))
=1 4+ ().

By (2.1), (3.5), and (4.1)—(4.2) we have for every p,0 € R and x # 0 that

M(o,x) M (0o, x)

‘M(Q,l')—M(O',ZB” S K |.I"

K
’Q_0|Y S EM(Uax) ‘Q_O—|Y7

hence

t+(T/n)
/t (1) |y dr (4.9)

K
()] < = max{[r(t) = rely, [r(t) = realy} <
c —(T/n)

Q=X



for all £ € [0,7T], with 7(t) extended by 0 outside of [0,7]. In particular, ,(t) — 0 for every
t € [0,7] as n — oo. Furthermore, for y € L>(0,7; X) such that y(t) € Z(r(t)) for a.e.
(

t € [0,7], and for a.c. ¢ €Jty_1,tx[ we have by (4.5) and (4.6) that
(690070 - 0) = 3 (6~ Gorvo - W g >>
B % <£k B ékil’xk a x(n)( ) (M M(Tklvy(t))> y(t)>
> _E|§k — &e1l(lzn — zpa| + Kl — T‘k—lly)
> == wal = ral) [ (] wlily) de

hence for every ¢ € [0,T] we have

t N L tk . .
/0 <£(n)7 2 _ y> (s)ds > =2 Z(|uk —up_1| + KK — rk,lly)/t (|a] + &k |7ly)ds (4.10)
k=1

k-1
T . .
> =2 ml?x(|uk — Up_1| + K |rE — rk_1|y)/0 (|a| + & |7|y) ds
= _6717

with 6, >0, lim, ... 8, =0. For n € N and t € [0,7] put

_ : 1 1
i) = m{ ’M<r<t>,x<n><t>>} '
Then
) 2™ (E) € Zr(t)), 0<1— () < % <1, limyw=1.  (411)

for all ¢t € [0,7]. This yields in particular
/Ot <€(n)(5)7$(")(8) — ”Ym(s)x(m)(s)> ds > —f,,
/Ot <€(m)(5)’ 2™ (s) — ’yn(s):c(”)(s)> ds > —Bm

for n,m € N and ¢t € [0,7]. Summing up the two above inequalities we obtain

t . : :
(€0 =00t — 2 (s)ds + / (L= ) ™) 4 (€0 (1= 5,) ™)) (s) ds
> — B,
hence
1
§|x(")(t)—xm) < / 0™ — @™ ||z — 20M)|(s) ds

£ [ (010 = 3) + EN(1 = 30) (5)ds + B+ B
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Since t € [0,T] is arbitrary, we conclude that {z(™} is a Cauchy sequence in C(0,7; X).
There exist therefore z,& € C(0,T; X) such that = + & = u, 2™ — 2, €™ — ¢ uniformly
in C(0,7; X) as n — oo, and (4.11) implies that x(t) € Z(r(t)) for every ¢t € [0,7]. From
(4.7) it follows that the sequence {£(} is equibounded and equiintegrable in W1(0,7; X),
and by the Dunford-Pettis theorem (see [3]) we have £ — & weakly in L'(0,T; X). This
enables us to pass to the limit in (4.10) as n — oo and obtain

/OT (). x(t) — (1)) dt > 0 (4.12)

for every y € L>(0,T'; X) such that y(t) € Z(r(t)) for a.e. t € [0,T]. To see that (4.12) is
equivalent to condition (iii) of (P), let us consider a Lebesgue point ¢ €]0,T[ of ¢ and any
y € Z(r(t)), and put

M(r(t),y)

us(t) = yMEO9) for telf—6,t+0],
z(t) for ¢€ [0, T\t —0,t+ 4]

for 6 > 0 sufficiently small, with obvious modifications if y = 0. Then y; € L>*(0,T; X),
ys(t) € Z(r(t)) for all ¢ € [0,T], hence

t+6 .
[ {ew.at) —u) d = 0.
-5

Dividing the above inequality by 2 and letting 6 — 0+ we obtain the assertion. n

5 Lipschitz estimates

Under the assumption (2.1), we denote by Z*(p) the polar set to Z(p) defined in (3.2) for
0 € [a,b], and by M*(p,-) its Minkowski functional. By Lemma 3.1 we have Bj,-(0) C
Z*(0) C Byjc(0) for every p € R, and the inequalities

lz]
C
cle] < M*(o,x) < Claf (5.2)

IN

M(o,z) < —, (5.1)

hold for every = € X and o € R. The following conditions are assumed to hold:
(L1) The partial derivatives 0, M(o,xz) € Y', 0, M(p,x) € X exist for every x € X \ {0}
and ¢ € R°, and the mappings
J(o,x) = Mo, 2)0, M(p,z) : R° x X\ {0} — X, (5.3)
K(o,2) = M(0,2)0,M(0,z) : R°x X\ {0} =Y’ (5.4)
admit continuous extensions to x =0 and o € R.

(L2) For every z,2’ € Bo(0) and o, 0" € R we have

|K(0,2)]yr < Ko, (5.5)
[J(o,x) = J(d, )] < Cille—dly +lx—2a']), (5.6)
|K(o,2) = K(d, )y < Ck(lo=dly + |z —2]) (5.7)

with some fixed constants Ky, C;,Cx > 0.
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Note that (E) follows from (5.1) and (5.5). Indeed, for all x #0, o € R, and p > 0 we have
(o, px) = pu(o,z). For |z| = C' we have in particular M(p,x) > 1 for all p € R by (5.1), and
for all p,0 € R we thus obtain
2C 1 1
o — *M2 . *M2

S CKO|Q—O'|.

The following two lemmas constitute the main steps towards the desired Lipschitz estimates.

Lemma 5.1 Let (L1) hold, let (r,u) € WH1(0,T; R) x WHH(0,T; X) and zg € Z(r(0)) be
gwen, and let £ € WH(0,T; X) be the solution to Problem (P). For t €]0,T[ set

Alralt) = (€0, J0(0),2(0)
5 M (8),2(0)),

Glru]() = (a(t), J(r(t),2@))) + (K(rt), z(t)),7(t))) ,
with x(t) = u(t) —&(t). Then for a.e. t €]0, T we have either

or

(il) &(t) # 0, x(t) € 9Z(r(t)), Alr,u](t) = Gr,u|(t) > 0, Br,u](t) = maxqn Blr,u] =
1/2, LB[r,u)(t) =0, and

Alr,ul(t)
| J(r(t), z(1))

£(t) = B J(r(t), x(t)) (5.8)

Proof. Let L C]0,T[ be the set of Lebesgue points of all functions u, 7, f, %B[’r, u]. Then
L has full measure in [0,77], and for ¢t € L we have

a
dt

If £(t) = 0, then @(t) = a(t), and (i) follows from (5.9). If £(t) # 0, then z(t) € Z(r(t)),
hence M(() z(t) =1 1/2 =
ul

= maxejo.r] M(7(s),x(s)). We therefore have Blr,u](t) = 1/2
maxor) Blr,u], £B[r,u](t) = 0. As a consequence of (P) (iii) we have E(t) = kn(r(t), z(t))
with a constant k > 0, where n(r(t),z(t)) is the unit outward normal to Z(r(t)) at the point

x(t), hence k = <§( )yn(r(t), x(t ))> and (5.8) follows from Lemma 3.1 (ii). Furthermore, (5.9)

yields (@(t), J(r(t),z(t))) = — (K(r(t),z(t)),7(t))), hence

Blr,ul(t) = (&), J(r(t), (1)) + (K (r(1), (1)), 7(1))) - (5.9)

and the proof is complete. [ |
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In the situation of Lemma 5.1, we always have
|Gl u)()] < [a(®)]|J(r(E), z(t)] + Kol#(t)]y , (5.1
€@ < Jal®)] + CRoli(t)]y - (

Indeed, (5.11) is trivial if £(t) = 0; otherwise we have [£(t)| = A[r,u](t)/|J(r(t), z(
Glr,u)(t)/|J(r(t), z(t))| with z(t) € 0Z ( (t)). Lemma 3.1 then yields C'|J(r(t),z(t
M*(r(t), J(r(t),z(t))) = M(r(t),z(t)) = 1, and (5.11) follows from (5.10).

)

[u—
= O
SN—

)l
)l

>

t)
)

Lemma 5.2 Let (L1) and (5.5) hold, let (r,u),(s,v) € WHH0,T; R) x WH(0,T; X) and
zo € Z(r(0)), yo € Z(s(0)) be given, let &,n € WHL(0,T; X) be the respective solutions to
Problem (P), and set t =u—&, y=v—n. Then for a.e. t €]0,T| we have

| Alr, u](t) = Als, v](8)] + iIB[ﬁu}(t) = Bls,0](1)] < |Glr,u](t) = Gls,v]()], (5.12)

() = 0] < C(la()] + CEol#(8)[y)|T(r(t), (1)) — T(s(2), y(1))] (5.13)
+ C|Alr,ul(t) — Als, v](t)] .

Proof. The assertion follows directly from Lemma 5.1 if £() = i(t) = 0. Assume now

o £(t)#0, i(t) #0.
Then (5.12) is again an immediate consequence of Lemma 5.1. To prove (5.13), we use (5.8)
and the elementary vector identity

z z

ERENER

1
= 7] |z — 2|  for z,2'e€ X\{0},

to obtain

| ‘ J(r(t),z(t)  J(s(t),y(t))
[J(r(t), x> [J(s(t),y(t))]?
1
+ CORTO |Alr, u(t) — Als, v](t)]
1

= TGO G, OO0 =0 0)

1
+ NCORO |Alr, u](t) — Als, v](?)] -

Lemma 3.1 yields |J(r(t),z(t))| > 1/C, |J(s(t),y(t))] > 1/C. Combining the above inequali-

ties with (5.10) we obtain the assertion.

€t =i < [Alr ()

Let us consider now the case

o £(1)#0, (t)=0.
Then |A[r,u|(t) — Als, v](t)| = A[r,u](t), Blr,ul(t) — B[s,v|(t) = 1/2 — B[s,v](t) > 0, hence

AT ul(6) — Als, ()] + 1 Blrl(t) = Bls,ol()] = Alr,ul(t) — 5 Bls, ]

= Glr,ul(t) = Gls, v](t),

12



hence (5.12) is fulfilled. We further have similarly as above that
€)= n(t)] = E(t)] < CAlrul(t) = ClA[r,ul(t) — Als, v](¢)],
hence (5.13) holds. The remaining case

o £(t)=0,n(t) #0

is analogous, and Lemma 5.2 is proved. [ |

We are now ready to prove the following crucial estimate.

Proposition 5.3 Let (L1), (L2) hold, let (r,u),(s,v) € WHH0,T; R) x Wh(0,T; X) and
zg € Z(r(0)), yo € Z(s(0)) be given, let &,n € WHL(0,T; X) be the respective solutions to
Problem (P), and set xt =u—&, y=v—n. Then for a.e. t €]0,T[ we have

) — 0] + O LBl ul(t) ~ Bls )] < hal) (0] + O, i) — 30 (514

+ C (20 a(0)] + (Cx + CCLE) [F(B)ly ) () = s(B)ly + () = y()]).

Proof. By Lemma 3.1 we have c|J(r(t),z(t))| < M*(r(t), J(r(t),z(t))) = M(r(t),z(t)) <1,
hence |J(r(t),z(t))| < 1/c for every t € [0,T]. By Lemma 5.2, we can estimate the left-hand
side of (5.14) by

C (IGIr, u)(t) = Gls, o)1) + (|a(t)] + CEoli(0)]y) [T (r(£), (1)) = T(s(t), y(1))])

which together with the assumptions (5.5) — (5.7) yields the assertion. ]

6 Implicit model

We now consider Problem (Z) under the following hypothesis on the mapping g.

(G) ¢:[0,T]xXxX — Y is continuous and ¢(t,u,§) € R for each (¢t,u,§) € [0,T]x X x X .
Its partial derivatives g, 0,9, 0:g exist and satisfy the inequalities

09t u, )l pixyy < 75 (6.1)
0ug(t,u, )l pxyy < W, (6.2)

10g(t,u, §)ly < all), (6.3)

|0eg(t,u, §) = Oeg(t,v.m)lpixyy < Cgllu—v[+1&—nl), (6.4)
0ug(t,u, &) — Oug(t,v.0) g ixyy = Cullu—v]+|€=mn]), (6.5)
|0eg(t, u, &) — Og(t, v, )y < b(t) (Ju—v[+ € —nl) (6.6)

for every u,v,&,n € X and a.e. ¢t €]0,T[ with given functions a,b € L'(0,T) and given
constants v,w, Cy, C, > 0 such that

§ = CKoy < 1, (6.7)
where C', K, are as in Hypotheses (2.1) and (L2).
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Let us start our analysis with the following necessary condition.

Lemma 6.1 Let Hypotheses (L1), (L2), and (G) hold, and let £ € WH1(0,T; X) be a solu-
tion to Problem (ZI) with some u € WH1(0,T; X) and xy € Z(g(0,u(0),u(0) — z0)). Then

we have
1

)] < 25 (1 CEw)liD)] + Cpalt) a.c. (6.5)
Proof. Inequality (6.8) is an easy consequence of (5.11) with r(t) = g(t,u(t),£(t)). Indeed,
using (6.1), (6.2) we obtain |7(t)|y < a(t) + w|u(t)] +v|&(t)] and (6.8) follows. |

We now prove the converse as the main result of this section.

Theorem 6.2 Let Hypotheses (L1), (L2), and (G) hold. Then for every u € Wh1(0,T; X)
and every xo € Z(g(0,u(0),u(0) — z0)) there exists a unique solution & € WHH(0,T; X) to
Problem (ZI) in the set

Q = {nGW“(O,T;X); 6 < 5 (1 + CKw)la(t)] + CKoa(t)) a.e. }

§0) = u(0)— a0

Proof. Let S : Q — Wh(0,T; X) be the mapping which with each n € Q associates the
solution ¢ to Problem (P) with r(t) = g(¢,u(t),n(t)). By (5.11) we have

B < 1)+ CRiDly < (1+ CEaw)li(t)] + Choalt) + i) (6.9)
N

IN

1+ CKow)|u(t)| + CKoa(l)),

hence S(Q) C Q. The set Q is convex and closed in WH(0,7; X). We now check that
S :Q — Q is a contraction with respect to a suitable norm in WH(0,7; X).

Let my,m2 € © be given. By Proposition 5.3, the functions & = S(n;) for i = 1,2 satisfy almost
everywhere the inequality

[€1(t) = &) +5(1) < Olin(t) — i (t)] (6.10)
+ Cs(la(®)] + a(t) + (@) (Im(t) — ()] + [&(2) — &()])
with G(t) = C|Blg(-, u,m), u](t)—Blg(-, u,n2),ul(t)] > 0, 5(0) = 0, and with a constant Cs > 0
independent of 1,7, .

Let now £ > 0 be chosen so small that

(S+€C(5

= & 1 A1
-, <1, (6.11)

and let us define an auxiliary function

w(t) = et hlUOltamdr o e 0,T]. (6.12)
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We have w(t) > 0 for every ¢t € [0,7] and w(t) < 0 a.e. We test the inequality (6.10) by w(t)
and integrate over [0,7]. Taking into account the relations

[ Bwwae = Beywl; - [ soiwa > o,
[ w@) ()] + ate) + o) m(0) — m(0)] +16(0) ~ &(0) de
< = [ a00) [ (i) = ()| + () ~ &) dr

T

= —e [ [ Gintr) = )]+ 1) - D |
e [ (o) = (0] + a(0) — &)
< e [ ) (in) — )] + IEa(r) ~ o)) dr,
we obtain from (6.10) that
[ wée - eold < G+eCo) |

hence

T

T ) .

w(t) in(6) = ()] dt +=C; [ wit)&a(t) = ()] dt
| @ é@ - &l < o [ ) lin) - )] d. (6.13)
We thus checked that S is a contraction on 2 with respect to the weighted norm

Jall = () + [ wte) o) e,

hence S admits a unique fixed point £ which is a solution of (Z). [ |

7 Lipschitz continuity

In this section we prove local Lipschitz continuity estimates for both Problems (P) and (ZI)
as a combination of Proposition 5.3 and a Gronwall-type argument.

Theorem 7.1 Let the assumptions of Proposition 5.3 be fulfilled. Then there exist positive
constants Cy, Cy such that for every R > 0, every (r,u), (s,v) € WH(0,T; R)xWh1(0,T; X)
with [ (|| + |7ly)dt < R, [{(|o] + |$]y)dt < R, and every zo € Z(r(0)), yo € Z(5(0)), the
respective solutions &,m € WHL(0,T; X) of problem (P) satisfy the inequality

/OT € —qldt < CLe®oF <|xg —yo| + |r(0) — s(0)|y + /OT(\'& — 0|+ |7 — é]y)d)f) . (7.1)

Proof. By Proposition 5.3, there exists a constant Cy > 0 such that
() — ()| + B() < Co(lut) — o(t)] + (1) — 3(t)ly (7.2)
+ ([a()] + [#()]y) (o) = y(O] + (1) = sB)]y))
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with ((t) = C|B[r,u|(t) — Bls,v](t)|. We argue similarly as in the proof of Theorem 6.2 and
test (7.2) by the function
wi(t) = eCoJolil+ily)dr

This yields

d

& () [l —gldr) + w50 < Goun®(i) =30 +1i0) = 50ly)  (73)

~ibn(t) (Joo = ol + [r(0) = s(O)y + [ i~ shedr)

Note that

T

[ w0 d@ i = ot 501 — [0 50 dt > —wi(0) 50) (7.4

0

> —§|M2(T(O),$o) — M?*(s(0), y0)| > — (CK0|7“(0) —s(0)ly + (cjm _yO|) :

On the other hand, integrating (7.3) from 0 to 7" and using the fact that for every ¢ € [0, 7]
we have 1 > wy(t) > wi(T) > e~ “F we obtain

T T .
O [Te—gldt < = [Cun(®) Be)dt+ o — ol + Ir(O) = 5Oy (7.5)
T
+ (00+1)/0 (& — 0| + | — &ly) dt,
and the assertion follows from (7.4), (7.5). u

Theorem 7.2 Let the assumptions of Theorem 6.2 be fulfilled. Then there exist positive con-
stants Cy, Cs such that for every R > 0, every u,v € W(0,T; X) with [j |u|dt < R,
JE o) dt < R, and every o € Z(g(0,u(0),u(0) — o), 3o € Z(g(0,v(0),v(0) — yo), the respec-
tive solutions &,m € WHH0,T; X) of problem (I) satisfy the inequality

T . T
| 1é=ilar < chetn (|xo—yo\+|u<o>—v<o>|+ / |u—o|dt). (76)

Proof. We use Lemma 6.1 and Proposition 5.3 with r(t) = g(t,u(t),&(t)), s(t) = g(t,v(t),n(t)),
and find a constant C* > 0 such that

(1=8)E@) — i)+ B0 < C(jalt) — ()| (7.7)
+ ([a(8)] + alt) + b(0))(|u(t) — v()] + [£(1) = n(1)]))

with §(t) = C|Blg(-,u,§),ul(t) — Blg(-,v,n),v](t)|. Repeating the procedure from the proof
of Theorem 7.1 with

Cy, = ¢ wy(t) = e 2 f()tWL(T)Ha(THb(T))dT (7.8)

we easily obtain the assertion. [ |
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8 Nonuniqueness

Let ¢ : [0,1] — [0,1] be an increasing concave function with ¢(0) = 0. Then the initial value
problem

w=dY(w), w(0)=0, (8.1)
has a positive solution for any ¢ > 0 in addition to the trivial one, if and only if
O |
/0 e de < 00. (8.2)
Let us assume that (8.2) holds. Then
Jig ) = g, " = . (8:3)

Moreover assume that there exists K > 0 such that

Y (e) < \[/(g for a.e. e €]0,1] . (8.4)
Then
P(e) < 2K\e  Vee|0,1]. (8.5)
A typical example is () =%, 1/2 <3< 1.
We denote .
e (86)

with K from (8.4), and consider for « > 0 and 0 <7 <1 — 6 the system of convex sets
V(na Oé) - Bl—@(o) N H(na Oé) ) (87)

in X = R?, where H(7,q) is the half-plane

Hn,a)={z€R?% (z,1,) <1 -0 -0}, vy= (_;) . (8.8)

We further define two one-parametric families of convex sets

Z() = V(e+0(/14+92(e) —1),1()), (8.9)
Z(e) = Z(e)+ By(0), (8.10)

for € € [0,¢0], where g9 €]0,1] is chosen in such a way that for every € €]0,¢0| we have

e+ 01 +92(e) < 1, (8.11)

92(1+¢2<5))@+29 ((1—5) vie) L1 (1—1_5)) < 2-c. (8.12)
£ £ £ 1+ ¢2(e)
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Let A(0,¢) denote the left-hand side of (8.12). To see that condition (8.12) is meaningful, it
suffices to use (8.5) which entails that

AK2 \?
li A(# < 4K?%0% + 20(1 +6K?) = 2|1 — | ——— 2. 1
im sup (0,e) < +20(1+6K7) ( <1+8K2> ) < (8.13)

The set Z(g) can also be characterized as

zeZ(e) & |z <1-96, <z,yw(5)> < 1—e—0y\1+9Y2(e), (8.14)

see Figure 1. As the next step, we check that the segment

56) = {+= (3) o= vl = 1-2, W < 0v(e)] 8.15)

satisfies
S(e) € 0Z(¢) Ve € [0, o] - (8.16)
The limit case € = 0 is easy: we have Z(0) = B;(0), and S(0) contains only one element

e = (é) . For ¢ >0 and z € S(¢) we define

6
zp = 2 — 7V¢(8).
1+¢2(e)
Then
|z — 2| = 0, (8.17)
<z9,y¢,(€)> = 1—c—0y/1+92(@), (8.18)
1 —
o2 =22 + 02 — 20— (8.19)
1+¢2(e)

where [z|2 < (1 — e + 0¢?(¢))? + 62¢%(e) by (8.15). Developing the computation and using
(8.12) we obtain from (8.19) that

1—¢

20° < (1—e)?+0°(14+¢%(e) +9'(e)) +20 (1 — e) Y*(e) — 20 ———
14 42(e)

= (1—=0)*+6%(1+%()) V() + 26 ((1 — &) 2 (e) + (1 — H)) +e% -2
L+ 9%(e)

S (1 - 6)27
hence z € Z(¢) and z € Z(¢).
To see that z € Z(e), we notice using (8.14) that for arbitrary z € Z(e) we have
1

|z — 2| > ———— 2= Z,Uye)) = 0.
1+w2<e>< >
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Figure 1: Trajectory of the nontrivial solution v(t).

In other words, dist (z, Z(¢)) = 6, and (8.16) is verified.

We now construct the example of nonuniqueness for the evolution quasivariational inequality
(1.4). Let w : [0,%9] — R be the positive solution to the initial value problem (8.1) for a fixed
0 > 0, where we choose ty sufficiently small such that

w(to)
w(ty) < eo, Dwity) <606, o(w(ty)) <1. (8.20)
We define v(t) = (28;) with
w(t) =1 - wt) + suv®), wlb) = (), (8.21)
and set
['(v) = Z(6vs) . (8.22)
Then

UQ(t) < Ug(to)
b(w(t)) — Y(w(to))
hence v(t) € S(w(t)) C 0Z(w(t)) = O (v(t)) for all ¢ € [0,%q], see Figure 1. We set

f@) = (11(2),0),  [(t) =1 +0(t), (8.24)
then f(t) — 0(t) = vy (v(t)) € Nrwey(v(t)), and fi(t) > 0 for ¢t < ¢y. Therefore, both

< 0, (8.23)

v(t) as defined and v(t) = e; = are solutions of (1.4). Thus, there is nonuniqueness,

1
0
despite the fact that the outward normal vectors nyz(z) are Lipschitz continuous in z for
every ¢ with a Lipschitz constant independent of € as a consequence of Lemma 3.4. Moreover,
the orthogonal projections @z, of X onto Z () (and therefore also nze by virtue of the

argument in the proof of Lemma 3.4) depend Lipschitz-continuously on ¢ in each interval |1, €]
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with 0 < ey < gg. For € = 0 there is indeed no problem in any direction different from e;, as
the boundary of Z(¢) does not move here for ¢ small. However, the dependence of Jz((2)
on ¢ is not globally Lipschitz and the Lipschitz constant behaves like ¥ (g)/e for z = e; near

e = 0. Indeed, for fixed € > 0 and z € S(e) we have My(2) = <z, V¢(E)> /(1 —¢). We easily
find ¢(¢) > 0 which guarantees that for every y € By)(0) we can find p(e,y) > 0 such that
p(e,y)(e1 +y) € S(e). For all such y we thus have My (e1 +y) = <61 + v, V¢(€)> /(1 —¢),
hence Jzo)(e1) = vy /(1 —€)?. Obviously, Jzq)(z) = for every x € X, and we conclude
that

\/IW +e2(2 —¢)?
(1—¢)? 7

where the right-hand side is of the order of & if for example ¥(g) = ¢, 1/2 < < 1. On
the other hand, we will see that Z(¢) does depend Lipschitz-continuously on € in the sense
of the Hausdorff distance. This implies in turn that the map v — I'(v) is Lipschitz with an
arbitrarily small constant similarly as in the example of [1] provided § is chosen sufficiently
small (in fact, to make Figure 1 more transparent, we have chosen a trajectory of the solution
v(t) corresponding to a ‘very large’ d). We conclude the paper by establishing this Lipschitz
continuity result as a separate lemma.

| Jz()(€1) — Jz(0) (8.25)

Lemma 8.1 There exists a constant R > 0 such that for every 0 < ey < g1 < g9 we have

(i) Z(e1) C Z(ea),
(11) dH<Z(€1), Z(Sg)) S R(€1 — 82) .
It is interesting to compare formula (8.25) with Lemmas 3.2, 3.3, and 8.1. We see that the

hypothesis (8.5) is sharp in the sense that if one sets 1(¢) = ¢’ with 8 < 1/2 in the example
above, one cannot expect that dy(Z(¢), Z(0)) remains Lipschitz continuous in ¢.

Proof. To prove (i), let us consider an arbitrary z = <§) € Z(e1) and assume that z ¢ Z(es).
Then

r—1(e)y > 1—e9—0y/1413(er), (8.26)
r—Ple)y < 1—e—0y1+¢2(er), (8.27)
<

1-6. (8.28)

T

For a € [0,1(eg)] we define an auxiliary function

U(a) = v~ a) +0(V1i+a?—1)
and set o; = ¥(g;), 1 =0,1,2. From (8.26)—(8.28) it follows that

\DEXO‘Q) >y > \Ij(o‘;):i(%). (8.29)

Since V¥ is convex, increasing, and W(0) = 0, (8.29) is contradictory and we conclude that
Z(e1) C Z(e2), hence (i) holds.
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It remains to prove the Lipschitz estimate in (ii). Let z € Z(e5) \ Z(sl) be arbitrary. With the
above notation we have

(2,Vay) < 1—0—Y(an), (8.30)

(z,Vay) > 1—=0—T(ay). (8.31)
We find o € [ag, ;[ such that

(z,V0,) = 1—0—T(a,), (8.32)

and put e, = ¥ ' (ay), 21 = 2 — 0V, , where o > 0 is chosen in such a way that
(21,Voy) = 1 =0 —V(q), (8.33)

that is,
1

o = m(<Z7Va1>_1+9+‘I’(041))-
We have
2 = |22 =0 v P —20(1—0—U(ay)) < |2]*> < (1—6)2,

hence z, € Z (e1). Our goal now is to find R > 0 independent of e, ey such that
‘Z—Zl‘ < R(é‘l—&*), (834)

and it will suffice to pass from Z(g;) to Z(e;), i = 1,2, to complete the proof. Inequality
(8.34) will follow from a series of estimates, where Cp,Cs,... will denote arbitrary positive
constants depending only on K . First of all, we have

2= (1 =0 e, < A+ |, HA—=0)2*=2(1—-6)(1—0—T(x,)) (8.35)

< (1-0)(a2+207 () < Cre..

On the other hand, we have

|Z_Z1| = 0|Va1| < 0"1/&1|2 = <2_217V011> (836)

= (2= (1 =y, Vay = Vo) + (1 = 0) (Vaes Vay — Va,) + ¥(a1) — V()
1-46

SERY CréxVay = Vau| + 9 (‘Vm‘z — |Va,

< G (Ve —a) + (@1 —e) + (ol —ad)) |

where, by (8.4)-(8.5), we have a; — a,, < 2K (/61 — /2,) and

?) + W) - o)

0—a? = 2 [TV VE)E < 4K (e -2,

and (8.34) immediately follows. ]
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