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Abstract. Following Krasnosel’skii & Pokrovskii 1983 we express the constitutive law for the Prandtl-
Reuss elastoplastic model in terms of a hysteresis operator and we introduce the vector Ishlinskii model.
We investigate some properties (continuity, energy inequalities, dependence on spatial variables) of these

operators.

Introduction

In this paper we will investigate the Prandtl-Reuss elastoplastic model (cf. Duvaut
& Lions 1972, Necas & Hlavacek 1981). We denote by S™ the vector space of symmetric
tensors n xn (we have dim S™ = n(n+1)) and we fix a closed convex (usually unbounded)
set Z C S™. Its interior represents the elasticity domain and its boundary is the surface
of plasticity. The strain tensor ¢ = {g;;} is decomposed into two parts ¢;; = e+ z—:fj.
The elastic part ¢ satisfies the linear Hooke’s law ef; = Ajjreoxs, where A = {Aijke}
is a given constant symmetric positive definite matrix with respect to the scalar product
< &n >=&;n; in 8™ and 0 = {05} is the stress tensor. The values of o cannot leave
the domain Z and the plastic strain e satisfies the inequality < éP, 0 —p >>0 Vp € Z,
where the dot denotes the time derivative.

Assuming ¢ to be known we find ¢ as the solution of the inequality

<A —¢€, 0—p>>0 Yoe Z

with a given initial condition o (0) € Z.
Putting u = A~Y2%¢, o = AY20, Z = A'Y?(Z) we see that z(t) € Z satisfies the
inequality
<i—tx—9@><0 VYoeZ.

The correspondence u — x has been investigated in Krasnosel’skii & Pokrovskii 1983,
where the notion of a hysteresis operator = f(u) is introduced. The aim of this paper is
to derive new properties of the operator f.



Using this notation we can express the Prandtl-Reuss constitutive law in the form
o=A"Y2f(ATY2%).

Let us consider an elastoplastic body occupying a domain 2 C R™ and satisfying the
Ishlinskii constitutive law

o= A—1/2/ f(A‘l/Q%e) hdu(h) = A~Y2F(A™Y/ %),
0

(cf. (5.3) in Section 5).
The strain tensor is given by the formula

1,0ut  Oul
i@, ) = §(axj + 83%),

where u = {u'} is the displacement vector. The dynamical behavior of the body is deter-
mined by the equation of motion

9
o0“u’ N 80'Z'j

o2 = o, T

where h = {h'} is a given forcing term (which may depend on u,e and o), and by appro-
priate boundary and initial conditions.

Let us denote (Du);; = %(gzj + gixj), (D*o)t = %UT?' The problem consists in solving

the equation

9%u * A4—1/2 -1/2

in ©Q x (0,7"). This is a natural way of transforming evolution differential inequalities into
equations with hysteresis (cf. also Krejéi 1989). The equation (0.1) under suitable bound-
ary and initial conditions can be solved by standard methods (e.g Faedo-Galerkin). Let
us note that we can derive a priori estimates for the second derivatives of an approximate

solution uy, (differentiating (0.1) with respect to ¢, testing with 6;;’“ and using (5.6) (ii)
and then testing with D*Daa% and using (5.8), cf. Section 5). We can next use the
Minty-Browder argument based on the inequality (2.6) in Section 2 (cf. Krejci 1988) and
the continuity of F' for passing to the limit. A similar existence result has been proved (by

different methods) by Visintin 1987.



1 Geometry of convex sets

We denote by X¥ an N-dimensional real vector space with a scalar product
< o>, |z =< xzyx >Y? for £ € XN, We assume that Z € XV is a closed convex
set (bounded or unbounded) containing 0 in its interior. We fix a number m > 0 such that

(1.1) lz| <m=zeZ

We denote by @ the orthogonal projection of X~ onto Z such that |z — Qz| = min{|z —
€|7£€Z}a Pr=xz—-Qu.
Let us recall the following properties of P, Q.

(1.2) Lemma For every x,y € X~ we have

(i
(i

(iii

< Pz, Qxr—¢p>>0 Yo € Z,

< Px— Py, Qr — Qy >> 0,

< Px,z >> m|Px| + |Px|?>, where m is given by (1.1),
Q(x + aPx) = Qx  for every o > —1.

)
)
)
)

(iv

Proof (i) Let us assume < Pz, Qz — ¢ >< 0 for some ¢ € Z and z € XV. For a € [0, 1]
we put £, = ap + (1 —a)Qr € Z. We have |z — £,]? = |z — Qz)? + a(< Pz,Qx — ¢ >
+a|Qz — ¢|?) < |r — Qz|? for a sufficiently small, and this contradicts the definition of
Q. Part (ii) follows immediately from (i) and (iii) is obvious for x € Z. For x ¢ Z we find
a > 0 such that |aPz| = m and put ¢ = aPz € Z. We have < ¢,Qx — ¢ >> 0, hence
< Pz,z >=1 < Qv+ Px>> 1lp|? + |Pz|? = m|Pz| + | Pz|*.

(iv) For an arbitrary ¢ € Z we have |r + aPz — ¢|? = |Qz — ¢|?> + (1 + a)?|Px|? +
(1+ a) < Pz,Qx — ¢ >, hence the minimum of |z + aPz — ¢| is attained for ¢ = Q.

Let us show some specific properties of unbounded domains.

(1.3) Lemma Let Z be unbounded. Then there exists a non-empty convex closed cone
C C Z with vertex 0 such that

(i) for every x € C and y € XV, |y| <m we have v +y € Z ,

(ii) the function K(r) = max{dist(z,C),z € Z,|z| = r} is nondecreasing for r sufficiently
large and Tll)rgo K(r)/r=0.

Proof Let us denote by M the set of all points z € Z such that || = 1 and ax € Z
for every a > 0. Let {z,} C Z be an arbitrary unbounded sequence. We see imme-
diately that every limit point of 2 belongs to M, hence M is non-void. Put C' =

E
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{ax;x € M,a > 0}. The convexity and closedness of C' follow from the convexity and
closedness of Z.
Let us choose z € C and |y| < m. For an arbitrary sequence {y,}, |yn| <m, yn — y

we choose positive numbers r,, > # > 1. We have |"5y,| < m, hence v + y, =
n n

%(rnm) + (1 — %)(T:jlyn) € Z and (i) follows easily.

Let us denote by Q. the projection of X~ onto C, P.x = = — Q.x. Repeating the
proof of (i) and using (1.2) (iv) we can easily verify that the set N, = {x € Z;Q.x = 0} is
bounded. Put r. = max{|z|;z € N.}.

We next prove that for every ro > r; > r. and for every z; € Z such that |z1| =
there exists zo € Z,|22| = 1o such that dist(zq, C) > dist(z1, C).

Put 1 = Q.z1. We have dist(z1,C) = |21 — z1| = |Pez1], < 21,21 >> 0. Put
29 = 21 + Bx1, where 8 > 0 is such that |z3| = ro. We have (1 — %)zl + %(nﬁxl) € Z for
every n > 1, hence z5 € Z. We further put zo = Q.22. Let us assume |29 — zo| < |21 — 21].
For a = — > —1 we obtain

_B_
1+
|P.(z21 + aP.z1)| < |21 + aPezy — (1 4+ @)xs] = (1 + a)|zg — 22| < (1 + )| Pez1],

which contradicts (1.2) (iv).
Thus we have proved that the function K (r) is nondecreasing for » > r.. Let us assume
lim sup K(r)/r > 0. Then there exists ¢ > 0 and a sequence r,, /" 0o such that K(r,) >

T—00

ern. We find z, € Z, |z,| = 7, such that dist(z,,C) > €|z,
The sequence =2 has a limit point x € M and ||§”|
1

mdist(zn, (') > € which is a contradiction. Lemma (1.3) is proved.

—z| = ﬁpn — |znlz] >

E

2 A differential inequality

Let [0,7] be a given interval. We denote by L%, W]]f,’p, Cyn the spaces LP(0,T; X ™),
Wk (0,T; XN),C([0,T); X) with usual norms ||.|lo.p, |-|lx.p, ||-]l0.00, respectively.
We further introduce the set K = {u € LF;u(t) € Z a.e.}.

(2.1) Problem For a given u € Wy' find z € Wy N K such that

(i) <2 —u,z—p><0 ae forevery € Z,

()  2(0) = Qu(0).

This choice of the initial condition corresponds to the "reference state”. It enables us
to avoid the difficulties in more complex hysteresis models.

(2.2) Proposition Problem (2.1) has a unique solution.
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Proof FEuxistence. For every fixed n € N put

uj=u(=T), j=0,...,n
Tj41 = Q(Uj+1 —uj + xj)7 To = Q(UO)-

Lemma (1.2)(i) yields
(2.3) < Zjy1 —Tj —Ujr1 +uj, T4 — @ >< 0 Vo€ Z, hence

(2.4) i1 — 5] < lujn —usls (w540 —wipn — 25+ ug| < Jujpn — gl
For t € [%T, Ty put

n

n tj
ul™ () = u; + (g = ) (un — ),

(25) ZE(n)(t) = .Tj —+ TL(% — %) ($j+1 — ZL‘j).

We have u™ € Wy', 2" ¢ Wy 0K, [ut™ —ull;; — 0 and |2 (1) < [u™'(t)] ae.
By Arzela-Ascoli theorem and Dunford-Pettis theorem (Edwards 1965) there exists
z € Wh' N K and a subsequence {z(™} of {z(™} such that z(™" — 2’ in L} -weak and
(™) — 2 uniformly in Cy. Tt remains to verify that 2 satisfies (2.1)(i).
Let ¢ € Z be arbitrarily chosen. Using (2.3) we obtain for 7 € (%T, %T):

’ ’ n
<a®™(r) —u™(r), (1) -p>< Tl — gl

This yields for every s <t

t
/ <2(r)—=u(7), z(1) =@ >dr <0
and (2.1)(i) follows easily.

Uniqueness. Let u,v € Wifl be given and let z,y € Wi,’l N IC satisfy the inequalities
<z —u,x—p><0,<y —v,y—1><0 Vo, e Z We obtain immediately

(2.6) <z —y,r—y><<u -V, z—-9y> a.e.,
hence u = v implies = = y.
(2.7) Remarks

(1) We shall see in the next section that in fact 2(™ converge strongly to z in Wi,’l
(Remark (3.3))



(ii) Putting ¢ = x(t =) in (2.1)(i) we obtain for § — 07 < 2’ — v/, 2’ >=0 a.e.

Let us denote & = v — x. In Krasnosel’skii & Pokrovskii 1983 ¢ and x are called
multidimensional play and multidimensional stop, respectively. From the mechanical point
of view this corresponds to the decomposition of the strain u into the sum of the plastic
strain ¢ and elastic strain z. Geometrically, z'(t) and &'(t) are the projections of u/(t) on
the tangential and normal cones to Z, respectively, at the point z(t).

3 Hysteresis operators in Sobolev spaces

Proposition (2.2) enables us to define an operator f : Wji,’l — Wi,’l by the relation
x = f(u) & x is the solution of (2.1). The term ”hysteresis operator” is used by analogy
to the one-dimensional case.
(3.1) Proposition  The operator f : W]{,’I — WI{,’I is continuous.

We first prove an easy lemma.

(3.2) Lemma  Let g,,9 € LY(Qp), fu, f € LY, u; XV) be given functions, n =
1,2,..., where (2, p) is a measurable space and p is a positive measure. Let us assume

/|gn—g|dwo, /<fn—f,90>du—>0 Vi € L(Q, s XN,
Q 9]

|fu(x)] < gn(z) p—ae, lf(zx)] =9g(x) p—ae.
Then [ |fn — fldp — 0.

Proof Put p(z) =0if f(x) =0, ¢(z) =
hence

HEb A F() £ 0. We have o € L(2, i X V),

| < dco>du— [ \fld
Q Q

Put ¢, (z) = gn(z)— < fu(z), p(x) >. We have ¢, (z) > 0 a.e., fQ 19| dp — 0, therefore
there exists a subsequence 1, such that ¢ (x) — 0 p—a.e. This means < fi(x), f(z) >—
|f(z)|*> p—a.e. On the other hand,

[fr(@) = f(@)° < gi(@) + % (@) =2 < ful@), f(2) >= 0 p—ae.,

hence (cf. Edwards 1965 ,84.21) [, [fx — f|dp — 0 and (3.2) follows immediately.

Proof of (3.1) Let {u,} be a sequence in W', [un —ull11 — 0, 2, = f(un),z =
f(u). Put y, = 2z, —un, y = 22 —u. We have by (2.7)(ii) |y;, ()| = [us, (¢)|, [y'(#)] = [/ (2)]
a.e. and (2.6) yields < =}, — 2/, 2z, — x ><< u), —u',x, — x >. Consequently, y, — y
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uniformly in Cy and by Dunford-Pettis theorem y!, — 3’ in L weak. Using lemma (3.2)
for y/, = fn, |ul,| = g we conclude that y,, — y strongly in WI{,’I, hence ||z, — |11 — 0.

(3.3) Remark The same argument shows that the discrete approximations (2.5) con-
verge to x strongly in Wi,’l.

(3.4) Corollary. The operator f maps W]{,’p into Wi]’p for 1 < p < oo and is continuous
for1 <p < 0.

(3.5) Remark For N = 1 the operator f is Lipschitz in W11, but not Lipschitz on
bounded sets in WP for p > 1 and not continuous in W (cf. e.g. Krejéf & Lovicar
1990). On the other hand, no proof of the conjecture of Krasnosel’skii & Pokrovskii 1983
saying that f : Wi,’l — Wi,’l is locally Lipschitz on bounded and smooth characteristics

Z has been published. Indeed, the Lipschitz continuity of f : Wi,’l — Cy follows trivially
from (2.6).

4 Hysteresis operators in the space of continuous functions

(4.1) Theorem  The operator f is closable in Cn and its closure f : Cn — Cy is
continuous.

Remark This result is known for N = 1 (then f is Lipschitz) or if Z is bounded (cf.
Krasnosel’skii & Pokrovskii 1983). We extend the method of proof to unbounded charac-
teristics Z.

We first prove three lemmas.

(4.2) Lemma Let u € W]i,’l be given, x = f(u),§ = u—=x. Let us assume |u(t) —u(t1)| < %
for t € [t1,t2], where m is defined by (1.1).
(i) Let Z be bounded. Then ft 1€/ (¢ |dt < L(diamZ)?.

(ii) Let Z be unbounded. Then f (t)|dt < LK?(|z(t1)]), where K is defined in
(1.3)(ii).

Proof We have < £'(t),u(t)—£(t) —¢ >> 0 a.e. for every ¢ € Z. We fix € Z such that
Z = 0 in the case (i) and £ € C (cf. (1.3)) such that |z(t1) — | < K(|z(t1)|) in the case

(if). Choosing y = 2 £t + u(t) — u(ty) for €'(t) # 0 and y = u(t) — u(ty) for £'(t) =0

we have |y| < m, hence we can put ¢ = Z + y. This yields
/ d 2
m|¢' ()] < —E|f(t) —u(t1) +Z|7, hence
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to 1
/ 1€ ()] dt < E|x(t1) —Z|* and (4.2) is proved.

t1

(4.3) Lemma Let u,, € Wji,’l,n =1,2,... andu € C be given such that ||u, —ul|0,0o — 0.
Put z,, = f(up),& = up — . Then there exist ng > 0 and a constant ¢ > 0 depending
only on Z and u such that

T
/ EBldt<e for n>no.
0

Proof We construct a partition 0 = ¢y < t; < --- < tpr = T of [0,7] such that
for t € [tg,txy1] we have |u(t) — u(ty)] < % We fix ng such that for n > ng we have
|tn — ullo,00 < G- For arbitrary ¢ € [tg,tx41] and n > ng we obtain |u,(t) — u,(tr)| < %,
hence by (4.2) we have

i1 1
(i) / & ()| dt < —(diamZ)? if Z is bounded,
th m
therefore fOT 1€, ()] dt < X (diamZ)?,
te41 1
(ii) / &0 ()| dt < —K?(|zn(tr)]) if Z is unbounded,
th m

hence fOT &) dt < X4 mng2(|xn(tk)\).

In the case (i) we put simply ¢ = Y (diamZ)?. In the case (ii) we integrate the
inequality < £/, &, ><< &, u, > and we obtain

[€n()* < 16a(0)1* + 2] u

T
e [ IO
0
for each t € [0,7]. This yields
[ ()7 < (lun (O] + 1€ ($)])* < €1 + co max K (| (t)]),

hence (1.3)(ii) implies ||z, |lo,00 < ¢3, Where ¢, c2, 3 are constants depending only on Z
and u (we take a larger ng, if necessary). Consequently,

T
/ 1€/ (t)] dt < const. and (4.3) is proved.
0

(4.4) Lemma  Let the assumptions of Lemma (4.3) be fulfilled. Then there exist ng > 0
and a constant ¢ > 0 depending only on Z and u such that for every m,n > ng we have

1/2 )

0,00 T ||un - um”(),oo :

||£n - SmHO,oo < C(H“n - Um
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Proof The inequality (2.6) for u = un,v = u,, has the form < & — ¢ &, — &, ><
<& — &, Up — Uy >, hence

T
[6n(t) = Em (D] < [€2(0) = &m(0)]* + 2/0 (€0l + 1&01) dt - [[un — 0,00

and (4.4) follows immediately from (4.3).

Proof of (4.1) Let u € Cn be given. We choose a sequence {u,} C W;,’l such that
|un—ull0,00 — 0. We see from (4.4) that the sequence z,, = f(u,,) is fundamental in C'y and
its limit is independent of the choice of {u,, }. Therefore, we can define f(u) = lim z,. The

continuity of f in Cy follows from standard considerations. Let {u,,} C Cxn be an arbitrary
sequence, ||u, — u|lo,00c — 0. The above argument shows that for each n = 1,2,.... we
can find @, € Wy' such that ||i, — unlloe < =, |[f(@n) — f(un)llo,0 < . We have
[4n = ullo,c0 = 0, hence |[f(@n) = f(u)llo,0 = 0 and || f(un) = f(w)]l0,00 — 0.

(4.5) Remarks
(i) It follows from Lemma (4.4) that the operator f: Cy — Cy is 3-Hélder contin-
uous on compact sets. We present two examples showing that this result cannot
be in general considerably improved. Nevertheless, on special characteristics Z
the operator f has better continuity properties (it is globally Holder continuous
on strictly convex sets and Lipschitz on polygons, cf. Krasnosel’skii & Pokrovskii
1983).
(ii) The multidimensional play operator I — f, where I is the identity, has a particular
smoothing property: it maps continuously Cn-strong into BV (0, T; XV)-weak *.
This follows from the argument of the proof of (4.1) applied to (4.3).

(4.6) Examples
(i) f does not map in general bounded sets in Cn into bounded sets.
Put Z = {(a,b) € R%0 < a < 1,b > —loga},T = 1. Let us define a sequence

{uy} in the following way: wu,(t) = (T"O(t) ), where 7, is continuous and piecewise linear,
rn(%) =1, rn(ngJrl) =0,k=0,1,...,[3], 7, (t) = n(—1) for t € (%, %), j=1,...,n.

In fact, it would be more accurate to shift the domain Z and the functions u,, in order to
fulfil the assumption 0 € IntZ.

We determine the vector x,,(t) = f(u,)(t) = (%”Eg) using (2.7) (ii). Denote o =
Lak = a,(#1), g(a) = —loga. For t € (0,1) we have 8,(t) = g(a,(t)) and a,(¢) is

the orthogonal projection of u/, (¢) on the tangent to 0Z at the point x,(t), hence

D) 1
o = T an ) (9'(%(“)> |
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In other words, «,, is the solution of the equation

(4.7) a1+ g% (an®) =7,  an(0) =1.

We obtain o} = \/52 L. For t € (221 2F) we have f3,(t) = const. = —loga Ozn( B) =1.
We find 7, € (2, 2’““) such that 7, (Tk) = af . We have o/, (t) = ! (t),3,(t) = 0 for
t e (2£,7;) and (4.7

the equation

\/:

for t € (Tk, 2k+1 ), an (k) = ok hence a1 is the positive root of

k+1
2«
(o) 4 e =,
an
We see immediately that the sequence oz?[l%] tends to 0 as n — oo, hence the sequence {z,,}
is unbounded.

(ii) The Hélder continuity is optimal if Z is a ball.

Put Z = {z € X%;|2| < h}, where h > 0 is a given number. In this case the operator
f is 1-Hélder continuous in Cy (cf. Krasnosel’skii & Pokrovskii 1983).

Let us choose r > h and for ¢ € [0, 1] put

r cosnt h cosnt
r sinnt h sinnt
Un (t> = 0 ) Un (t) = 0 )
0 0

Tn = f(un),yn = f(v,). We have indeed y,, = v,,. The same argument as above shows
that x,, is the solution of the equation

h  cos(nt + o(t))
h  sin(nt + o(t))
We find out that z,, has the form z,,(t) = 0 , where p is the solution

of the equation o' + n( Cos 0 — 1) 0(0) = 0, hence

r—nh
o(t) = 2arctan < " htanh ( ))

(r — h)tanh? ( L _h2 nt)

(r+h) + (r h)tanh2< 2R )

We have

|2 (t) — yn(t)[* = 40

Y
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hence hm |z, (1) —yn(1)] = hy/ 2(TT 2y

5 Properties of hysteresis operators

A. Superposition and inversion formulas.
(5.1) Proposition For every u € Wji,’l and o > —1 we have f((1+a)u—af(u)) = f(u) .

Proof Putv= f(u),w = f((1+ a@)u—av). We have (cf. (1.2) (iv)) w(0) = Q(u(0) +
aPu(0)) = Qu(0) = v(0) and < w'—(1+a)u'+av, w—p >< 0, (1+a) < v'—u',v—1 ><0
for every ¢, € Z. Putting ¢ = v,1 = w we obtain < w’ —v',w —v >< 0, hence w = v.

5.2) Corollary Foreverya>0a+ﬁ>0h>0wehavew—au+ﬁhf( )<:>
u:&w—l—BlALf(%w),wherea—a,a+5—a+ﬁ, h—h(a—i—ﬁ).

Proof By (5.1) we have f(%w) = f(aL—l—B : %u—i— P f(3u)) = f(3u) and (5.2) follows

B. Vector Ishlinskii operator.

Let p be a positive measure on (0,00), ((0,00)) < oo and let f be the multidimen-
sional stop corresponding to Z. We define the vector Ishlinskii operator by the formula

< 1
(5.3) F = [ f(5u)h du(h).
0
Let us note that for A > L ||ulo,c we have f(3u)(t) = +u(t), hence the integral in (5.3)

is always finite. We check easily that the vector Ishlinskii operator F' is continuous in Cy
Lp
and Wy, 1 < p < oo.

C. Energy inequalities

We define the hysteresis potentials for the operator (5.3) by the following formulas

1 [ 1
(5.4) (i) Pi(u) = 5/ (f(ﬁu))Q h? du(h) for wueCy,
0
1
(ii) Py(u) = 3 < F(u),u' > for uwe Wy
The Holder inequality yields immediately
(5.5) |F(u)]? < 2u((0,00)) - Pi(u).

The following energy inequalities are satisfied.
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(5.6) Proposition
(i) For everyu € Wy and for almost all t € [0,T] we have

Py(w)(t) << F(u)(),o/() > .
(ii) For every u € Wﬁ,’l and for almost all 0 < s <t <T we have
t
Py(u)(t) — Pa(u)(s) < / < F(u)'(7), v"(7) > dr.
Proof The function h — h f(%u)/ is continuous and bounded as function R' — L},
)

hence we can differentiate in (5.3) and (5.4) (i) with respect to ¢. We obtain

P/ ()= < F@@. () >= [ < £(0)'(0) = 3@ F(u)0) > Wdu(h) <o

by (2.1)(i) with ¢ =0.
For proving (ii) we denote x5 (7) = h f(3u)(7). We have

<zp(1) = u (1), zp(T) —hp ><0, <azp(t+8)—u'(T+08),zp(T+6) —hyp ><0
for every o, € Z. Putting ¢ = tx,(7 4 0), = +25(7) we obtain
<ap(t4+08) — 2 (1), 2n (T4 0) — xp(7) ><< W' (7 +06) — (1), zp(T + 0) — zp(r) > .

After integration fst dr this yields

1 , 1
Wk’?h(t +8) — zp(t)|” - 252

1 t
5—2/ W (7 +8) — ! (7), on (T + 8) — an(r) > dr,

(s +8) — an(s)[? <

hence for § — 0 we obtain (cf. Edwards 1965, §4.21)

1 1 !
§|a:§1(t)\2 — §\x;l(s)|2 < / <u"(1),z),(1) >dr for almost all 0<s<t<T.

(Notice that for u € Wy we have xj, € Wy™).
By (2.7) (ii) we obtain |z}, (t)]? =< },(t),4/(t) > and (5.6) (ii) follows easily.

Remarks

(i) The potential P; (as well as the operator F') is rate independent and corresponds
to the usual physical notion of energy. On the other hand, the potential P> has
no natural interpretation and the term ”energy” is maybe not physically justified.
We use it in order to emphasize the formal similarity between (5.6) (i) and (ii).
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(ii) In the case N = 1,Z = [—1,1] we can make use of the simple structure of the
hysteresis memory for getting more precise information about the dissipation of
energies corresponding to P; and P,. The dissipation of Pj(u) is characterized by
the area of the hysteresis loop in the plane with coordinates u, F'(u). Moreover,
we can obtain an estimate from below of the dissipation of energy for Py (u) which
is of the order of [ |u/(¢)]*dt. It is shown for instance in Krejéi 1988 how this
estimate can be used for solving hyperbolic equations with hysteresis operators.

D. Dependence on parameters.

Let us consider input functions depending on a parameter x € J, where J C R! is

a fixed interval and let us assume u(z,.) € Cn for almost every z € J. We can define

the value f(u)(x,t) of the operator f to be equal to f(u(z,.))(t) for every t € [0,T]. We

see immediately that the operator f : LP(J, W]bl) — LP(J;Cy) is Lipschitz for every
p € [1,00].

1 1.1 . ou

Let w € L'(J;Wy") be given such that —

7 € LY(J;Wy'). We have by (2.6) for
xXr
rvye,z>yand 0<s<t<T

67 @)= F@ O ~ 51w ~ Fw)y, ) <

< [ <)) — f@). G ) - ) > dr.

For s = 0 this yields
|f(u)(z,t) — fu)(y, t)]?
<IQu(a.0) = Quig. OF +2 [ [7(w(a.7) - f(u)(ymuf)t (@)~ S o)l

The inequality (1.2) (ii) implies |Qu(z,0) — Qu(y,0)| < |u(z,0)— 0)] < f 194(&,0)|d¢,
hence

)t - S0l < [ 155 0ld 2 [ /ﬂ;g‘x(wdw,

Thus f(u)(.,t) is absolutely continuous for all ¢ € [0,7] and

0 ou b 0%u

= <|— = e.
Sl 0] < (@0l +2 [ 1@l e
Dividing (5.7) by (x — y)? we obtain for y — =

2

68) Sl f@@ 0P - 512 f@s)? < [ < ), gt () > dr

S
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for almost every z € J.
We derive easily analogous inequalities for the Ishlinskii operator. The generalization
to a larger number of parameters is obvious.

Acknowledgement. The author is much indebted to the referee for valuable remarks
and comments.

Conclusion

This paper presents an elementary approach to the vector hysteresis operators with
closed convex characteristics Z introduced by Krasnosel’skii & Pokrovskii 1983. It contains
some new results, namely the continuity in the space of continuous functions and in Sobolev
spaces WP without any assumption on the boundedness and smoothness of Z. We also
introduce energy potentials for the Prandtl-Reuss and Ishlinskii hysteresis operators and
we prove two energy inequalities. It is shown how an evolution differential inequality can
be transformed into an equation with hysteresis operator and how the energy inequalities
can be used for solving such problems.
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