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Modelling of singularities in elastoplastic materials with fatigue

Pavel Krejéi, Praha

Introduction

The aim of this paper is to propose a model for the accumulation of fatigue in elastoplastic materials
that enables us to predict the apparition of singularities (in space and time) as a result of oscillatory loading.
The idea is based on the mathematical identification of the accumulated microscopical damage with the
dissipation of energy. This hypothesis is experimentally justified by the so-called rainflow method of damage
evaluation which is one of the most efficient and most successful engineering methods of estimation of material
fatigue ([12]). It has been shown in [4] that the rainflow method is based on a law of accumulation of relative
damage (Palmgren-Miner linear damage accumulation law) which is identical to the standard dissipation
law resulting from the second principle of thermodynamics.

The rainflow method is a scalar method. Its extension to the vector (tensor) case seems to be rather
difficult (cf. [1]). Even in the scalar case, the rainflow method does not explain the following experimental
facts (cf. [11]).

e the elasticity modulus decreases during the accumulation of fatigue,
e singularities (cracks) occur after some critical time.

Our model consists in introducing a constitutive operator € = F(o) between the stress and strain tensors
o, g, respectively, such that F' depends implicitly on the dissipated energy (identified with the accumulated
fatigue). This constitutive law satisfies the requirements above, in particular it can develop singularities in
a finite time. Moreover, the operator F' is a hysteresis operator (it is causal and rate independent) which is
continuous with respect to the uniform convergence.

We pay special attention to the uniaxial (scalar) case. We introduce a dimensionless fatigue characteristic
number ) depending only on material constants. It turns out that for small values of @, closed hysteresis
loops produced by a uniaxial loading and unloading are convex in the corresponding ¢ — ¢ plane. This is
exactly what we need (cf. [10]) for solving for instance the equations of forced longitudinal or torsional
oscillations of a beam

vy =0, + g(z,t)
(1) Et = Vg

e=F(o)
with a given forcing term g and with suitable initial and boundary conditions. Let us note that the problem
of convexity of the hysteresis operator F' is related to the so-called strong form of the second principle of
thermodynamics used in the theory of plasticity (see [2]).

System (1) is hyperbolic in the sense of bounded speed of propagation. The only singularities which
occur are those due to the fatigue (no shocks!). Here again (as in [10]), the convexity of loops (e follows a

convex path when o increases and a concave path when o decreases) prevents the system from the formation
of shocks.
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I. A model of elastoplasticity with kinematic hardening

We start with a standard elastoplastic model with kinematic hardening defined by the relations ([11],

[13])

e=¢eP4+¢e¢ o=0oP+0°
(2) eP = Ao®, e° = Bo,
oP e Z, <ép,ap—&>20 V6 € Z,

where €¢,0¢, P, 0P are the elastic and plastic components of the strain and stress tensor, respectively, A, B
are given positive definite symmetric matrices over the space of symmetric tensors T, Z C T is a given
convex closed constraint, 0 € Int Z (its boundary 9Z represents the yield surface) and dot denotes the time
derivative. The hardening rule o — o€ is then defined by the variational inequality

o=0°+0P,

P ez,

(Ac¢,0? —G) >0 V5 € Z,
oP(0) =oF € Z given.

3)

Let us note that the relation <§,77>A = <A§,77> defines another scalar product <~, . >A in T. The
following result is an easy application of the standard technique of evolution variational inequalities.

Proposition 1.1.  ([8]) Let 0 € WH1(0,T;T) be given. Then the problem (3) has a unique solution
o¢ € WH(0,T;T).

The solution operator o¢ = £(0) is called multidimensional play ([6]). The constitutive relation o — ¢
defined by (2) can then be written in the form

4) e = Bo + Al(o).

Theorem 1.2. (/6], [8], [9]). The operator ¢
(i) is continuous in W(0,T;T),
(ii) admits a continuous extension to C([0,T]; T),
(iii) maps C([0,T); T) into C([0,T),T) N BV(0,T;T).
(i) If o, — o uniformly, o,,0 € C([0,T];T), then Var{(c,) < const.
(v) If moreover Z is bounded and 0Z is smooth, then Var{(c,) — Varf(c).

II. A model of fatigue

In the constitutive relation (4) we modify the elastic law by putting
(5) e(t) = (1 +ag?(t))Bo(t) + Al(a) (1),

(the spatial variable z plays the role of a parameter), where ¢(t) is the dissipated energy during the interval
[0,¢] and « > 0 is given constant.

The motivation for (5) is very transparent. As mentioned in the introduction, the elasticity modulus
decreases during the accumulation of fatigue. Having identified the accumulated fatigue with the dissipated
energy q, we are led quite naturally to the assumption that the elasticity modulus is a decreasing function
of g. The quadratic expression ag? has been chosen as a first guess because of its simplicity.
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We define the internal energy U in a standard form ([14])
1 1
(6) U := §(<5€,J>+<5p,06 ) = 5[(1 +aq®) { Bo,o )+ ( Al(o), (o) )].

The rate of dissipation ¢ is defined by the formula

(7) ¢={(¢,0)-U=aqj(Bo,o)+{(Alc),0—{(0)).
This yields the following ordinary differential equation for ¢

) { (j(l—aq<Bo,U>) = <A€(U),U—€(J)>,
q(0) = 0.

The second principle of thermodynamics requires ¢ to be nonnegative.

Obvious observation.

1. The constitutive relation (5) is well defined provided g is a solution of (8).

2. The expression { Af(c),o — €(c)) is nonnegative a.e. for o € WhL(0,T;T) by definition (3) of
the multidimensional play ¢; therefore, the second principle of thermodynamics is satisfied provided
aq(t) (Bo(t),o(t)) < 1.

3. A singularity occurs as soon as aq(t) ( Bo(t),o(t) ) = 1.

4. The relationship o — ¢ (and consequently also o — ¢) is rate independent.

More precisely, the following easy statement holds.

Proposition 2.1. For every o € WH(0,T;T) there exist T* > 0 and a unique nondecreasing absolutely
continuous function q : [0,T*) — [0,00) satisfying (8); the mazimal value of T* is

T* = sup{t € [0,T]; aq(t) { Bo(t),0(t) ) < 1}.

In order to pass to arbitrary continuous inputs o we introduce for each ¢ € WH1(0,T;T) an auxiliary
function

(9) V(o)(t) = / ( At{o)(r), 0(r) — £(o)(r) ) dr = / (o(r) — (o)(r), dt(o)(r) )

A

Proposition 2.2. The operator V
(i) maps continuously W11(0,T;T) into WH1(0,T),
(i) admits a continuous extension C([0,T];T) — C(]0,T)).

Proof.  Part (i) is obvious. Part (ii) follows from Theorem 1.2. Indeed, the Stieltjes integral (9) is
well defined for each o € C([0,T];T) and V(o) is continuous, since ¢(c) € BV (0,T;T) N C([0,T];T). Let
{on} € C([0,T];T) be a given sequence, o, — o uniformly. By Theorem 1.2 we have Var ¢(o,,) < const.,
¢(0y,) — {(0) uniformly, hence by Theorem I1.15.3 of [5] we obtain V(o,)(t) — V(o)(t) for all ¢t € [0,T].
The sequence {V(c,,)} is a sequence of nondecreasing continuous functions which converges pointwise to a
nondecreasing continuous function, hence V(o,) — V(o) uniformly. [ |

Equation (8) can be rewritten in the form

K 1
alt) = /0 1—aq(r) <Ba(7’), o(T) >

3
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Proposition 2.3. Let o € C([0,T];T) be given. Put D :={(t,q) € [0,T) x [0,00); aq { Bo(t),o(t) ) < 1}.
Let (to,qo) € D be given. Then there exists t; > t, and a unique solution q : [t,,t1] — [0,00) to the equation

(10 10 =0+ | s ey )

The function q is continuous and nondecreasing in [to,t1] and (¢,q(t)) € D for all t € [t,, t1].
Proof. Putd := (1 —ag,(Bo(t,),o(t,))) > 0. We find ¢; > ¢, such that

(11) dag, | <Bo(t), o(t) > - < Bo(t,),0(to) > |+ a < Bo(t),o(t) >(V(U)(t) —V(o)(t,)) < 6°

for all ¢ € [to, 1]
We next define a (convex) closed set Us C C([t,,t1]) and an operator A : Us — C([to,t1]) by the
formulae

Us := {u€ Clltonh): ults) = gor 1 — au(t) ( Bo(t), a(t) ) > 8Vt € [to, 1]}
¢ 1
A)(®) = g0 + /to 1 —au(r) <BU(7’)7 o(T) >

Using (11) we check easily that Uy is nonempty (the constant function u(t) = ¢, belongs to Us), and that A
is a contraction which maps Us into Us. The assertion now follows from a standard fixed point argument. B

dV(o)(r).

Corollary 2.4. For every o € C([0,T);T) there exists T* > 0 and a unique mazimal continuous nonde-
creasing solution q : [0,T*) — [0,00) to the equation (10), T* = sup{t € [0, T];aq(t) ( Bo(t),o(t) ) < 1}.

The following Theorem is the most important result of this section. It states that ¢ depends on o
continuously with respect to the uniform convergence.

Theorem 2.5. Let o € C([0,T];T] be given and let g : [0,T*) — [0,00) be the mazimal solution to (10).
For an arbitrary n > 0 put

§ :== max (1—ag(t)(Bo(t),o(t)))>0.

1
20,7 —n]

Let {o,} C C([0,T];T) be a sequence, o, — o uniformly in [0,T], and let ¢, : [0,T) — [0,00) be the
corresponding mazimal solutions to (10). Then there exists n, > 0 such that for all n > n, we have
(1) Ty >T" =,
(it) 1 — agn(t) (Bon(t),on(t) ) >0 Vi e [0,T* — 1),
(#3) gn — q uniformly in [0, T* — 7).

Remark . We have in particular liminf, . T,y > 7. Time ¢t = T™* will be called critical time for q. The
proof of Theorem 2.5 relies on Gronwall’s inequality in the following form.

Lemma 2.6. Let w,U be nonnegative continuous functions in [0,T],U(0) = 0,U nondecreasing, and let
M, N be nonnegative constants. Assume that

()<M+N/ T)dU(T) ¥t e [0,T].

Then
w(t) < MeNU® vt e [0,T).

We just recall that Lemma 2.6 follows immediately from the integration-by-parts formula

/OS e NUDy()dU (t) = N/OS e MU </t w(T)dU(T)) 4w

+ e NV / ) w(t)dU (t).
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Proof of Theorem 2.5. Let us assume that for some n there exists ¢, € [0,7;%) N [0,T* — 5] such that
(12) 1 — aqn(tn) ( Bon(tn), on(tn) ) < 0.
Put 7), := min{t € [0,T7);1 — ag,(t) (Boy(t),0n(t) ) <0}, For t € [0,T* —n] put

t 1 t 1
/o 1 —aq(7) <BU(7‘)7 o(T) >dv(gn)(7—) - /0 1 —aq(T) <BU(T>7‘7(7) >

+ o [ 1(Bau(n).on(r)) ~ (Bo(r).o(0) | atr)aV (o))

M,(t) :=

dv(o)(7)

and

N := %sup{<Ban(t),on(t)>;n >1,t€[0,T]}.

A straightforward computation shows that the inequality
t
0n(®) ~ a(0] < M)+ N [ 1a() = gV ()0

holds for all t € [0,T},].
Lemma 2.6 then yields

(13) |4 (1) = a(O)] < ||Mn]|fo, - —gye™V
for all ¢ € [0,7},]. We have indeed [|[Mp||[0,7+—n — 0 as n — oo, hence (13) implies in particular
allgn ( Boy,0n ) —q{ Bo,o ) ||[07Tn] <46

for n sufficiently large. This shows that condition (12) can hold only for finitely many n. Consequently, for
n sufficiently large we have

1 —agn(t) (Boy(t),on(t)) >0 Vte[0,T —n]
and the uniform convergence of ¢, to ¢ follows from (13). |
ITI. The scalar case
In this section we study in detail particular properties of the constitutive relation (4) when e,0 are
scalar-valued functions. It is natural to assume that the material was not subject to any plastic deformation

in the past. If ¢, is the scalar play operator defined by (3) for Z = [—h, h], where h > 0 is a given constant,
the above requirement means

(14) 0(0)] < h, £r()(0) = 0.

The constitutive relation (4) has the form ¢ = F/(o) with
1 2
(15) F(o) := E(1+aq Yo+ Al (o),

where ¢ is the solution of the equation

AE ; EAh
B~ aqt)o? (D) (o(t) = Lr(o) (1)) bn(o)(t) = E—aq)o2(0)

(16) q(t) = [ (o) (2)].
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We will see below that in the one-dimensional case and under appropriate assumptions, the operator F' has a
particular convexity property which plays a crucial role in the theory of hyperbolic equations with hysteresis
(cf. [10]).

Proposition 3.1. Let o € C([0,T]) be given such that ||o||o,.r) < 2h and (14) holds, and let q : [0,T*) —
[0,00) be the corresponding mazimal solution of (16) in the sense of Corollary 2.4. Let us assume that o is
monotone in an interval [t1,t2] C [0,T*). Then one of the following cases occurs :
(i) o is nondecreasing and there exists a convex increasing function ® : [o(t1),0(t2)] — R' such that
P’ (€) > L for almost all £ € (0(t1),0(t2)) and F(o)(t) = 4 (o(t)) for all t € [ty to];
(i) o is nonincreasing and there erists a concave increasing function ®_ : [o(ta),o(t1)] — R such that
P’ (&) > £ for almost all € € (0(t2),0(t1)) and F(o)(t) = ®_(c(t) for all t € [t1,ts].

Remark 3.2 . Condition ||o]|jp,7] < 2h in the case o € W1(0,T) is necessary and sufficient for the validity
of the strong version of the second law of thermodynamics (see [2])

(17) el o >0 ae.
Indeed, it suffices to notice that we have here e? = Afy, (o) and (cf. [6])

(18) [€n(0)[lj0,r) = max{0, ||o]|jo,r) — R}, and

(19) 0h(0)(t) > 0= (o)1) = o(t) — h, (o)) <0 = l,(0)(t) = o(t) + h.

Further discussion about the condition (17) in the context of Mréz’ model can be found in [3].

Proof of Proposition 3.1. We consider just the case of ¢ nondecreasing using an alternative definition
of £y (o) (see [6]), namely

Lp(o)(t) = max{ly(o)(t1),0(t) — h} for t € [t1,ta].
In particular, there exists a point 7 € [t1, t2] such that

gh(a)(tl)a te [tlvT]a

(20) o)) = { o(t) —h, te(mts.

We next define an auxiliary function R : [o(t1), 0 (t2)] — [0, 00) as the solution of the problem

{ R(s) = q(t1)  fors € lo(t),o(r)]

21
21) df — “EAL . for s € (0(T),0(t2)].

The case T = to is trivial. In the nontrivial case 7 < t3 we have o(7) = €3 (0)(7) + h, hence o(7) > 0 by
(18).
Comparing (21) to (16) and using (20) we see that we have

q(t) = R(o(t)) for all t € [t1,ta].

Condition [¢1,ts] C [0,T*) guarantees that the solution R of (21) is defined in [o(t1), o(t2)].
This enables us to give an explicit formula for &, namely

(22) D, (s) = %(1 + aR?(s))s + Amax{l(c)(t1),s — h}

for s € [o(t1), o(t2)].
The rest of the proof is an easy exercise of differentiation. |
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We now formulate a sufficient condition for the validity of the strong version (17) of the second law of
thermodynamics in terms of material constants.
We first introduce the set

(23) Q:={(s,7) € R* x [0,00); ars’<E, —S,(r)<s<S8,(r)},
where S, : [0,00) — [0,00) is the solution of the problem

s, 1

(24) dr  EAh

(E—arS}),  S,(0)=h.

Let us note that the equation arS3(r) = E has a unique solution r, > 0, hence Q = Q_ U, where
Q- ={(s,7) € R* x [0,7,); |s| < So(r)}

Qr ={(s,7) € R* x [ro,0); ars® < E}.

The function S, is increasing in [0, 7,]. This implies in particular

(25) Qc [_So(ro)»so(ro)] X [0700>‘

Lemma 3.3. Let o € C([0,T]) be given such that (14) holds and let q : [0,T*) — [0,00) be the mazimal
solution of (16) in the sense of Corollary 2.4. Then the following statements hold for all t € [0,T*).

(i) q(t) <ro = h —S8o(q(t)) < ln(0)(t) < So(q(t)) — h,

(ii) (o(t),q(t)) € Q.

Proof. It suffices to assume that o is absolutely continuous and piecewise monotone; the general case then
follows from Theorem 2.5.

We prove (i) by induction. Let 0 = #, < #; < --- < {x = T* be a partition of [0, 7*) such that o is
monotone in [f;_1,%;],k =1,..., N. The assertion holds for ¢ = 0. We prove the following implication:

If (i) holds for t =t; and o is monotone in [t1,t2] C [0,T*), then (i) holds for t = t,.

It suffices again to consider the case of o nondecreasing. Using (2), (21) we see that £, (o), g are constant
in [t1, 7], hence (i) holds. In the nontrivial case 7 < to we have ¢, (0)(t) = o(t) — h and ¢(t) = R(o(t)) for
te [T, tQ].

The function R is increasing in [0(7), 0(t2)] and the inverse function

S:=R": [q(7),q(t2)] = [o(7),0(t2)]

satisfies
(26) % = ﬁ(E —arS?),
(27) o(t) = S(q(t), tel[rta]

We therefore have £}, (0)(t) = S(q(t)) — h for t € [1,t5], and S(q(7)) = o(7) = lp(o)(T) + b < S,(q(7)).
The uniqueness property of the equation (26) guarantees

th(0)(t) +h = o(t) = S(q(t)) < So(q(t))

for all ¢t € [r,2], and (i) is proved.
Part (ii) is an easy consequence of (i). Indeed, for ¢(t) < r, we have

o ()] < [en(a) ()] + 7 < So(q(t))-
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For t < T* and ¢(t) > r, we have by definition E — ao?(t)q(t) > 0.
Lemma 3.3 is proved. u

Let us introduce a dimensionless fatigue characteristic number @ defined by the formula

E

28 = —.
(28) Q=43
An 7almost necessary and sufficient” condition for the validity of the strong version of the second law of
thermodynamics reads as follows.

Proposition 3.4. Let the assumptions of Lemma 3.3 hold. If Q < 122 then ||o||j0.7+] < 2h.

Conversely, if Q > ezﬁil then for o(t) =t we have ||o||o,r+) = T* > 2h.

Proof. By Lemma 3.3 and (25), it suffices to prove the implications

192
(29) Q< 2 = 5,(r0) <2,
64
> 2h.
(30) Q> il = S,(ro) > 2h

We first transform the equation (24) into a dimensionless form by introducing new variables

Aah)1/3 y . E o

y(z) 1= aS,(bz), a := ( = = ~a?

The function y is the solution of the problem

y'(x) =1 —xy?(x),
3D { y(0) = Q1%

192

2. Putting z, = 7, and y, = y(z,) we check easily that z,y2 = 1.

Let us first assume @ <
For x € (0,x,) we have
y'(z) = = (y*(2) + zy(x)y' () <O,

hence .
y(z) > Q3+ —(vo - Q%)

and (31) yields
_ T _
Y <1-alQ ™+ Ly, - @ P,

o

Integrating the last inequality from 0 to zg we obtain

1 2 _ 1 _
vo— Q7 <, —a? [262 Vi 2T = Q7Y + e — Q7

We rewrite this inequality using the identity z,y2 = 1 and an auxiliary quantity ¢ = YoQ/? in the form

3 1 1 16
40, S2_ 1. 2| %92 9.
He—=1)<Q Lc 6¢ 12] < 31[96 2¢ — 1],

therefore
(c —2)(31c* + 313 + 62¢* — 20c — 2) < 0.
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This implies ¢ < 2, hence (29) holds.

Let us assume now @ > e26i1'

The function z(x) := ﬁ satisfies the equation

(32) { Z'(x) + 2%(x) = x,

2(0) = Q%

hence 2" (z) =1 — 2z(z)2' () > 1 — 22,2/ (x) for x € (0,z,), where z, = 2(z,) = /Zo.
We have z'(x,) = 0, therefore

1
) > 2zo(xo—x) _ ) )
2'(x) > 57 (e 1 for z € (0,2,)

After integration from 0 to z, we obtain

1/3 223
2Q 1> ¢ 0 —1
Zo - 223

Q
Assuming z, > %Ql/ 3 we infer from this inequality 3 > ¢ 4Q_1. The function f(p) = "‘pp_l is strictly convex

and increasing in [0, 00); let p, be the solution of the equatzlion f(p) = 3. We have f(2) > 3, hence

Q f(2)-3 16

— <p,<2-— = ;

g =P F2) e+l
which is a contradiction. We must therefore have z, < %Ql/ 3 hence (30) holds. |
Remark . Propositions 3.1 and 3.4 guarantee that the condition @ < 139—12 is sufficient for the convexity of

the operator F'. In fact, the convexity of F' is preserved even beyond the domain of validity of the strong
version of the second law of thermodynamics. We conjecture (and this is to be verified by a detailed analysis
of the equation (21)) that there exists a precise upper bound for @ ensuring the convexity of F' of the order
of Q ~ 200.

Condition @ < % can be interpreted as a lower bound for admissible values of a.. In the case of A316
stainless steel (see [11]) we have for instance E = 196,000[M Pa], h = 260[M Pal, % = 2,100[M Pa, hence o
is not allowed to be smaller than approximately 7% [(M Pa)’2].

The following energy-type inequality is a variant of Theorem 3.8 and Lemma 3.2 of [10].

Proposition 3.5. Let us assume Q < %2 and let 0 € WH*°(0,T) be given. Let T* be as in Proposition
2.1. Assume that F(o) € W2(0,T) for some T < T* and put Py(o)(t) := 1F(o)(t)o(t) fort € (0,7).
Then A

(i) P(c) € BV(0,T), )

(i1) for allti,ts € [0,T],t1 < ta, we have fttf F(o)(@#)o(t)dt > Pa(c)(te—) — Pa(o)(t1+).

IV. Vibrations of a beam.

In this section we construct a solution to the system (1) with F given by (15). We prescribe initial and
boundary conditions

(33) o(x,0) = c°(x), v(x,0) =v°(z), 0(0,t) =v(1,t) =0.

We extend easily Corollary 2.4 to the case of functions o : [0,1] x [0,7] — R!, where the spatial
variable z € [0, 1] is considered as a parameter.



Proposition 4.1. Let o € C([0,1] x[0,T]) be given. Then there exists T* € (0,T) and a unique continuous
function ¢ : [0,1] x [0,T*) — R such that

(31) o0.t) = | etV ()

where V(o) (z,t) = ?(/)% (ln(o(x,.))).

Proof. Equation (34) is the integral form of (16). By Corollary 2.4, for each x € [0,1] there exists
T*(xz) > 0 such that g(z,t) is defined for ¢t € [0,7*(x)). By Theorem 2.5, function x — T*(z) is lower
semicontinuous in [0,1], hence 7 (z) attains its minimum 7™ = minj ;) 7% (x) > 0.

The continuity of ¢ follows also from Theorem 2.5. If z,, — z,t,, — t are arbitrary sequences, x,,x €
[0,1],¢n,t € [0,7%), then in the triangle inequality

|q(xn7tn) - Q(xat” < |q(xn7tn) - Q(Z,tn” + |Q(x7tn) - q(xat”

we have ¢(zp,.) — ¢(z,.) uniformly in [0, sup;, ¢x] and the assertion follows easily. |
Our main result for the system (1), (15), (33) reads as follows.

Theorem 4.2. Let us assume Q < %,g,gt € L'Y(0,T;L?(0,1)) and let 0°,v° € WH2(0,1) be given,
a?(0) = v°(1) = 0,[[0°|ljo,1) < h. Then there exist T* > 0 and functions o,v continuous in [0,1] x [0,T™)
such that

(i) Ot,0p, V4, Vs 0 € L°(0,T* — &5 L%(0,1)) for all 6 € (0,T%),

(ii) equations (1) are satisfied almost everywhere in (0,1) x (0,7%),
(111) conditions (33) hold for all z € [0,1] and t € [0,T*),

(iv) we have either T* =T or there exists x € [0,1] such that lim;_,p+_ aq(z,t)o*(z,t) = E.

Remarks 4.3 .
(i) Hyperbolicity in the sense of bounded speed of propagation for the system (1), (15) can be proved
analogously as in [7].
(ii) Assertion (iv) of Theorem 4.2 says that the solution exists globally until a singularity due to the fatigue
occurs at some point z € [0, 1].
(iii) We choose mixed boundary conditions in (33) in order to simplify the construction.
The rest of the paper is devoted to the proof of Theorem 4.2. The construction is somewhat awkward.
We first discretize the system (1), (15), (33) in space, and for constructing a solution of the system of ordinary
differential equations thus obtained, we discretize it in time. The time-space discrete system admits only
weak estimates which are nevertheless sufficient for passing to the limit with respect to the time step. The
space-discrete system enables us afterwards to obtain estimates of higher order (as in [10]) and to pass to
the limit with respect to the space step. The main difficulty here is that we have to maintain the time of
breakdown under control.

Space discretization A
Let n > 0 be a given integer. For j = 1,...,n — 1 and t € [0,T] put g;(t) :=n [, g(z,t)dz. We
replace (1), (15), (33) by the system of equations for j =1,...,n—1 !

(35) (1)  F(oj)(t) = n(vjra(t) —v;(t)),
(i) () =n (o) —oj-1(t)) + g;(¢)

where dot denotes the derivative with respect to ¢, with unknown functions oy,...,0,_1,V1,...,0n_1,0, =
vp, = 0. We prescribe for (35) natural initial conditions.

(36) 0,(0) = 0° (i) 0;(0) = v° (i) .



One cannot simply refer to the results of [10]. We have here no a priori information about the domain
of definition of the solution and about the inverse of F. The method we choose here is based on a time
discretization of the system (35), (36).

Time discretization
For a fixed integer m > 0 and for all £k =0,1,...,m we put n : = %7 g;? 1= g;(kn), j=0,...,n. Our
system has the form

(37) (i) (zf e¥) = Apin (Vg — ),
(i) 1( T— k) = Apyy (n(of — ok ) +gh),
(iii) v9 _UJ(O), 09 =0;(0), 09 = %o—;, Ay =1, vk =0k =0,
k=0,....m—-1,j=1,...,n—1.

k+1 and Ak+1.

We have to couple the system (37) with an algorithm for determining the values of o}
Let us suppose that vj7 s ],AZ are known for all j=1,...,n—1,i=0,...,k and that A; =1 for all
such 3.

For t € [in,(i+1)p) and j=1,...,n— 1 put
(38) ™) = ot + (e — i) (0 — )
J J n J/°

Let ¢\ be the solution of (16) for o = o™

2
(m) D (M) (m) . )
G (1) = agq; (1) (oj (t)) attains the value F for some j.

. We stop the algorithm as soon as the critical quantity

We therefore assume CJ(-m)(k’n) <lforallj=1,...,n—1.
The induction hypothesis is complete if we assume

(39) e = F(e™)(in), j=1,....n—1, i=0,...,k

Let us note that the choice of initial data guarantees (cf. (14)) that q](»m)(O) = C'](»m)(()) = 0 and (39)
holds for k£ = 0.

Algorithm

1. Try Ag41 =1 and compute skH from (37) ()

2. Try to find the solution s to the equation 5 = ¢’ Y (s) if sk'H > &% (and sk'H 7 (s) if €k+1 <eh)
where <I> are the functions from Pr0p051tlon 3.1 for t; = kn and o = 0( ™) , and put akH i= .
The domain of definition of @i, &’ is the interval D; = [0, sj') (D; = (sj_,a;-“], respectively) which

is the maximal interval of existence of the solution Rji to the equation

.\ dRF

(40) () G = 52 e {£(0]™) ()5 — B},
. dR7 _ m
() TG = e e min { (o™ ) (k). s +h .

(iii) R (ok) = q§m><kn>.

By definition, the expression oszRji(s) tends to F as s — s?[.

Functions @7, are increasing and continuous in Dj, hence there are two possibilities:

a) E?JrlG(I)zt('Dj) forallj=1,....,n—1.

Then o+ are determined uniquely by the relation ef ™' = @/, ( o th).

for i = kK + 1. The values of Ukﬂ

By construction, (39) holds
are given by (37) (i ) We have as in the proof of Proposition 3.1

11



q§m) (t) = Rf (a§m)(t)> for t € [kn, (k+ 1)n], hence C](.m) ((k+1)n) < E and the procedure can continue for
i=k+2.

b) 5?“ ¢ @/ (D;) for some j.
Forj=1,...,n—1put

J (ot ; k+1 k
~k+1 ,_{ ® (J -) if € 2 €5
o 1=
J —

5j

j e k1 k
7 (s7+) I
Ty
By = max T )= 1,...,n—15.
giT —¢ef
J J
We now update Ak+1,s?+1 by putting Ax,q := Bkl“, €k+1 being the solution of (37) (i) for this new

value of Ap4q forall j =1,...,n—1. We have by hypothebls Ag+1 € (0,1]. The values a;ﬁ'l are then defined

by the equations skﬂ = <I>j ( f“—) if skH > 5 and skH =& (0 KLY f 5k+1 < 6?. For at least one

2
j€{l,...,n— 1} we have by construction O';—H_l = s] and limy_, (41),— ozq]( )( t) (a](.m)(t)) =FE.
We now stop the algorithm by putting A; := 0, 5 = 52”1, O'J = Uf“ v; k“ forall j =1,. —
Li=k+2,...,m
We have in fact proved the following result.
Proposition 4.4.  For each choice of integers m,n > 0 there exist piecewise linear functions a](-m) €

c(o, ), j=1,...,n—1 such that
(i) (38) holds for alli=0,....m—1, j=1,...,n—1,
(ii) there exists "1, € (0,T],"T(,,) = (k" + 1)77, such that the solution q ) of (16) corresponding to a( ™)
exists in [0, "7, ) forallj=1,....,n—1 and we have either " 17, , =T or there exists jo € {1,. n—l}

2
such that limt_,nTZ _ oij( )(t) (a(. )(t)> =F,

(iii) for k < k* there exist {sj, ],Ak, j=1,...,n—1} such that Aj = 1,5? = F(U§m))(kn) for all j =
1,...,n—1 and (37) holds,

(iv) for k > k* there exist {*
(37) holds.

We now pass to the limit as m — oo keeping n fixed.

1, ],Ak, ji=1,. n—l} such that Ap«y1 € (0,1], Ay, =0 for k > k*+2 and

Estimates I.
We multiply (37) (i) by (o} Rl f) and (37) (ii) by (v; R k) This yields

n—1m—1

L S b e 4 o <

j 1 k=0
n—1lm-—1

<n§j§jpwﬂw%wmk“ 4] + (4] + 0%y + LlghDIvt+! — of)
j=1 k=0

We have by Propos1t10n 3.1 (M =) (ot — o) > £(o} T — 0%)? and from the elementary Young

inequality ab < 3 a + "b2 we 1nfer

-1 -1
TS T [ o ) - o
—1 —1
(41) <AV [T = e (ot —of) + (T - o)

<2 S 202 B + An o2 + |gh 2]

12



Estimates II.
We multiply (37)(i) by o¥ and (37)(ii) by v}, k =0,1,...,k*. Using the identities

1 1
(! — oyl = (L — o ?) = S0+ — o2

and

we obtain for each ¢ € {0,...,k*}.

n—1 41 s (m m
Sich R o™ e+ Yol

-1 0 —1 4
(42) < 52@ EHEERD D Sy I VL

Jrz Zk 0 [( k+1 &:j)(afH — cr;-“) + %(vf“ — vf)z} .

Energy inequality (6) entails for all 7 € (0, (¢ + 1))

where

is the internal energy. We therefore have

U 2 (@) U0) =

Combining (41) and (42) we obtain
0 Y4 n—1 o o
3300 (Bl R+ 1 P < 3200 [Hlog + logl?] +
‘
(43) +n Zj:l > k=0 |gf||vf|+
n—1 m—1
+enn 21 2k—0 [|Uf|2 + |‘7§'€|2 + |9ﬂ2] :

By ¢, we denote here and in the sequel any constant dependent possibly on n and independent of m.
Put

Vi ::max{|v§“|;k:0,...,k*+1} :max{\vﬂ;k:(),...,m},
S ::max{\aﬂ;kzo,...,k*+1} :max{|af\;k:0,...,m}.

We have obviously

—1m—1 n—1m-—1
ZZ <@ > g1 < en,
j=1 k=0 j=1 k=0
hence (43) yields
— n—1
1
52 2+Vi<en 1+maXV —|—772 (Vi +53)
j=1 j=1

13



Taking m sufficiently large (i.e. n sufficiently small) we obtain the final estimates

maxy |cr;-“| + maxg |vf\ <cp
(44)

-1

5 (o =) + (0 = )] <

forall j=1,...,n—1.

Convergence as m — o0

We now define the function v{™ by a formula analogous to (38), namely
J

m ] 1 i 7
vj(- )(t):vj—i-n(t—zn)( it+1 — ;)

fori=0,...,m—1and ¢ € [in, (i + 1)n).
Estimates (44) show that the sequences {U](M)}%Lo:17 {U§m)}%°:1 are bounded in W'2(0,T) for each j.

Taking a subsequence, if necessary, we find oj,v; € WH2(0,T) such that UJ(- m o, 05,0, o™ v; weakly in

W12(0,T) and uniformly in C([0,77).
Functions o, v; obviously satisfy initial conditions (36). Let ¢; be the solution of (16) for o = o; and
let T be the critical time for g;,"T™ := min; T;". By Theorem 2.5, we have liminf,, ”T(*;n) > "T* and

F(aj(-m)) converge to F(co;) in [0,"T™) locally uniformly as m — oo.
We want to show that v;, o; satisfy system (35) in [0,”T*). For t € [kn, (k + 1)n) we define functions

Ha) 2= ok, A0 = ok, 10 1= g

1
e™(t) 1= ¢ (k)] N Y N o

Let k > 0 be arbitrarily chosen. System (37) can be rewritten for almost all ¢ € (0,7 — x) and for m
sufficiently large in the form

(45) o) =n (a<’"> (t) - &5-’"% 1)+ @),
o™ (0) = v;(0),05™(0) = 0;(0).

We just have to prove ™ — F(5.),5™ — v;,6™ — o;,5™ — ¢, uniformly in [0,"T* — k] as m — oo
J VAR VARG FERH j Yy

forallj=1,...,n—1.
We have for instance for ¢ € [kn, (k + 1)n)

m—1 1/2
557 (8) = 0; ()] < |0} — k| < ( > loftt - af|2> < ean'/?,

(k+1)n
) — g;(8)] < / /k g0, D)ldtde,

£ () = Foy) (1)) < e () — 8™ (k)| + [F (0§ (k) — F (o) (kn) |+
+|F (o)) (kn) — F(o;)(t)],
where
|7 () — 5 (o) | < (5™ (s + 1)) — 5™ ()|
< [F(o§™)((k+1))n) = Fo;) ((k + 1)n)| + [F(o§™) (kn) — F(o;) (kn)|+
+|F(0;) ((k + 1)) — F(o;)(kn)|

14



and the convergence follows easily. We can summarize the results obtained so far in the following

Proposition 4.5. Let n be a given integer and let o°,v° be given functions satisfying the hypotheses of
Theorem 4.2. Then there exists "T* € (0,T| and absolutely continuous functions v;,o; : [0,"T*) — R, j =
1,...,n—1 satisfying (35), (36) fort € [0,™T*) and we have either "T™* =T or there exists j € {1,...,n—1}
such that limy_,np-_ ag; (t)o?(t) = E, where g; is the solution of equation (16) for ¢ = ;.

To finish the proof of Theorem 4.2, we apply now the standard technique of hyperbolic equations with
hysteresis (see e.g. [10]), namely estimates based on Proposition 3.5.

Estimates III.

Functions v;, 05, g; are absolutely continuous in [0,"7™*), hence we can differentiate equations (35) with
respect to t. Then, multiplying the derivative of (35)(i) by ¢; and the derivative of (35)(ii) by ©; we obtain
from Propositions 3.5 and 3.1 for almost all ¢ € (0,"T™)

> (593 2) < g (L) 00650+ 20 + 1 > [ @i

2n = =
where
2 o ?
Flo,)0)6;(0) = E(Flop)(©)) =En [ v*(@)da)
g 2
h
U]Q(O) = n/_ (¢ () + g(2,0)) dz
and
n—1 .t n—1 1/2 t [n—1 1/2
> [ o< | mas iR | [ (S a@)
i=1 j=1 " o \s=1

hence for all 7 € (0,"T*) we have

1 n—1 . '
5 2 (30 + 3®) < e (I0°lyre + oz + g, 0)llze + llgellzo.mien)
j=1

(46)

where c is a constant independent of n.

Estimate IV.

Analogously as in Estimate II, we multiply (35) (i) by o; and (35) (ii) by v;. After integration we obtain
from (6) for every t € (0,™T™).

1 n—1 1 1 n—1 1 1”_1 t
2 2 2 2
o - (Eaj(t) + 03 (t)> < I 2 (EUj (0) +vj (0)) - Z/O 95(7)v;(T)dr,
j=1 j=1 j=1
therefore
n—1
1 1
() 3 3 (750 +120)) < clovlln + 10712 + lolzzoao).
j=1

Convergence as n — 0.
Estimate (46) shows that o;,v; are Lipschitz continuous in [0,"T*), hence they can be extended to
[0,T] by putting o,(t) = o;("T*—), v,(t) = v;("T*—) for t € ["T*,T).
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We construct for z € [, ZE1) ¢ € [0,T),j ..,m — 1 linear interpolates

Am@¢>:mxw+n@f%xqﬂﬁw«am»

o (a,) = u(0) + i — L) (w5a(0) — 05(0))

Sequences {o™}, {v™}, {0} n)} {vtn } {a )} are bounded in L>(0,T; L%(0,1)). Passing to subsequences,
if necessary, we find functions v € L>(0,T; L%(0,1)), o € C([0,1] x [0, T]) such that the derivatives v, oy, 0%
belong to L>°(0,T; L?(0,1)) and vt(n) — v, v — a,ﬁ") — oy, o = 5, in L°(0, T; L2(0, 1)) weakly-star
and (™) — o uniformly in C([0,1] x [0, T]).

Let g(z,t) be the solution of equation (34) and let T* be the critical time corresponding to ¢. Using
once more Theorem 2.5 we infer that liminf,, . "T™* > T*, hence equations (35) are satisfied in [0, 7% — ¢]
for arbitrary 6 > 0 for n sufficiently large. Moreover F(o™) — F(o) uniformly in [0, 1] x [0, T* — §].

Fort € [0,T*—¢]and z € [J 7“) j =0,...,n—1 we introduce auxiliary functions & (z, ) := F(o;)(t),
(@, 1) 1= v (1), g (@, 8) 1= gja ().

System (35) can be rewritten in the form

&) (n)
= vy
(48) tn n
17§ )—03(5)—1—‘(}(”)

a.e. in (0,1) x (0,T* — ).

Let ¢(™ be the solution of equation (34) for o = (™. Since ¢ — ¢ uniformly in [0,1] x [0,T* — §]
and ¢(™ (%, t) =g;(t), j=1,...,n—1, we infer that there exists a constant ¢ > 0 dependent possibly on ¢
and independent of n such that

1
max i(t)<e¢, max ——— -~ <c.
t€[0,T* 6] a(t) < tefo,7*—s) £ — aaj(t)ajz(t) -
j=1,...,n—1 j=1,...,n—1

Relations (47), (15) then imply

max / |~(") (z,t) 2dx < ¢, hence max / \v(”) (z t)\ dz < c.
€[0,T*—46] €[0,T*—6]

Consequently, v(™) — v uniformly in [0, T* — 4], o Vg, sg ™ win L® (O,T* —8; L2(0, 1)) weakly-star
(we pass to a subsequence, if necessary).
To prove that w = F(0); a.e., it suffices to verify that &) — F(¢) uniformly in [0, 1] x [0, T* — §]. We

have for x € [%, %)

B, 1) = P(e™) ()| = ‘F(o(”))(j,t) — F(o™)(a,t)

n

and the assertion follows from the uniform convergence F(c(™) — F(o).

Mean Continuity Theorem yields fOT fol 1) (2,t) — g(z,t)|dzdt — 0 as n — oco. It is easy to check that
o, v satisfy initial and boundary conditions (33), hence v, o are solutions to (1),(15),(33).

Let us note that § > 0 has been chosen arbitrarily, hence the proof of Theorem 4.2 is complete.
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