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Abstract

We consider a certain type of rate independent elastoplastic constitutive laws
for nonlinear kinematic hardening which include the models of Frederick-Armstrong,
Bower and Mréz. We prove results concerning existence, uniqueness and continuous
dependence for the stress-strain evolution considered as a function of time (but not
of space). As an auxiliary result, we also prove a theorem concerning the Lipschitz
continuity of the vector play operator.

1 Introduction

Depending on the material a solid body is made of, the relation between load and deforma-
tion may vary greatly in character. Any deeper understanding requires an analysis of the
governing physical and molecular processes which take place on a microscopic scale. On
the other hand, a study of the macroscopic behaviour, in particular numerical simulation,
eventually has to rely upon some continuum model. One may analyze microscopic and
macroscopic models separately, or concentrate on their interaction. Within this paper,
we restrict ourselves to macroscopic models which are rate independent and assume small
strains. Such a type of behaviour is typical e.g. for the elastoplastic deformation of com-
monly used ductile steels at room temperature. To model the elastoplastic stress-strain
law, we use an operator formulation, namely

e=F(o), o=G(e), (1.1)

which automatically distinguishes between the stress controlled and the strain controlled
situation. Here, the operators F and G map certain spaces of functions, defined on
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some time interval [to, ;] with values in some tensor space, into each other. In the rate
independent case considered here, such operators are often called hysteresis operators.
We consider the stress-strain law in isolation, that is, we concentrate on the evolution in
time according to (1.1) at a single point; thus, the balance laws which specify the space
interaction do not play any role here. We study the question whether the stress-strain law
is well posed in the space Wh1(tg,t1; Tq), that is, whether the operators F respectively
G are well defined and continuous with respect to the norm

16

1= 10t +/tt 16(1)) dt (1.2)

Here, we discuss models which are of pure kinematic hardening type. The basic model,
usually termed linear kinematic hardening, is due to Melan [27] and Prager [33]; during
the last 40 years, many modifications and refinements have been developed in order to
cope, for one thing, with the experimentally observed phenomenon of ratchetting. We
refer to [7], [8], [9], [16], [17], [36] and [20] for discussions and comparisons. We show in
this paper that some of these, in particular the models of Armstrong and Frederick [1],
Bower [2] and Mréz [29] can be reduced to a differential equation of the type

=0+ M0, u)l|. (1.3)

Here, 6 stands for o or e, depending on whether we consider the stress controlled or
the strain controlled case; u represents an artificial function and M denotes a certain
operator, for each of the models considered. We will not require M to possess any
monotonicity or convexity properties. The function ¢ is related to u through the vari-
ational inequality which expresses the principle of maximum dissipation or, equivalently,
the normality rule. The reduction to (1.3) as well as the wellposedness of the initial value
problem for (1.3) constitutes the main content of this paper and is discussed in Sections
2 and 3. Some additional material related to the Mréz model is presented in Section 4.
The appendix includes a result concerning the Lipschitz dependence of £ upon wu.
From the standpoint of mechanics, a proposal of a stress-strain law will be meaningful
only if it is compatible with the second law of thermodynamics. For the isothermal case
considered here, this means that the energy dissipation rate has to be nonnegative, that
is

co—U>0 (1.4)

has to hold along any possible trajectory of the system; here, U denotes the internal
energy. For systems with memory, however, the construction of a suitable nonnegative
U can be a tricky and nontrivial business. To tackle this problem in a somewhat general
manner, the notion of a dissipation potential has been introduced. Within that framework,
it is shown in [14] that for a certain class of standard generalized materials the second
law is satisfied. We refer to [26] and [24] for an exposition and for remarks concerning
the relation to the models treated here; we will be satisfied with a different explicit
construction of U for those models, in form of a hysteresis operator.

We do not study multisurface models, except for some remarks. The Chaboche model
will be treated in a subsequent paper.



2 Kinematic Hardening Models

In order to fix our notation, we start with a brief review of the ingredients of kinematic
hardening models. We denote by T the space of symmetric N x N tensors endowed
with the usual scalar product and the associated norm

(r,m) = Z TijTij 5 7] =\/(T,7), (2.1)

ij=1
For 7 € T, we define its trace Tr7 and its deviator 7, by

Trr

Nl (2.2)

N
Trr=Y 7=(r,0), Ta=T7—
i=1

where § = (6;;) stands for the Kronecker symbol. We denote by
Td:{TZTET,TI'T:O}7 Té‘:{r;T:)\(S’)\ER}’ (23)

the space of all deviators respectively its orthogonal complement. Since we study the
stress-strain law in isolation and do not discuss the spatial coupling described by the
balance equations, we consider stress and strain as functions defined on some fixed time
interval [to,t1]. Most of our results concerning wellposedness will refer to the space of
absolutely continuous functions, so we will usually consider

t1
o, € WH(to,t1;T) := {7|7 : [to, 1] — T, ||7]l11 = |7(t0)| —i—/t |7(t)] dt < c0}. (2.4)
0

In operator form, the stress-strain law becomes
e=F(o), o=G(), (2.5)

depending on whether we study the stress controlled or the strain controlled case. The
operators F and G will usually be defined on some subset Dp respectively Dg of
Whl(tg,t1; T), generically denoted by D (note that we already used T indiscriminately
for stress and strain tensors). To ensure compatibility with the second law of thermody-
namics, we require the existence of operators U defined on Dp respectively Ugs defined
on D¢, called internal energy operators, such that Up(c) > 0 respectively Ug(e) > 0
in Whi(ty, ¢1;IR) and

d d .
(a}"(a),a) - aUF(J) >0, ae. in (to,t1), (2.6)
respectively
d d .
<as, G(e)) — &Ug(s) >0, ae. in (tg,t1), (2.7)

hold for all admissible arguments. Note that the left hand side of (2.6) respectively (2.7)
represents the rate of dissipation of the energy.
In terms of rheological models, all the models studied below have the structure
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that is, a linear elastic element £ is connected in series with the parallel combination of
a rigid plastic element R and a “kinematic” element K ; essentially, R defines the form
of the yield surface, while K describes its movement. The rheological structure (2.8) is
reflected in the decomposition

e=e+eP, o=0"40", (2.9)

of the stress and strain tensor into an “elastic” and a “plastic” part, see Figure 1. (In
order to conform with general usage, we write ¢ for the stress along X, instead of the
more proper notation of, although K is not really an elastic element in the case of the
Bower and the Mréz model below.)

R: &P o?

Figure 1: The rheological model for kinematic hardening.

The linear elastic element &£ relates the total stress o and the elastic strain € by
o= Ae®, (2.10)

where A = (A;ji1) is assumed to be constant in time and symmetric as well as positive
definite with respect to the scalar product (-,-). The rigid plastic element R is charac-
terized by a closed convex set Z C T which specifies the admissible values of the plastic
stress, i.e. it is required that

of(t)ye Z, forall t € [ty t1]. (2.11)

Its boundary 0Z is called the yield surface. Plastic flow occurs according to the principle
of maximum plastic work rate, that is, the plastic strain rate P has to satisfy the evolution
variational inequality

(eP(t),0P(t) — o) >0, VYaeZ, ae in (ty,t1), (2.12)

which implies that é? =0 as long as of € Int Z , while P points in the direction of the
(or, in case of nonuniqueness, an) outward normal if of € 97, see Figure 2.
For all models considered below, the plastic strain is volume invariant, that is,

TreP(t) = (eP(t),0) =0, eh(t) =¢P(t), forall t € [ty,t1]. (2.13)
In view of the normality rule (2.12), condition (2.13) requires Z to have the form

7 =2,®Ty, ZsCTq closed,convex. (2.14)
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We will restrict ourselves to the von Mises yield condition
Zi=B.(0)NTg={r:7€Tq, |7| <r}. (2.15)

Since 0 € Int Z;, the plastic work rate is always nonnegative, and there can be no plastic
deformation if the plastic stress vanishes.

Figure 2: The normality rule.

The movement of the yield surface is related to the elastic stress o¢(t), commonly also
called backstress, as follows. Since oP(t) € Z if and only if o(t) € 0°(t) + Z =: Z*(1),
the set

0Z*(t) = o(t) + 0Z (2.16)

represents the position of the yield surface within stress space at any given time ¢. Since
0Z = 0Zy® Ty, only the movement in the deviatoric part plays any role, so one requires
that

o°(t) = oy(t) € Tq, forall t € [ty,t]. (2.17)

In fact, for all models treated below, the requirement o¢(ty) € Tq implies that (2.17)
holds. We may write the time evolution of ¢¢ in operator form as

0¢="Hp(o), resp. o= Hg(e); (2.18)

the operators Hp respectively H¢ are called the hardening rule.
The decomposition (2.9) introduces memory into the constitutive law; thus, the initial
state of the memory has to be specified if one wants any stress or strain controlled evolution
to be uniquely determined. Throughout this paper, we choose to prescribe the initial
values

eP(tg) =eh € Ta, ol(to) =0y € Ta, |oby| <. (2.19)

The second condition fixes the initial position of the yield surface with respect to the initial
stress o4(tg) . Once either o(ty) or £(tg) are given, the initial values for all variables in
(2.9) are determined by (2.9), (2.10), (2.17) and (2.19). (In the case of linear kinematic
hardening, equation (2.20) below replaces one of the two initial conditions.)

We now discuss specific choices for the kinematic element IC.



2.1 The model of Melan and Prager.
In this model, also referred to as linear kinematic hardening, one simply sets
0¢ = CéeP, (2.20)

where C' > 0 is a constant. By (2.13), there holds ¢¢ = ¢§ a.e., and the evolution
variational inequality (2.12) becomes

<(j'd - O'g, O'g - 5d> Z 0, W 6’d < Zd, a.e. in (to, t1> s (221)

ol(t) € Zy, forall t € [ty,ti]. (2.22)

It is well known that (2.21), (2.22) has a unique solution ¢ for a given function o4 and
initial condition o}(to) = o, € Z4; in our terminology, there holds

o = S(0asohy). (2.23)

where
S Wh(tg, t1; Tq) x Zg — Wh(tg, t1; Tq) (2.24)

denotes the stop operator with the characteristic Z; as described in Definition A.2 of the
appendix, with the choice X = Tq4. Since 0 = 0§, the hardening rule can be written as

0°(t) = 0a(t) — oq(t) = Ploa; 004)(t), (2.25)

where P denotes the play operator with the characteristic Z; (again, we refer to the
appendix). The stress-strain law in stress controlled form becomes

B 1
e(t) = (F(o))(t) = A o(t) + 57)(0‘1 ob)(t). (2.26)
Thus, the wellposedness of F — with respect to a given pair of norms in stress and strain
space — is equivalent to the wellposedness of the evolution variational inequality (2.21),
(2.22). In particular, the estimate

t .
05(6) = 40| < lohy = 3l + [ 16alr) — Gl (227)

which lies at the root of the theory initiated by Lions and Brézis (see [3] and [25] and the
literature cited there), yields the Lipschitz continuity of

F Wl’l(to,tl; T) — C([to,tl]; T) . (228)

If one couples linear kinematic hardening with the balance equations of linearized elastic-
ity, the resulting boundary value problem fits well into the framework of convex analysis,
and the estimate (2.27) usually leads to uniqueness in a natural manner. We refer to [12],
[14] and [32] for the general approach and to [13], [15], [19] and [31] for results concerning
linear kinematic hardening.

In contrast to that, our proof of wellposedness of the models below requires stronger
continuity properties of the operator P, to be discussed in the appendix. By (2.26),



those results also furnish stronger results on continuous dependence for the Melan-Prager
constitutive law.
Its compatibility with the second law follows from the inequality

1 1 1
(€.0) = (475,0) + (6%, 0%) + (0" 2 0 & (o) 4 Sl ) . (229)
Thus, if we define an internal energy operator by
. 1 —1 ]' e|2
Up(o) = 2<A o,0) + 2(]|J %, (2.30)

we see that (2.6) holds along arbitrary stress paths o € Wh(tg, ¢1; T).
2.2 The Armstrong-Frederick model.

Armstrong and Frederick [1] proposed a modification, usually termed nonlinear kinematic
hardening, of the model of Melan and Prager, namely

¢ = (ReP — 0°|e7)) (2.31)

Figure 3: The model of Armstrong and Frederick.

where v, R > 0 are constants. Obviously, (2.13) implies that (2.17) holds if ¢¢(ty) € Tq.
Since

44l
e’ dt2
there holds |o¢(¢)| < R for all ¢ if it holds for ¢ = ty, and the yield surface will always
lie inside the sphere of radius R + r. The restriction

0°(to)| < R (2.33)

o] o = Y (R(eF, 0%) — |o°[*[e7]) < y[eP (R — |o°])]o”] (2.32)
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thus appears to be natural, because otherwise the initial condition would not be reachable
from the zero state. Since the normality rule in the von Mises case implies that

1
&P = ~o|e?| (2.34)
r
we can rewrite (2.31) in the form
. e -p R p 6 .
¢ = [P (ad —0 ) ,ae. in (to,t1). (2.35)
r

In particular, the vector ¢¢(¢) points in the direction of the vector (R/r)o%(t) — o¢(t)
during plastic flow, see Figure 3.

To derive the wellposedness of the Armstrong-Frederick model, we employ a suitably
chosen auxiliary variable. For the stress controlled case, we consider

u=yRe’ + ol (2.36)
Multiplying (2.12) by vR, we see that
(— 6008 —6) >0, Y&a€Zy, ae in (to,t1), (2.37)

has to be satisfied. In operator notation,

o =8(u;af,), &= 71RP<U ;0by) - (2.38)
The hardening rule becomes
0¢=04—0h=04—8(u;0p,), (2.39)
and the stress-strain law takes on the form
e=A"o+ L77(u s ohy) - (2.40)

YR

We replace ol in (2.36) by o, — 0¢, form the time derivative and evaluate ¢¢ according
to (2.31). Using (2.38) and (2.39) we obtain the stress controlled differential equation for
the unknown function u,

. 1 d
U=0cq+ E(O'd —S(u;0p,)) ’aP(u s 0b0a)| s (2.41)

which we have to solve subject to the initial condition
u(ty) = YReh + ofy, . (2.42)

We will prove the wellposedness of this problem in Section 3.
A similar procedure works in the strain controlled case. We assume Hooke’s law for the
linear elastic part (2.10), that is,

o= Ae® = 2ue® + A\(Tre%)d, (2.43)



holds with the Lamé constants A, u > 0. Consequently, we have
0¢ =05 =2ucs — o =2ueq — (2ue® + oh) . (2.44)
We now choose the auxiliary function

v=(2u+yR)e’ + o] (2.45)

For the same reason as above, (2.37) continues to hold if we replace u by v, so

1
P S(y:oP P _ P(v:ol). 2.46
T4 (v;004), € 2%+ R (v 004) (2.46)
We form the time derivative in (2.45) and obtain
0 = YREP 4 (2uéq — 6°) = 2uéq + 70°|27) . (2.47)

On the other hand, combining (2.44), (2.45) and (2.46) we get

YR

= — 2.48
2u+yR ( )

0 =2ucqs— v+ pPv;oby), p:

Putting together (2.47) and (2.48) we finally arrive at the strain controlled differential
equation

. . d
0 =2uéq+ (2ueq — v+ pP(v; ogd))’ap(v ; agd)‘ : (2.49)

_ v
2u+ YR
with the initial condition

v(to) = (2u + YR)eg + o - (2.50)

The thermodynamical consistency of the Armstrong-Frederick model follows from the
inequality

d —1 1 el|2
dt<<A a,0>+wla|>.
(2.51)

N —

1 1
<é7 0> - <A_10.-70-> + ﬁ(é—eu 06> + E|08|2|ép| + <ép7 Up> Z

2.3 Bower’s model.

In order to improve the description of ratchetting effects which occur during the elasto-
plastic deformation of railway rails, Bower [2] refined the Armstrong-Frederick model as

¢ = y(REP — (¢ — a?)|eP)), (2.52)

6 = c(o® — aP)|eP|, (2.53)

where ¢ > (0 is an additional constant and
o (ty) = of € Tq (2.54)

is given.



Figure 4: The model of Bower.

We have
6 — 6% = yReP — (v + ¢)(0° — 07)|é?|, (2.55)

and the same argument as in (2.32) yields the natural restriction

o) = ] < (2:56)
Combining (2.52) and (2.53) we obtain
o?(t) = of + cR(eP(t) — &h) — ’i(UE(t) —0°(ty)) - (2.57)
This enables us to eliminate o in (2.52), and we obtain
¢ =~yReP — ((7 +¢)o® — yeR(eP — ) — co®(ty) — 'yag) |€P] . (2.58)

We now proceed similarly as we did for the Armstrong-Frederick model. In the stress
controlled case, we put

u(t) = YR(P(t) — 8) + oulte) — o, + %a{f +oh(t), (2.59)
SO ’7
Plu;ob)) = YR(eP — &b) + o4(te) — oby + ;ag . S(u;ob) =ob. (2.60)

Differentiating in time and inserting (2.58) we get the identity

i G4 = (v + ) (04 — %) — clu— %)), (2.61)
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and thus obtain

L 1 c d
U =04+ E ((1 + ;) (O'd — U) + P(u ) Ugd)) ‘&P(u 3 O'gd) R (262)
with the initial condition N
u(to) = oato) + Eag . (2.63)
In the strain controlled case, we consider the auxiliary function
u(t) = (2p+ YR)eP(t) + og(t) + co, (2.64)
where @ R)
c(2u+ 7 B
= 2 to) —ob, — (2 R)eb + — . 2.65
Co 2@(7—1—0)—1—70}2( pea(to) — oog — (21 + )Eo‘l'cao) (2.65)
We differentiate (2.64) and obtain, assuming again that (2.43) holds,
. ) v +c ol YR d
—9 Qe — . - o? — ob 2.66
o=+ 50 (e =0+ 2Pt [P0t (200
with the initial condition
_ 1 P B p
v(to) = R ERTE (2 +yR)(2p(cealto) +7Eh) +700) + 2p708,) . (2.67)
The thermodynamical consistency is implied by the inequality
1 1 1
(.0) = (A710,0) + {07 + 505, 0%) + (0%, 0%) + plo — o Pl
1d 1 1
> - Ail T 1 ~€]2 T B2 ) 2.
> gt (700 4 ot 4 o) (268

Without further information, and in particular for the zero initial state, the natural initial
value for o? will be ag = 0. It turns out, however, that with the specific choice

of = cRe? — Sot(ty), (2.69)
Y

the kinematic element IC becomes identical with a parallel combination of an Armstrong-
Frederick element and a Melan-Prager element; in this manner, a special case of the two
surface Chaboche model is obtained. To this end, we decompose the backstress o¢ as

o¢=0"+o™, (2.70)
where ~
a __ e /3
o = o°—o0"), 2.71
Tt =) 1)
o= _© (O’e + 7Uﬁ> : (2.72)
c+y C
From (2.52) - (2.56) and (2.69) one easily computes that
2
. YR :
o' =(c+ el —aeP| ], 2.73
R (s ) 27)
L (2.74)
c+v
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2.4 The model of Mroz.

In contrast to the models above, the hardening rule 0¢ = Hp(04) of the Mréz model [29]
is not based upon a formula involving the plastic strain rate £P; instead, it employs a
certain geometric construction involving an auxiliary surface, namely the sphere dBg(0)
with the radius R > r around 0. (We will not treat the case of several auxiliary surfaces

as in the original paper [29], nor the version with a one parameter family of surfaces
discussed in [10], [11] and [4].) Assume that there holds

loa(t)| < R, t€ (to,t). (2.75)

The Mréz hardening rule is defined by

5°(1) = (t) (- oB(0) ~ (1)) (2.76)

where u(t) >0, if |oh(t)] =r and (64(t),0%(t)) >0, and u(t) =0 and hence 6¢(t) =0
otherwise. The actual value of u(t) during plastic flow can be determined from the
condition |o%(t)| = r. Moreover, in the case of the sphere, ¢! points into the direction of
the outward normal if |o%| = r; consequently, the vector ¢¢(¢) defined by (2.76) points
into the direction of the line which connects o4(t) to the point having the same normal
as 04(t) on the auxiliary surface dBg(0), see Figure 5.

Figure 5: The Mroz hardening rule.

We now show how this construction is related to the stress controlled differential equation

i= o+ Tl & =Plusohy). (2.77)
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To this end, let us first assume that the function p is determined as described above. Let
the auxiliary function u solve the equation

u(t) = da(t) + p(t)oa(t) - (2.78)
From (2.76) we obtain
U—0h =04 pog = ufag, (2.79)
so that
(W—0ch ol —64) >0, Vaze B.(0), ae in (to,t1). (2.80)

By definition of the stop operator we get, setting & = P(u;op,),

o4 = S(usay), &(t) =alt) = a4(t) = p—oy(t), (2.81)

so that Ru(t) = |£(t)|, and (2.77) holds. Conversely, if u solves (2.77) and if we define
u(t) = RYED],  of = S(usot,), o =04~ ap, (2.82)

we see that (2.76) is satisfied. Thus, (2.77) characterizes the Mréz hardening rule. The ini-
tial condition for u can be chosen arbitrarily, for example as u(ty) = op,. The normality
rule (2.12) requires that the plastic strain rate satisfies

EP(t) = AN(t)oh(t), (2.83)

where A(t) >0 and A(t) =0 if |0%(¢)| < r. The choice of X is discussed in [24]; we only
add the following remark concerning the thermodynamical consistency. If we solve (2.77)
for ¢4, we obtain

e .. . 0g,
6 =ba— 05 =E~ 5. (2.84)

Let ¢ be such that |o5(¢)| = r and that the derivatives exist at ¢. Then there holds
(0a(t), 04 (t)) = (6°(t), 0q(t)) + (oq(t), o(t)) < (6°(2), 04(t)) , (2.85)

hence (64(t),oh(t)) > 0 and |o%(t)| = r imply that £(t) # 0. Consequently, if we assume
that there is no plastic deformation for unloading or neutral loading, that is, if

Pty #0 = (o4(t),oh(t)) >0, (2.86)
we must have £(t) # 0 if A(t) # 0, so we can find a nonnegative function « such that
EP(t) = a(t)E(t). (2.87)
We may combine (2.84) and (2.87) to obtain
ag® = e — %|g‘1’| . ae. in (fo,11). (2.88)

This enables us to estimate the rate of mechanical work from below as

|oal

(¢,0) = <A*1d,a>+—R |€P| + (ac®, oq)
1d
> —— (AL 5 o¢) . 2.
> 2dt< o,0) + a{c® o) (2.89)
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Thus, the choice
a(t) = G(lo*()), (2.90)

where G is a positive integrable function (in particular, it may be chosen as a constant)
ensures the thermodynamical consistency of the model.
It is known that the Armstrong-Frederick model can be considered as a special case of the
Mréz model. In the framework above, we see this if we select the function « in (2.87) to
be a constant; in that case, (2.88) becomes

1

6 = E((R —r)eP = o°|*)) . (2.91)

3 Existence, Uniqueness and Regularity Results

In this section we study the wellposedness of the Cauchy problem

a(t) = 0(t) + M(0,u)(t)|S(E)] . ae. in (fo,t1), (3.1)
) =Pu;z”)(t), tE€tot], (3.2)
u(ty) = u’. (3.3)

The unknown functions are « and &, whereas the initial conditions u°, 2% as well as

a source (or input) function € are given. By P we denote the play operator with the
characteristic Z = B,.(0), r > 0, as defined in the appendix. The operator M may have
a rather general form, but it is required that all values M (0, u)(t) are uniformly smaller
than 1 in absolute value. To be more precise, we consider

M : 0 x O([to, t1]; X) — C([to, ta]; X) , (3.4)

where X is a finite dimensional Hilbert space, and © denotes a set of admissible input
functions. In fact, M may also depend upon the initial value z°; however, for simplicity
we will suppress this dependence in the notation except in the statement and proof of
Theorem 3.3. The operator M has to be causal, that is, it holds M (01, u;) = M(0a,us)
on [tg,t] whenever (01,u;) = (6a,us) on [to,t], if t € [to,t1]. Thus, M generates a
family of operators

My 20, x C[to, 11; X) = Cfto. 11: X), 0, = {]fto. 1] :0 €O}, teftoti], (3.5)

but we will usually drop the index ¢ in the sequel. Since we will use the method of the
retarded argument for the proof of the basic existence theorem, we also require © to be
shift invariant, that is, 7°0 € © for every § € © and § > 0, where the shift 79f of a
function f defined on [to, ;1] is given by

flt=0), to+o<t<ty,

(=) = { f(to) to <t <ty+9, (3.6)

Assumption 3.1 Let © C Whi(tg,t1; X) be shift invariant, let M : ©x C([to, t1]; X) —
C([to, t1]; X) be causal and continuous with respect to the maximum norm. Moreover,
assume that u° € X, 2° € B,(0) and x > 0 are given such that

sup |M(0,u)(s)] <1—k (3.7)

sE€[to,t]
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holds for every t € [to,t1], 0 € ©; and every u € Whi(ty, t; X) with u(ty) = u° and
1.
()] < E|9(r)|, a.e. in (to,t). (3.8)

We present the basic existence theorem.

Theorem 3.2 Let Assumption 3.1 hold, let 6 € © be given. Then there exists a solution
(u,&) of the Cauchy problem (3.1) - (3.8) such that u,& € Wh(tg, t1; X) and

M0, u) [l <1 =k, (3.9)
as well as 1
()| < =18@1)|, a.e. in (to,t1). (3.10)
K
Moreover, every solution which satisfies (3.9) also satisfies (3.10).

Proof. We first consider the Cauchy problem

a(t) = 0(t) + fOIEW)], ae. in (a,a+1n), (3.11)
§(t) =Pu;a)(t), ula)=u®, &(a)=u"—a*, (3.12)

on some interval [a,a + n] C [to,t1], where u* € X, z* € B.(0), f € L*®(a,a + n)
are given. We claim that (3.11), (3.12) has a unique solution u,& € Whl(a,a + n; X)

satisfying (3.10), if
2

IFlest—n [o)d <" (313)
oo — R, o >~ \/§ . .
This follows from the fact that the operator T defined by
t .
(Tu)(t) =u*+6(t) — 0(a) + /a f(s)&(s)| ds (3.14)
is a contraction on the subset
1 .
B={u:uecW"' a,a+n;X), |ut) < ;|9(t)| a.e., u(a) = u} (3.15)

of Wh'(a,a 4+ n;X). Indeed, T maps B into itself since (Tw)(a) = u® and, since
|€] < |i| holds pointwise a.e. by (A.12),

d : . 1

| @O < @]+ (1= mla(t)] < ~16)]. (3.16)
Moreover, if we apply Theorem A.5 and the estimate (A.4) on [a,a + 7], we obtain for
any u,v € B

t

4y - jt(Tu)\(s) ds <

< =) [l ol + 32 [ ato)ishusat) - Slosar) o) s

g(l—m)[/ |u —v|(s ds+—/|0 ]/ |t —v|(o dads}

<(1-) /at|u—q>|(s) ds . (3.17)
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In the second step, we consider the Cauchy problem
w(t) = 0(t) + M(7°0, 70u) (1) |£(t)|, a.e. in (to,t1), (3.18)

&) = Plusa®)(t),  ulte) = u. (3.19)

Since the constant 7 in (3.13) can be chosen independently from a, for every ¢ € (0,7)
we can use the result of the first step as well as Assumption 3.1 to construct an absolutely
continuous solution (ug,&s) of (3.18), (3.19) successively on the intervals [to,to + ],
[to + d,to + 20], ..., such that

is(6)] < 160) (320)

holds almost everywhere. By (3.20), the family {us : 0 < § < n} is equiintegrable in
L'(tg,t;1; X) and {us} is equicontinuous and uniformly bounded in C([to,#;]; X). By
the Dunford-Pettis and the Arzela-Ascoli theorems, there exists a u € Wh(tg,t1; X)
and a sequence {ugs, } with 6 — 0, denoted by {ux}, such that u, — u uniformly in
C([to, t1]; X) as well as

t1

lim (U —u,w)ydt =0, forallw e L™(ty,t1; X) . (3.21)
n—oo tO
Setting
t .
Vilt) = Vary, o & = /t Eu(s)|ds, & = Plup;a°), (3.22)
0

we can rewrite (3.18), (3.19) in terms of a Stieltjes integral as
¢
up(t) = u® + 0(t) — 0(to) + | M(T%0, 7%u) (s) dVi(s), 7%= 7% (3.23)
to

Since the sequence {Vi} by Proposition A.9 converges pointwise (and, hence, uniformly)
to

t d
V(t) = [ 15 Psa’)(s)]ds, (3.24)

to dt
and since obviously 7%, — w uniformly, the continuity of M enables us to pass to the
limit in (3.23), so (u,&) with & = P(u;2°) yields a solution of (3.1) - (3.3). O

If the operator M is Lipschitz continuous, the solutions of the Cauchy problem (3.1) -
(3.3) depend Lipschitz continuously upon the data (and, in particular, are unique), as the
following theorem shows.

Theorem 3.3 Let two sets of data (01, 29,u?), (0o, 25, u3) with 6; € ©, v € X and
2? € B,(0) be given, let (uy,&1) and (ug, &) be corresponding solutions in Whi(tg, t1; X)
of the Cauchy problem (3.1) - (3.3) which satisfy (3.9) and (3.10) for some k > 0.
Assume that

max |M (0, ug; ) (s) — M (0, uz;a8)(s)| < A(]af — 23| +

s€E[to,t]
t t . .
+ Jua(to) — us(to)| +/t iy — o] ds + |01 (t0) — O(t0))| +/t 61 — G| ds) . (3.25)
0 0
holds for all t € [ty,t1]. Then there holds

s =zl < L0129 — 9] + Jud — 3] + 116 — a1l (3.26)
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where L depends only upon A, k,r and
¢ :=max{|[ 0l [[021l,,} (3.27)
Proof. From the differential equation (3.1) and from (3.9) we obtain, a.e. in (to,%;),
[in(t) = ia(D)] < 101() = ()] + (1 = w)IE(1) — E2()] +
+ & O M(Or, urs 29) () — M (s, ua; 25)(1)] - (3.28)
Theorem A.5 states that there holds, for every t € [to, 1],

[ 1é = &lds <jad = ol + [ i — dalds+ = [ Jirllor — 2] ds, (3.29)
to to r to
where z; = S(u;;2?), i =1,2. By (A.12) and (3.10) we have
: . 1.
& (0] <l ()] < 102 (1)) (3.30)

Since (A.4) implies that

l21(8) — w2(s)] < |2 — 29| —i—/t |ty — sl dr, s € [to,t], (3.31)

0

we obtain that
t . ) 9t t
/ &1 — &olds < (1+f/ |91|ds)|:v?—x8|+/ iy — | ds
to TR Jtg to
2 rt . s
+\/—/ ‘91(8)!/ |ty — dg|dT ds . (3.32)
K Jto to

For a given t € [to, t1], we integrate (3.28) over [to,t], estimate the derivatives of ¢ with
the aid of (3.30), (3.32) and (3.27) rearrange and divide by # to obtain

/ |1y — tg|ds < B+ — (A—l— / 161 (s |/ |ty — tg| dr ds, (3.33)
where B is the number given by

B:i(l—l—2)|]91—92H1,1—|—:3\u?—u8|+i[( )(1+Cf) ;}lxl—w8|-<3-34>

We define the functions § and w by

1 (1—r)V2
B(t) = S (A+———7) 0. (3.35)
/ A(s / iy — tig| dr ds (3.36)
In terms of those functions, (3.33) becomes
w(t) < Bt)(B+w(t)), forallte lty,ty]. (3.37)
Since w(ty) = 0, Gronwall’s inequality implies that
¢
w(t) < B[exp (/ B(s) d:r) — 1} . (3.38)
to
Inserting (3.38) into (3.37) we finally conclude that
2
/ [t — tg| dt < Bexp( (A—I—(l—/{){)) (3.39)
The proof is complete. O
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We apply the results of Theorem 3.2 and of Theorem 3.3 to the models of Armstrong-
Frederick, Bower and Mréz. We begin with the Mréz model which is particularly easy
to treat, because in this case the operator M does not depend upon w. Let o €
Whi(tg, t1; T) be given. According to Subsection 2.4, we have to solve the initial value
problem

W=+ Tl §=Pluiohy). ults) = oh, € B(0). (3.40)

Its solution (u,&) determines o° and o” by (2.78). The stress controlled constitutive
law

e=Fulo)=A"o+ ¢, (3.41)

turns out to be well posed for rather general flow rules, for example (see the discussion in
subsection 2.4)

() = a(t)E(t),  alt) = G(o®(t), 0ut)), &(ty) = b (3.42)

Proposition 3.4 (Mréz model)
Let G : Tq x Tq — IR be locally Lipschitz continuous. Then the Mroz constitutive
operator Fpr given by (3.41) and (3.42) is well defined on the domain

Dy ={o:0eW" (t,,t;;T), |04, <R} (3.43)
and Lipschitz continuous with respect to the norm || - ||, on every subset

D ={o:0€ Dy, |oille < RA=k), [[oall,, <C}, 0<r<1,C>0. (3.44)

Proof. We choose X = T4 and set
=04, M(0,u) :}1%9, uw =a2"=ab,. (3.45)

We fix k € (0,1) and define © by
O={0:0e W' (ty,t;; X), |0, < R(1 —k)}. (3.46)

Then Assumption 3.1 as well as (3.25) hold, the latter with A = R™'. The assertion
follows from Theorems 3.2 and 3.3, since the assumption on G implies that the mapping
(u,04) +— P is Lipschitz continuous w.r.t. the norm of W'l on the set of pairs (u,oy)
with solutions u for o4 € Dﬁf. O
Proposition 3.4 does not cover the case when |o4] = R, i.e. when the value of the stress
reaches the boundary of the auxiliary surface. We will discuss that situation in Section 4.

For the Armstrong-Frederick and the Bower models, the operator M depends on u. To
find out whether and how the input function 6 must be restricted in order to ensure that
| M(0,u) ||, < 1, one needs a priori estimates. We first consider the stress controlled
Armstrong-Frederick model. Here, problem (3.1) - (3.3) with § = o4 and 2° = o}, takes
on the form

.1 .
u:0+ﬁ(9—m)|§|, u(ty) = u® = yReh + 2° (3.47)
where
§:73(u;x0), x:S(u;xO), (3.48)
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so in particular

1
M(O,u) = E(@ —S(u;z?)). (3.49)
If we assume that R > r and restrict ourselves to stress inputs 0 = o, satisfying

|oall, < R—r, then |[M(og,u)l|,, < 1 holds since we have || S(u;2°)|, < r re-
gardless of the values of u, and we obtain the wellposedness of (3.47), (3.48) in the same
straightforward manner as for the Mréz model above in 3.4. (The continuity of M with
respect to u follows from (A.14).) However, from the model equations one would hope
the less stringent restriction

loall, <R+T (3.50)

to suffice, since the Armstrong-Frederick equation (2.31) implies that |0¢| < R if we have
|o¢(to)] < R; on the other hand, the bound |¢%| < r is already part of the definition
of the plastic element. In fact, the following example (see [24], p. 222) shows that, in
proportional loading, the plastic strain tends to infinity as we enforce |o4| to approach
the value R+r.

Example 3.5 Let e € Tq be any tensor of unit norm, set
0t) =o4(t) = (r+tle, 2°=re, t,=0. (3.51)
Then one easily checks that the ansatz
x(t) =re, ut)= f(t) , (3.52)

reduces (3.47) to
t
U= (1 + R|u!) e, u(0)=re. (3.53)

From (3.53) we can compute the solution of (3.47) — uniqueness follows from Proposition
3.8 below — as

R
t) = R1 . 3.54
u(t) Qw— ogR_t>e (3.54)
As o is bounded, (2.36) shows that P tends to infinity as ¢ approaches R.

The following development up to Proposition 3.8 shows that the restriction (3.50) gives
the correct bound also for arbitrary multiaxial loading.

Lemma 3.6 Assume that 0,u,x,& € Wh(ty,b;Tq) solve (3.47), (3.48) in [to,b] and
that |0(a) — xz(a)] < R(1 — k) for some a € [ty,b] and some k > 0. Assume moreover
that

10, <7+ R(1—k)?. (3.55)

Then
0(t) — z(t)] < R(1 — k) (3.56)

holds for all t € [a,b] .

Proof. Tt suffices to prove that (3.56) holds for all ¢ for which

d 2
;ﬁﬂw—£@|>o' (3.57)
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Assuming the latter, we get
0<<Wﬂ—$@%ﬂﬂ—x@>=@ﬁhﬂﬂ—x@>—;E@mﬂﬂ—x®V, (3.58)

hence £(t) # 0 and (£(t),z(t)) = r|£(t)| by (A.16). We therefore conclude that

1 £(t)

=10t —a(®)f +r < <\§'(t)l’ 0(t)) <7+ R(1- k), (3.59)
whence (3.56) follows. O

Lemma 3.7 Let 0 € Whi(tg,t;; Tq), u® € X and 2° € B,(0) be given. Assume that
(3.55) as well as |0(ty) — 2°| < R(1 — k) hold for some k € (0,1). Then there exists
a solution (u,&) of the Cauchy problem (3.47), (3.48) such that u,& € Whi(tg, t; Tq),

and every solution satisfies
1 .
MO, u)|, , <1—r, [ut)]< E\H(zﬁ)], a.e. in (to,t1). (3.60)

Proof. We choose 1 > 0 such that there holds, for all a € [to,t; — 7],

Rk?
442K

/“M 6(8)] dt < (3.61)

It suffices to prove that, given any a € [to, t; —n] and any solution (u,&) on [to,a] which
satisfies

0(t) — 2(t)| < R(1 — &) (3.62)

for t = a, that solution can be extended to a solution on [tg,a + 1], and any such
continuation satisfies (3.62) for all ¢ € [a,a + n|. To this end, we apply Theorem 3.2
on the interval [a,a +n]. We first show that (3.7), (3.8) hold with x replaced by /2.
Assume that @ € W'l (a,a +n; Tq) satisfies @(a) = u(a) and

(1) < i|9’<t)|, ace. in (a,a+7). (3.63)
Setting & = S(@;2(a)) on [a,a+ 7], we have |2| < |u| a.e. and
M@ DO = 160) ~ )
< = (10 —s@l+ [ 101+ fil s

1 2\ Rk? K
= (1_H)+7(1+7)4+2m: bk

rtRas (3.64)

for all ¢t € [a,a+n]. Hence, Theorem 3.2 implies that there exists a solution on [a,a+n].
From Lemma 3.6 we conclude that (3.62) must hold on [a,a+n] for any such continuation

u. O
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Proposition 3.8 (Stress controlled Armstrong-Frederick model)
The operator Fap of the stress controlled Armstrong-Frederick model is well defined on
the domain

Dpap ={o:0€ Whi(tg, t1;T), || 04 oo < RA417, |oa(to) — 04| < R}, (3.65)

and Lipschitz continuous with respect to the norm || - ||, on every subset

Diip ={0:0 € Drar, |0l < R+1—a, |oa(te) - ofyl < R—a, |loall;, < C}.
(3.66)

Proof. This is a consequence of Lemma 3.7 and of Theorem 3.3 with © = D%$, and M
given by (3.49); from the inequality (A.4) we see that M satisfies (3.25) with a constant
A which does not depend on 6 and wu. a
The three remaining cases - the strain controlled Armstrong-Frederick model as well as
both versions of the Bower model - can be treated similarly. Moreover, the initial value
problem for the auxiliary variable arising from (2.49) respectively (2.62) or (2.66) takes
on a common form, namely

u:9+?(9—u+zf)|£|, E=Plu;z%, wulty) =u°, (3.67)
for certain constants z € (0,1) and K > 0, where z° = o}, as before. In fact, the value

of the constants are

2” /V‘R 0 0
+ y s 5 ”yR s u T ( 1% Y )60 s ( )

for the strain controlled Armstrong-Frederick model,

vh i 0 Y 8
K= = = 0(to) + 3.69
yre Ty (to) + o0 (3.69)

for the stress controlled Bower model, and
2
o 2R o= 1R ’ (3.70)
vtc y+c 2u+vR
1

0= 2 R)(cO(t 2 b s 2 0) 3.71
! zu(7+c)+703((“+7 )(cB(to) + 2peq + y0p) + Wx) (3.71)

For (3.67), we have the following a priori estimate.

Lemma 3.9 Let 0 < z < 1 and K > 0 be given. Let u,0,& € Whi(ty,b;Tq) be a
solution of (3.67), let a € [to,b]. If

10(t) — u(t) + 26(t)| < K= (3.72)

holds for t = a, then (3.72) holds for all t € [a,b] .
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Proof. Tt suffices to prove that, given any t € (a,b),

d 2
ot — u(t) +=£(0)P > 0 (373)

implies that
10(t) —u(t) + 2£(t)| < K=z (3.74)

Assume that (3.73) holds for some ¢. We then have
0 < (0(t) —ut) + (), 6(t) — u(t) + 2£(t))
= —;Eﬁmﬂﬂ—U@+%ﬂﬂﬁ+dﬁ®ﬁ@f—wﬂ+2ﬂﬂ% (3.75)

hence £(t) # 0 and

10() — u(t) + 26(t)* < Kz 2( ) L 0(t) = u(t) + 2£(1)) (3.76)

so (3.74) holds. O

Lemma 3.10 Let 0 <z<1, K >0, 0 € Whi(ty,t1;Tq), u’ € X and z2° € B,(0) be
given. Assume that |0(tg) — (1 —2)u® — 22°| < Kz. Then there exists a solution (u,§) of
the Cauchy problem (3.67) such that u,& € Whi(to,t1; Tq), and every solution satisfies

1

0@, ae in (to,tr). (3.77)

MO, u) |l <z, [u@)] <

Proof. As &(tg) = u’ — 2%, condition (3.72) holds at ¢ = t,. The proof is now completely
analogous to the proof of Lemma 3.7; we only sketch the pointwise estimate for

M0, u)(t) = ]1{(9(15) —u(t) + 2€(1)). (3.78)

Assume that u € Wh(tg,a +n;Tq) solves (3.67) on [t,a] for some a and satisfies

1—=z2

1 .
1| < — h = :
lu| < 5]9], where & 5 (3.79)
a.e. in (a,a+n). On the latter interval, we obtain the estimate
1 2(1 + atn .
MO, u)(t)| < |M(B,u)(a)| + e (1 + (1 — ZZ)> / 6(¢)| dt . (3.80)

If we choose 7 such that the second summand on the right hand side is bounded by &
uniformly in a, Theorem 3.2 allows us to continue the solution up to t = a +n, and we
can use Lemma 3.9 to obtain |M(0,u)(t)] < z on [a,a+ n]. We now continue as in the
proof of Lemma 3.7 to obtain the result. O
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Proposition 3.11 (Strain controlled Armstrong-Frederick and Bower’s model)
The constitutive operators Fg, Gg and Gap for the stress controlled Bower, the strain
controlled Bower and the strain controlled Armstrong-Frederick model are well defined and

locally Lipschitz continuous with respect to the norm || - ||, on the respective domains
Dgar = {e:e € Wh(to,t1;T), |2u(ea(to) — €5) — of,| < R}, (3.81)
L1 P g8 1R
Dpp ={0:0€ W (ty,t1; T), |oa(te) — 04y — 00| < poare c}, (3.82)
1,1 p p s R
Dgp ={e:e € W (to, t1; T), [2u(ealto) — 6) — 004 — 00| < i (3.83)

Proof. This follows from Lemma 3.10 and Theorem 3.3 in the same manner as above. O

Remark 3.12 We note in particular that both versions of Bower’s model as well as
the strain controlled Armstrong-Frederick model are wellposed without any restriction
concerning the input, except for the natural conditions resulting from (2.33) and (2.56).

4 Boundary Behaviour of the Mré6z Model

The Mréz hardening rule 0¢ = Hp(oy) determines the movement of the yield surface
0Z*(t) = o°(t) + B,(0). We have shown in Subsection 2.4 that o¢ is related to the
auxiliary function u which solves the problem

. . ad, :

b=+ T, E=Plusok), ults) = ofa, (1.1)
by

oh =8(usoh,), o0°=o04—0}. (4.2)

Moreover, we have proved the wellposedness of (4.1) in Theorem 3.4 under the assump-
tion that ||og|, < R, that is, the stress input lies always within the auxiliary sphere
OBr(0). Mathematical difficulties arise when |0%(t)] = R for some t; however, that
situation naturally occurs in the multisurface version of the model of Mréz. Indeed, an
understanding of the case

loa(to)] = |oa(t1)| = R, |oq(t)] < R for all t € (tg,t1). (4.3)

appears to be crucial for the study of the multisurface model, compare Remark 4.5 below.
The inclusion property, often tacitly assumed to hold, states that the yield surface 02*(t)
always lies within Br(0). We present a formal proof.

Lemma 4.1 Let 0 € Whi(tg,t1; T) and of, € B.(0) be given, assume that |o4(t)| < R
for all t >ty and that
|0°(to)| = loa(to) — 0Gal < R —1. (4.4)

Then for every solution (u,&,0%,0°) of (4.1) and (4.2) there holds the inclusion condition

lo¢(t)]| < R—r, forallte€ [ty,t1]. (4.5)
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Proof. Assume that d/dt(|o¢(t)|*) > 0 holds for some t > t,. From (2.83) we obtain

oa(t), ; ¢
7 €@ (1), (4.6)

0 < (6°(1), o°(t)) = (£(t) —

so in particular |£(¢)] > 0. Since o) = S(u;o?,) and hence £ = r~16%|¢|, (4.6) implies
that

0 < (on) ~oult), o°(1)) = ("

aq(t) —o(t),0°(t)) < (R—r—|o*()])]o“(1)], (4.7)

so |o¢(t)] < R—r. Thus, |0°(t)] > R —r cannot occur if |o¢(ty)] < R —r. O

Lemma 4.2 Under the hypotheses of Lemma 4.1 we have

r r r

o5(6) = Soa® < 7 (1= ) (R = foa(t) ) (43)
for all t € [to, 11] .
Proof. The algebraic identity

p_ o T(_r> 2:<_7"> p2 L Iy ep2

and Lemma 4.1 yield

r r r r r

jof — oal + (1 - R) logl? < 2 (1 - R) +L(R=1), (4.10)

which is nothing but (4.8). O

From Lemma 4.2 we see that the boundary values of ¢¢ and of have to satisfy the
equations

oh(t) = zoalts), () = (1 - ;) oults), i=0,1. (4.11)
and that we might obtain solutions
oh o® € Whl(to, t1; Ta) N C([to, t1]; Ta) . (4.12)

In fact, we can prove this only under the additional assumption of transversality,
<dd(to+), Ud(to)> <0, (413)

where ¢4(to+) = limy |4, 64(t) is assumed to exist. We first prove that (4.13) implies pure
unloading near ¢, = 0.

Lemma 4.3 Let o4 € Whl(tg,t1;Tq) be given such that (4.3) as well as (4.13) hold, set

r
oby = ﬁad(to) : (4.14)
Then there exists 6 > 0 such that
r .
u(t) = 0ut) — (1= 7 ) aulte), €(t) =0, (4.15)

constitute the unique solution (u,&) of problem (4.1) within the space
Wi (to, to + 0; Ta) N C([to, to + 6]; Ta) . (4.16)
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Proof. By virtue of (4.13), we can choose § > 0 such that the function w defined by
(4.15) satisfies (u(t),u(t)) <0 for every t € I := (to,top+0). One then easily checks that
(4.14), (4.15) together with &7 =4 = 64, € = 0, defines a solution of (4.1). Conversely,
let (u,&) be any solution of (4.1) with regularity (4.16). From Lemma 4.2 we see, making
§ smaller if necessary, that (g4, 0%) < 0 holds within I, hence (2.83) yields

(65.08) = {6008 — (6,08 + {0
— (aoh) — 1l (r = (Foh) | (417
so (64, 0%) <0 and therefore
oh| <r, €=0, 6h=0u=064, ae inl. (4.18)
The continuity of u and (4.14) then imply the assertion. O

Theorem 4.4 (Unique Solvability up to the Boundary)

Let 04€ Whi(tg,t1; Ta) be given such that (4.3) as well as (4.18) hold, let ob, be given
by (4.14). Then the initial value problem (4.1) has a unique solution u € I/Vl};cl(to,tl; Tq)
which satisfies (4.15) near to ; moreover, the functions ol = S(u;oh,) and 0 = 04— 0}
satisfy (4.12) as well as the boundary conditions (4.11).

Proof. This is a direct consequence of Lemma 4.3 and of Proposition 3.4. The validity of
the boundary conditions at t = ¢; again follows from Lemma 4.2. O

Remark 4.5 (Multisurface Mréz Model)

Mréz [29] originally proposed a multisurface model which employs spheres S;(t), 0 <
i < m, moving around in T4, with radii ry < ... < r,,. The smallest surface Sy(t)
represents the yield surface 0Z*(t). The inclusion property o4(t) € Bo(t) C ... C
B (t) is assumed to hold for the corresponding closed balls. At any given time ¢, the
active surface is defined by the largest index k such that o4(t) € Sk(t) but oy4(t) €
int Byy1(t) ; the movement of the active surface Sy with respect to Sk.1 is determined
by the geometric construction outlined in Subsection 2.4 above. If loading occurs, the
smaller surfaces S; with j < k follow the movement of Sy, see Figure 6 for £ = 2. In
the case of unloading, none of the surfaces move. Thus, a general evolution decomposes
into a sequence of problems of the type (4.1), (4.3), where r and R are replaced by 7y
and 7y respectively. The question of existence, uniqueness and regularity of the plastic
stress as well as of the plastic strain appears to be completely open. For the case of a
continuous family S, (t) parametrized by r > 0, some results are available in [4].
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Figure 6: The multisurface Mroz model for m = 3.
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A Appendix: Properties of the Play Operator

The vector play operator with an arbitrary convex closed characteristic has already been
the object of serious study, see e.g. the monographs [21], [38] and [23]. For the purposes
of this paper, however, we need a result which is not adequately covered in the literature,
namely the Lipschitz type estimate provided by Theorem A.5 below. Its statement and
proof constitute the main purpose of this appendix. In addition, we cite some known
results which we have used above in order to facilitate the reader’s task.

The play operator as well as the stop operator are constructed by means of an evolution
variational inequality with values in some space X ; throughout this section we assume
that X is a real separable Hilbert space endowed with a scalar product (-,-) and the
corresponding norm || = (x, 2)!/2. In the main body of this paper, X always represents
some finite dimensional space of tensors; hence, the reader may very well be satisfied to
assume that X = R".

We begin with a variant of the classical result on the wellposedness of the evolution
variational inequality.

Proposition A.1 Let Z C X be a convex closed set such that 0 € Int Z, let 2° € Z
be given. Then for any function uw € Whi(ty, t1; X) there exists a unique function x €
Whi(tg, t1; X) such that

(u(t) —x(t),z(t) — ) >0, forallzeZ, a.e. in (to,t1), (A.1)
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x(t) € Z, forallte lty,t1], (A.2)

x(to) = 2°. (A.3)

Moreover, if y € Whi(ty,t1; X) denotes the solution belonging to y° € Z and v €
Whi(t, t1; X), then

o(t) ~ (O] < 12" = |+ [ Ji(s) — i(s)] ds (A4)
holds.

Proof. See e.g. [23], Theorem 1.3.1 and Proposition 1.3.9. The estimate (A.4) follows from
(A.1) - (A.3), since (arguments ¢ omitted) the inequalities

imply 1 i
—yl—lr—y| = —=lz—y2 < |u—d||x —yl. .
o —ylrle =yl = 25le =yl < la—dlfz —y (A.6)
O

Thus, the evolution variational inequality (A.1), (A.2) together with the initial value (A.3)
gives rise to an operator

r=38u;2"). (A7)

Definition A.2 Let Z C X be a convex closed set such that 0 € Int Z. The solution
operator
S Wh(tg, t1; X) x Z — Whi(ty, t1; X) (A.8)

defined by (A.1) - (A.7) is called the stop, the operator
P Wl’l(to,tl;X) X /Z — Wl’l(to,tl;X) (Ag)

defined by
Pu;z’) =u— S(u;a?) (A.10)

1s called the play. The set Z 1is called the characteristic of S respectively P .

Proposition A.3 Let Z C X be a convex closed set such that 0 € Int Z. The play
operator P with the characteristic Z has the following properties:

(i) The function & = P(u;x°) satisfies
(E(),0(t) =€) =0, a.e in(to,t), (A.11)

and, consequently, '
lE@)] < |u(t)|, a.e. in (to,t1), (A.12)

for all w € Whi(tg,t1;X) and all 2° € Z.

(ii) P maps WP(ty,t1; X) X Z continuously into WP (to,t1; X) for all p with 1 <
p<oo.
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(iii) P and S can be uniquely extended to operators
P C([to, t1]; X) x Z — C([to, t1]; X) N BV (to,t1; X), (A.13)

S : O([to,11]; X) x Z — C([to,11]; X) , (A.14)

which are continuous w.r.t the supremum norm

|lull, = sup |u(t)], wuweC(ts,t];X). (A.15)

tE(to,t1]

Proof. See [23], Section 1.3. For a bounded set Z, part (iii) is due to [21]; the general
case as well as (ii) have been proved in [22]. O
In the case where Z represents the ball B,(0) in X with radius r > 0 centered around
0, the play and the stop operator have additional regularity properties. Let us note first
that, since the radius vector and the normal coincide for a ball, there holds

) =a)x(t), ae. in (ty,ty), (A.16)

where o > 0 is a scalar function with «(t) = 0 if |z(¢)| < r. Moreover, the following
estimate of Holder type holds.

Proposition A.4 Assume that Z = B,(0). Then for any u,v € C([ty,t1]; X) and any
2%,4° € Z, the functions £ = P(u;x°) and n=P(v;y°) satisfy the estimate

1€ =1l < max {Jg0) =@, y/(lu—vll +r2 =2} (a17)

Proof. See Sections 17.1 and 17.2 in [21], cf. also Theorem 1.4.2 in [23]. O
We now present an estimate of Lipschitz type.

Theorem A.5 Assume that Z = B,(0), let u,v € Whi(to,t1;X) and 2°4° € Z be
giwen. Then the functions

E=Pu;a”), n="Pv;y"), (A.18)
r=u—§=38u;a"), y=v-—n=38;y’), (A.19)
satisfy the estimate
t1 . t1 2 rt
/ € — il dt < [2° — o) +/ |u—v|dt+\/_/ ||z — y|dt . (A.20)
to to r to

Proof. This will be given below. O

Corollary A.6 The play operator P with the characteristic Z = B.(0) is Lipschitz
continuous on bounded subsets of Wh(ty,t1; X). Hence, the same is true for the stop
operator S .
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Proof. If we insert (A.4) into (A.20), we obtain

t1 . t1 t1
[ =il < <1+‘/§/ |a|dt> <|x0—y0|+/ |u—1)|dt) . (A.21)
to r to to

O
Theorem A.5 appears to be new. Corollary A.6 is a special case of Theorem 20.1 in [21];
however, in [21] there is no comment concerning its proof, nor is the value of the Lipschitz
constant indicated. Note that in Section 3 we use the fact that the constant in front of
the first integral on the right hand side of (A.20) equals 1. On the other hand, we do
not know whether the Lipschitz constant given in (A.21) is optimal, cf. also Example A.8
below.
For the scalar case dim(X) = 1, (A.20) can be improved to

t1 . t1
/ |§—ﬁ|dt§|x0—yo|+/ (i — o] dt . (A.22)
to to

The proof of (A.22), given in [6], p. 46f., can be generalized to the vector case, if one takes
into account the geometry of the sphere which is responsible for the rightmost integral in
(A.20). This is done as follows. The normality rule

= |§'|§, ae. in (to,t1), (A.23)

with € = 0 a.e. on {t: |z(t)] < r}, follows from the variational inequality. Together
with (A.11) it implies

= (i) = 16177 aesin (t0.1), (A.24)

SO .
£ = T—Z(u,@x (A.25)
holds a.e. on {t:|z(t)|=r}.

Lemma A.7 There holds

[SE/] IS ’U—U|+7\UH$—?J’> (A.26)
a.e. on the set
A =A{t:te€lto,t1], |x@)| = |yt)| =r}. (A.27)
Proof. From (A.25) and the corresponding formula
.1
n=3{yy, (A.28)
we infer that )
(€ =0l < — (& =0, y)y| + [(@, 2)x — (&, y)yl) (A.29)
holds a.e. on A, . Using the identity
(@, x)x — (i, y)yl* = r* (i, x — y)* + (@, 2) (@, y) |z — y|?, (A.30)
we easily derive the assertion. a
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Proof of Theorem A.5. The identity

1d

530 (2O = ly@®F) = =r(E@] = 1O + (), 2(0) = (6(0).y(1),  (A31)

which holds a.e. on [tg,t1], follows directly from (A.23). The crucial observation is that
actually

€@ = )| + 2dJ| \siummx@rwmwywﬂ (A.32)

holds a.e. on [tg,t;]. On the set A = {t : |x(t)| = |y(t)|}, (A.32) follows directly from
(A.31) since in that case the left hand side of (A.31) is zero almost everywhere. To prove
(A.32) on the complement of A, by virtue of

(I6®) = 1) (=@ = [w®)*) 20, ae in (to,t), (A.33)

which trivially follows from the fact that [£(t)| # 0 only if |z(t)] = r, it suffices to
multiply both sides of (A.31) with the sign of |z(¢)|* — |y(¢)|>. We now claim that

V2 .
€ — 7| + o dt ‘|x|2 |y |2 ‘ < |u—| +—|u||x—y| a.e. in (tg,11). (A.34)

Indeed, (A.34) holds on A, because of (A.26). On the complement of A,, we have
1€ — 1| = |§] — |9]|, thus (A.34) follows from (A.32) and the inequality

1. : A
i) = (5,90 < = 8]+ il — y]. (4.35)

We now integrate (A.34) over [ty,?;1] to obtain the assertion (A.20) of Theorem A.5. O
One may ask whether the value of the Lipschitz constant given by (A.21) is best possible.
It turns out that we can use Example 1.4.3 of [23] to exhibit, for any € > 0, a pair of
input functions u,v such that the inequalities

/\ |dt>f /|u — o) dt < e, (A.36)

/|§ |dt>< /|v |dt—5>/ la(t) — o(t)| dt, (A.37)

holds. Thus, the gap between the constant in (A.21) and the optimal one is characterized
by a factor of at most 2v/2. In particular, the play operator P is not globally Lipschitz
continuous on Whl(tg, ¢1; X), if dim(X) > 1.

Example A.8 Let X =IR?, Z = B,(0). For h <0 and o > 0 we consider the inputs

u(t) = (r + h) ( C.‘)S@t) () =7 ( C.‘)S‘)‘t) , (A.38)

sin ot sin ot

with the intention to let h tend to 0 and « tend to infinity. If we choose z(0) = y(0) =
(1,0) as initial values, we obtain

_ feosatp)\ o
x(t)_r<sin(at+p(t)) ), n=0, y=wv, (A.39)
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where p is the solution of the initial value problem

p=a (T J; h cos(p) — 1) , p(0)=0, (A.40)

h h(2r + h)
p(t) = 2arctan ( T tanh (2740415)) : (A.41)

that is,

We then obtain

@) =P = Ja(t) - @(t)?

= ao®(r + h)*[(cos psin(at + p) — sinat)? + (cos at — cos pcos(at + p))?]

o®(r + h)?sin’ p(t) , (A.42)
hence
t o
(t) — 0(0)] = 20(r + h)ljt“()() e N
where
F(t) = tanh (Wm) . (A.44)

This yields the inequality

an/h(@r + h)f(t) < JE(t) —i(t)] < QQQTTiQ:\/h(zr +R)f(L). (A.45)

Note that we have

VhErih) h(2r + h)
ar/h(2r + h) / f(t dt—2r/ tanh s ds = 2r log coshzia ,
r
(A.46)
and ) .
/ lo(t)| dt = ar, / la(t) — o(t)| dt = ha. (A.47)
0 0
From (A.45) it therefore follows that for every fixed a > 0 we have
1
i o [0 —iOldE_ o o |l (A.48)
W Tl — o)l 2 2

With the pair (u,v) we thus achieve (A.36), (A.37) for a given € > 0 if we choose o > 0
sufficiently large and h > 0 sufficiently small.

Finally, we recall the following result, which goes back to Visintin ([38]) for the scalar
(i.e., dim(X) = 1) case.

Proposition A.9 Let {u,} and {z°} be sequences in C([ty,t1]; X) respectively B,(0)
such that || u, —ul| ., — 0 and |22 —x] — 0 for some u € C([to, t1]; X) and 2° € B,(0),
set & = Pluy;22) and & =P(u;a°). Then there holds

JLI%O Vary, 1,1 &n = Vary, ) € (A.49)
Proof. See Proposition 1.4.11 in [23]. 0
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