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Abstract

We consider a model for one-dimensional transversal oscillations of an elastic-ideally
plastic beam. It is based on the von Mises model of plasticity and leads after a dimen-
sional reduction to a fourth-order partial differential equation with a hysteresis operator
of Prandtl-Ishlinskii type whose weight function is given explicitly. In this paper, we
study the case of clamped beams involving a kinematic hardening in the stress-strain
relation. As main result, we prove the existence and uniqueness of a weak solution.
The method of proof, based on spatially semidiscrete approximations, strongly relies
on energy dissipation properties of one-dimensional hysteresis operators.

1 Introduction

The use of hysteresis operators in the modeling of hysteretic stress-strain relations that are
commonplace in nonlinear elastoplasticity dates back to the pioneering works of Prandtl [7]
and Ishlinskii [2]. The Prandti-Ishlinskii hysteresis model describes the time evolution of the
relation between strain and stress in the form

o(t) = / (q) sqle] () dg (11)
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Here, ¢ : (0,00) — R is a nonnegative weight function satisfying suitable integrability
conditions. The symbol s, denotes the one-dimensional stop operator or Prandtl’s elastic-
perfectly plastic element with yield limit ¢. Between the thresholds +¢, the behavior is
linear elastic (with elasticity modulus 1), while along the upper (lower) threshold +¢ (—q)
we have irreversible plastic yielding and can only move to the right (left).

The operator s, is a special case of the abstract stop operator &; in a separable Hilbert
space X associated with a closed and convex set Z C X. It is defined as the solution
operator, which with each given input function v € W(0,T; X) and a given initial datum
Xo € Z associates the unique solution y € W1(0,T; X) to the variational inequality

x(t)ez vtelo,T], x(0) = xo,
(x(t) —0(t),z— x(t)) > 0 VzeZ, forae te(0,T). (1.2)

Here, and throughout this paper, the superimposed dot denotes differentiation with respect
to time, and (-, -) is a scalar product in X . The theory of such variational inequalities
goes back to [6], and further special properties related to the geometry of the set Z have
been established in [3, 4]. In this paper, we restrict ourselves to the canonical choice of initial
conditions

Xo = Proj,(v(0)), (1.3)

where Proj, : X — Z isthe orthogonal projection onto Z. We then simply write x = &z[v]
instead of x = &z[xo,v]. In this setting, the one-dimensional stop s, is just another notation

The stop operator forms a corner stone of the mathematical theory of hysteresis opera-
tors. For a thorough treatment of its analytical and geometrical properties, we refer to the
monographs [1], [3], [4], [8].

Although the Prandtl-Ishlinskii operator is easily understood and rather intuitive, its use
in the physical and engineering literature is still nonstandard. The main reasons are the
following: on the one hand, the operator appears to be entirely phenomenological, and its
weight function ¢ is a priori unknown and must be identified; on the other hand, well-
established three-dimensional plasticity models like those by von Mises or Tresca are available.

In the recent paper [5], the authors have demonstrated that the use of the three-dimensional
single-yield von Mises plasticity model leads in the case of transversal vibrations of thin one-
dimensional elastoplastic rectangular beams to a model in which a one-dimensional multi-
yield Prandtl-Ishlinskii operator occurs. For the transversal component w of the displace-
ment, it resulted a fourth-order PDE of the form

QW — %mwmmtt + P[wzm]wx =49, (14)
where .
Pluadent) = [ ela)sifwas(z. )0 da. (15)



with ¢ given by the formula

0, if 0<g¢g<£,
prd s i a> g

Here, o is the mass density, 2h is the thickness of the beam, FE is the Young elasticity
modulus, and R is the yield limit in the original von Mises model. It was shown in [5] that
Problem (1.4)—(1.5), complemented with the initial and boundary conditions

w(0,t) = Plwe](0,t) = w(l,t) = Plwg](1,6) =0, 0<t<T, (1.7)

w(z,0) = w’(z), w(z,0)=w'(r), 0<zr<1, (1.8)

and under suitable assumptions on the data, admits a unique weak solution

w € Wh(0,T; L*(0,1)) N L=(0, T H*(0,1)) N H'(0,T; H'(0,1)).

In this paper, we consider the case of a clamped beam, i.e., the boundary condition (1.7)
is replaced by
w(0,t) = w,(0,t) = w(l,t) = w,(1,£) =0. (1.9)

It turns out that these boundary conditions are somewhat more difficult to treat than (1.7),
and the analysis performed in [5] does not apply. Also, the space discretization method
presented below fails for Eq. (1.4). In order to obtain existence, we thus assume the presence
of a kinematic hardening term -y Wy, in our model; that is, we replace Eq. (1.4), normalizing
all physical constants to unity, by

Wit — Wt + P[wxz]w:v + Wegge = G- (110)

It will be shown in the forthcoming sections that the initial-boundary value problem (1.10),
(1.5), (1.8), (1.9) admits under appropriate regularity assumptions a unique weak solution

w € W2(0,T; H(0,1)) N WH(0, T H*(0,1)).

The following text is divided into three sections. In Section 2, we state the main results and
recall some basic facts about hysteresis operators. In Section 3, we define the corresponding
space discrete approximations and derive estimates independent of the discretization param-
eter. Finally, in Section 4, we pass to the limit and prove the existence and uniqueness of a
solution to the original problem.

2 Statement of the mathematical results

In what follows, we use the standard notations for the spaces of continuous functions and for
the usual Lebesgue and Sobolev spaces. The L?*-norm is denoted by || - ||.

We study Problem (1.10), (1.5), (1.8), (1.9) in Q7 := (0,1) x (0,7") under the following
general assumptions on the data of the system:
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(H1) g,9: € L*(Qr).
(H2) v’ € H3(0,1),w' € H*(0,1), and the following compatibility conditions are satisfied:
w'(0) = w'(0) = w'(1) =w.(1) =0, i=0,1. (2.1)
3 e welght function ¢ : (0,00) — |0,00) of the Prandtl-Ishlinskil operator
H3) Th ight f i 0 0 f the Prandtl-Ishlinskii
Plul = [ ola)sul da
0

is measurable and satisfies the growth condition
/ (14 ¢*) ¢(g)dg < +oc. (2.2)
0
Putting

u(z,t) = w'(x) +/0 (T4 P)[wee) (z,5)ds, f(z,t) = w' () +/0 glx,s)ds,  (2.3)

where Z is the identity mapping, we rewrite problem (1.10), (1.5), (1.8), (1.9) in the form

uw— (Z+4+P)ww] = 0 in Qr, (2.4)

Wy — Wagt + Uz = f(2,1) in Qr, (2.5)

w(0,t) = w(1,t) = w,(0,t) = w,(1,t) = 0, 0<t<T, (2.6)
u(z,0) = w'(z), 0<x<1, (2.7)

w(r,0) = w'(z), 0<zx<l1. (2.8)

The aim of this paper is to establish the following result.

Theorem 2.1. Suppose that the conditions (H1)-(H3) are satisfied. Then the system (2.4)-
(2.8) has a unique solution (u,w) having the following properties:

(i) we W2>(0,T; L*0,1)) nWe(0,T; H(0,1)) N L>(0,T; H*(0,1)).
(i) w e Wh>(0,T; H*(0,1)) N W2>(0,T; H'(0,1)).
(i) Egs. (2.4)-(2.5) hold almost everywhere in Qr .

(iv) The initial and boundary conditions (2.6)-(2.8) are satisfied pointwise.

Remark 2.2. We call (u,w) having the above properties (i)—(iv) a strong solution to (2.4)—
(2.8), and w a weak solution to (1.10), (1.5), (1.8), (1.9). The meaning of the conditions (i),
(ii) in Theorem 2.1 is that

Utty Uty Ugy s Wrat, Wit € LOO(Oa T7 LQ(Oa 1)) . (29)
By virtue of the initial/boundary conditions and of embedding theorems, we then have
Uy Usp, U, W, W, Wy, Wey € C(Qr),  wae € L*(0,1;C[0,T]). (2.10)

Hence, as we will see below, P [w,,(z, )] is well defined for a.e. x € (0,1).

4



Before proving Theorem 2.1 in the next sections, we now collect some well-known proper-
ties of the one-dimensional stop operator that can be found in a more general form in the
monographs [1] or [4].

Proposition 2.3. Let vy, vy € WHH(0,T) be given, x; = sq4[vi], pi =vi—xi, i =1,2. Then

—_

d

(1) (xa(t) = x2(®)(02(t) — 02(t)) > ——t(Xl(t) - X2(t))2 a.c.;

[\
=

() [92(6) — pa0)] + S halt) —xal)] < [0u(0) ~ 0a(0)] e

(i) () =xe(®)] < 2 max foi(r) —w(7)] ¥t €[0,T];

(iv) xi(t)pi(t) = 0 a.e.

It follows from Proposition 2.3 (ii), (iii) that the Prandtl-Ishlinskii operator P from Hy-
pothesis (H3) is Lipschitz continuous in W11(0,T) and admits a Lipschitz continuous ex-
tension to C[0,7]. Moreover, Proposition 2.3 (iv) implies that there exists a constant C' > 0

such that
d

0 < %P[U](t) o(t) < C*(t) ae. (2.11)
As a consequence of Proposition 2.3 (i), we obtain the inequality
PO - PLalO)ir) ~ a(0) = 55 [ el ~ sl Ods (212

for every vy, vo € WH(0,T) and a.e. t € (0,7). Formula (2.12) implies in turn the two
well-known hysteresis energy inequalities: choosing v; = v € W10, T) and vy = 0 yields

Pll)ot) =2 5o i (q) s, [v](t) dg (2.13)

almost everywhere, while, if we consider v; = v € W2Y0,T) and vs(t) = v(t — h) for
h > 0 with a suitable extension to [—h, 0], and let h tend to 0, then (using also Proposition
2.3 (iv)),

GPE00 = 55 [T (Fel) 0 = 5 (5 5P0000) 1)

in the sense of distributions, that is, the function
D) = L Lppiwie - [ LPulr i) d (215)
v = 5 Pl OdtUTUTT .
is nonincreasing in [0,7]. This means, in particular, that the function

Uit = PRI ) (2.16)
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has bounded variation on [0,7] whenever v € W*1(0,T). A detailed discussion of these
issues can be found in [4, Chapter II]. Note only that (2.13) is the usual energy inequality,
where

Qlv] = 1/000 (q) sqlv] dg (2.17)

is the so-called clockwise admissible potential of P. The dissipation
to
/ Plul(t) o(t) di — (Q[u](t2) — Qlv](t1)) = 0, (2.18)
t1

defined as the difference between the work done during a time interval [¢;, t5] and the potential
increment, corresponds to the area of hysteresis loops. In (2.15) instead, the “dissipation”
D[v] is related to the curvature of the hysteresis branches.

3 Space discretization

For a generic vector v = (vg, vy, ...,v,) we introduce the notation
Dy = n*(vpy — 20 +vp1), k=1,....n—1, (3.1)
dk'u = n(vk —kal), k= 1,...,71. (32)

We start with an easy, but useful auxiliary result.

Lemma 3.1. Let v = (vg,vq,...,v,) be such that
n n—1
1<, 1
— g <1 — <
k=0 k=1

Then maxg—1, ., |dyv| < 7.

Proof. We define an auxiliary sequence 09; = v; for j =0,...,n, 02j_1 = (v; + v;_1)/2 for
7=1,...,n. Then

2n 2n—1
1 ) 3 . - - 2
— v, <1, (2n Vg1 — 20; + Up—1)° < 2.
o £ k= (2n) ;:1( k+1 k k-1)” <

Let 0, > 0 for at least n + 1 elements; otherwise we pass from v, to —wv,. We further
proceed by contradiction. Assume that for some j we have 2n(v; — 9;_1) > 7 (the case
“< =77 is similar). Then for all £ we have

2n—1
[2n(0y, — Dr—1) — 2n(i; — D—1)| < 20 Y |Opgr — 205 + Dmt] < V2,
k=1



hence 2n(0y, — 1) > 7—+/2 for all k. In particular, 9, > 0, and ¥,; > 7(7—+/2)/(2n)
for all j =1,...,n. This yields that

n

1 {’2'>7\/_22 \/_)

which is the desired contradiction. Hence, 2n|ty, — v_1| < 7 for all k, and the assertion
follows. O

We now fix an integer n € N, and consider space-discrete approximations of (2.4)—(2.8) in
the form

uk(t)—(I+77)[Dkw](t) = 0, k:O,l,...,n,
wk(t)—Dkw(t)+Dku(t) = fk(t), k’Zl,...,n—l.

We prescribe “boundary conditions”
wolt) = walt) =0, w_1(8) = wit), weer(t) = wo 1(t), (3.5)
and initial conditions

wp(0) = w) :==w’(k/n), k=1,...,n—1, (3.6)
up(0) = w; :=w'(k/n), k=0,1,...,n. (3.7)

The right-hand side fi(t) is defined as

k/n t
fr(t) :wk—l—n/ /g(x,T)dea:, k=1,...,n—1. (3.8)
—1)/n
Note that formula (3.1) under the additional hypothesis vy = v, = 0 generates on R""! a
symmetric negative semidefinite matrix D with entries Dy, = —2n2, [Dk(k ) = D(k Dk =
n®, D; = 0 otherwise. With this notation, Eq. (3.4) for t = 0 reads (I — D)w(0) =
(I — D) w', hence
wp(0) = wy, k=1,...,n—1 (3.9)

The ODE system (3.3)—(3.8) has a unique global solution by virtue of the Lipschitz conti-
nuity of the operator Z+ P and the invertibility of the matrix I— D in (3.4). We now derive
some estimates that will enable us to pass to the limit as n — oco. We denote by Cy,Cs, . ..
any constant that depends possibly on the data, but not on the discretization parameter n.

The estimates are based on the “second-order energy inequality” (2.14). We differentiate
(3.4) twice and (3.3) once, test (3.4) by w (), use summation by parts and the conditions
(3.5), and obtain for a.e. ¢t € (0,t) the identity (omitting the argument ¢ for simplicity)

n—1

k 1



with 0, =1 for k =1,...,n—1, & = §, = 1/2. Now, by virtue of (2.14)—(2.15), the
function

n n

V() = LS - LY (@) + 36 (T P)Dual(t) Dyl

k=1 k=0

n—1

_2/0 LS fulryin(r) dr

k=1
is nonincreasing in (0,7"). By (2.11), we have V,(t) < V(t) < V*(t) a.e., where both the
functions

n n

VD) = DS+ (i (0)+ > S (Dei()

n—1

~ [ (Il + % S (@) .

k=1

—_

n n

O % SR + % S (dein)(1) + % S G (D) (1)
k=1 k=1 k=0

n—1

+ [ (Il + % S () ar.

k=1

with a suitable constant C; > 1, are continuous. For a.e. 0 < s < t < T, we have
Vi(t) < V(t) < V(s) < V*(s). Hence, in particular,

Vi(t) < V*0) Vt>0. (3.11)

The proof that V*(0) is bounded from above by a constant is more delicate. As a consequence
of Hypothesis (H2), we have indeed, with some C' > 1,

L3 (D (0) < Cllul | (3.12)

For the remainder, we differentiate (3.4) and test by @(t), to obtain for every ¢ € [0,T]
that

IS a0 S i) = LY g dan + Y . (313)

hence, for t =0,

LS 0+ LS @) < o (% <dka>2<0>+||g<o>||2) SNERRY
k=1



Eq. (3.3) and the Lipschitz continuity of the operator Z + P entail that for 2 <k <n —1

we have
|dku(0)| S an‘Dka—Dk,1w0|
k/n
= 03n3/ (Wl (x + 1/n) — 2w°(z) + w(x — 1/n)) dz
—1)/n
k/n (1/n)
= C3n? / / / w,,.(2)dzdydx| |
—-1)/n Jxz—(1/n)
hence

1
< & [ b
0

1 1-(1/n) e y+(1/n)
S air) < g [ [ Tt (o) dsdyda
n 1/n z—(1/n) Jy

(3.15)

It remains to estimate the terms (1/n)(dy%)?*(0) and (1/n)(d,u)?(0) in (3.14). We have

(1/n)(dra)*(0) < C5n°lw’(2/n) — 4w’ (1/n)[*.

By virtue of (2.6), we have for all = € [0,1] the identity

1 1 [
W) = 522 0) 4 5 [ ulen e~ ) dy,
0
hence

w?(20) = 4u%(e) =2 [ (20ha(29) ~ uha0)a = 7 dy.

For every z € [0,1/2] we thus have by Hélder’s inequality

0(22) — 4u(x)| < 4]l ( / <x—y>4dy) < o ol

and combining (3.17) with (3.16) we conclude that

(1/n)(diw)*(0) < — 02 wg

I”
.”B.Z’Z‘ ‘

In a similar way, we estimate (1/n)(d,u)*(0) to obtain that

1 — -
EZ(dku)g(O < Cyllwg,, |-

From (3.11)—(3.19) and Gronwall’s inequality, we deduce the estimate

n

—Zwk i dkii:)Z(t)Jr%Z(Dkw)Q(t) < C5 Ytelo,T],
k: 1

k=0
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and, by comparison,

n—1
1
—Zuk + —Z (Dru)?(t) < Cs a.e. (3.21)
n
k=1
We now use Lemma 3.1 to derive the final estimate. For k =0,...,n, set px(t) = wg(t) —

ug(t). We have pi(t) = wi(t) — ux(t) a.e. and, as a consequence of (3.4), Dyp(t) =
Wi (t) — fr(t). By Lemma 3.1, we have max |dyp(t)| < C; and, by (3.20),

=) (@da)(t) < G ace. (3.22)

4 Passage to the limit

With the intention to let n tend to co, we define the interpolates

W (1) = %(wk Fun) (1) + (- i - 1) drw(t) + %(m _ %>2Dkw(t) ,
W (1) = %(uk P (t) + (- %) deu(t) + %@ _ %)21),&@) ,
o™ (x,t) = w(t),

a™(z,t) = u(t),

f(n)<x7t) - fk(t)v

for x € [(k—1)/n,k/n), k =1,...,n, and t € [0,7T], continuously extended to = = 1,
with the convention D,u(t) = f,(t) + Dyw(t) or, equivalently, w,11(t) = 2u,(t) — up—1(t) +
2,1 (t) + (1/n?) fu(t) . In (3.20)-(3.22), we derived the estimates

max (2 (O + [l O + el ®]?) < Cs. (4.1
max (@ @2 + [l @ + [u2D@?) < C. (42)

Furthermore, for « € [(k —1)/n,k/n) and t € [0,T] we have

@™ (2, 1) — ul™ (2,t)] < 2Juplt) — w1 ()] + %|Uk+1(t) — ug(t)], (4.3)

and similarly for aﬁ”) — u§"> , W™ —w™ | etc. This, together with (3.22), yields in particular
that

1 n+1
_(n C
/0 " (2, 4) — 0 (2, ) dz < —Z]uk (P < 2 (4.4)
In the same way, we obtain from (3.20)—(3.21) that
n n C
sup [a™ — u™]| + sup [@™ — w™| 4 sup \u‘;ﬁ — )\ < 2 (4.5)
Qr Qr Qr n
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Combining the above estimates, and possibly selecting a suitable subsequence of n — oo,
we find that there exist functions u,w in the appropriate Sobolev spaces such that the
following convergences take place:

;(57;;25 — Wggt, wa(c?z‘? — Watt, U_))S?) — Wy,

—(n) (n) (n)

Upp " — Uty Ugy — Ugg, Uzx — Ugg,

w

} weakly-* in L>(0,T; L*(0,1)). (4.6)

Then, by compact embedding,

n n
u(n) — U, u(z)_)u$7 u1(€ : — U,

) ) ( } strongly in C(Qr) . (4.7)

(n) n n n)
w — W, Wg ™ — Wy, Wy & — W, Wyy' — Wat,

By virtue of (3.3)—(3.3), the identities

u—jgn) _ wﬂ(ﬁnx%+u§cx) = f™(z,1). (4.9)

hold a.e. in Q7. The operator Z+P is invertible on C' [0 T], and its inverse is Lipschitz con-
tinuous (see [4, Corollary 11.3.4]). By (4.4) and (4.7), a™ — u, strongly in L2(0, 1; C0,77),
hence wly — (T + P)'[ug] strongly in L2(0,1;C[0,T]). Clearly, f™ — f strongly in
L?(0,1;C[0,T]), so that we can pass to the limit in (4.8)—(4.9) to see that (2.4)—(2.5) are
satisfied a.e. in Q.

The convergence of the initial conditions easily follows from the inequalities

k k
0@0) = 0@ < [ ub)lde, (o0 - o' @] < [ jul@lde, (410

n

for x € [(k —1)/n,k/n). To check the boundary conditions, just notice that

C
0,0 = n*lwi(t))? D N (Dpw)(t) < 222
|w;" (0, )] n” (87 = | ow(t Z pw)*(t) < —=,
WO = Sl < 3,

and similarly for x = 1. The uniqueness is easy as well: consider two solutions (u*, w*),
(U, wy), and set W = w* —w,, 4 = u*—u,, p=w;—u. We obtain from (2.5) that w; = P, .
Differentiating this identity with respect to t, and testing by w;, we obtain that

1
0

whence, by (2.12), w* = w,. The proof of Theorem 2.1 is thus complete.
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