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Abstract. Let T be a bounded linear Banach space operator such that >~ ; T <
o0o. Then T is orbit-reflexive. In particular, every Banach space operator with spectral
radius different from 1 is orbit-reflexive. Better estimates are obtained for operators in
Hilbert spaces.

We also exhibit a simple example of a non-orbit-reflexive Hilbert space operator
and an example of a reflexive but non-orbit-reflexive operator (acting on ¢;).

1. Introduction

Let X be a Banach space. Denote by B(X) the set of all bounded linear opera-
tors acting on X. All Banach spaces are considered to be complex unless it is stated
otherwise.

The notion of orbit-reflexive operators on a Hilbert space was introduced and
studied in [HNRR]. While the reflexivity of operators is connected to the invariant
subspace problem, its natural analogue of orbit-reflexivity is in the same way connected
to the problem of existence of closed invariant subsets.

We say that 7' € B(X) is reflexive if every A € B(X) belongs to the closure
of {p(T) : p polynomial} in the strong operator topology, whenever Au € {p(T)u :
p polynomial}~ (the closure of the set {p(T)u : P polynomial}) for each u € X.

Analogously, T is orbit-reflexive if every A € B(X) belongs to the closure of the
set {T™ : n € N} in the strong operator topology, whenever Au € {T"u : n € N}~ for
each u € X.

Many operators are known to be reflexive: e.g. subnormal operators on a Hilbert
space [OT] (in particular, normal operators and isometries), or Hilbert space contrac-
tions with isometrical H*°-calculus, see [BC].

The orbit-reflexivity of many classes of Hilbert space operators was shown in
[HNRR], e.g. for normal operators, contractions, algebraic operators, weighted shifts
and compact operators. Among others, each operator whose spectrum does not inter-
sect the unit circle is orbit-reflexive.

In this paper, we improve this result and show that each Banach space operator T’
satisfying Y [|T™]| 7! < oo is orbit-reflexive. In particular, if the spectral radius of T is
different from 1, then T is orbit-reflexive.

Better estimates are obtained for Hilbert space operators.

On the other hand, it is much more difficult to find operators that are not orbit-
reflexive. In fact, up till recently the only known example of a non-orbit-reflexive
operator was the Read operator [R]. The first example of a non-orbit-reflexive Hilbert
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space operator was given recently in [GR]. The operator is obtained by a modified
Read-type construction and it is quite complicated. We exhibit a relatively simple
example of a non-orbit-reflexive Hilbert space operator. Moreover, our operator 1" €
B(H) satisfies inf,, |T"z| = 0 for each # € H, but there are two points u,v € H
with inf,, max{||T™ul|, ||[7"v||} > 0. This is the first example of an operator with this
property and it might be useful in other constructions. In particular, it gives a negative
answer to Question 3 of [HNRR].

We also construct an operator acting on ¢; which is not orbit-reflexive but in the
same time is reflexive. Note that it is very easy to find an orbit-reflexive operator that
is not reflexive, since all Hilbert space contractions are orbit-reflexive.

2. Orbit-reflexive operators

Our basic tool in this section will be the following solution to the plank problem.
Proposition 1. (K. Ball [1]) Let X be a (real or complex) Banach space, y € X any
vector and f1, fa,... € X™ unit functionals. For each n € N, let o, > 0 be such that
>0 L an < 1. Then there is a point © € X such that ||z —y|| <1 and |(z, fn)| > a,
for every n.

A stronger result is known for operators on a complex Hilbert space.
Proposition 2. (K. Ball [2]) Let X be a complex Hilbert space and f1, fo... € X unit
vectors. For each n € N, let o, > 0 be such that Y ., a2 < 1. Then there is a point
x € X such that ||z|| =1 and |[(z, f,))| > ., for every n.

First we show that the conditions in Propositions 1 or 2 can be used for construction
of orbits of operators tending to infinity. The next two theorems improve the results of

[MV].

Theorem 3. Let X be a (real or complex) Banach space and S,, € B(X), n € N. If

e

then the set {x € X : ||S,z|| — oo} is dense in X.

Proof. Let u € X and € > 0. We are going to exhibit z € X such that ||z —u| < e
and [|S,z|| — oo.
There exists a sequence of positive real numbers 5, (n € N) tending to infinity

such that
B
S = < 0
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Let
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Then > 7 o, < 1.

For each n € N there exists y,, € X* such that ||y,|| <1 and [|Sky,| > % 1Sk =
1
3 1Snl-

By Theorem 1, there is an 2’ € X with Hm’ — %H < 1 such that ’< HSZZ”H >’ > a,

for every n. Let x := ex’. Then ||z — u|| < e and

can|lSnll _ ebn
2 2(s+1)

ISnall = € [(Sna’, yn)| = & [(z", Spyn)| = eom || S7ynll >

for all n. Hence ||S,z|| — oc. O

The analogous assertion holds also for complex Hilbert spaces. However, the com-
plex plank theorem (Theorem 2) is valid only for planks centered at the origin (“y = 0”),
so that we don’t obtain the density directly. To this end, we introduce one additional
plank that places the obtained point z into the given ball.

Theorem 4. Let X be a complex Hilbert space and S,, € B(X), n € N. If

oo

1
2
=t (15l

o0,

then the set {x € X : ||S,z|| — oo} is dense in X.
Proof. Choose any point v € X with ||u| = 1 and any number ¢ with 0 < ¢ < 1.
By linearity, it is sufficient to prove that there is an € X such that ||z — u|| < e and
| Snx|| — oc. .

Set § := 1 — 5. There is a sequence (f3,) of positive real numbers tending to

-y L

infinity such that

[Sll”

Thus the sequence of coefficients
152\ /2 gl/2

0y = ( ) Z
s+1 [

oo
52+Zai <1 and Ay, ||Sn|| — oc.

satisfies both

For each n € N find y,, € X such that [|y,|| < 1 and HSnynH > 1 HS*H = ; 1Sn]|-

We apply now the complex plank theorem, using the points u,

. as the
HS ylH HS* H

functionals and numbers §, a1, aa, . .. as the coefficients. Thus, there is an 2’ € X with
|’|| = 1 such that [(x’,u)| > ¢ and [(x/, S}y,)| > an ||S)yn]|l for every n. Therefore

”Snm,” > |<Snml7yn>| = |<:1:’,S;:yn>| > Qn H yn” > ||S H — 00,
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(u,2")

fwras - @' Then [[Spz|| — oo and

as n — oo. Moreover, |(z/,u)| > . Let = :=

U, T , ,
— — >
(x,u) = — (2" u) = [{(a',u)| >,

and therefore
o — wl)® = [|l2]|* + [[u]l* — 2Re (2, u) < 2 — 20 =&,
Hence ||z — u|| <e. O

Remark 5. (i) Note that in Theorems 3 and 4 we have proved the existence of a dense
set of points z € X such that [|.S,,z| — oo and inf, ||S,z|| # 0.

(ii) Note that in general, the results proved in Theorems 3 and 4 are not true with
bigger exponents, i.e., for Banach space operators satisfying > W < oo or Hilbert

space operators with > W < oo for e > 0, see [MV].

Let us turn now to the orbit-reflexivity. First, a simple observation shows that
operators with spectral radius less than 1 are orbit-reflexive. In fact, we obtain more.

Theorem 6. Let T' € B(X). Then T is orbit-reflexive in any of the following cases:
(i) the orbit {T"z :n =0,1,...} is closed for each x € X;

(ii) ||T"z|| — oo for all x € X;

(iii) ||T"z| — 0 for all x € X.

Proof. (i) Let A € B(X) satisfy Au € {T"u :n=20,1,...} 7 ={T"u:n=0,1,...}

for each u € X. Then Au = T"u for some n and |J,_, ker(A —T") = X. By the Baire

category theorem, there exists m such that ker(A —7"") has a nonempty interior. Since
ker(A —T™) is a linear subspace, we have ker(A — T™) = X, and so A =T".

(ii) follows from (i) and (iii) can be proved similarly. O

Theorem 7. Suppose that T € B(X) satisfies y ., ||T1n|\ < 00. Then T is orbit-

reflexive. In case X is a complex Hilbert space, then it is sufficient to assume that
Znzt i < 00

Proof. Let > 7, ||Tn|| < 00. Let A € B(X) be such that Au € {T"u : n € N}~ for
each u € X. There is no loss of generality in supposing that A # T™ for all n € N.

Observe that
Z HT" AH

Indeed, since [|77]| — oo we have [T — A > [T = Al = & 7] for all n large
enough. So for a certain ng € N we have

> 1 > 1 =2
— < — < — _ <o
n;() [T — A n;() |77 — [ Al n;() 7|
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Therefore, the operators S, := T" — A satisfy the conditions in Theorem 3. So
there exists (in fact a dense set of points) z € X with ||[(T™ — A)z|| > 0 for all n
and ||(T™ — A)z|| — oo, cf. Remark 5. Thus there is a constant C' > 0 such that
inf, [[(T" — A)z|| > C > 0 and we have a contradiction with the assumption that
Az € {T"z :n € N}~

The second statement can be proved similarly by using Theorem 4 for the operators
™ — A. m|

Corollary 8. Every operator T € B(X) with r(T') # 1 is orbit-reflexive.

Proof. If (T) < 1 then lim,,_, ||7"]| = 0. Now apply Theorem 6.
If 7(T) > 1 then |[|[T™|| > n? for all n large enough, since otherwise r(T) =

inf,, HT”Hl/n < 1. Now apply Theorem 7. |

Denote by {7}’ the commutant of an operator T' € B(X), i.e., the set of all
operators S € B(X) commuting with 7. Denote by {7} the bicommutant of T, i.e.,
the set of all operators commuting with all operators in {T'}'.

Proposition 9. Let T € B(X). Suppose that there is a nonzero x € X such that the
closure of its orbit {T™x : n € N}~ has cardinality less than continuum. Then either T
has a nontrivial closed hyperinvariant subspace or each operator A € B(X) satisfying
Au € {T™u:n € N}~ for each u € X belongs to {T'}".

Proof. Let  # 0 be a point such that the cardinality of the set W := {T"x : n € N}~
is less than 2¢.

Set M := {Bx : B € {T}'}. If M is a proper subspace of X, then it is a nontrivial
closed hyperinvariant subspace.

Suppose that M = X.

Let A € B(X) be such that Au € {T"u :n € N}~ for every u € X. Let B € {T}'.
We will prove that BAx = ABx.

Fix any «a € o(B) (the resolvent set of B). According to our assumption on A, we
have A(al — B)x € {T"(af — B)x : n € N}~. But since o/ — B commutes with 7"
and is an invertible operator, we can rewrite the latter set as («l — B)W. In this way,
we can assign to each o € p(B) a point w, € W for which A(al — B)z = (ad — B)w,,.
Since the cardinality of W is smaller than the cardinality of o(B), there are two distinct
complex numbers «a, § € o(B) with w, = wg =: w, i.e.,

A(ax — Bx) = aw — Bw,
A(Bzr — Bx) = pw — Buw,

which yields the identities

(Od - ﬁ)ASE = (Oé - ﬁ)wv
(6 — a)ABx = ( — a) Bw.
So Ar = w, ABx = Bw and BAxr = Bw = ABx.
Therefore, for each C' € {T'}' we have ABCx = BCAx = BACz. Since the set
{Cz:C € {T}'} is dense in X, we have AB = BA and so A € {T}". O
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3. A non-orbit-reflexive Hilbert space operator

Denote by m the normalized Lebesgue measure on the unit circle T. Denote by
|- ||2 and || - || the norms in the Hardy spaces H?(m) and H®(m), respectively.

Lemma 10. Let p,q be polynomials, |p|lla < 1, |lgll2 < 1 and let 0 < ¢ < 1/3.
Then there exist polynomials r, s such that ||rp + sq|l2 < &, [|7]|cc < 1, [|S|lec < 1 and

max{[|7{|z, [[s[l2} > 1/3.

Proof. Let M; :={z €T : |p(2)| > |q(2)|}, M2 =T\ M;. Without loss of generality
we can assume that m(M;) > 1/2. Define functions g,h: T — C by

1 (z € My)
hiz) = {o (z € My)

q(z)
9(2) :== { p(2) (z € My)
0 (Z € MQ)
(if p(z) = q(z) = 0 then set g(z) := 0). Note that ||g]|ec < 1, ||h]|ec < 1 and pg+gh = 0.
Let K = max{1, ||p|/co, ||¢lloc}. There exist continuous functions gi,h; : T — C
such that ||g1 — g||2 < 3% and ||h1 — k|2 < ;%-

z hi(z
Define gg,'hg : T — C by g2(z2) := m, ha(z) = W(hi(z)\} Clearly
g2, ha are continuous, [|gafloc <1, [[h2llec <1, [lg2 — gll2 < 7% and |[he — hll2 < 3%

There exist trigonometric polynomials g3, hs such that ||gs — g2|lcc < €/4K, ||hs —
ha|lso < e/4K. Moreover, we may assume that ||gs||cc < 1, ||h3]|lco < 1.

Choose I € N such that 7 := 2'g3 and s := z'h3 are polynomials. Then ||7||. < 1,
|s]loc <1 and

7D + gsll2 = ||24g3p + 2 haqll2 < ||2'gp + 2'hqll2 + |12 (93 — 9)pll2 + |2} (hs — R)q]-
< Kllgs — gll2 + K||hs — hl|2
< K(|lg3 — g2ll2 + llg2 — gll2) + K (||h3 — hall2 + ||ha — h2) < €.

Finally,
Isllz = llhsllz = lAll2 — llhs — hll2 = 1/2 — /2K > 1/3.

If m(M;) < 1/2 then m(Ms) > 1/2 and we can proceed similarly. At the end we obtain
I7ll2 > 1/3. =

Example 11. There exists a Hilbert space X and an operator T' € B(X) such that
(i) inf, [|[T"z|| = 0 for all z € X;
(ii) there are points eg, fo € X such that inf,, max{||T™eo||, ||T" fo||} > 0.
Consequently, T' is not orbit-reflexive.

Construction. For N =1,2,3...let ey := N~1/3 .
The underlying Hilbert space will be

X = Z@éYk,
k=1



where Z is the Hilbert space with an orthonormal basis {e;, f; : j =0,1,2...} and Y}
are finite-dimensional Hilbert spaces which will be determined in the construction.

We construct inductively integers ky, N = 0,1,2..., integers ax, spaces Y and
elements wy € Z, k =1,2,3..., in the following way. Set formally ky := 0 and ag := 0.
Let N > 1 and suppose that the integers ky_1, ar, spaces Yi and elements w, € Z
have already been defined for 1 < k < ky_;. Write for short by_; := ag,_,. Let
Zy := Span{ej, f; : 5 = 0,...,by_1} and let wgy_,41,..., Wy be an e%-net in the
closed unit ball of Zy.

For k = kny_1+1,..., kN we can write wy = Z?i_vgl (agk)ei +ﬁz-(k)fi) with complex
coefficients agk), ﬁi(k). We define numbers p; (0 <i < by_1) in the following way. If
1§M§N—1,kM_1<l<kMandal<i§2althenset,ui=€ﬁ. If 2a; < 1 < 3q
then u; = 5&(36”_2)/0”. Set p; = 1 otherwise.

Consider the polynomials pg, gx defined by pi(z) := 2?20_1 magk)zi and g (2) :=

S w2 We have [lpfle < ex’y and [lgella < exty.

By Lemma 10 for the polynomials ex_1pk, EN—1qk, there exist my € N and poly-
nomials 7,(z) = 7% v 2t s (2) = 2% 6727 such that ||rellse < 1, [[sklloe < 1,
max{||rll2, |skll2} = 1/3 and [[repi + spqrll2 < en-

Choose numbers ar  (ky—1+ 1 < k < ky) such that a;; > a? +3a;+m; (j=
kn_1,...,kn —1).

Let Y}, be the finite-dimensional Hilbert space with an orthonormal basis uy ; (j =
O,...,mk+2ak—1).

Using induction, we continue the construction in the above described way.

Now we define the operator 7' € B(X) by:

Tug; = Uki+1 (ke N,0<i<my+2a, —2),

Tuk,mk+2ak—1 = 07

my
Teq, ;= eNe€ay+1 + Z%'(k)uk,i (knv—1 <k <kn),
i—0

mp,

Tfap = enfasr+ D 0w (ky-1 <k < k),
i=0

Tej = Egjl/akej_i_l (kN—l <k< kN, 2ay, S] < 3ak),

Tfj = EJ_Vl/akfj_H (k?N—l <k<kn,2arp<j< 3ak),

Tej:=ejr1 and Tf; = fjn otherwise.

That is, T acts on the standard basis of Z as a pair of weighted shifts, up to
the points of the form e,, and f,, . It is easy to see that 71" defines a bounded linear
operator on X. It is easy to check that | T|] < 2. Note also that for each k € N, we
have T ~%%~1¢e, | =eq, and T4~ %-1f, = fq,.

Let E := Span{e; : © = 0,1,...}, F :=Span{f; : 1 =0,1,...} and Y := P, Yz.
For a closed subspace M C X denote by P,; the orthogonal projection onto M.

To prove (ii), let j € N. If j ¢ (Jro {ar + 1,...,3ax} then ||T7eo| > ||PzTVeo|| =
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lej|| = 1. So we may assume that a, + 1 < j < 3ay, for some k. Then

max{|[T7 e[, ||T7 fol|} = max{|| Py, T’ eo|, | Py, T” fol|}
:maX{HPYij_akeak H? ”kaTj_akfak H} = maX{HPYkTeak ”7 HPYkaak ”}

mig mig
= max{ HZ ’Yi(k)uk,z' ; HZ 5§k)uk’i
1=0 i=0

So max{||T7eo||, || T fo||} > 1/3 for all j.

p = max{|[rell2, [skll2} = 1/3.

To prove (i), suppose that z € X is of norm 1 and 0 < & < 3.
There exists M > 1 such that [[(Pz — Pz, )z| < {5. There exists N > M such

that -
6}\{2 < 9M,

| > A <5

=kn_1+1

HPZN+1 PZN.CEH <€3/2.

Indeed, the first two conditions are satisfied for all N sufficiently large. Suppose on the
contrary that ||Pzy o — Pzyx| > 51\{ for all N > Ny. Then

1= ||m||2 > Z HPZN_H.I — PZNmH2 > Z 5:])’\] —

N=Ny N=Ng

a contradiction. Fix N with these properties.
Find k, ky_1 < k < kx such that ||Pz,z — wi|| < &%. Set j = 2a; + 1. We have

jrizf < Z Pyl +] 3 Tpv] 4 1P Pyl
=kn-1+

+ |PzT? (Pzy — Pz, )z| + ||PZTJ(PZN+1 — Pzy)z| + | P21’ (Pz — Pz, )|
+ HPYTJ(PZ - PZN+1)$H + HPYTj(PzNﬂ - PZN)JUH
+ prTj(PZNJZ — wk)H + HPyTj’wkH .

We estimate all the terms in the previous formula.

Since k > ky_1 and j > ax > 2ak,_, + Mk,y_,, we have Zk, " T7Py,,x =0.
For k' > kn_1 we have [|[T7]y,, || < 1, and so

| S rrgel<| ¥ mul<en
=kn_1+1 k'=kn_1+1
It is easy to see that

||PZTjPZM || = sup{||PZTje,-|| ) S bM—l} S 6&1€N€]_\fi/ak < 6&16}\{2 < 9



and so ||PzT7 Py, x| < §||Pz,, x| <
Similarly,

£
9

||PZTj(PZN — PZM)H = max{||PZTje,-|| thyo <1 < bN—l} <2,

1PzT7 (Pzy 4y = Pzy)|| = max{||[ Pz eq|| : by-1 < i < by} < ey’

and
”PzTJ(PZ — PZNJFI)H = maX{HPZTJeiH by < Z} < 2.
Thus . B
1PzT’(Pzy — Pzy)zll < 2[(Pzy — Pzy )zl <,
, _ 5
|P2T? (Pgy,, — Py x| < exted? =el? < 5
and _ .
HPZTJ(PZ - PZNJrl)':C” < 2H(PZ - PZN+1):UH < §
We show that ||Py,T7Pz| < 2ey'. Clearly |Py,T7Pg| = ||Py, T’ Pg,|| where
E, = Span{eq,...,eq,}. Let y = >"7* Ne;, [ly| = 1. Note that the numbers p;
mentioned in the construction satisfy 0 < p; < 51_\,1 (0 <i<ag)and T% e; = pe,, -

We have
my mg
IPy, Tyl = |ra(2) ;Amizl\t < Jrellos H; N

< (% |/\i,uz'|2)1/2 <ey (Z |\l ) = ey
i=0 :

i=0

So || Py, T7 Pg|| < ey' and similarly, || Py, 77 Pr|| < ey'. Hence
1Py, T7 Pz|| < || Py, T Pe| + || Py, TV Prl| < 2e".

It is easy to show that for k&’ > k we have || Py, T Pz|| < 2, and so ||PyT? Pz|| =
supy> || Py, TV Pz | < 2ey'. Furthermore,

HPYTJ(PZ - PZN+1)H o kSup ”PY/T](PZ - PZN+1)” <2
'>kN

So
|PyT?(Pz — Pzy,,)z|| <2||(Pz — Pzy,,)x|| <

NeN Q)

1Py T9 Py, — Pry)al| < 2650 | (Prws — Pry)z|| < 2e36%% = 242 < g

and

|PyT7 (Pgyx — wy)|| < 263t [Pz — wy || < 2eyten” = 2687 <

Finally,
. €
| Py T? wi || = ||repk + skarll2 < en < 9

Hence ||T7z| < e.



Consequently, T is not orbit-reflexive since the zero operator is not in the strong
operator topology closure of polynomials of 7" but 0 € {T"z : n € N}~ for each z € X.

4. An example of a reflexive operator that is not orbit-reflexive

In this section we construct a reflexive operator on ¢; which is not orbit-reflexive.
The construction is similar to the Hilbert space case which was considered in the previ-
ous section. However, since the norm in /; is simpler to compute, we are able to prove
the reflexivity of the operator (in the Hilbert space case we were not able to prove this
because of technical difficulties).

Example 12. There exists a reflexive operator on ¢; which is not orbit-reflexive.

Construction. For N = 1,2,3... let ey = 1/\/N Let arp, K = 1,2,3..., be an
increasing sequence of positive integers such that a1 > 6a2.
The underlying space will be the ¢;-direct sum

XzZ@éYk
k=1

where Z is the ¢; space with standard basis {e;, f; : 7 = 0,1,2...} and Y}, are the ¢;

spaces with standard bases {uy i, vk :1=1,2,...,5a3}.

We construct inductively integers ky, N = 0,1,2..., and elements w, € Z,
k= 1,2,3..., in the following way. Set formally ky := 0 and a¢ := 0. Write
for short by := ar,. Let N > 1 and suppose that the integer kx_; and elements
wi,. .., Wk, , have already been defined. Let Zy := Span{e;,f; : j =0,...,by_1}
and let wy,y_,41,..., Wk, be an £3-net in the closed unit ball of Zy.

Using induction, we continue the construction in the above described way.
Now we define the operator 7' € B(X) by:

2 2
— 1 ay — 1 @k .
Teak ‘= €ap+1 + E Zi:l Uk,i, Tfak S fak—|—1 + g Zi:l Vk,i,

Teak—|—3ai = ENeak+3ai—|—17 Tfak—|—3ai = ENfak+3ai—|—1 (kN—l <k < kN),
. —1/aj, . —1/a3
Tej:=ey ' "ejt, Tfi=en""fin
(k?N—l <k<kn, ap + 3@% <73 < ag —|—4ai),
Tej = €541, Tfj = fj+1 otherwise.

Thus T acts on the standard basis of Z as a pair of weighted shifts, up to the
points of the form e,, and f,, .
Further, let

Tuk,f)ai = 07 TUk,E)ai = 07
Rl r - 2 2 _ 2
Tug,; = Uk, i+1, Tk, = Vkit1 (1 <i<2aj or2a; <i<bay).

It remains to define 7" on Span{uk,%i, vk,QQi}. Since wy € Zy for ky_1 < k < ky,

we have wy = Z?ﬁal(agk)ei +ﬂfk)fi) for some complex coefficients agk),ﬁi(k). For

i = 0,...,by_1 we have T% ¢, = pe,, and T*7'f; = p;f,, for some p; € C
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satisfying |u;| < ey'. Set aF) = Z e ( ) and ) = Zb’\’ ! B(k) Without loss

of generality we may assume that |a(k)| # | ﬁ(k)|

o)
If [a®)| < |3%)| then set Tug 202 = Up 9241 and Ty 942 = 5(k>uk 2a241- If

o)
|a®)| > |3()| then set Tk 242 += Vg 20241 a0d Ty 9,2 = — 57 V) 242 11- Note that in

both cases we have T(a(k)uk’%i + ﬁ(k)vk’%i) =0.

Let Y = @, Y. Denote by Pz, Py, Pz, and Py, the natural projections onto
the corresponding subspace of X.

It is easy to check that ||T|| < 2. Note also that for each & € N, we have
T=%-1e, | =eq, and T~ %-1f = f, .

We prove that
max{|[T" e[, [T" foll} = 1

foralln =0,1,2..., and for each x € X and € > 0 there is a j € N such that HTJmH <e.
As in the previous section, this gives automatically that T" is not orbit-reflexive.

To prove the first statement, let n € N. If n ¢ Up— {ar + 3a; + 1,..., a5 + 4a?}
then PzT"ey = ey, and so max{||T"eol|, |T" foll} > ||PzT"eo|| = 1.
Let ay, +3a; < n < ay +4a3 for some k. Recall that wy, = Zbﬁo Yo (k)el ﬁ(k)fl)

7
ak) — Zfl\lol i (k) and ﬁ(k) szv 1 Nzﬁ(k) where T~ ze = i€, and 79— zf
i fa, . First suppose that }a(k)‘ < }ﬁ(k)‘ so that 1" is a shift on uy ;. It is then easy to
show that
1 n—a;ﬁ—ai—l
Py, T"ey = p) Z Uk, i)

i=n—ag

and so ||[T"ep|| > 1. If }a(k)’ > ’6(’“)’, then we obtain in the same way that || 7" fo|| > 1.
Hence max{||T"eo||, || 7™ fo||} > 1 for all n.

To prove the second statement, suppose that z € X is of norm 1 and 0 < e < 1.
There exists M > 2 such that ||[(Pz — Pz,,)z|| < <. There exists N > M such

18
that o e
6}\{2 < 9M,

18
by_1eny > —
€

o (1)
> Pl <

k'=kn_1+1

HPZN_H.I — PZN.IH < 6%\].

Indeed, the first three conditions of (1) are satisfied for all IV sufficiently large. Suppose
on the contrary that ||Pz, ., @ — Pz, x| > % for all N > Ny. Then

o oo
1=||.I||Z Z HPZN+1'I_PZN$H = Z gﬁ\f:
N=N, N=N,
a contradiction. Fix N with properties (1).
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Find k, ky_1 < k < ky such that ||Pz,x — wi|| < €%. Set j = ai, + 3ai +1. We
have

jrizf < Z Drva|+] 3 TR+ 1P Pzl

k'=kn_1+
+ |PzT? (Pzy — Pzy )z| + [|PzT? (Pzy,, — Pzy)z| + ||PzT? (Pz — Pzy., )|
+ ||Py T (Py — Pzy ) )z|| + || Py T/ (Pzy,y — Pzy)z|
-+ prTj(PZNJZ — wk)H —+ HPyTj’wkH .

Since k > ky_1 and j > aj > 5“%,\,_1’ we have ZZV; Tijk,:c = 0.
For k' > ky_1 we have ||T7|y,,|| <1, and so

| > ] X me]<§

=kn_1+1 k'=kn_1+1

The folowing four terms can be estimated by €/9 similarly as in the Hilbert space
case. We omit the details.

We have
[Py T (Pgz — Pzy,,) || = max{||Py T e, [| Py T? fi]| = i > bn'}

—j/aj kn+1 <2

< max{||PzT7 e; ||, | P77 fill : 5/ <jii > bn} <eny

and similarly

1Py T Py, || < max{|| P17 e, | P17 fi]| : 5 < j,i < by} < ex'

Thus ’ B
prTj(PZ - PZN+1):UH < 2H(PZ - PZN+1)':C” < §7
, _ _ €
HPYTJ(PZN+1 - PZN)’I)H < 8N1 H(PZN+1 - PZN)’IH < Eng%\] =en < 5
and -
HPyTj(PZN.I — Wk H < 5N1 ||PZN.’L’ —wk|| < €N 5N < §
It remains to estimate || Py T7wy||. We have
| Py T wy || = !\PYijwk!\
. bn [Lzﬁ( ) ai
= HT?’“k Z < Z Uk i+i Z Uk,z‘+i/> H
i= k i'=1
1
_ a_iHTgak <u006(() )uk,l + Moﬁo v + (o Oé(() ) 4+ MlOé( ))Uk,Q

k
+ (1o + m B k2 + -+ D> (@B + P v )+
s=bny_1+1
k k
o + lubN—lal()N)71uk7ai+bN—1 + lubN—lﬁISN)71,Uk‘7ai+bN—1) H
2 €

< Lo on £ Dl < —— < <
— * Z& _ w —.
- a% N PN Kl = enyar ~ enbyn_1 9
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Hence ||TVz|| < e. This implies that T is not orbit-reflexive.

We show now that T is reflexive. Suppose that an operator A € B(X) leaves
invariant all the closed subspaces which are invariant for 7". Without loss of generality
we may assume that ||A|| = 1. We have to show that A is a limit of polynomials of T
in the strong operator topology.

Let K € Nand let y € Y, y # 0. Let s satisfy 7%y # 0 and T°T1y = 0. Since
Span{y, Ty, ..., Ty} is invariant for A, there are numbers Ag,...,A\; € C such that
Ay =375 g MT'y.

Fix any natural numbers [ > k such that |a()| < |8®)]| (so that T is a shift on u;;
such a number certainly exists) and consider the spaces invariant for 7' generated by
the vectors u; 1 and y + u;,1, respectively. Since these subspaces are invariant for A,
there are complex numbers &; and n; such that

2
S5a; —1

i
Aup = E &1
=0

and
5al—1
Aly +w1) = Zm (y + 1)
Thus
5al—1 5al—1
ZmleﬂLZmTUsz > mTuH—ZATwZ&TuZﬁ > &l
i1=s+1 1=s+1

Since the vectors T'y (0 < i < s) and Tlu;; (0 <@ < 5al — 1) are linearly inde-
pendent, we have \; =& =mn; (0 <7 <s) and Ay = ZBG’“ &T'y. Note that this
i ] < ’Z§zk LT ul,lH <

|Aug 1| < ||A]| = 1. Moreover, if Ay = 250” ETIy for all y € Y then & =& (0 <
i < 5a2 — 1).

equality does not depend on y € Y. Note also that >, "¢

2— .
Thus there are numbers &g, {1, . .. such that > & <1 and Ay = Zfijo ! &Thy

for all j € N and y € Yj.

For k € N let pp(z) := Zsa’“_l 2", Then ||px(T)|y|| <1, and so we have Ay =
limy 00 pi(T)y for all y € Y.

Let E := Span{e; : j > 0} and F := Span{f; : j > 0}. Let x1,...,z, € E and
Tntls---,Tm € F be unit vectors, ¢ € N and let 0 < ¢ < 1. It is sufficient to show that
there is a k > ¢ such that ||pg(T)x; — Az;|| <e (i =1,...,m). This will show that A
belongs to the closure of polynomials of T" in the strong operator topology.
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As above, it is possible to show that there is an N such that
€

€N<§,

kN+1

> gl <ek,

Jj=kn+1
€ .
I = Pryull < g5 (i=1,0.m), @
H(PZNJrl_PZN)xi”<E?V (izl,...,m),

kn
|(1= P2y = > Py, ) A

k'=1

g
<= i=1,...,m).
( m)

Set k = ky. Fix i € {1,...,n} (for n + 1 < i < m the proof will be similar). Let z; =

Z;ijo vje; with v, # 0. Clearly jo < by_1. Let s = 5a2+a,—jo. Let @ be the natural

projection onto the space Span{ey, ..., e5ai—|—ak7Yk’ (k' <k),Vk411,---)Vkt1,s+1}-
Consider the vectors z;, vr41,1 and x; + vi41,1. We have

S
QAvs11 =Y &T v,
j=0

and there are complex numbers v, n; such that
S
QAQZ'Z = Q Z VjTJ.fCZ'
7=0

and

S
QA(wi + vg41,1) = Q Z 0T (i + Vgy1,1)-
=0

As above, we have v; = &5 =1n; (0<j <s). So QAz; = QY _(&Txi.
We have

(A = pe(T))zil| < [(I = @) A + |Q(A — pr(T)) il + [(I = Q)px(T)4]].
By (2), [[(I — Q)Az;]| < /4 and

QA ~pu(rall = @ 3 e < || 3 g1

J=oa Jj=9a
S
< > |&] - max{||T7]| : 5ag < j < s} < ek -2y =26y <e/4
j:Sai
Furthermore, since (I — Q)px(T") Pz, x; = 0, we have

(I = Q)pr(T)zi
< (I = Q)pi(T)I = Pzy.i)will + (I = Q)pi(T)(Pzy.y — Pzy )il
< ”pk(T)(I - pZN+1 )x’b” + Hpk(T)(PZN+1 - PZN)':EiHv

14



where

Sai—l
Ipe(T)I = Pay. )il = | D2 &T/ = Pay, )z
=0
5ai—1 ‘ Ag B
= ( Z |€J‘> maX{HT](I_ PZN+1)” :0 S] < 50% - 1} ’ ”([_ pZN+1)':EiH < E = Z
=0

and
”pk(T)(PZN+1 - PZN)':CiH < ”pk(T)H ’ ”(PZN+1 - PZN)':CiH

< max{||T7]|: 0 < j < 5aj — 1} -e% < 2ey'ey = 2en < £/4.

Hence ||(A — pr(T))x;|| < € for each i, 1 < i < n, and similarly, for n +1 < i < m.
This implies that A is a limit of polynomials of 7" in the strong operator topology and
hence, T is reflexive.
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