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Random networks

Granular matter®, Acoustics’, Scattering on graphs?
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Force chains in sheared sand.

Yeast Saccharomyces Cerevisiae proteome network.
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Models of random graphs*

Erdos-Rényi: each edge is
placed at random with probabil- Small worlds of Watts and Strogatz'

ity p.

Scale-free network: A.L. Barabasi and R. Albert* (1) growth and (2) preferential attach-
ment. New node with m edges, prob. attachment Ws [0 am+ k.
Exact solution Dorogovtsev et al.T.
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Spectra:
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Random network.

Density of states p()), inverse participation ratio w*(A)
and connectivity of the centers c(A) (divided by q) ‘
averaged over 2000 samples for g = 20, N = 800. gL S SR Py
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Inverse participation ratio for N = 256
and N =512 averaged over 1000 samples.
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Scale-free networks*®
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Density of states. Power-law tail.
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Hierarchical scale-free networks* @
n=0 o /N
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Iterative construction
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Hierarchical network construction.
Cumulative density of states

*A.-L. Barabasi, E. Ravasz, and T. Vicsek, Physica A 299, 559 (2001) ; S.N. Dorogovtsev, A.V. Goltsev, J.F.F. Mendes, Phys.
Rev. E 65, 066122 (2002); E. Ravasz, A.L. Somera, D.A. Mongru, Z.N. Oltvai, A.-L. Barabasi, Science 297, 1551 (2002).



lteration:

() make p—1 copies of the system,;

(i) connect all nodes of all the p— 1 copies to first node of the old system

Hh=Hp® (H1®...©®H1)®... @an—l ST Hn—lz‘f'vn, Vnlij = dio + 0j — 29090
p—1 times p—1 times

example: p=3
n=~0 o HO =0
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Projection technique

Resolvent after n iterations | Gy(z) = (z— Hn)_l

Projector to first node: [Pqlij = 6j0dj0, Qn=1—Pn

Key guantity:

tn(@) = 3 [Gn(2)i

On = PhGnPh = .

Z—0On

i : 1+(2+
Recurrence relation for self-energy: Ont1—On=(p—1) g_ci)on
b 14-0n)2+(14+2)%u
Auxiliary: Unsq—Un= (p— 1) ?)z—o(n)Z )“Un
: 1 1
Trace: th=(p—1) an:othF ngz



Continuous limit
p—1,n— o, p?=N fixed; N — 0 at the end

E=p " z2=8Y2z on(2) = £ 1/%0(8,&1/%2), un(2) = u(E,&1/%2),

recurrence relations become partial diffrential equations

0_ 1.0-_ E+2vr+z
EaEG+ z—o—io =
Eiqu ZEGJr (VE+8)7+(v/E+2%0
0¢& (z— cr)

Density of states contain contributions from all sizes
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Solution*
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Leading correction of order \/E: express solution as series in g1/2.
0(&,2) = 00(2) + 31 E/%0k(2)

-expansion = 1/z-expansion

23/21+u0222d2+z4/ [ 1(2) )_|_(1‘|_'EO( 2))01(2)

Density of states:




Localization (towards...)
Key quantity: | A(z,Z) = 5 [Gn(2)]ii[Gn(Z)]i

|

4 functions A1+ (w) = A(w+Eig,wtig)
Inverse participation number:

M(w) = —(21) 2 (A~ (00) + Agi (@) — A4 () — At ()

. n-1 14 Yn(z7) Xn(Z,2) = Xn(z2)
An=(p—1) rrgol\mjL (z—on(2))(Z — on(Z)) = On(2) T On(Z)

B (14 0n(Z))? (1+2)2 (1+2)2
Apfl=S (P ((z— 0@ Z—-0n@2 | Z—on@)2 " T on2)(Z - Gn(Z'))ZYn>

3 1+0n(2) 1+ 0n(Z)\° 1+z  1+7 \?
Mt =R ((zon<z> o) T (Camra@) Y”>




After continuous limit (finite N, to be sent — o eventually):
fore. g. Ay_: (denote 01 (&, w) = 0L (&, wtig))

2 [0 1+ Y4 ((8)% @)
A Y [(cb 6.+ ((2)2.6) (@
X (826 | X-((92%0) \&] -
+<&)6+((8)2,6))+6)6((8)2,6)) a) o
Asymptotic solution for ®— 0: Y ~ In, X ~ 1




Conclusions

e Spectrum of scale-free network calculated
e Power-law tail confirmed Imt(w) ~ w >

e L ocalization: “weak” — localized on small

but infinite region m(w) ~ InWN

(more precise analysis desirable)



