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Continuum Mechanics, part 5

Stress 2
 Meaning of G.L. and 2" PK for large rotations and
small strains
e Strain and stress invariants
* Incremental and rate approach



The Green-Naghdi and Jaumann stress rates are commonly used
for stress calculations with finite rotations and 1argg'
deformations.

Corotational stress rate coul? be effectively used fo:u

objective evaluation of stresses in a corotational frame of

Z‘J = Cgkﬁ de
14]= [RT IR ]

is a corotational rate of deformatior, obtained from the velocity

reference

1) 1)kl Kkl

where

[(d] = [R]" [D] [R]

gradient [L] by

H(LL] + [L]7). LB_X = AE(L\_] + [L]T)

[D]

1l



In this configuration the «c¢z: otational stress could be
updated for the next time step, regardless whether time

variable is fictitious or real, by

t4at t ) [ : 1
“Bis] = 2] + At [£]. E\ = E_ v At 2

Finally the Cauchy true stress at the new configuration is

"oy - (r] O] (R o \_G} B UZ]MA[E]WZ‘J

Note

The evaluation of the rotation matrix [R] requires that we
solve the standard eigenvalue problem numerically, i.e. that we

find eigenvalues and eigenvectors of the right Cauchy-Green’

deformation gradient [C] = [F] [F)]. lloger and carlson (1984)
suggested an elegant algorithm based on the application of the
Cayley-Hamilton theorem which gives the [R] without looking for
the eigenvalues and principal axes. The implementation of both

approaches shows, however, that the number of floating point

operations (flops) needed for the computation of [R] is in favouz
of analytical solutions for a 2D problem, while for 3D problems
the number of flops is roughly the same. A closed form analytica:

solution for findirg the rotation tensor can also be found in
Malvern (1969),

T
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INTERTLETATION OF  STRESS AND  STEAIW
TENSORS INCASE OF SHMALL STRAWSE And
LARGSE RoTAT\ons

LeTS SUNnARIZE
Xi= g + U

'But Dy Oy _
& l( )-’- Vo, j')zt“j*'klﬁ

Now — APPLY A FINITE RoTATION  DEFINED X¢
ORTHOCTNAL RomTioN TENSOR. Q" s Hal

A VECTOR 4G TURNS  INTO A MW VECTOR. A&

{da‘} = [a] {a\q}
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AND TS LENCTR \S UNCRANGEDN
Lo} (| = ([ {Aa) ]l = Us.

ay - Awhad  emdiale T/uw Wik wul eakas @
wdh a; . bl adatie L He ) 1
) s -
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Nb\s) THE TBODY WILL RE GIVEN TITNFIMITESI\HAL

DEFORNATION , SO TWAT THE V\ECTOR. Aa'
TURNS NTo A x

JX = dxje) = dxe;
o
RLSEC THE DEFORNED NECTOR. BRE EXPRESSEN (W

TRE Torn

Aiw di+ Al = A8+ A8



fou SHOULD WOTICE  THAT cm0167b
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( \di\ = A

_
Ax da + AM "'“J\a o J ‘da(= '\da\\.___Jso

du\ .. BIN(TE
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CSTRAIN  INVARIANT . \S ExXPRESSEN £ THE
DIFFERENCE OCOF SQUALES O©OF LEMNGETHS

eiasd= LI TR (an] = 4 f0) T )y

INDEPENDELTLY O©OF T 4B CHO\CE OF
CoORBNATE ISTETEM S(NCe

Fi=5; - Nm’iam g
el = 1 (AFL- 1) - (\F]Uﬂ [a][F]-1x1) - &)
i
= E‘&S = E{j hnd E‘J % E’J
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IN CASE ©F SHMALL STRAWS 4AN) LAHQLEE
E.o‘n.'nous) TAE CREEN — LACRLANGCE STRHIN
TENSOR. ConToNEWTS AE EQUAL TO THE

ENCINNERING STRAIN COMIOWVENTS (N A

COCRDINATE SYSTETM REdLY RoTATED Wi
TRE VodY

(2. wallet-

lu%rc*\. )



SINMILARLY TOR. STRESSES cm0170a

U:l - [R][U] . POLAR.  DEContos (Tow

[Ulé lil+le]l . = (NEIN(TES INAL  STRAIN

(seR QD))

AN THEN THE DEFORNATION @MNEU\ CAN RE
APROXNATED Y

[7]= =)

IN CASE ©oF \WFINA\TESINAL  STRAW °§’g=1 ARND
THE  SELomd TRloLA K\RCUROFR  <TRESS ~AN RE EXPRESCEN

lel= [¥ 1" [S1081T = [e]is1(e]
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TRUE CAhULUCHY STLESS ANV RE EXPRESSEN
N THE TRINED (@) coord(LATE SysTEn Y

e
[6']= [R][eT[]
ConrANG THE | AST TWO EQUATIONS : [Q]'{@‘]

—oNCLVUS\ON
TV CAASE OF SMALL CTROINS  AWND LARCE
ROoTATIONS  THE SECOWUD PIOLA K\RCHUOFT
STRESS ConPoONEVTS 4RE EQUAL TO TE
CALCHY ) TRUE  STRESS conPoneEwTs (M
# SNYSTEWM RICIDLY RoTRTING  W(Th WE PACTWLE
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A SHORT SUMMNA R Y

PRINCIPAL AXES AND INVAQIAWTS OF THE SEConb ORDER TEMDR.

STRAIN  INVARIAVLTS

TWO SETS oF INVARIALTS ARE DEFIVED AND ULUSED

{) ASSOCIATEN WITH CHARACTERISTIC EQUATION OF TENSOR

\ ¢
STANDARD TRAMNSTORTMATIOW x] k

[e]= [A1(e}IN]"

WE ARE LookiIne Fok sSuch LA]
WHICH GIVES L€'l oF BIAGONAL Form
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STANMRYD EIGENVALUE  PRORLEM

.- i Eaa

£3, B B | (\:21")\‘.1})&0‘.& = {5}

NOWTRIVIAL SoLUuTION WLy \¥

En ot ] (lEl-ala]) -

WHICH GCHNES CHARACTERLISTIC EQUATION OF STRAWNN TEWSORL

i | — L adl p—
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WHERE A ore TRINCIPAL STRAINS  auwd
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2) ASSoCATED NITH THE TENSOR THROUGH (TS TPRoPERTY
OF TRACE AND BIFFERENT ORDERLS OF TRACE

1= #(Y.ﬂ) tr... trace ... mmr&waﬁ,ﬂdt,

T, = w([ *a]q') -

NOoTR

—  THESE (NVARIANTS  ARE  INUVARIANT WITH

RESPECT TO TME CHO\CE oF COORDI\WATE
SYSTEWM

—  EACH FARTICLE H#AS (TS OWN  (NUARIAUTS

— A TULTIPLE oF [WARIANT (S &N (WWARWANT
cmO172 kS WELL (SEE GAACTERISTIC EQUATIOW )



CTRESS INVARIVAWTS - S ras

SMILARLY AR BEFORE Tok STRHAWNS
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DECOVTIDSITION OF STRESS WTO WLOMETRIC AND DENIATORIC

CoHMPONE NTS

q{\i:\l;\\iﬁ-su
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| [ 1 le-6."5 . s
GL\ - GW\ + 621 Gn_— Qm Cn
QM« 6}4 631 G’&’.\“ @m |

S = % Qi wfum}uc_ svess Heudrv
alse: weanm, deo&&Akc \Sr\u-nca\,

KOULOVY TENSOR. NATJATOST\
RECALL 4=\ — THE TIRST INVARIANTOF STRESS TengR

.s;j = J 367“{ denadeiic Hress
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INVALIANTS OF DENIATORIC STRESS TeENSOR

Iy = S = Qi — %Gkk gu =X ALWAYS
A 2
It 7 SU'SJ* = (Y.S]) = Jg -~ Iy /g

AT
e Smomesvie 0l -3 1oy
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NOTATION 1‘0.- INCREMENTAL APPROACH
tC

( see Bathe)
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. LEFT SUPERSCRIPT EFERS To THE CONFIGLURATION

t \t £ o
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LEFT SUPERCRITT ALSO REFERS To omee. "

QUANTITIES WHOSE VALUES ARE CWAVNGING
CONTINVDOUVUSLY . EXATMTLES ; og )-hs | t-k-o-bg
o & ok

) A A

)
o +: 4+ at

LEFT SUBRSKIPT  (MNBCATES WITR RESTECT

TO WHCU ComFICORATION THE QUANTITY (S
CONSIDEREN
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EXANTLES -

L. QMg
de. oy
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A quantity, its increment and its rate

T
"3

A

il t

AV = AX H 4 XMA .\.Axép-k

féf-“i}«-x»é
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Tucrewadal GC.-L. shaiw cou be oblaiued d'vcwd

)= (Tl zﬁzz})

e L]

LET'S BENOTE

AZ] g {u.: Z] B {: Z] ’a*-;:ux D _ %i:J-i

MEFE REVTIANTING WE €ET REQUIRED INCRENEWTS
Tat] = "5 E) —YZ E| -
(0] Ll LTl o) )
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ez av..gad-mi-\'c_
Fa..r{-s aq, lwere wewd

(o [_AE-X = [AEL\N] ¥ IAEML_lz[Ae]*YAﬂ

SongtTihe s
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AEU‘ AC;L,L‘ AQKJ = AS;J' Ai\' A% ;

J
A* ™ A* % % o,
Ay = A€ 0\°>:<- -. m‘; A'; A
—Te\o\ b( h‘aae,\ O, .
S AMMSL d *{T aAj Ax‘ ds:l/ o

. b [y £ .
AE\J = ;F\M«.. A wun .;'FNJ

&= 137 e ]
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AE; d%%; d°x; = Agy; d'x; d'x,
{a°x]"[aE] {a"x}= {a'x{ [ae] {ax]
latd=[F1{ecx]

(@] [aB] {a°x)= {dx ] [FT"[ae] [F] {a°x]

[AE] = [FI" [Ae] [F]
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