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1. INTRODUCTION

On the rectangle D = [a, ] X [¢, d], we consider the linear hyperbolic functional-
differential equation

27.L x
TAED) — tu(t,2) + alt,2),

where £ : C’(D; ]R) — L(D; R) is a linear bounded operator and g € L(D; R). Under
a solution to the equation (1.1) is understood a function u € C*(D; R) which satisfies
the equality (1.1) almost everywhere on the set D.

For the hyperbolic equation

(1.2) Uty = p(t, x)u + q(t, x),

which is a particular case of (1.1), a number of results is known namely in the case
where the coefficients p and ¢ are continuous and the solution u of (1.2) is supposed to
have continuous derivatives up to the second order (see, e.g., [7,8,10,16,18,24-26,28]
and references therein). If the coefficients p and ¢ in (1.2) are discontinuous, the
concept of Carathéodory solutions (i.e., solutions from the class C* (D; R)) was used
and the results generalized those known in the classical case were obtained (see, e.g.,
[1,4,13-15,27,28]).

Various initial and boundary value problems are studied for the hyperbolic equa-
tions and their systems (see, e.g., [1,4,7,8,10,13-16,18,24-28] and references therein).
In this paper, we consider the Cauchy problem for the equation (1.1). Let H be
a strictly monotone curve connecting the corners (a,d) and (b, ¢) of the rectangle D,

(1.1)



which is defined as the graph of a decreasing continuous function h : [a,b] — [c,d]

such that h(a) = d and h(b) = c. The values u, uj,, and u121 are prescribed on H as

follows:

(1.3) u(t, h(t))
(1.4 )
(1.5) uly (h~Y(z),z)

g(t) fort € [a,b],
o(t) fora.e.t € a,b],
P(z) for a.e. x € [, d],

where g € C([a,b];]R), pE L([a, b];]R), and ¢ € L([c, d];R). The functions g, ¢, and
1) cannot be chosen arbitrarily, they must satisfy the so-called consistency condition
(see Section 3).

The aim of the paper is to prove the Fredholm alternative and theorems on the
continuous dependence of solutions to the problem (1.1), (1.3)—(1.5) on the initial
conditions and parameters (see Sections 5 and 8). Moreover, some solvability con-
ditions for the problem considered are given in Section 7, the equations with the
so-called Volterra operators are studied, as well.

The result obtained are applied for the equation with argument deviations

2
(1.1) % = p(t,x)u(r(t,x), u(t,x)) +q(t,x),
where p, g € L(D; R) and 7: D — [a,b], u: D — [e,d] are measurable functions.

Note also that analogous results for the “ordinary” functional-differential equations
and their systems are given in [2,9,11,12] and the results dealing with the Darboux
problem for the equation (1.1) can be found in [22].

2. NOTATION AND DEFINITIONS

The following notation is used throughout the paper.

(1) N is the set of all natural numbers. R is the set of all real numbers, R} =
[0,400[. Ent(z) denotes the entire part of the number z € R.

(2) D =a,b] x [¢,d], where —00 < a < b < 400 and —00 < ¢ < d < 400.

(3) The first and the second order partial derivatives of the function v : D — R
at the point (¢,7) € D are denoted by v (t,z) (or vl’l(t,aﬁ), 8”&’3:)), v (L, 1)

(or vfy(t,x), 2550, and v (t,2) (or vif,(t, ), Tptbsd).

(4) C’(D;R) is the Banach space of continuous functions v : D — R equipped
with the norm [|v]|c = max {|v(t,z)| : (t,z) € D}.

(5) CD(la,b]; [c,d)) is the set of continuous decreasing functions v : [a, b] — [c, d]
such that v(a) = d and v(b) = c.

(6) C([a, B];R), where —00 < a < 3 < +00, is the set of absolutely continuous
functions w : [a, 8] — R.

/and u/, stand for the partial derivatives of u with regard to the first and the second
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argument, respectively.
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(7) C*(D;R) is the set of functions v : D — R admitting the representation
t =
olta) =1(0) + z2(0) + [ [ fs.mdnds for (t0) € D,

where z; € 5’([a, bl; R), 29 € 6([0, dJ; R), fe L(D; R). Equivalent definitions
of the class C* (D; R) are given in Remark 2.1 below.
(8) L(D;R) is the Banach space of Lebesgue integrable functions p : D — R
equipped with the norm ||p||z = [/ |p(¢, z)| dt dz.
D

(9) L(D) is the set of linear bounded operators ¢ : C(D;R) — L(D;R).
(10) mes A denotes the Lebesgue measure of the set A C R™, m = 1,2.
(11) If X, Y are Banach spaces and T : X — Y is a linear bounded operator then
IT|| denotes the norm of the operator T, i.e.,
1Tl = sup {|IT(2)lly : 2 € X, ||2]lx <1}
(12) A+ B stands for the symmetric difference of the sets A and B, i.e., A+ B =
(A\B)U(B\ A).
Proposition 2.1 ([21, Thm. 2.1]). The following three statements are equivalent:
(1) v e C*(D;R);
(2) the function v : D — R satisfies:
(a) v(-,z) € C([a,b];R) for every x € [c,d], v(a,-) € C([c,d];R);
(b) v, (t,-) € 5([0, d);R) for almost every t € [a,b];
(c) vz € L(D;R);
(3) the function v is absolutely continuous on D in the sense of Carathéodory.
Remark 2.1. It is clear that the conditions (a)—(c) stated in the previous propo-
sition can be replaced by the symmetric ones:
(A) v(-¢) € C([a,b];R), v(t, ) € C([e, d]; R) for every t € [a, b];
(B) UI/Q(',J?) € C([a,b);R) for almost every z € [c, d];
(C) vy € L(D;R).

Notation 2.1. Having h € C’D([a, bl; e, d]), we put
2.1) H(t,z) Y {(s,n) € R? : min{h~(2),t} < s < max{h~'(z),t},
min{h(s),z} <n < max{h(s),x}} for (¢t,x) € D.
It is clear that, for any (¢,x) € D, the set H(t,z) is a measurable subset of D.

3. CONSISTENCY CONDITION

We first mention that the formulation of the Cauchy problem for the equation (1.1)
in the form of the conditions (1.3)—(1.5) is rather natural. Indeed, if u is a function



of the class C*(D;R) then, using conditions (a)—(c) of Proposition 2.1, we get
U(,h()) € C([avb]vR)7 uil(7h()) € L([aab]vR)7 uiQ (hil(')?') € L([Czd]vR)

provided h € CD([a,b]; e, d]) As it was said above, the functions g, ¢, and
appearing in the conditions (1.3)—(1.5) cannot be chosen arbitrarily. The following
definition is motivated by the notion of a consistency condition presented in [28].

Definition 3.1. Let h € C’D([a,b]; e, d]), g € C([a,b];}R)7 p € L([a,b];}R)7
and ¢ € L([c,d];R). We say that a triplet (g,¢,v) is h—consistent (in the space
C*(D;R)) if there exists a function u € C*(D;R) satisfying the conditions (1.3)—
(1.5).

Now we give several conditions sufficient and necessary for a triplet (g, ¢, ) to be
h—consistent; their proofs are postponed till Section 3.1 below.

Proposition 3.1. Let h € CD([a,b]; [c,d]), g € C([a,b];R), ¢ € L([a,b];R), and
NS L([c, dJ; R). Then the triplet (g, p, ) is h—consistent if, and only if the condition
T t
BD g0+ [vmdn=g (@) + [ es)ds for(ta) €D
h(t) h=1(x)
holds.

Remark 3.1. If the function h is absolutely continuous and v € C* (D; R) satisfies
the initial condition (1.3) then the function g is also absolutely continuous (see
Lemma 3.5 below). Consequently, the assumption on g to be absolutely continuous
in Proposition 3.2 is necessary.

Let us consider the following assumption
d x
(S) mesh ' (E)=b—a, where E= {x € [e,d] : d—/ P(n)dn = w(m)} .
€T (&

Remark 3.2. The functions / and ¢ satisfy the assumption (5), in particular, if
h=t € C([c,d];R) or ¢ € C([a,b];R).
Proposition 3.2. Let h € CD([a, bl; [e, d]) be an absolutely continuous function,
g € C([a,b];R), ¢ € L([a,b];R), and ¥ € L([c,d];R). Then
(a) the condition
(3.2) o(t) + Y (h(t)W (t) =g'(t) for a.e. t € [a,b
is sufficient for the triplet (g, v, ) to be h—consistent;

(b) the condition (3.2) is necessary for the triplet (g, p,1) to be h—consistent, if
the functions h and v satisfy the additional assumption (S).

Remark 3.3. Note that the assumption h € 6’([a, bl; R) is not necessary for the
existence of a h—consistent triplet. Indeed, let g € C ([a,b];R). Then the triplet
(9,9,0) is h—consistent for an arbitrary h € CD([a,b];[c,d]). To see this it is suffi-
cient to set u(t,z) = g(t) for (¢,x) € D.



A consistent triplet can be characterized in terms of the unique solvability of the
problem (1.1), (1.3)—(1.5) with the zero operator ¢. More precisely, the following
statements is true.

Proposition 3.3. Let h € CD([a,b];[c,d]), g € C([a,b];R), ¢ € L([a,b];R), and
NS L([c, dJ; R). Then the triplet (g, ¢, 1) is h—consistent if, and only if the problem
(1.1), (1.3)—(1.5) with ¢ = 0 has a unique solution for every q € L(D;R).

3.1. Proofs. In order to prove propositions stated above we need the following lem-
mas.

Lemma 3.1 ([19, Chap. IX, §3, Thm. 3]). Let f € 6([04,5];R) be a decreasing
function. Then the relation mes f(E) = f(a)—f(5) holds for an arbitrary measurable
set E C [«, f] such that mes E = 8 — a.

Lemma 3.2 ([21, Prop. 2.5]). Let f € L(D;R) and

u(t,z) = //f(s,n) dnds for (t,z) € D.

Then:
(i) there exists a set E C [a,b] such that mes E = b — a and

w(t, ) = /f(t,n) dn fort € E and x € [c,d];

(iii) there exists a set F' C D such that mes F = (b — a)(d — ¢) and
e (t, ) = f(t,z) for (t,x) € F.
Lemma 3.3. Let h € C’D([a,b};[c,d]), g € C’([a,b];R), p € L([a,,b];R), and

(NS L([c, d];R). Then an arbitrary function u € C* (D;R) fulfilling the conditions
(1.3)—(1.5) satisfies

(3.3)  u(t,z)=g(h (z)) + / o(s)ds + // usy(s,m)dsdn for (t,z) € D
h=1(z) H(t,x)

and

(3.4) u(t,x) = g(t) + / P(n)dn + // Ugsy(s,n)dsdn for (t,x) € D,
h(t) H(tr)
where the mapping H is defined by the formula (2.1).

Proof. Let a function u € C*(D;R) satisfy the conditions (1.3)—(1.5). Then, using
properties (a)—(c) of Proposition 2.1, we get

t

// Usy(s,m)dsdn = /t /x Ugy(s,m) dnds = / [uy (s, @) —u (s, h(s))] ds =

H(t,x) h=1(z) h(s) h=1(z)



=u(t,z) —u(h™(z),z) — / ujy (s, h(s))ds for (t,x) € D,
h=1(x)

and thus, in view of (1.3) and (1.4), the relation (3.3) holds.
On the other hand, using properties (A)—(C) of Remark 2.1, we obtain

// Usy(s,m) dsdn = / / tns(s,n) dsdn = / [ufy(t, m)—ujy(h~ (1), m)] dn =

H(t,x) h(t) h=*(n) h(t)

— u(t.o) ~ ulth(©) ~ [ e ) dn o (t2) € D,
h(t)
Consequently, by virtue of (1.3) and (1.5), the relation (3.4) is satisfied. O

Lemma 3.4. Let h € C’D([a,b};[c,d]), g € C([a,b];R), p € L([a,b];]R), and
¢ € L([e,d);R) satisfy the relation (3.1). Let, moreover,

(3.5) u(t,z) = g(t) + / P(n)dn + / f(s,m)dsdn for (¢t,x) € D

where f € L(D;R) and the mapping H is defined by the formula (2.1). Then
u € C*(D;R) and u satisfies the conditions (1.3)—(1.5) and

(3.6) e (t, ) = f(t,x) for a.e. (t,x) € D.

Proof. In view of (2.1), it follows immediately from (3.5) that the function u satisfies
the condition (1.3). It is clear that the relation (3.5) can be rewritten in the form

h(t) ¢

ult /w m—/ | rsmdsant

h=1(n)
h™(n)

/¢ )dn — //fsndsdn+//fsndsdn for (t,z) €

Therefore, u(t,-) € C([ d);R) for every t € [a, b]. Moreover, in view of Lemma 3.2(i),
there exists a set Fq C [¢,d], mes E1 = d — ¢, such that
h (@)
ug(t,x) = (x) — / f(s,z)ds +/f(5,x) ds fort e a,b], z € Ey,
whence we get uf, (h™Y(z),z) = () for x € Ey, ie., the function u satisfies the

condition (1.5).
On the other hand, using the condition (3.1), we get from (3.5) the relation



h~1(x) Rl () z

uto) =g (@)~ [ ewds— [ [ semdydst
a  h(s)

t t h(s) t oz
+/<p(s)ds—/ / f(s,n)dnds+//f(s,n)dnds for (¢t,x) € D.
Consequently, u(-,z) € 5([(1, b];R) for every © € [c,d]. Moreover, in view of
Lemma 3.2(i), there exists a set Ey C [a, b], mes E5 = b — a, such that
h(t) x
(3.7) ue(t, z) = p(t) — / ft,n) dn—f—/f(tm) dn forte Ey, z € c,d).
C C
Therefore, uj, (t, h(t)) = ¢(t) for t € Ey, i.e., u satisfies the condition (1.4).

Furthermore, the relation (3.7) implies that u(t,-) € 5([0, d);R) for every t € E,
and, by virtue of Lemma 3.2(ii), there exists E C D, mesE = (b — a)(d — ¢), such
that u, (t,2) = f(t,x) for (¢,x2) € E. It means that the condition (3.6) is fulfilled
and ui'm € L(D;R).

We have shown that the function w satisfies the relations (1.3)—(1.5) and the
conditions (a)—(c) of Proposition 2.1, and thus u € C*(D;R). O

Lemma 3.5. Let f € CD([a,b]; [c,d]) be an absolutely continuous function and
w € C*(D;R). Then the function z defined by the formula
(3.8) z(t) = w(t, f(t)) fort € [a,b]
is absolutely continuous.
Proof. Let € > 0 be arbitrary fixed. Then there exists §; > 0 such that
(3.9) / |way(5,m)| ds dn < % for P C D, mes P < 62.
P

Moreover, there exists do > 0, do < d1, such that

(3.10) /’wl’l(s,f(s))‘ ds < % for I C [a,b], mesI < dy,
T
(3.11) /‘wI’Q (f_l(n),n)’ dn < % for J C [c,d], mesJ < 0.
7

Since the function f is absolutely continuous, there exists § > 0, § < d9, such that
the relation

(3.12) Z |f(br) — flar)| < 02
k=1



holds for an arbitrary system {]as,bg[}7_, of disjoint intervals in [a,b] with the
property

(3.13) Z by — ax)

Now let {]ag,br[}}7_; be a system of disjoint intervals in [a, b] satisfying (3.13).
Since the function f is decreasing, {]f(bx), f(ar)[}}_; is a system of disjoint intervals
in [¢, d] such that (3.12) holds, and {[ak, bx] % [f(bk), f(ar)]}?_; is a system of non-
overlapping rectangles in D fulfilling

n n

(3.14) D bk —ar)(far) = f(br)) < 8> (flar) = (b)) < 662 < 67.

k=1 k=1

It is not difficult to verify that, for any k = 1,2,...,n, we have

z(b) — 2(ak) =

by, flak)
= e, f0) ~ wlan, f(o) = [wnls fO)ds = [ wyfasn)dn =
ak f(bk)
by, by f(s)
z/wlll(s,f(s))ds—/ / Wy (s,m) dnds—
ak ak f(br)
flak) flar) =1 (n)
- / wly (F7(n),m) dn+ / / wys(s,7) ds d,
f(bk) f(bx)  ak
whence we get
f(ax)
2(0e) — =(a |</\w|1 as+ [ Juto (7 0| an+
f(x)
b flar)
—|—2/ / lwsy(s,m)|dnds for k=1,2,...,n
ar f(bk)

Consequently,

Z| (bg) — z(ag) |</’w|1 ds+

+/’w|’2 (f‘l(n)ﬂ?)‘ dfi+2//|“’5ﬂ(s7’7)‘d8d”’
J E



where I = Uji_y [ak, bi], J = Up_, [f (b), f(ax)], and E = Ui_, [ak, br] X [f(bk), f (ar)]-
The last relation, together with (3.9)—(3.14), guarantees

= € € €
> l2(br) —z(ar)| < g+ +22 =¢,
P 3 3 6
and thus the function z is absolutely continuous. O

Now we are in position to prove Propositions 3.1-3.3.

Proof of Proposition 3.1. First suppose that the triplet (g,¢,%) is h—consistent.
Then there exists a function v € C*(D;R) satisfying the conditions (1.3)—(1.5).
According to Lemma 3.3, the function u admits the representations (3.3) and (3.4),
whose comparing we get the condition (3.1).

Now suppose that h, g, ¢, and 1 are such that the relation (3.1) holds. Then, by
virtue of Lemma 3.4, the function u defined by the formula

(3.15) u(t,x) = g(t) + / Y(n)dn for (t,z) € D
h(t)

belongs to the set C*(D;R) and satisfies the conditions (1.3)—(1.5). Consequently,
the triplet (g, p, ) is h—consistent. (|

Proof of Proposition 3.2. (a) Let the condition (3.2) hold. Then, for any (¢,x) € D,
we get

t t h(t)

[ etras= [ (4= wlbo)n©)ds =g0) - g ) ~ [ vin)an
h=1(z) h=1(z) x
i.e., the condition (3.1) is satisfied. Consequently, applying Proposition 3.1 we con-
clude that the triplet (g, ¢, 1) is h—consistent.

(b) Suppose that the assumption (S) is satisfied and the triplet (g, ¢,) is h—
consistent. Then, according to Proposition 3.1, the relation (3.1) holds and thus,

c t
(3.16) g(t) + / Y(n)dn = g(b) + /cp(s) ds for t € [a,b].
h(t) b
Since g, h € 5([(1, b);R), there exists a set Ey C [a,b], mes E; = b — a, such that
(3.17) g'(t), W' (t) exist fort € By
and
b
(3.18) %/gp(s) ds = —p(t) forte E;.
t

Therefore, the relation (3.16) yields
g (t) = (h()W () = p(t) forte ExNh™H(E),



where FE is the set appearing in the assumption (S). It however means that the
conditions (3.2) is satisfied. O

Proof of Proposition 3.3. If the problem (1.1), (1.3)—(1.5) with £ = 0 has a unique
solution for every ¢ € L(D;R) then it is clear that the triplet (g, ¢, 1) is h—consistent.

Conversely, let the triplet (g, ¢, ) be h-consistent and let ¢ € L(D;R). Then,
according to Proposition 3.1, the condition (3.1) holds and thus, by virtue of
Lemma 3.4, the problem (1.1), (1.3)—(1.5) with ¢ = 0 has at least one solution. The
uniqueness follows from Lemma 3.3. O

4. AUXILIARY STATEMENTS

The following proposition plays a crucial role in the proofs of statements given in
Sections 5, 7, and 8.

Proposition 4.1. Let h € CD([a,b]; [, d]) and ¢ € L(D). Then the operator
T: C’(D; ]R) — C’(D; ]R) defined by the formula

(4.1) T(v)(t,x) def // {(v)(s,n)dsdn for (t,z) € D, ve C(D;R),
H(t,x)

where the mapping H is given by (2.1), is completely continuous.

The statement stated above can be easily proved in the case where the operator £
is strongly bounded, i.e., if there exists a function n € L(D; R+) such that

(4.2) [0(v)(t, )| < n(t,z)||v]|c for a.e. (t,z) € D and all v € C(D;R).

Schaefer proved however that there exists an operator £ € L(D), which is not strongly
bounded (see [20]). To prove Proposition 4.1 without the additional requirement (4.2)
we need a number of notions and statements from functional analysis.

Definition 4.1. Let X be a Banach space, X™* be its dual space.
We say that a sequence {z,}/°% C X is weakly convergent if there exists z € X
such that f(z) = lirf f(zy) for every f € X*. The element x is said to be a weak
n—-—+oo

limit of this sequence.

A set M C X is called weakly relatively compact if every sequence of elements
from M contains a subsequence which is weakly convergent in X.

A sequence {x,}72 of elements from X is said to be weakly fundamental if the
sequence {f(r,)} > is fundamental in R for every f € X*.

We say that the space X is weakly complete if every weakly fundamental sequence
of elements from X possesses a weak limit in X.

Definition 4.2. Let X and Y be Banach spaces, T : X — Y be a linear bounded
operator. The operator T is said to be weakly completely continuous if it maps a
unit ball of X into a weakly relatively compact subset of Y.
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Definition 4.3. We say that a set M C L(D;R) has a property of absolutely
continuous integral if, for every € > 0, there exists d > 0 such that the relation

//p(t,x)dtdm <e foreverype M

is true whenever a measurable set £ C D is such that mes ' < 4.
The following three lemmas can be found in [5].
Lemma 4.1 (Theorem IV.8.6). The space L(’D; R) is weakly complete.

Lemma 4.2 (Theorem VI.7.6). A linear bounded operator mapping the space
C(D;R) into a weakly complete Banach space is weakly completely continuous.

Lemma 4.3 (Theorem IV.8.11). If a set M C L(D;]R) is weakly relatively com-
pact then it has a property of absolutely continuous integral.

Proof of Proposition 4.1. Let M C C(’D; R) be a bounded set. We shall show that
the set T(M) = {T'(v) : v € M} is relatively compact in the space C(D;R). Accord-
ing to Arzela-Ascoli’s lemma, it is sufficient to show that the set T(M) is bounded
and equicontinuous.

Boundedness. It is clear that

IT(0)(t,2)] < / [£(v)(s, )| ds dn < [[€(v)[[r < [[€] [|v]le
H(t,x)

for (t,x) € D and every v € M. Therefore, the set T(M) is bounded in C'(D;R).

Equicontinuity. Let € > 0 be arbitrary but fixed. Lemmas 4.1 and 4.2 yield
that the operator ¢ is weakly completely continuous, that is, the set (M) = {¢(v) :
v € M} is weakly relatively compact subset of L(D; R). Therefore, Lemma 4.3
guarantees that there exists § > 0 such that the relation

(4.3) // )(t, z)dtdx <Z forve M

holds for every measurable set £ C D satisfying mes E < max{b — a,d — c}J.
On the other hand, for (t1,21), (t2,z2) € D and v € M, we have

T (v)(t2, w2) — T(v)(t1,71)| =

//6 (s,m)dsdn — //f sndsdn<2//€ )(s,m)dsdn],

tz IQ) H(tl 171

where measurable sets By, C D (k =1,...,4) are such that mes B < (d — ¢)|ta — t1]
for k =1,2 and mes Ej, < (b— a)|zy — 21] for k = 3,4. Hence, by virtue of (4.3), we
get

|T'(v)(t2, w2) — T(v)(t1, 1) < e

11



for (tl,xl),(t2,$2) eD, ‘tz —t1| + |$2 —5(31| < 6, and v € M,

i.e., the set T(M) is equicontinuous in C(D;R). O

5. FREDHOLM ALTERNATIVE

Throughout this section, we fix a function h € CD([a,b]; [c,d]). Along with the
problem (1.1), (1.3)—(1.5) we consider the corresponding homogeneous problem

2u(t,x
(1.1) Tale) _ o) (t,2),
(1.30) u(t,h(t)) =0 fort € [a,b,
(1.4¢) ufy (t,h(t)) =0 for a.e. t € [a,b],
(1.50) uly (W (x),2) =0 for a.e. x € [c,d].

Now we establish the main result of this section, namely, the statement on the
Fredholmity of the problem (1.1), (1.3)—(1.5).

Theorem 5.1. The problem (1.1), (1.3)—(1.5) has a unique solution for an arbi-
trary h-consistent triplet (g,p,v) and every q¢ € L(D;R) if, and only if the corre-
sponding homogeneous problem (1.1y), (1.39)—(1.5¢) has only the trivial solution.

Proof. Let u be a solution to the problem (1.1), (1.3)—(1.5). According to Lemma 3.3,
u is a solution to the equation

(5.1) v=T(v)+ f
in the space C(D; ]R), where the operator T is defined by the formula (4.1),

(52)  flto) L glt) + / () dy + / / g(s,m)dsdn for (t,z) €D,

h(t) H(tx)

and the mapping H is given by the formula (2.1).

Conversely, if the triplet (g, ¢, ) is h—consistent, g € L(D; R), and v € C’(D; R) is
a solution to the equation (5.1) with f given by (5.2) then, by virtue of Lemma 3.4,
v € C*(D;R) and v is a solution to the problem (1.1), (1.3)=(1.5). Hence, the
problem (1.1), (1.3)—(1.5) and the equation (5.1) are equivalent in this sense.

Note also that u is a solution to the homogeneous problem (1.1p), (1.39)—(1.5¢) if,
and only if u is a solution to the homogeneous equation

(5.3) v="T(v)

in the space C’(D; R).

According to Proposition 4.1, the operator T is completely continuous. It follows
from the Riesz-Schauder theory that the equation (5.1) is uniquely solvable for every
fecC (D;R) if, and only if the homogeneous equation (5.3) has only the trivial
solution. Therefore, the assertion of the theorem is true. O
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Definition 5.1. Let the problem (1.1p), (1.39)—(1.50) have only the trivial solu-
tion. An operator € : L(D; R) — C’(D;R) which assigns to every ¢q € L(D;R) the
solution u to the problem (1.1), (1.39)—(1.59) is called the Cauchy operator of the
problem (1.1p), (1.3¢)—(1.5¢).

Remark 5.1. It is clear that the Cauchy operator is linear.

If the homogeneous problem (1.1p), (1.39)—(1.509) has a nontrivial solution then,
by virtue of Theorem 5.1, there exist a function ¢ and a h—consistent triplet (g, ©, %)
such that the problem (1.1), (1.3)—(1.5) has either no solution or infinitely many
solutions. However, as it follows from the proof of Theorem 5.1, a stronger assertion
can be shown in this case.

Proposition 5.1. Let the problem (1.1¢), (1.3¢9)—(1.5¢) have a nontrivial solution.
Then, for an arbitrary h—consistent triplet (g,,v), there exists a function q €
L(D;R) such that the problem (1.1), (1.3)—(1.5) has no solution.

Proof. Let up be a nontrivial solution to the problem (1.1p), (1.3¢)—(1.59), and let
(g, p, %) be an h—consistent triplet.

It follows from the proof of Theorem 5.1 that ug is also a nontrivial solution to the
homogeneous equation (5.3) in the space C (D; R). Therefore, by the Riesz-Schauder
theory, there exists f € C(D; R) such that the equation (5.1) has no solution.

Then the problem (1.1), (1.3)—(1.5) has no solution for ¢ = #(z), where

2(t,2) = f(t,x) — g(t) - / $(n)dn for (t,z) € D.
h(t)

Indeed, if the problem indicated has a solution u then the function u+ z is a solution
to the equation (5.1), which is a contradiction. O

6. VOLTERRA OPERATORS

The following definition gives the notion of a [to, h]-Volterra operator which is
useful in the investigation of the Cauchy problem for the equation (1.1) (see, e.g.,
Theorem 7.2 below).

Definition 6.1. Let ¢y € [a,b] and h € CD([a,b]; [c,d]). We say that £ € £(D) is
a [to, h]-Volterra operator if the relation

Lv)(t,x) =0 for a.e. (t,x) € [ag, bo] X [h(bg), h(ao)]

holds for an arbitrary interval [ao, bo] C [a,b] and every function v € C(D;R) such
that to € [ao, bo] and

v(t,x) =0 for (t,x) € [ag,bo] % [h(bo), h(ao)].

Remark 6.1. If the operator £ in the equation (1.1) is a [to, h]-Volterra one then
the Cauchy problem (1.1), (1.3)—(1.5) can be restricted to an arbitrary rectangle
[ag, bo] x [h(bg), h(ag)] C D containing the point (tg, h(to)).
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Let the operator ¢ € L(D) be defined by the formula

(6.1)  L(v)(t,x) dof p(t,z)v(7(t, ), u(t,x)) fora.e. (t,z) € D, allv € C(D;R),

where p € L(D;R) and 7 : D — [a,b], p: D — [c,d] are measurable functions.
The following statement can be immediately derived from Definition 6.1.
Proposition 6.1. Let ty € [a,b] and h € CD([a,b];[c,d]). Then the operator ¢
defined by the formula (6.1) is a [to, h]—Volterra one provided that the conditions

|p(t, )| min{to, t,h =" ()} < |p(t, z)|7(t, z) <

(6.2) -1
< |p(¢t, z)| max{to,t,h~"(x)} for a.e. (t,z) €D
and
(6 3) |p(t,x)| min{h(t())?h(t)ax} < |P(ta$)|/l(ta$) <
' < |p(t, )| max{h(to), h(t),z} for a.e. (t,z) € D.

are satisfied.
The previous proposition yields
Corollary 6.1. Let to € [a,b] and h € CD([a,b];[c,d]). Assume that
(t(t,x) —to)(7(t,x) —t) <0 fora.e. (t,x) € D
and
(u(t, ) — h(to)) (u(t,z) —x) <0 fora.e. (t,x) € D.
Then the operator ¢ defined by the formula (6.1) is a [tg, h]—Volterra one.

7. EXISTENCE AND UNIQUENESS THEOREMS

In this section, we fix a function h € CD([a,b];[c,d]). We give some efficient
conditions guaranteeing the unique solvability of the problems (1.1), (1.3)—(1.5) and
(1.17), (1.3)—(1.5). We first formulate all the results, their proofs are postponed till
Section 7.1 below.

Introduce the following notation.

Notation 7.1. Let ¢ € £(D). Define the operators 9, : C(D;R) — C(D;R),
k=0,1,2,..., by setting
(7.1) Po(v) o, I (v) o T(9p-1(v)) forve C(D;R), k€N,
where the operator T is given by the formula (4.1).

Theorem 7.1. Let there exist m € N and « € [0, 1] such that the inequality
(7.2) [0m (W)l < aljullc

is satisfied for every solution u of the homogeneous problem (1.1g), (1.39)—(1.5¢).
Then the problem (1.1), (1.3)-(1.5) has a unique solution for an arbitrary h—
consistent triplet (g, ¢, ) and every q € L(D; ]R).

Remark 7.1. The assumption o € [0,1[ in the previous theorem cannot be
replaced by the assumption « € [0,1] (see Example 9.1).
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Corollary 7.1. Let there exist j € N such that
b h(t) b d
(7.3) max / / p;(t,x)dz dt,/ pi(t,x)dedt p <1,
a c¢ a h(t)

where py = [p),

1) pean) =0l [[ plndsay frae oD ken
H(r(t,2),u(t,z))
and the mapping H is defined by the formula (2.1). Then the problem (1.1'), (1.3)—

(1.5) has a unique solution for an arbitrary h—consistent triplet (g, ¢, %) and every
q € L(D;R).

Remark 7.2. Example 9.1 shows that the strict inequality (7.3) in Corollary 7.1
cannot be replaced by the nonstrict one.

Theorem 7.2. Let the operator £ be a [to, h]—Volterra one for some ty € [a,b].
Then the problem (1.1), (1.3)—(1.5) has a unique solution for an arbitrary h—
consistent triplet (g, p,v) and every q € L(D;R).

Corollary 7.2. Let there exist ty € [a,b] such that the conditions (6.2) and
(6.3) are satisfied. Then the problem (1.1"), (1.3)—(1.5) has a unique solution for an
arbitrary h—consistent triplet (g, p, ) and every q € L(D; R).

Corollary 7.3. Let either
T(t,x) <t, wp(t,x)>x fora.e (t,z)€D,
or
T(t,x) >t, p(t,z) <z fora.e (t,x)€D.
Then an arbitrary Cauchy problem subjected to the equation (1.1') has a unique
solution.

7.1. Proofs. Now we prove the statements formulated above.

Proof of Theorem 7.1. According to Theorem 5.1, it is sufficient to show that the
homogeneous problem (1.1¢), (1.39)—(1.5¢) has only the trivial solution.

Let u be a solution to the problem (1.1g), (1.39)—(1.59). Then, by virtue of
Lemma 3.3, u satisfies

u(t,z) = // Lu)(s,n)dsdn = T(u)(t,z) = 91 (u)(t,z) for (t,x) € D.
H(tw)
Therefore, we get
u(t,z) = T (01 (u))(t, ) = 92(u)(t,z) for (t,z) € D,
and thus u = 9% (u) for every k € N. Consequently, the relation (7.2) implies
lulle = [9m(w)llc < allullc,

which guarantees u = 0, because « € [0, 1]. ]
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Proof of Theorem 7.1. Tt is clear that the equation (1.1) is a particular case of (1.1)
with ¢ given by the formula (6.1). It is not difficult to verify that

94 (0) (¢, 2 /|psnﬂk1 ) (r(s,m), (s, m)) | ds dy <

< |lvlle //pk(s,n) dsdn for (t,z) € D, k€N, ve C(D;R).
H(t,z)

Since the functions p; are nonnegative, we get, for any k € N, the relation

(tn,;?é(p // pr(s,m)dsdn ) = max // pr(s,m) dsdn, // pr(s,m)dsdn

H(t,x) H(a,c) H(b,d)

Consequently, the assumptions of Theorem 7.1 are satisfied with m = j and

b h(t) b d
o = max //pJ (t,x)dxdt, //pj(t,x)dxdt
a h(t)

To prove Theorem 7.2 we need the following lemma.

Lemma 7.1. Let £ € L(D) be a [to, h]—Volterra operator for some to € [a,b].
Then

(7.5) im0 =0,
where the operators ¥y, are defined by the formula (7.1).

Proof. Let € €]0,1[. According to Proposition 4.1, the operator ¥, is completely
continuous. Therefore, by virtue of Arzela-Ascoli’s lemma, there exists § > 0 such
that

// Lw)(s,n)dsdn — // Lw)(s,n)dsdn| < e ||lw|c
(7.6)

tz 1,’2 tl Il)
for (tl,xl), (tQ,ZL'Q) € D, |t2 — tl‘ + |1’2 — ZL’1| < 5, w e C(D,R)

Since h € C’(D;R), there exists dg > 0 such that dg < §/2, 69 < max{ty —a,b—to},
and

(o2

(7.7) |h(tz) = h(t1)| < 5 for t1,t5 € [a,b], |tz — t1] < do.

n:maX{Ent(tO(;O )> E t(b 60t)>}+1.

[\

Let




Choose yn+1 € [a,to] and yy,42 € [to, b] such that y,12 — ynt1 = do, and put

Yn+1 — @
n

Yk = Ynt1 — (n+1—Fk) for k=1,2,...,n,

) b— Ynyo
n

Yk = Ynt2 + (kK —n —2 fork=n+3n+4,...,2n+2,

and

Di = [Ynt2—krYnt14k] X [M(Unt14k), M(ynta—r)] fork=1,2,... n+1.

Using the relation (7.7) and the definition of the numbers yi, for any j,r =
1,2,....2n+ 1, we get

(78) |t2 — t1| + |.’172 — .’Ell <6 for (tl, 31‘1), (tQ, 372) S [yj, ijrl] X [h(yr+1>, h(yr)]
Having w € C(D;R), we denote

|wll; = |wlcp,;r) fori=1,2,...,n+1.
Letve C (D; ]R) be arbitrary but fixed. We shall show that the relation
(7.9) 0% ()]s < ci(k)e¥|v|lc for k€ N
holds for every i = 1,2,...,n + 1, where
(7.10) a;(k) = k"™t forkeN, i=1,2,...,n+1,
(7.11) ap=1, a1 =i+1+ia; fori=1,2,...,n.

By virtue of (7.6) and (7.8), it is easy to verify that, for any w € C(D;R) and
i=1,2,...,n+ 1, we have

(7.12) // L(w)(s,n)dsdn| <ic|wlc for (t,z) € D;.
H(t,z)

We first note that the previous relation immediately implies

(7.13) |91 (v)]l; <ielv]lc fori=1,2,...,n+1.

Furthermore, on account of (7.6), (7.8), and the fact that ¢ is a [tg, h]-Volterra
operator, we obtain

[91s (0) (8, 2)| = // (94(0)) (s, m) dsdy| < e ||9x(v)s for (t,z) € Dy, k € N.
H(t,x)

Hence, by virtue of (7.13), we get
9% (v)||1 < €¥|jv]lc for k € N,

and thus the relation (7.9) is true for ¢ = 1.
Now suppose that the relation (7.9) holds for some i € {1,2,...,n}. We shall show
that the relation indicated is also true for i + 1. With respect to (7.8), we obtain
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[0sa0)er = max d | [ 0(u(0))m) dsdn] s (t.2) € D =
H(t,x)

// ((0(0)) (s,m) dsdy| < // 0(0k(v)) (5, ) ds dn| +

H(t:,ah) H(t,2r)

+ // 0(Vk(v))(s,m) dsdn — // ((Vk(v))(s,n)dsdn| for k € N,
H(ty,zy) H(ty,2x)

where (¢}, 7}) € Dit1, (tk, 21) € Dy, and [t —tx|+|2xf — x| < & for k € N. Therefore,
on account of (7.6), (7.12), and the fact that £ is a [to, h]-Volterra operator, we get

[9k+1(0) i1 < e 19 (@) ]li41 + i [Or()lli < €19 (0)]li41 + i s (k) e lolle

for k € N. Consequently,

1h1@lis1 < & (e 101 (0) g1 + i@l = 1) o) +
+iai(k) " v]lc for k € N.
To continue this procedure, on account of (7.13), we obtain
(7.14) [ 9sr (0) i1 < (z +l4i(on(1) 4+ ozi(k;))) £+ jy|le for k € N
Using (7.10) and (7.11), it is easy to verify that
i+ 1+i () + - +ak) =i+ T+ia (17 4+ k1) <
<itltiogkk T =it 1+iak' <
<(4+1+i)k =i k' <o (K4 1),
Therefore, (7.13) and (7.14) imply
[9%(0)]li41 < @isr (k) e [lvllc for k € N.

Hence, by induction, we have proved that the relation (7.9) is true for every i =
1,2,...,n+1.
Now it is already clear that, for any k € N, the estimate

19k(@)llc = [19k(0) a1 < @nsr k" |Jollc for v e C(D;R)

holds, and thus
|9 < apy1 k™ e® for k € N.

Since we suppose ¢ €]0,1[, the last relation yields the validity of the condition
(7.5). O
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Proof of Theorem 7.2. According to Lemma 7.1, there exists mg € N such that
[[9mo |l < 1. Moreover, it is clear that

[9mo ()l < [[9m, || [0]lc for v e C(D;R),

because the operator ¥,,, is bounded. Consequently, the assumptions of Theorem 7.1
are satisfied with m = mg and a = || 9, || O

Proof of Corollary 7.2. Tt is clear that the equation (1.1") is a particular case of (1.1)
with the operator ¢ given by the formula (6.1). By virtue of the assumptions (6.2)
and (6.3), Proposition 6.1 guarantees that the operator ¢ is a [to, h]-Volterra one.
Consequently, the validity of the corollary follows from Theorem 7.2. |

Proof of Corollary 7.3. It follows immediately from Corollary 7.2 with ¢ty = a and
to = b, respectively. O

8. WELL-POSEDNESS

In this section, the well-posedness of the problems (1.1), (1.3)—(1.5) and (1.1’),
(1.3)—(1.5) is studied. We first formulate all the results, their proofs are given in
Section 8.1 below.

Throughout the section, we fix a function h € CD([a,b];[c,d]) for which the set
function H is given by the formula (2.1). On the graph of the function h we consider
the Cauchy problem (1.3)—(1.5) for the equation (1.1). Recall that the triplet (g, o, )
is supposed to be h—consistent.

For any k € N, along with the problem (1.1), (1.3)—(1.5) we consider the perturbed
problem

2u(t, x
(1.12) TUED) ()t ) + ault, ),
(1.3x) w(t, hi(t)) = gx(t) for t € [a,b],
(1.45) ujy (t hk(t)) = pi(t) for a.e.t € [a,b],
(1.5%) Uy (h ' (x), ) = Yr(z) for a.e. x € [c,d],

where ¢, € L(D), q; € L(D R), hy € CD([a,b;[c,d]), and g € C([a,b];R),
ok € L([a,b];R), and ¢y, € L([ J],R) are such that the triplet (g, ¢k, ¥x) is hgp—
consistent.

Analogously to Notation 2.1, for given functions hy, we put

(8.1) Hg(t,x) def {(s,n) € R? : min{h; ' (z),t} < s < max{h; '(z),t},
min{hy(s),z} < n < max{hg(s), :z:}} for (t,z) € D, k € N.
It is clear that, for any (¢,z) € D and k € N, the set Hy (¢, ) is a measurable subset

of D.
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Notation 8.1. Let p € £(D) and v € CD([a, b]; [c,d]). Denote by M(p,~) the
set of functions y € C*(D;R) admitting the representation

x t
wta)= [ [ pesadsdy for o) e,
() y~H(n)
where z € C(D;R) and ||z[c = 1.

Theorem 8.1. Let the problem (1.1), (1.3)—(1.5) have a unique solution u and
let

where

(8.3) A= sup / Li(y)(s,m)dsdn — //E (s,m)dsdn
(t,z)eD
yeM (x,hy) | Hi(tx)

for k € N. Let, moreover,

lim o //ﬁk sndsdn—//€ )(s,m)dsdn| =0
(8.4) k—+oo

Hy (t,z) H(t,x)

uniformly on D for every y € C* (’D; R),

(8.5) lim o // qr(s,m) dsdn — // s,n)dsdn| =0 uniformly on D,

k— 400
Hk(t w) tw)
¢
(8.6) khrf gk/ [n(s) — ¢(s)] ds =0 uniformly on [a, b],
(8.7) Jim o [ [onn) ~ wn)] dy =0 unitormly on f,d|
and
(8.8) Jmokllge —glle =0,
where
(89) or =1+ ||fk|| for k € N.

Then there exists kg € N such that, for every k > kg, the problem (1.1;), (1.35)—
(1.5%) has a unique solution uy, and

1 li — ullc = 0.
(8.10) Jm s — ullo
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If we suppose that the operators ¢ are “uniformly bounded” in the sense of the
relation (8.11) then we obtain the following statement.

Corollary 8.1. Let the problem (1.1), (1.3)—(1.5) have a unique solution u, there
exist a function w € L(D; Ry ) such that

10k (y)(t, )| < w(t @)yl

(8.11)
for a.e. (t,x) € D and all y € C’(D;]R), ke N,
and let
klir+n //ék sndsdn—//é )(s,m) dsdn
(8.12) Hy(t,2) H(t,x)

uniformly on D for every y € C*(D;R).

Let, moreover,

(8.13) lim // qr(s,m)dsdn = // (s,n)dsdn uniformly on D,

k—+4o00
Hy (t,@)
¢

(8.14) klirf [or(s) — ¢(s)] ds =0 uniformly on [a, ],
(8.15) N liIJIrl [¥r(n) —¢(n)] dn =0 uniformly on [c,d],
and

1 i — =0.
(8.16) Jm llgk —gllc =0

Then the conclusion of Theorem 8.1 is true.

Remark 8.1. The assumption (8.11) in the previous corollary is essential and
cannot be omitted (see Example 9.2).

Corollary 8.2. Let the problem (1.1), (1.3)—(1.5) have a unique solution u and
there exist a function w € L(D;R.) such that the relation (8.11) holds. Let, more-
over, the conditions (8.13), (8.15), and (8.16) be satisfied,

Jim [ [0 - @) ] dsdn =0

(8.17) H(t,x)
uniformly on D for every y € C* (D; ]R),
and
1 i — =0.
(.18) iy~ e =0

Then the conclusion of Theorem 8.1 is true.
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Corollary 8.2 immediately yields

Corollary 8.3. Let the homogeneous problem (1.1p), (1.39)—(1.50) have only the
trivial solution. Then the Cauchy operator® of the problem (1.1g), (1.30)—(1.5¢) is
continuous.

Now we give a statement on the well-posedness of the problem (1.1"), (1.3)—(1.5).
For any k € N, along with the equation (1.1’) we consider the perturbed equation
0?u(t, x)

Ot Ox
where py, g € L(D;R) and 7, : D — [a,b], pu, : D — [c, d] are measurable functions.

(1.13) = pr(t, z)u(mi(t, 2), pr(t, 2)) + qi(t, ),

Corollary 8.4. Let the problem (1.1'), (1.3)—(1.5) have a unique solution u, there
exist a function w € L(D;Ry) such that

(8.19) lpe(t,z)| < w(t,z) fora.e. (t,x) €D, k€N,

and let

(8.20) klir}rl // [p(s,m) — p(s,n)] dsdn =0 uniformly on D.
H(t,x)

Let, moreover, the conditions (8.13), (8.15), (8.16), and (8.18) be satisfied, and

(8.21) klim ess sup{’Tk(t,x) —7(t,@)|: (t,2) € D} =0,
(8.22) hm ess sup {‘,uk (t,x) — u(t,m)‘ ((t,x) € D} =

Then there exists ko € N such that, for every k > ko, the problem (1.1})), (1.33)—
(1.5%) has a unique solution uy, and the relation (8.10) is true.

Remark 8.2. The assumption (8.19) in the previous theorem is essential and
cannot be omitted (see Example 9.2).

Finally, we consider the hyperbolic equation without argument deviations (1.2) in
which p,q € L(D;R). For any k € N, along with the equation (1.2) we consider the
perturbed equation

(12k) Utz Zpk(t,l')u+Qk(t,l‘)

where pg, qx € L(D;R).
The following statement can be derived from Theorem 8.1.

Corollary 8.5. Let the problem (1.2)—(1.5) have a unique solution u. Let, more-
over, the conditions (8.5)—(8.8) be satisfied,

(8.23) hm Ok // pr(s,m)dsdn — // s,n)dsdn| =0 uniformly on D,
Hk(t $) tx)

2The notion of the Cauchy operator is given in Definition 5.1.
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and

(8.24) i lil_{l Ok // |p(s,n)|dsdn =0 uniformly on D,
— 400
H(t,x)+Hg(t,x)
where
(8.25) or =1+ // lpi(s,n)|dsdn for k € N.
D

Then there exists kg € N such that, for every k > kg, the problem (1.2;,)—(1.5x) has
a unique solution uy, and the relation (8.10) is true.

Remark 8.3. Note that if the relation sup{||px|lr : ¥ € N} < 400 holds then
the assumption (8.24) of the previous corollary is guaranteed, e.g., by the condition
(8.18) (see Lemma 8.2 below).

Corollary 8.5 yields

Corollary 8.6. Let the problem (1.2)—(1.5) have a unique solution u. Let, more-
over, the conditions (8.15), (8.16), and (8.18) be satisfied,

(8.26) i ek —pllz =0,
and
(8.27) Jm g —allz =0.

Then the conclusion of Corollary 8.5 is true.
8.1. Proofs. In order to prove Theorem 8.1, we need the following lemma.

Lemma 8.1. Let the problem (1.1p), (1.30)—(1.5¢) have only the trivial solution
and let the condition (8.2) hold, where the numbers Ay, are defined by the formula
(8.3). Then, for an arbitrary z € C* (D; R), there exist ro > 0 and ko € N such that

ly = 2lle < ro(L+ 164D [ 18%(5) = Al + ITr(y, )]

8.28
o for k > ko, y € C*(D;R),
where
dﬁfv v -1
ooy DD o) { s (b (n).m) dny
for (t,z) € D, v € C*(D;R), k €N,
def o (e
(8.30) A)(tz) =t b)) + / 5 (A" (n),m) dn

h(t)
for (t,x) € D, v € C’*(D;R),
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and

Duesw)(t0) S [[ [onfs.) — a0 = 0] dsd-

(8.31) e

— // Wen(s,n)dsdn for (t,x) € D, v,w € C*(D;R), k € N.
G(t,x)

Proof. Let the operators T,Ty, : C (D;R) — C (’D;R) be defined by the formulae
(4.1) and

Tk (v)(t, ) ef / lr(v)(s,n)dsdn for (t,z) € D, ve C(D;R), k €N.
Hy(b,a)
Obviously,
1Tkl < 16:@lle < Il lyllc  fory € C(D;R), ke N.
Therefore, the operators Ty, (k € N) are linear bounded ones, and the relation
(3.32) 1Tl < lexll for ke N

holds. Moreover, the condition (8.2) with A; given by (8.3) can be rewritten in the
form

(8.33) sup {||Tk(y) “TW)|lc:y € M, hk)} —0 ask — +oo.

Assume that, on the contrary, the assertion of the lemma is not true. Then there
exist z € C* (D;]R), an increasing sequence {km}j;;’:ol of natural numbers, and a
sequence {y,,} > of functions from C* (D;R) such that, for every m € N, the
relation

(834)  lym — zllc > m(1+ ||tk []) {HAkm (ym) — AQ2)lle + [Tk, (ym, Z)||c}
holds. For any m € N and (¢,z) € D, we put

_ Ym(t, ) — 2(t, )
(8.35) Zm(t, ) = o — 210

336)  v(t2) = o [ A () (1:2) = A1) + T (e ) (1.2)].

(8.37)  zom(t,x) = zim(t, ) — v (E, ),

(8.38) W (t, ) = T, (20,m) (t, &) — T(20,m) (&, ) + Tk, (V) (t, ).
Obviously,

(8.39) lzmllc =1 for m € N.
Using (8.29)—(8.31) in the relation (8.36) and, by virtue of Lemma 3.3, we get
(8.40) 20,m(t,x) =Ty, (zm)(t,x) for (t,z) € D, m € N,
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and thus

(8.41) 20,m(t, &) = T(20,m)(t, ) + wn(t,x) for (t,z) € D, m e N.
Moreover, it follows from (8.34) and (8.36) that

Ak, (Ym) = Al + [Tk, (Ym., 2)llc 1
(8.42) [omlle < —= . <

Hym _Z”C m(1+ ||€ka)
for m € N. Now the relations (8.32) and (8.42) yield
(8.43) 1Tk, (vm)llc < 1Tk, || lomllc < U < 1 for m € N.
m(L+ ||, [)) ~ m

Note that the expression (8.40) and the condition (8.39) guarantee the validity of
the inclusion 29, € M ({y,,, hi,,) for m € N, and thus, in view of (8.33), we obtain

(8.44) i ([T, (20,m) = T(z0m)llc = 0.
According to (8.43) and (8.44), it follows from (8.38) that
(8.45) lim ||wn|c =0,

m—+00

and, by virtue of (8.39) and (8.42), the equality (8.37) implies ||zo,m|c < 2 for
m € N. Since the sequence {||z0,m/ ¢}, is bounded and the operator T is com-
pletely continuous (see Proposition 4.1), there exists a subsequence of {T'(zo.m)},-2%,
which is convergent. We can assume without loss of generality that the sequence
{T(20,m)};5, is convergent, i.e., there exists zg € C(D;R) such that

m=1

lim ||T(z0,m) — #0llc = 0.
m— 00

Then it is clear that
(8.46) lim ||z0,m — 20llc =0,

m——+oo
because the functions zp ., admit the representation (8.41) and the relation (8.45)
holds. However, the estimate (8.42) is true for v,, and thus, the equality (8.37) yields

lim ||zm — 20llc =0,
m——+o0

which, together with (8.39), guarantees |zo||c = 1. Since the operator T is con-
tinuous and the conditions (8.45) and (8.46) are fulfilled, the relation (8.41) yields
z0 = T'(20). Consequently, by virtue of Lemma 3.3, zp € C* (D;R) and zg is a non-
trivial solution to the homogeneous problem (1.1p), (1.3¢)—(1.5¢), which is a contra-
diction. ]

Proof of Theorem 8.1. Since the problem (1.1), (1.3)—(1.5) has a unique solution the
problem (1.1p), (1.39)—(1.5¢) has only the trivial solution. Therefore, the assumptions
of Lemma 8.1 are satisfied, and thus there exist rg > 0 and kg € N such that

lylle < 7ot + el [1ak(v) lo+ITx(y, 0) ]

(8.47)
for k > ko, y € C*(D;R)
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and

Iy = ullo < o1+ 1411 [I1Ak(v) — AGw)lc + [Tk(y, wlc]

(8.48)
for k > ko, y € C’*(D;R),

where the operators Ay, A, and I'y, are given by the formulae (8.29)—(8.31), respec-
tively.
If, for some k € N, ug is a solution to the problem

2U x
Talet) (), ),

u(t,hg(t)) =0 fort € [a,b,
uy (t,hi(t)) =0 for a.e. t € [a,0],
uly (hy (), 2) =0 for a.e. x € [¢,d]

(8.49)

then Ag(ug) = 0 and T'x(ug,0) = 0. Therefore, the relation (8.47) guarantees that,
for every k > ko, the homogeneous problem (8.49) has only the trivial solution.
Hence, for every k > ko, the problem (1.1;), (1.35)—(1.5%) has a unique solution wug
(see Theorem 5.1). Then we get

x

Ap(ug)(t, ) = g (t) + / Yr(n)dn for (t,z) € D, k > ko,

hk(t
Au)(t,x / ¥(n for (t,x) € D,
h(t)
and
T (w, ug)( // li(u)(s,n) dsdn—//ﬁ )(s,m) dsdn+
Hy (t,z) H(t,x)
//qksndsdn // (s,m)dsdn for (t,z) € D, k > k.
Hy (t,x) H(t,x)

Note that the assumptions (8.6) and (8.8) yield
hi () h(t)
(350)  Tim (146 / () dn — / w(n)dn| =0 uniformly on [a, 5.

Indeed, since we suppose that the triplets (g, v, %) and (g, ¢k, ¥x) are h—consistent
and hy—consistent, respectively, Proposition 3.1 implies

/¢ ) dy = g(b) + /()ds for t € [a, b],

h(t)
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t
a®+ [ ondn=g®+ [eue)ds oreclat] keN
hy (t) b

Hence, the relations (8.6) and (8.8) yield the condition (8.50).

Now, using (8.4), (8.5), (8.7), (8.8), and (8.50), we get
850 i (100 [I8eGm) — Aw)le + [Tk, wle] =0

On the other hand, it follows from (8.48) that
(8.52) Jlux —ullc < ro(1+ [|€k]) [llAk(Uk) — Ao + ||Fk(ukau)||0] for k > ko
and thus, by virtue of (8.51), the condition (8.10) holds. O

Proof of Corollary 8.1. We shall show that the assumptions of Theorem 8.1 are sat-
isfied. Indeed, the relation (8.11) yields ||¢x]| < ||w||r for k € N. Therefore, it is
clear that, by virtue of the relations (8.12)—(8.16), the assumptions (8.4)—(8.8) of
Theorem 8.1 are fulfilled. It remains to show that the condition (8.2) holds, where
the numbers \j are given by the formula (8.3).

Assume that, on the contrary, the condition (8.2) does not hold. Then there
exist €9 > 0, an increasing sequence {km}:'nojl of natural numbers, and a sequence
{ym };-2°, such that

(8.53) Ym € M (Cy,, hi,,) formeN

and

max // fkm(ym)(sm)dsdn*//é(ym)(s,n)dsdn > o
(8.54)  (tw)eD
Hy,, (t,x) H(t,x)

for m € N.

In view of (8.53) and Notation 8.1, we get

ym(t,T) = // Uk, (zm)(s,m)dsdn for (t,z) € D, m € N,
Hkm(t,.'L')

where z,, € C(D;R) and || z||c = 1 for m € N. Since we suppose that the operators
£y, are uniformly bounded in the sense of condition (8.11), we obtain ||y, |lc < [|w|L
for m € N, and thus the sequence {ym}j;f:o1 is bounded in the space C(D;R). We
show that the sequence indicated is also equicontinuous. Let € > 0 be arbitrary
but fixed. Since the function w is integrable on D, there exists § > 0 such that the
relation

(8.55) / / wlt, 2)dbdr < 5
E
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holds for every measurable set E C D satisfying mes £ < max{b — a,d — c}d. Using
the condition (8.11), for any (¢1,x1), (t2,22) € D and m € N, we get

// L. (zm)(s,m) dsdn — // L, (zm)(s,m) dsdn <Z // (s,n)dsdn,

tz 5132 H tlgIl)
where the measurable sets Ey, F5 C D are such that mes F1 < (d — ¢)|ta — t1| and
mes Ey < (b — a)|ze — x1|. Therefore, by virtue of (8.55), we have
|T(v)(te, 22) — T(v)(t1,21)| < €
for (tl,l‘l), (tg,xg) €D, |t2 — t1| + ‘xg — 33‘1‘ <4, meN.

Consequently, the sequence {ym}:;o:ol is equicontinuous in the space C (D; R). There-
fore, according to Arzela-Ascoli’s lemma, we can assume without loss of generality
that the sequence indicated is convergent. Hence, there exists py € N such that

13
(8.56) [Ym — Yo llc < .

2(llwllz + (161 + 1)
Since y,, € C*(D;R) and the relation (8.12) holds, there exists p; € N such that

€0
Or( Ydsd o Ydsdn| b <=2
(8.57) (tI,rzl?é(D // k ypo s,m)dsdn — // ypo s,m) dsdn 5

Hk t:E

for m > py.

for k > p;.

Now we choose a number M € N satisfying M > pg and kj; > p1. It is clear that

/ G (yar)(5,17) ds iy — / Uyar) (s.m) dsdn| <

Hyepy (t2) H(t2)

/ Crops (Ynr — Ypo) (5,m) dsdn| + / E(Ypo — yar)(s,m) dsdn| +
Hy,, (t,2) H(t,x)

// EkM(ypO)(Sm)dsdn—//f(ypo)(sm)dsdn for (t,x) € D.
H(tx)

Hy,, (t,2)

Therefore, by virtue of the conditions (8.11), (8.56), and (8.57), the last relation
yields

(8.58) (tm?é(D // L (ynr) (s, m) dsdn—/ Lynr)(s,m)dsdn| p <

HkM(fy' tﬁ)
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< llwllzllyar = ypo||c+ + 1lllyp — ymlle < eo,

which contradicts the condition (8.54).
The contradiction obtained proves the validity of the condition (8.2), and thus all
the assumptions of Theorem 8.1 are satisfied. O

To prove Corollary 8.2 we need the following lemma.

Lemma 8.2. Let the condition (8.18) hold and {o}2 be a sequence of functions
from L(D;R) such that

(8.59) log(t,z)| <w(t,z) fora.e (t,x) €D, keN,
where w € L(D;Ry). Then

(8.60) . 11141_1 // |ok(s,n)|dsdn =0 uniformly on D
H(t,x)+Hy(t,x)

and

(8.61) khrf // or(s,m)dsdn — // ok(s,m)dsdn| =0 uniformly on D.
Hy (t,z) H(t,z)

Proof. Let € > 0 be arbitrary but fixed. Then there exists § > 0 such that the
relation

(8.62) //w(s,n) dsn < e
E

is true for every measurable set E C D with the property mes E < 2(b — a)d. Put
P=A{(t,z) € D:|x — h(t)| <0} It is easy to verify that

(8.63) mes P < 2(b — a)d.
In view of the condition (8.18), there exists ky € N such that
|hi(t) — h(t)| < & fort € [a,b], k> ko,
and thus
(H(t,2)\ P)\ Hi(t,z) =0, (Hy(t,2) \ P) \ H(t,z) =0

for (t,x) € D, k > ko.

(8.64)

Obviously, for (¢,2) € D and k € N, we get
H(t,x) + Hi(t, @) = (»x)\Hk(, ) U Hy(t,2) \ H(t, ) =
_ [( \ P)\ Hy(t, ] [(H(t,a:)ﬁp) \Hk(t,x)]u

[(H (t,2)\ P)\ H(t, x)} U [(Hk(t,x) np) \H(t,x)}.
Therefore, by virtue of (8.59) and (8.64), the last relation yields
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low(s,m)| dsdn =

H(t,x)+Hy(t,x)

= // |0ksn|dsd7]—|— // |aks77|dsdn§

(H (t,x)NP)\H} (t,x) (Hy (t,x)NP)\H (t,z)

//|0ksn’dsdn<// (s,m)dsdn for (t,z) € D, k > ko,

which, together with (8.62) and (8.63), guarantees (8.60).
On the other hand, it is clear that

//Uksndsdn—//aksndsdn:

Hy (t,x) H(t,x)

= // k(s,m)dsdn — // k(s,m) dsdn| <

& (t,2)\H (t,z) H(t,x)\H(t,z)

< // low(s,n)|dsdn for (t,z) € D, k € N.
H(t,x)+Hy(t,x)

Consequently, the validity of the condition (8.61) follows immediately from the above-
proved relation (8.60). O

Proof of Corollary 8.2. We shall show that the assumptions of Corollary 8.1 are sat-
isfied. Indeed, according to Lemma 8.2, the assumptions (8.11), (8.17), and (8.18)
guarantee the validity of the condition (8.12). It remains to verify that the condition
(8.14) holds. We first show that

d d
(8.65) kll)rfoo / Y(n)dn = /w(n) dn  uniformly on [a, b].
i (t) 0]
Let € > 0 be arbitrary but fixed. By virtue of (8.15), there exists k1 € N such that
d
(8.66) / [¥r(n) — ()] dn| < % for z € [c,d], k> k.

x

Moreover, there exists § > 0 with the property

(8.67) /1/)(77) dn| < % for x1, 29 € [¢,d], |x2 — x1| <6,

z1
and the assumption (8.18) yields the existence of ks € N such that
(8.68) |hi(t) — h(t)| <& fort € [a,b], k> ko.
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Therefore, using (8.66)—(8.68), we get

d d d
[ otnan= [ wenan <| [ [ontn) - win] dn| +
P (®) hit) hi(t)
h(t)
+ / Y(n)dn| <e fort € [a,b], k> max{ky,ksa},
g (t)
and thus the condition (8.65) holds.

Since we suppose that the triplets (g, ¢, ¥) and (gx, @k, ) are h—consistent and
hy—consistent, respectively, Proposition 3.1 implies

d t
o(t) + / () dy = g(a) + / ps)ds  fort € [a,d]

) a
t

h(t
d

gk (t) + / wk(n)dn:gk(a)+/<pk(s)ds for t € [a,b], k € N.
hi(t)

a

The last two relations, together with (8.16) and (8.65), guarantee the validity of the
condition (8.14).
Consequently, the assertion of the corollary follows from Corollary 8.1. ]

In order to prove Corollary 8.4, we need the following lemmas.

Lemma 8.3. Let f € L(D;R), w € C*(D;R), and h € C’D([a,b]; [c,d]). Then
the relation

// fls,mw(s,n)dsdn =z(t, z)w(t,x) — / 2(s, x)ws (s, x) ds—
H(t,x) h=1(z)

x

- [ sttt dns [[ sl mdsan for (t2) € D

h(t) H(t,x)

(8.69)

holds, where the mapping H is defined by the formula (2.1) and

(8.70) z(t,x) = // f(s,n)dsdn for (t,x) € D.
H(t,x)

Proof. Put

1 for (t,x) € D, > h(t),
X(t,ﬂ:) =
0 for (t,x) € D, = < h(t)
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and

zo(t,z) = //X(sm)f(sm) dnds for (t,xz) € D

Obviously,
z(t,x) = zo(t,x) for (t,z) € D, x > h(t).
It can be verified by direct calculation that, for any (¢,z) € D, x > h(t), we have

// f(S»n)w(sm)dsdn:/t/zx(sm)f(sm)w(sm)dnds:
H{lia) )

= zo(t,2)w(t,z) — /zo(s7x)ws(s,x) ds—

a
x

f/Zo(t,n)wn(t, n) dn+/t/m20(8ﬂ7)wsn(s,n) dnds =

c
t

= z(t,v)w(t,z) — / z(s, x)ws(s, ) ds—

h(2)

- /Z(tm)wn(tm)dnJr// z(s,mws,pn(sn) ds dn.

h(t) H(t,x)
By analogy, for any (¢t,z) € D, x < h(t), we get

//f“’ (s5,m) ds dr /b/dl— X(s,m) £ (s, myw(s, n) dnds =

H(t,x) z
A (@)
= z(t,x)w(t,x) + / 2(s, x)ws (s, x) ds+
t
h(t)
+ [ ettt an s [[ oo dsdn
T H(t,z)
Consequently, the condition (8.69) holds. O

Using the previous statement, we prove the following Krasnoselski-Krein’s type
lemma.

Lemma 8.4. Let h € CD([a,b]; e, d]), D, pL € L(D;R), and o, : D — R be
measurable and essentially bounded functions (k € N). Assume that the relations
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(8.19) and (8.20) with H given by (2.1) are satisfied, and

(8.71) kEIJ?oo ess sup {|ak(t,x) —alt,x)]: (t,x) € D} =
Then

Qm // [k (s, m)ar(s,m) — p(s,n)a(s,n)] dsdn =0
(8.72) i)

uniformly on D.
Proof. We can assume without loss of generality that
(8.73) Ip(t,z)| <w(t,xz) fora.e. (t,z) € D.
Let € > 0 be arbitrary but fixed. According to (8.71), there exists ko € N such that

(8.74) //w(t,x)\ak(t,x) ~alt,0)|dtdr < S for k> ko,

Since the function « is measurable and essentially bounded, there exists a function
we (D; R), which has continuous derivatives up to the second order and such that

(8.75) //w(t,m)|a(t,x) ~w(t, o) ddz < 5
D

For any k € N, we put
i) = [[ Tontsn) = s,m] dsdn - for (t,2) € .
H(t,x)
Clearly, the condition (8.20) can be rewritten in the form

8.76 li — 0.
(8.76) G 2kl

Lemma 8.3 yields

t

// pi(s,m) — p(s,m)]w(s,n) ds dn = 2z (t, 2)w(t, z) — / 2 (8, 2)ws (5, 2) ds—

H(t,z) h=1(z)

x

- / 21 (t, m)wy (t,n) dn + // 2k(s,Mwey(s,n)dsdn  for (t,z) € D, k € N.
h(t) H(t,x)

Consequently, using (8.76), we get

klirf // pr(s,n) — p(s,n)]w(s,n)dsdn =0 uniformly on D.

H(t,x)
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Hence, there exists k1 > kg such that

c1) | [ s - sl dsdn < 5 for (o) €D,k k.
H(t,x)

On the other hand, it is clear that

// [Pk (s, m)an(s,m) — p(s,n)a(s,n)| dsdny =

H(t,x)
= // pr(s,m) [ar(s,n) — a(s,n)] dsdn + // [px(s,m) = p(s,m)]w(s,n) ds dn+
H(t,z) H(t,x)
+ // [pk(s,n) - p(s,n)] [a(s,n) —w(s, 77)] dsdn for (t,z) € D, k € N.
H(t,x)

Therefore, in view of (8.19), (8.73)—(8.75), and (8.77), we get

// [px (s, M) (s,m) — p(s,)a(s,n)] dsdn| <

H(t,x)

S//w(sm) |ak(s,m) —a(s,n)| dsdn + // [pr:(s,m) — p(s,m)]w(s,n) ds dn| +

H(t,x)

+2//w<s,n>|a<s,n> —w(s,m)| dsdn < for (t,z) €D, k> ki,
D

and thus the relation (8.72) is true. O

Proof of Corollary 8.4. Let the operator ¢ be defined by the formula (6.1). Put

O(0)(t,2) E pr(t, 2)o (1t @), i (t, 7))

(8.78)
for a.e. (t,z) € D and all v € C’(D;R), k € N.

We show that the condition (8.17) is satisfied. Indeed, let y € C* (D; R) be arbitrary
but fixed. Tt is clear that the conditions (8.21) and (8.22) guarantee the validity of
the relation (8.71), where

ak(tal') = y(Tk(ta x)>ﬂk(t7m))’ O‘(tvx) = ?J(T(t’ x%ﬂ(t’x))

for a.e. (t,2) € D and all k¥ € N. Therefore, it follows from Lemma 8.4 that the
condition (8.72) holds, i.e., the condition (8.17) is true. Moreover, by virtue of the
relation (8.19), the condition (8.11) is satisfied.

Consequently, the assertion of the corollary follows from Corollary 8.2. |
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Proof of Corollary 8.5. Let the operators ¢ and £ be defined by the formulae

(8.79) () (t, ) € p(t,2)v(t,x) for a.e. (t,2) € D and all v € C(D;R),

and

(8.80) Lr(v)(t,x) e pr(t,z)v(t,z) fora.e. (t,z) € D, allv e C(D;R), k €N,

respectively. Obviously,
(8.81) k|l = llpxllz  for k € N.

Therefore, it is clear that the assumptions (8.5)—(8.8) of Theorem 8.1 are satisfied.
In order to apply Theorem 8.1, it remains to show that the condition (8.2) and (8.4)
are fulfilled.

It is easy to see that

// pr(s,m) — p(s,n) dsdn< //pksndsdn // (s,n)dsdn|+

Hy (t,x) Hy (t,z) H(t,z)

+ // Ip(s,n)|dsdn for (t,x) € D, k € N.

H(t,z)+Hy(t,x)

Therefore, the conditions (8.23) and (8.24) guarantee that

. 2 1. =

(8.82) L eellfille =0,

where

(8.83) w(t, ) // pr(s,n) —p(s,n)] dsdn for (t,z) € D, k € N.
Hk t I)

We first note that, for an arbitrary y € C (D; R), we have

//Ek (s,m)dsdn — // )(s,m)dsdn| <

Hy (t,x) H(t,x)

(8.84) / / pr(s,m) — p(s,m)]u(s,m) ds | +

Hy (t,x)

n // p(s,)y(s,m)| dsdny for (t,2) € D, k € N,

H(t,x)+Hy(t,x)
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Moreover, for an arbitrary y € C* (D; R), Lemma 8.3 guarantees

/ / pr(s,m) — p(s,m)]y(s,m) dsdy = fu(t, 2)y(t, z)—

Hk t{L’
(3.85) - / fi(s, 2)ya(s, z) ds — / Fit )yt ) dig+
hy M(z) s ()
[ Rls (s dsdn tor (0 € D, kN,
Hy (t,x)

Let k € N and y € M (lg, hi) be arbitrary but fixed. Then, by virtue of Nota-
tion 8.1 and the proof of Lemma 3.3, we get

(8.86) ly(t, x) // pr(s,n)z(s,n)dsdn| < g for (t,z) € D,
Hp(t,x)

x

d
et )] = / Pt m)=(t, m) dn| < / Ipw(t, )|

8.87
( ) hi(t)
for a.e. t € [a,b] and all = € [¢,d],
t b
(L, x)| = ps,xzs,xdsg/p s,x)| ds
sy 0 | mlsz(s [pi(s. )
hy (@) @
for all ¢ € [a,b] and a.e. x € [¢, d],
(889) |ytz(t>x)‘ = |pk(t7x)y(ta x)| < |pk(tﬂx)| for a.e. (t,l‘) €D.

Using relations (8.86)—(8.89), it follows from (8.84) and (8.85) that

// i (y)(s,m) dsdn — // 0(y)(s,m) ds dn| <

Hyi(ta) H(t,)

< dor| frllc + ok // p(s,n)|dsdn for (t,z) € D, k € N.
H(t,x)+Hy(t,x)

Therefore, according to (8.24) and (8.82), the condition (8.2) holds, where the num-
bers \j are given by the formula (8.3).
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Now let y € C*(D;R) be arbitrary but fixed. Put

b
00 = ||y|lc + max /|ys(s,x)| ds:z € e, d] p +

(8.90) ¢ .

+ max / (6, 7 £ € [a,8] b + [l -

Then, (8.84) and (8.85) imply

// Ci(y)(s,m) dsdn — //g(y)(S,n)dsdn <

Hy (t,x) H(t,x)

<00 |Iflle + // p(s,m)| dsdp| for (t,2) €D, k € N.

H(t,x)+Hy(t,x)

According to (8.24) and (8.82), the last relation yields the validity of the condi-
tion (8.4).
Consequently, the assertion of the corollary follows from Theorem 8.1. |

Proof of Corollary 8.6. Tt follows from the condition (8.26) that
(8.91) sup {||pk||L ke N} < 400.

Therefore, in view of the relations (8.15) and (8.16), the assumptions (8.7) and (8.8)

of Corollary 8.5 are satisfied. Moreover, analogously to the proof of Corollary 8.2 it

can be shown that the conditions (8.15), (8.16), and (8.18) yield the validity of the

relation (8.14). Therefore, the assumption (8.6) of Corollary 8.5 is true. Furthermore,

by virtue of (8.18) and (8.91), Lemma 8.2 guarantees that the condition (8.24) holds.
On the other hand, it is clear that

// pr(s,n)dsdn — //p(sm)dsdn < lpx —pllc+

Hy (t,x H(t,x
(8.92) k(t,T) (t,@)

+ // p(s,n)dsdn—//p(s,n)dsdn for (t,z) € D, k€ N

Hy (t,x) H(t,x)
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and

// qr(s,n) dsdn — // s,m)dsdn| < |lgx — qll+
Hk(tz)
// (s,n)dsdn — // (s,n)dsdn| for (t,x) € D, k € N.

Hk(t av)

Now, using the conditions (8.18), (8.26), (8.27), and Lemma 8.2, the relations (8.92)
and (8.93) imply the validity of the assumptions (8.5) and (8.23) of Corollary 8.5.
Consequently, the assertion of the corollary follows from Corollary 8.5. O

(8.93)

9. COUNTER-EXAMPLES

Example 9.1. Let p € L(D;Ry) and h € CD([a,bl;[c,d]) be such that the

relations
//p(s,n)dnds:l, // p(s,m)dnds <1

H(b,d) (a,c)
are fulfilled, where the mapping H is defined by the formula (2.1). Let, moreover,
the operator £ be defined by the formula
L(v)(t,x) def p(t,z)v(b,d) for a.e. (t,z) € D and all v € C(D;]R).
Then the condition (7.2) with o = 1 is satisfied for every m € N and v € C(D;R).
Moreover,
b h(s)
//pjsndndS—l //pjsndnds<1 for j € N,
a h(s)

where the functions p; are given by the formula (7.4).
On the other hand, the homogeneous problem (1.1p), (1.39)—(1.5¢) has a nontrivial

solution
u(t, x) // (s,n)dsdn for (t,z) €

H(t,z)
This example shows that the assumption « € [0,1] in Theorem 7.1 cannot be
replaced by the assumption « € [0, 1], and the strict inequality (7.3) in Corollary 7.1
cannot be replaced by the nonstrict one.

Example 9.2. Let D = [0,1] x [0, 1],
(9.1) re(t) = ksin(k*t),  fr(t) = kcos(k®t) fort e [-1,1], k€N,
cos(k?t) t cos(k2s)
(9.2) yp(t) = ke~ F /e = cos(k*s)ds fort e [~1,1], k €N,
0
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and

t
(9.3) zi(t) = /yk(s) ds forte[-1,1], ke N.

0
It is not difficult to verify that, for every k € N,
(9.4) ur(t) = reye(t) + fr(t) forte[-11], k€N,
(9.5) lye(t)] < 1+ |tle* for t € [-1,1], k €N,
and
(9.6) Jimy(t) = % for t € [~1,1],
because

t
1 1 cos 2t cos ‘25
yi(t) = z sin(k?t) + B e /e 5 ds—

0
t

1 cos( 2 ) cos( 25)
- 56_ P /e 3 cos(2k?s)ds fort € [-1,1], k € N.
0

Obviously, the relations (9.2)—(9.6) yield
2p(t) = =1 () 2k (t) + wi(¢) + fe(t) fort e[-1,1], k €N,

where
(9.7) wi(t) =rE(t)zx(t) fort e [-1,1], k €N,
and, moreover,
2
(9.8) kEToo zi(t) = 1 uniformly on [—1,1].

Furthermore, it follows from (9.1) that

¢
(9.9) lim /rk(s) ds =0 uniformly on [-1,1],
k—+o0
0
¢
(9.10) lim /fk(s) ds =0 uniformly on [-1,1].
k—-+o00
0

The relations (9.3) and (9.7) yield
¢ ¢ ¢ ¢
wi(s)ds = zk(t) | ri(s)ds — [ yx(s) rp(§)d¢ | ds
/ [row [l
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for t € [-1,1] and k € N and thus, using (9.5), (9.8), (9.9), and Krasnoselski-Krein’s
lemma, we get
¢

(9.11) klir}_l /wk(s) ds =0 uniformly on [—1,1].
0

Now,let p=0and ¢g=0on D, g=0, p =0, and ) =0 on [0, 1],
T(t,x) =t, wp(t,x)==a for (t,z)€ D,
and
ht)=1—t forte|0,1].
Moreover, for any k € N, we put gx =0, ¢r =0, and ¢, =0 on [0, 1],
pr(t,z) = —ri(t+x—1) for (t,x) € D,
(t,z) =w,(t+z—1)+ fr(t+x—1) for (t,x) € D,
(t,x) =1, wpp(t,z)=a for (t,z) € D,
and
hi(t)=1—1t forte[0,1].

It can be easily verified by direct calculation that

//pk(3>77)d5d77:_j /trk(s+n—1)dsdn:

H(t,z) 12t15y
x t+x—1
= —/Tk(t-l-??—l)dn: — / rp(§)d¢ for (t,x) € D, k €N,
1t 0
x t
// w;c(s‘f‘??—l)de?]://w}c(s—l—n—l)dsdn:
Hy(t,x) 1—-t1—n
T t+x—1
= /wk(t+’l7*1)d77: / wi(€)d¢  for (t,z) € D, k € N,
12t 0
and
x t
/ fk(5+77*1)d8d7]:/ /fk(s+7771)dsd7]:
Hk(tJ) 1-tl—m
x t+n—1
:/ / fu(6)de | dn for (ta) €D, ke N,
12t 0

Therefore, by virtue of the conditions (9.9)—(9.11), the relations (8.13) and (8.20)
hold.
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Consequently, the assumptions of Corollary 8.4 are satisfied except of the condition
(8.19). Let the operators ¢ and ¢ be defined by the formulae (6.1) and (8.78),
respectively. Then, using Lemma 8.3, it is easy to verify that the assumptions of
Corollary 8.1 are fulfilled except of the condition (8.11).

On the other hand,

u(t,z) =0 for (t,z) € D
and
up(t,z) = zx(t+2x—1) for (t,x) €D, k€N
are solutions to the problems (1.1’), (1.3)—(1.5) and (1.1}), (1.3x)—(1.5%), respec-
tively, as well as solutions to the problems (1.1), (1.3)—(1.5) and (1.1), (1.3x)—(1.5x),
respectively. However, in view of (9.8), we get

. : (t+x—1)2
1 t,x)= 1 t -1)=———
k—1>I-ir-loo Uk( 7:E) k—1>I-ir-loo Zk( o ) 4
that is, the relation (8.10) is not true.
This example shows that the assumption (8.11) in Corollary 8.1 and the assump-
tion (8.19) in Corollary 8.4 are essential and they cannot be omitted.

for (t,z) € D,
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