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Smooth dependence on data of solutions and contact

regions for a Signorini problem

Jan Eisner, Milan Kucera, Lutz Recke *

Abstract

We prove that the solutions to a 2D Poisson equation with unilateral boundary condi-
tions of Signorini type as well as their contact intervals depend smoothly on the data. The
result is based on a certain local equivalence of the unilateral boundary value problem
to a smooth abstract equation in a Hilbert space and on an application of the Implicit

Function Theorem to that equation.

1 Introduction

Let ¢ > 07 Q= (071) X (07€)7 I'p = ({O} X (076)) U ({1} X <07€>>7 Ly = (’71772) X {O} -
((0,1) x {0}) be an open interval and T'y := 9Q \ (I'p UTy). Let h be a positive number and
f € C*¥(Q) areal function, k € N. We will study the Signorini boundary value problem

—Au=f inQ, (1.1)
ou
u=0onIp, 520011 Iy, (1.2)
ou ou
<h < — ) = : :
u < h, 9 = 0, (u h>8u 0 only (1.3)

Our goal is to prove that the data-to-solution map
(f,h) € C*(Q) x R — u € WH(Q)

is C*-smooth in a neighbourhood of a given (fy, hy) under reasonable assumptions. In other

words, to show that the triplets (u, f,h) € W'2(Q) x C*(Q) x R satisfying in a weak sense
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(1.1), (1.2), (1.3) form a C*-smooth manifold in W12(Q) x C*¥(Q) x R in a neighbourhood of

(wo, fo, ho). In particular, we will assume that the contact set
Ap(u) :==A{x € [m,7] : u(z,0) =h}

of the solution u = ug of (1.1)—(1.3) with fy, ho is an interval and show that then Ajp(u) is also
an interval depending C*-smoothly on f, h for all solutions u corresponding to f,h close to
fo, ho (see Theorem 2.4). We will also show that under simple additional conditions on fjy, ho,
this assumption about wg is really fulfilled (Proposition 2.12).

We introduce the real Hilbert space H and its closed convex subset K, (for any h > 0) by

H={ucW?Q):u=00onTp}, Ky:={ucH:u<honly}
and consider the weak formulation of (1.1)—(1.3) in terms of the variational inequality
feCH(Q),h>0,ueKy: / VuV(p—u) — f(p—u)dedy > 0forall p € K. (1.4)
Q

The known regularity properties of this variational inequality will be recalled in Remark 2.13
and Proposition 2.14.

An essential part of our considerations is related to the boundary value problem (1.1), (1.2),
u=honl,3 0Ou=0onFE,g, (1.5)

where

I.g:={(z,0)el'y:a <z < B} =(a,) x {0},

E.p:={(x0€ly m<z<aorfB<r<y}="Cy\l.g
71 < a < B < 7. Roughly speaking, the strategy of our proof is as follows. First, we
transform by means of a smooth transformation of the space variable = € [0, 1] the mixed
boundary value problem (1.1), (1.2), (1.5), which has («, 3)-depending Dirichlet and Neumann
boundary parts, into a mixed boundary value problem with (a, #)-independent Dirichlet and
Neumann boundary parts, but («, 5)-depending coefficients in the differential equation. To this
new mixed boundary value problem we add two scalar equations which ensure the regularity
condition u € W22(Q)NC'(Q) in order to get a well-posed problem for determining a;, 3 and u
in terms of h and f. This new system is highly nonlinear in o and . We transform it into an
abstract equation in a certain Hilbert space and solve it locally with respect to «, § and u by
means of the Implicit Function Theorem under the non-degeneracy condition (2.16). Finally,
we show by using the maximum principle that the solutions of this equation satisfy also the
variational inequality (1.4) under our sign assumptions about fy and ug.

An exact formulation of the non-degeneracy assumption (2.16) of our main results (Theo-

rems 2.4, 2.5) needs a rather long preliminaries leading to a definition of certain special func-
tions v(‘; 85 w(‘i, 5 In order to make this theorem understandable without reading these technical

details, let us explain here briefly the sense of that condition.
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It follows from [8, Theorem 1] (see also Remark 3.4) that there exist two functionals
0 5. 02 5+ L2(2) x W'22(1, 5) — R such that a weak solution to (1.1), (1.2), (1.5) (even with
an arbitrary h € WY22(I, )) satisfies u € W?2(Q) if and only if £} 5(f, h) = 2 4(f,h) = 0.
If (uo, fo, ho) is the starting solution of (1.4) which should be continued then the assumption

(2.16) can be formulated also as

det(i(l 5(fo: 1) %( <fo,ho>>>
B

0.
222 5(fo, ho)) (22 5(fo, ho)) 7

a=a0,B=P00

In Theorem 2.4 we use a concrete representation of the funcionals £}, 5, 2 ; in terms of functions
vm T wm 5 which makes possible to verify this condition numerically in concrete situations.
Our paper is organized as follows. The formulation of our main result (Theorems 2.4, 2.5)
and technical preliminaries are subject of Section 2. Proposition 2.12 in that section shows
that the solutions of (1.4) for which the contact set is an interval and which can be smoothly
continued by Theorem 2.4 really exist under simple additional assumptions. The proof of the
main result is devided into two steps — the proof of a local equivalence of our variational
inequality to a certain variational equation, and application of the Implicit Function Theorem
to this equation. The formulation and the proof of the equivalence result are contained in
Section 3. This proof is based on the results of P. Grisvard [8] concerning a regularity of
solutions of mixed boundary value problems in a neighbourhood of contact points of Dirichlet
and Neumann parts of the boundary. The considerations are related to those from V.G. Mazya,
S.A. Nazarov, B.A. Plamenevskii [13], S.A. Nazarov, B.A. Plamenevskii [15], and C. Eck, S.A.
Nazarov, W. Wendland [4], but they are simpler in our approach. The formulation and the proof
of the continuation result for the variational equation from Section 3 are given in Section 4. The
proofs of the main results then easily follow (Section 5). The Appendix is devoted to technical
proofs of assertions used in previous sections and to recalling some known but essential facts.
Let us recall that a smooth continuation of solutions and contact regions for variational
inequalities in one dimension (a model of a unilaterally supported beam) was proved and even
an existence of smooth bifurcating branches was given in our papers [18], [6]. The same basic
idea (a local equivalence with an equation and use of Implicit Funtion Theorem for it) was used
there but the proofs in the present paper are much more complicated. In fact, this idea in an
essentially simpler form was used also in [5] for variational inequalities in cases when certain

assumptions can guarantee a local independence of the contact set on parameters.



2 Main Results

We will equip the Hilbert space H with the scalar product
(u, ) = / Vu-Vedrdy forall u,p € H,
Q

and denote the corresponding norm by || - ||. Norms in other spaces X will be denoted by || - || x-

By 0., 0y, Oa, 0 and 0, we denote the partial derivative with respect to z, y, o, 3 and outer

normal derivative, respectively, and by 03,, 95,, 92, the second partial derivatives.
In the sequel, we will consider fixed (ag, o), 11 < v < Bo < 72, and set dy 1= %min{ao —

Y1, Bo — 0,2 — Bo}s
D = {(Oé,ﬂ) : ’CY — Odo’ < do, |ﬂ — 60’ < 50}

In order to formulate the assumption (2.16) of our main results, we need to introduce special
functions v] 4, w?, 5. Considerations necessary for their definition will be used simultaneously
in the proof of main theorems.

First, we will introduce coordinate transformations in Q, i.e. diffeomorphisms of € onto
itself which map I, 3 onto I, g, and E, g onto E,, 3, and change the (o, 3)-dependence from
the boundary conditions into the coefficients in the differential equations.

For any (o, 8) € D let 4,5 : [0,1] — [0, 1] be a function such that

the map (o, 8, x) — &, 5(x) is C*°-smooth on D x [0, 1], (2.1)
ao.po(x) =2 for all x € [0, 1], (2.2)
Sa,ﬁ(()) = Oa faﬂ(l) = 17 ga,ﬁ(a) = g, fa,ﬁ(ﬁ) = ﬁOa

f;/lg(flf) =r+a—ay for|z— agl < dy,
Eople) =+ BBy for |z — fo| <, (2.3)
ap() >0 forzel0,1],

€a,p 1s a diffeomorphism of [0, 1] onto [0, 1],

T

where 5;,16 denotes the inverse function to &, . Let us define the mapping @, 5 : L*(Q2) — L?(Q2)
by
(ap)f(@y) = f(€ap(r),y) forany f e L*(Q).

Remark 2.1 Under the assumptions (2.1)-(2.3), the mapping @, is an isomorphism from
WH2(Q) onto itself as well as from C*(Q) onto itself for any k = 0,1,.... Moreover, a function
v : 2 — R satisfies the boundary conditions v = 0 on I'p, v = h on Iy, 5,, 0,0 = 0 on
I'n U Ey, 5, if and only if u = &, gv satisfies the boundary conditions u =0 on I'p, w = h on
I,g, O,u=0o0nTyULE,g.



Lemma 2.2 Forany k=1,2,... and m =0,1,... the map
(a, B, f) € D x C*™(Q) = o 5f € C™(Q)
is C*-smooth.

Proof will be done in Appendix.

Let us remark that ®, 3 does not depend continuously on «, 3 in the strong operator norm
on any of the function spaces W*?2(Q) or C*(Q).

Let us denote by @ ; € L(L*(Q)) the adjoint mapping to ®, 4 in L*(Q). Introducing a

new variable T = ¢, g(x) and finally renaming = again to x, we get

Jo (@2 55 (@, y)g(z,y) dedy = [, f(2,9)9(Eap(x), y) dzdy
= Jo F(E5(@), v)g(z,y) (&, 5(¢, 5(x))) " d dy,

1.e.
1

(@5 50) (@ y) = f(&5(),y) (Ens(E5(2)) (2.4)

We have 0,(®a,pu)(z,y) = 0pu(8a,s(7),y)E, s(x) and

Oz (Papu) (2, y) = O7,u(6a,p(2),¥)(€0 (%)) + Osulbas(@), Y)€q 5 ().

Denoting A, 5 := @}, ;AD, 5, we get

Ao p = 0u(&, 560 5(2)):) + (&, (&0 5(2))) 715,
Therefore, denoting V, 5 := ( ;B(g;g(x))ax,ﬁ) and 9% : = (&, (57 (2)))710,,
a,8\%5a,6\F
we get that

VasuVagv = |, VO, 3uVO, gv
Q B B8 0 B8 B
for all w € WHP(Q),v € Wh(Q) withp > 1, 1/p+1/q¢=1, (2.5)
UG g0 = [, Do guAD, gv  for all u € L*(Q),v € W22(Q).
Q 76 Q 7/8 1ﬂ

Let us define for 6 > 0 and z € (0,1) the sets

As(z) = {(z,y) € : 6*/4 < (z — 2)* +y* < §*},
Bs(z) == {(z,y) € Q : (z — 2)* +1y* < §*}.

It follows from the choice of §y and (2.3) that

Aopg=2A, Vap=Vin Bs(ag) U Bs(fy) for § € (0,0d). (2.6)
For any 0 € (0, dp) let us introduce a C*°-smooth function xs : [0, 00) — [0, 1] such that

xs(r) =1for 0 <r <§/2,

2.7
xs(r) =0 for r > 0. 27)
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Let us define functions

X9(z,y) = X°(ap + rcosw,rsinw) := xs(r)r~/?sin 2, 2.8)

w

Yo (z,y) = Y9(By + rcosw,rsinw) := x;5(r)r~/?sin ¥,

where 7 is the distance of (z,y) € Q from (g, 0), w is the angle measured anticlockwise from
the segment (z,y), (g, 0) to I, 5, in the definition of X?, and r is the distance of (z,y) € Q
from (f,0), w is the angle measured clockwise from the segment (z,y), (6o, 0) to I,, g, in the

definition of Y, respectively.

Lemma 2.3 The following conditions hold for any ¢ € (0,d).

(i) X°,Y° € LI(Q) forall1 < g <4, X°,Y° € WH(Q) for all1 < g <3, X°,Y? € C>(Q)
for any subdomain Q' such that ' C Q\ {(ao,0), (5,0)}.

(i1) X° =Y° =0 on Iz, X° =0 in Q\ Bs(ag), Y° = 0 in Q\ Bs(5), AX° = 0 in
Q\ As(ag), AY? =0 in Q\ As(B) and AX?, AY?® € O=(Q).

(iii) For any (o, 3) € D, 9,X° = 9%PX° = 09,Y° = 0%FY? =0 on 'y U Eay 4y,

fQ Aa,ﬁXJSO == fQ VaﬁXé Va0, fQ Aa,ﬁyé‘»p == fQ VaﬁY(s *Va,pp

2.9
for all o € WHP(Q) with o =0 on Tp U Iy 5, and p > 4. (29)

(iv) For any (o, B) € D we have

VasX? =VX AypgX? =AX°, VoY’ =VY° A,5Y° =AY’ in Q.

Proof. The assertions (i) and (ii) follow from the definition of X and Y and calculus by using
polar coordinates. In particular, explicit expression of the Laplace operator in polar coordinates
gives that AX? and AY? vanish in the sets where the corresponding function y; is constant (let
us remark that 97, X°, 82, X° and 92,Y°, 92,V have singularities of opposite signs in (ay, 0)
and (0, 0), respectively).

It follows directly from (2.8) that 9,X° = 9,Y? = §%8Y° = 0 on I'y U E,, 5,- Hence, due
to (i) the Green Formula implies that for any smooth function ¢ with a compact support in

QUINUE,, 3, (i.e. ®,31Y has a compact support in QU 'y U E, ) we have
/ AD, X0 Oy 51 + / VO, 35X VOu50 = | 0,P0pX Cogth =0
0 Q o9

where all derivatives exist in the classical sense in suppt. Similarly for Y°. Such functions
1 are dense in {p € W'P(Q) : ¢ =0onTpU I, s} and (iii) follows by using the limiting
process and the formulas (2.5) for A, 3 and V, g.
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The assertion (iv) is a consequence of (ii) and (2.6). ]
Let X2 5, Y2 ; € W'2(Q) satisty

X2, =Y, =00nTpUTys,
JaVasX2 5 Vasp — AXp = [ VoY 5 Vagp — AV =0 (2.10)
for all o € WH2(Q) with ¢ = 0 on T'p U I, 4,5

ie. Xgﬁ and Y(fﬂ is the weak solution to the boundary value problem —A, gu = ¢ in € with
g=AX°and g = AY?, respectively, and with the boundary conditions u = 0 on I'p U I, 4,
95Pu = 0 on Ty U By, 5, Let us remark that X7 5, V2, € WH(Q), but X°,Y° ¢ Wh2(Q).

Finally, denote
05 = Pap(X2 5+ X%, wlsi=Pap(Y2,+Y0). (2.11)

The last functions vi 45 wiy 5 are of the key importance for the formulation of our main result.

For any d € (0,¢) let us denote
Qq:=1(0,1) x (0,4d),
Ly:=(0,1) x {d}.

Theorem 2.4 Let k € N, let (ug, ho, fo) satisfy (1.4), An,(uo) = [0, Bo] with 1 < ag < P <
vo. Let us assume that there are d > 0, € > 0 such that fy and ug satisfy the conditions

fo=>e>0  only g, (2.12)

Oyfo>e>0  onQy, (2.13)

8yu0 >0 on Pd, (214)

&2,u0(0,d) > 0 > 82, uo(1,d), (2.15)

det a% (fQ fovg,ﬁ_vq)a,ﬁuo 'va,ﬁ dz dy) % (fQ fovgﬁ—V@a,guO-VU‘;ﬂ dx dy) 40
o (Jo fowl 5=V @0 guo-Vw), 5 dz dy) o5 (fo fowl 5— V@ guo- V), 5 dz dy) ) | a=a
B=0Po

(2.16)

for some 0 € (0,8). Then there exist neighbourhoods V.C C*(Q) x R and W C H of (fo, ho)
and of ug, respectively, and a C*-mapping @ : V. — W such that 0(fy, ho) = uo and that
(f, h,u) € V x W satisfies (1.4) if and only if u = 4(f, h). Moreover, there exist C*-functions
&,V — R such that &(fo, ho) = an, B(fo, ho) = Bo and

Ay @, 1)) = a0, B )] for all (f,h) € V.
In the following theorem we replace the assumption (2.13) by the weaker condition (2.17)
but we obtain a result of a different type. We get only smoothness of the data-to-solution
map with respect to solutions corresponding to right-hand sides satisfying (2.17), that means

solutions of (1.4) do not form a smooth manifold in a neighbourhood of (ug, fo, ho)-
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Theorem 2.5 Let us consider the assumptions of Theorem 2.4 but replace (2.13) by
Oyfo >0 onQy. (2.17)

Then there exist neighbourhoods V.C C*(Q) xR and W C H of (fo, ho) and of ug, respectively,
and a C*-mapping @ : V. — W such that 0(fo, ho) = ug and that (f, h,u) € V x W with d,f >0
on Qg satisfies (1.4) if and only if u = a(f, h). Moreover, there exist C*-functions &, G:V >R

~

such that &( fo, ho) = o, B(fo, ho) = o and
A (a(f,h)) = [@(f, L), B(f. h)] for all (f,h) € V with 8,f >0 on Qq.

Remark 2.6 The ezistence of d > 0 satisfying (2.13) is guaranteed if we assume Oy, fy > € >0
on T'g. However, we need (2.13) with the same d > 0 for which (2.14) is fulfilled, and this
assumption cannot be replaced by an analogous condition on I'y because Oyu = 0 on a part of
Lo (u satisfies (1.2) and (2.24) by Proposition 2.14 below).

Remark 2.7 The condition (2.15) is used only for the proof that (2.14) remains valid even
for all solutions of (1.1), (1.2), (1.5) sufficiently close to (ug, o, Bo, fo, ho), which is essential
for the proof of Theorem 2.4 (see the proof of Lemma 3.10). Therefore it will be seen from
Proposition 2.10 below that if we assume global conditions for fy considered there then the

assumption (2.15) is not needed.

The conditions (2.14), (2.15) for a starting solution ug as well as the conditions (2.12),
(2.13) for a starting fy will be used for the proof of an equivalence of our variational inequality
to a certain operator equation on a neighbourhood of (ug, fo, ho), which is the main tool of
the proof of Theorem 2.4. The precise formulation of this local equivalence is a subject of
Theorem 3.1 below.

The condition (2.16) is generically fulfilled. For given fy, hg, up, it has to be verified
numerically. The assumption (2.16) will guarantee that a certain mapping is an isomorphism
which will enable us to use Implicit Function Theorem to prove the existence of a unique
local smooth branch of solutions of the operator equation mentioned above (see the proof of
Theorem 4.1).

Remark 2.8 The condition (2.16) can be in fact replaced by assuming that there exist functions
he 3 € HNW?**(Q) such that he, 5 = ho on I, that the mapping

(a,8) € D — (/ Vhe, - Vi g dwdy,/ Vhe, 5 Vw) g dxdy) € R? (2.18)
Q Q



1s smooth and that

det ( o (Jo foves=Vhe 5V g da dy) % (fo fovl 5=V hS, 53V, 5 da dy) )

40
2 (Jo fowd 5=V, 5 Vb, g dedy) 2 (fg fowd, 5= Ve, 5-Vw), 5 de dy)

a=agp

B=0o

(2.19)
for some § € (0,60). Indeed, we will see in Lemma 3.6 that the integrals in (2.19) are inde-
pendent of the choice of such extension h, 5 of the constant hg from I, g onto the whole (2,
and @, gug is such extension (see also Lemma 4.2). Let us note that ®, gug € W2%(Q) due to
Proposition 2.14 below and Remark 2.1.

Remark 2.9 If fo(z,y) = fo(1 — z,y) for all (z,y) € Q, then for all (f,h) € V with f
satisfying the same symmetry condition, the functions u(f, h) from Theorem 2.4 are symmetric

in x and therefore &(f,h) =1 — B(f,h). This follows immediately from the unicity assertion
of Theorem 2.4.

The following Proposition 2.10 together with Proposition 2.14 show that the local assump-
tion (2.14) concerning ug is automatically fulfilled even in a global form and even for all solutions
of (1.1), (1.2), (1.5) sufficiently close to (ug, o, 5o, fo, ho) under suitable global assumptions
about fy. We do not need to discuss the assumption (2.15) because it is not necessary in this
situation (see also Remark 2.7 above). Furthermore, Proposition 2.12 gurantees that the as-
sumption of the same type on f guarantee that the contact set of the solution of (1.4) is really

an interval for h small enough as it is assumed in Theorem 2.4.

Proposition 2.10 Let k = 1, let (ug, o, Bo, fo, ho) be a solution of (1.4), Apn,(uo) = [vo, Bo)
and let (2.12) and
Oyf >e>0 inQ (2.20)

hold for f = fo. If (u,a, B3, f,h) € CY(Q) x D x CY(Q) x R, satisfy (1.1), (1.2), (1.5) and
lu —uoll + [a — ao| + |8 = Bol + | f — follcr@) is small enough then

Oyu>0 inQUI,s. (2.21)
Proof will be done in Section 5.

Corollary 2.11 The assertion of Theorem 2.4 remains valid if we replace (2.13) by (2.20) and
omit the assumptions (2.14), (2.15). This will be seen from the proof of Theorem 2.4 and from
Proposition 2.10.

Proposition 2.12 Let
f>0o0nTly, O,f>0 inC. (2.22)
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[f (u?fa ) Satzsﬁes (1 4) (717 ) < h’ U’<7270) < h U(l’l,O) = U’('r270) =h fOT’ some Ty, Ty €
(Y1, V2], T1 < xa, then there are (o, 3) € D satisfying Ap(u) = [a, f]. Let, moreover,

F>0 inQ. (2.23)

There is hy > 0 such that if h < hg, (u, f, h) satisfies (1.4), then there are (o, 3) € D satisfying
Ap(u) = [a, 5], and if h > hy, (u, f,h) satisfies (1.4), then we have u(x,0) < h for all
S h/lfy?]'

Proof will be done in Section 5.
We will devote the rest of this section to recalling some basic properties of our variational

inequality we use.

Remark 2.13 It is well known that for any f € C*(Q), h > 0 there is unique u € H such that
(1.4) holds. Moreover, u € CY(QUTy). See e.g. [10, Theorem 1.2].

For any w € HNC(I'y) let us set

Ep(u) == {(z,0) € I'y; u(z,0) # h}, I(u):=Ty\ Ep(u).
Hence, if Ay (u) = [o, 8] for some (o, ) € D then Iy (u) = Io 5, En(u) = Eqp.

Proposition 2.14 A triplet (u, f,h) € H x C1(Q) x RT satisfies (1.4) with k =1 and I,(u) C
Ly if and only if u € C2(Q) N CY(Q), u is a solution of the problem (1.1), (1.2),

uw=nhon Iy(u) Ou=—-0,u=0 on Ey(u) (2.24)

and if in addition
Oyu = —0,u > 0 on Iy(u), (2.25)
u < h on Ep(u), (2.26)

u(y1,0) < h, u(v9,0) < h. Any such solution satisfies in fact
u € W*P(Q) for all p € (1,4). (2.27)

Due to embedding theorems (e.g. [16], [7]), (2.27) implies
u € CM71(Q) for all v € <O, %) . (2.28)

Let us emphasize that under the assumptions on f considered we will prove the sharp inequality

n (2.25) (see Lemma 3.10). The assumption I,(u) C Ty is essential. If (y1,0) € Ij(u) or

(72,0) € I,(u) then u can have a jump in the first derivatives at (y1,0) or (72, 0), respectively.
We will have in fact Aj(u) = [a, §] in our considerations and then (2.24) reads as (1.5).

Proof is standard and will be done in Appendix for the completeness.
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3 Equivalence of the Variational Inequality to an Oper-

ator Equation

The main idea of the proof of Theorem 2.4 is to show that our variational inequality (1.4) is
equivalent in a neighbourhood of (ug, fy, ho) to an operator equation, and to apply Implicit
Function Theorem to this equation. In order to formulate the equivalence result, let us define
the mapping F : H x C*(Q) — H by

(F(u, f),¢) = —/QVquo — fodxdy for all p € H. (3.1)
Then (1.4) can be written as
feCQ),h>0,uc K,: (F(u,f),e—u)<0forall ¢ € Kj. (3.2)
Let us introduce the closed subspace Hy of H by
Hy={ue H: u=01in I,,4,}

The following theorem describes precisely the local equivalence of the variational inequality
(1.4) and the operator equation mentioned above. We use the notation from Section 2. In
particular, the functions v, g, wa g are from (2.11).

Let us note that we consider £ = 1 in Theorem 3.1 because it automatically implies its

validity with any k € N.

Theorem 3.1 Let k = 1 and let (uo, fo, ho) satisfy (1.4), (2.16) for some 6 € (0,dy) and
Apo (ug) = [aw, Bo] with 1 < ag < By < V2. Let us assume, moreover, that there are d > 0 and
e > 0 such that (2.12), (2.13), (2.14), (2.15) are valid. Then for any n > 0 there exists § > 0
such that the following holds:

(i) For any solution (u, f,h) to (1.4) satisfying ||u — uol| + || f — follor @) + [h — hol < & there
ezists (v, o, B) € Hy x D with ||v]| + | — ao| + |8 — Bo| < n such that Ap(u) = [, 5] and
(v,a, B, f, h) satisfies

feC(Q),h>0,(a,3) €D,veE Hy:
<F (@a,g <h£0u0 + v) ,f) ,@a,590> =0 for any ¢ € Hy,

h h
/vaiﬁ — h_qu)a’ﬂuo : vaﬁ dedy = /waiﬂ — h_OV(I)a’BuO : Vwiﬂ dedy =0, (3.4)

h
u = (Da,ﬁ (h—ouo -+ U> . (35)

(3.3)
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(ii) For any (v, B, f, h) satisfying (3.3), (3.4), ||v|| + |a — ao| + |5 — Bo| + ||.f — foHCl(ﬁ) +
|h — ho| < 0, the triplet (u, f,h) with u from (3.5) satisfies (1.4), |lu — wol| < n and
Ah(“) = [aaﬁ]'

Proof of this theorem as well as of the following one will be done later in this section. We need
for them additional notation and technical assertions, which are the subject of the forthcomming

part of the text. In particular, we need to describe properties of the functions vgﬂ, wiﬁ from
(2.11).

Theorem 3.2 Let us consider the assumptions of Theorem 3.1 but replace (2.13) by (2.17).
Then for any n > 0 there exists 6 > 0 such that the following holds:

(i) For any solution (u, f,h) to (1.4) satisfying [|u — uoll + [|f — follcr@) + |h — hol < and
Oyf >0 on Qy there exists (v, o, 5) € Hy x D with ||v|| + | — o] + |8 — Bo| < n such that
Ap(u) = [a, 8] and (v, v, B, f, h) satisfies (3.3)—(3.5).

(i) For any (v,a., B, f, h) satisfying (3.3), (3.4), [|v]| + | = ol + 6 = fol + [If = follor ey +
|h — ho| < & and O,f > 0 on Qq the triplet (u, f,h) with u from (3.5) satisfies (1.4),
llu — uol| <n and Ap(u) = |o, 5].

Remark 3.3 In fact, due to Lemma 3.6 below we could replace @, gug in (3.4) by an arbitrary
he 3 € HNW?*(Q) such that he, 3 = h on Iog. Cf. also Remark 2.8, but now we do not need

any smoothness of the map (2.18) mentioned there.

Let us define for any («, 3) € D the closed subspace U, 5 of L*(Q) x R by
Uasp :={(-Au,h) : ue W?2Q),heR,u=0onTp, u=nhon I3, 0,u=0o0nTyUE,g}
Remark 3.4 Clearly, we have
Uap = {(f,h) € L*(Q) xR : uw € W**(Q) for the weak solution u of (1.1), (1.2), (1.5)}.

Since @, 5 is one-to-one mapping of { € W**(Q NH : ¢ =h in I, p, Ou=0 on Eu,p}
onto {p e W*2(Q)NH: o=hinl,p Ou=0 onE,s} (see Remark 2.1) we get also

Unp ={(—AP,gu,h) : u € W?2(Q), he R, u=0onTp, u="h on Iz,
Oyu=0 onTnUE, gz}

It follows from [8, Theorem 1] that there exist two functionals €} 5,2 5 = L*(Q) x W/22(I1, 5) —
R such that a weak solution to (1.1), (1.2), (1.5) (even with an arbitrary h € WY*2(I,5))
satisfies u € W2%(Q) if and only if féﬂ(f, h) = Ei,ﬁ(f, h) = 0. In particular, Uypg has a

codimension two in L*(2) x R.
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For any fixed (a, #) € D, let us define functions X; (/2 and Y (1/2) by

1/2 (3 W

X(gl/z)(oz + 7 cosw, rsinw) = xs(r)r/?sin

Y23+ rcosw, rsinw) = xo(r)rt/2 sin &

where the function s is from (2.7) and r, w are the same as in the definition of X?, Y in (2.8).

Remark 3.5 Let (u,a, 3, f,h) € HxDxL*(Q) xR, let u be a weak solution of (1.1), (1.2) and
(1.5). It follows from [8, Theorem 2] (cf. also [12], Theorems 10.2 and 12.5 and expressions
(2.8), (2.10), (2.11), (14.3) there), that we can write u as

U=t pa, + KX 4+ KV, (3.6)

where uqp2, € W2(Q) and K3, Kj € R. It follows from [8, Theorem 3] that even uq 2, €
W2P(Q) for all p € [2,4), in particular us g2, € CH().

Let us emphasize that none of the functions Xél/m, }/5(1/2) belongs neither to W22(Q) nor
to C1(Y), because of the singularity in the first derivatives at (c,0) or (3,0), respectively. In

particular
0, X5 (a—,0) = —00, 8,2 (5+,0) = +oc. (3.7)

It follows that u € C*(Q) if and only if u € W2(Q), and this is true if and only if K’ = Kg =0.
In this case even (2.27) is fulfilled. Of course, this holds only for some couples (o, 3) € D and

the corresponding h.

Lemma 3.6 The following assertions hold for any (o, 5) € D and § € (0,dp).

4
vivﬁ,wgﬁ € WhH(Q) for all q € [1, 5) : (3.8)
the expressions aiﬁ = [y vaﬂ -V dzdy, biﬂ = [y ngﬁ -Vepdrdy (3.9)
are independent of ¢ € W2%(Q) with o =0 on Tp, o =1 on I, g,
L
Unp = [Span {(Ui,g: —agﬁ), (wiﬁ, —biﬁ)}] , (3.10)

where the orthogonal complement is understood in L?(Q) x R.
In particular, if § € (0,0¢) is given then the functionals K}lﬁ, éiﬂ mentioned in Remark 3.4

can be chosen such that on L*(Q) x R they have a representation

6(11 B f’ fQ f?)a B V(I)a,ﬂuo : vaﬂ dx dy,
5(21 B (f.h) fg fwa B8 V@a,guo . ngﬁ dx dy.

Proof. The condition (3.8) follows from Lemma 2.3(i), definition of X°, Y, X2 5, V2 ;. (2.11)

and the smoothness of £, 3.
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In order to prove (3.9), let us show first that if p € W2(Q) with ¢ =0 on I'p U I, 3 then

/ vaﬁ -Vodrdy = / Vwiﬁ -Vepdrdy = 0. (3.11)
Q Q

Let us take such ¢. Then using the definition of @ 5, 02 5. Vas, Lemma 2.3(iii) and (iv)
(realizing the imbedding W22(Q) C W4(Q) for all 2 < ¢ < c0) we get

Jo Ve -Vl gdedy = [, V®a 5P, 50 - Vo 3(X] 5+ X°) dxdy
= Jo VasPasp - VasXi s — P ppAX° dudy

which is zero due to (2.10) with @;’lﬁap instead of ¢ there (let us observe that we have @;’lﬂgo €
W22(Q) and @, 0 = 0 on I'p U Io, 6, due to Remark 2.1). Similarly one can show that
Jo VeVl zdzdy = 0.
If 1, ¢y are two functions proper for (3.9) then the choice ¢ := 1 — ¢ in (3.11) implies
that the integrals in (3.9) with ¢ = ¢; and ¢ = @, are the same, and the assertion (3.9) follows.
Due to the linear independence of Ugﬂ, wgﬁ and Remark 3.4, for the proof of (3.10) it is

sufficient to show that
Jo f03 5 dady — hal, 5 = 0,
Jo fwiﬂ drdy — hbiﬁ =0
for all (f,h) € U,p. Let us take u € W*?(Q), h >0 withu=0o0onT'p, u=hon I,z du=0
on I'y U E, g and set
f=—-Au.

Let us choose ¢ := u/h in (3.9). Then

Jo f’ugﬂ drdy — ha‘;ﬂ =/ f’ugﬂ — hVp - vaﬂ dz dy
= — [qAuvl 5+ Vu - Vol gdzdy =0

by the Green formula and the facts that v € W2(Q), vgﬁ e Whi(Q), q € [1, %), vgﬁ =0 on
I'pUI, . Similarly for w?, 4, and (3.10) is proved. The representation of £}, 5, (2 ; from the last
assertion now follows from (3.10) by the choice ¢ := @, gug/ho in (3.9). ]

Let us remark that in the following Proposition, the condition (3.4) could be again formu-

lated as it is mentioned in Remark 3.3, cf. also Remark 2.8.

Proposition 3.7 A point (v, o, 3, f,h) € H x D x C*(Q) x R satisfies (3.3) if and only if u
from (3.5) is a weak solution of the boundary value problem (1.1), (1.2), (1.5). In this case,
(f, h) satisfies (3.4) if and only if u € C*(Q). Then in particular (1.1), (1.2), (1.5) are fulfilled

in the classical sense and also (2.27) holds.

Proof. The statement about the equivalence of (3.5) with a weak formulation of (1.1), (1.2),

(1.5) follows from standard considerations and the fact that @, g is one-to-one mapping of H,, g,
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onto H, s (see Remark 2.1). If (f, h) satisfies, moreover, (3.4) then (f,h) € U, g by Lemma 3.6
where we choose ¢ = ®, gug/ho in the expressions for agﬁ, b‘;ﬁ. Remark 3.4 implies that the
weak solution of (1.1), (1.2), (1.5) belongs in addition to W?%?(Q2). Remark 3.5 gives that in
this case u € C*(Q) and even (2.27) holds.

The last part of Remark 3.5 implies that if v € C*(Q) then u € W?%2(Q). This means
that (f,h) = (—Au,u|z, ;) € Usp by Remark 3.4, and Lemma 3.6 (again with ¢ = ®, gug/ho)
implies that (3.4) holds. [

For any (o, ) € D and any h > 0, let us define the subspace H, s and the affine space
H 2 g in H by

Hop={ueH:u=0inIop}, H'j:={ueH:u=hinl,gz}.

Lemma 3.8 Let (u, 0, 8, f.h), (i, tn. o, for ) € H x D x C'(@) x R satisfy (1.1), (1.2),
(1.5) in the weak sense and let

o = | + [Bn = Bl + lfa = fllera + |ha — hl = 0. (3.12)
Then ||u, — u| — 0.

Proof. Proposition 3.7 implies that (u,«, 5, f, h), (Un, O, Bn, fn, hn) satisfy (1.1), (1.2), (1.5)
if and only if (w, «, 3, f, h), (Wn, A, Bn, fn, hn) with w = <I>;71ﬁ(u), wy(x,y) = @;iﬂn (uy,) satisfy

«Q

feC(Q),h>0,(a,8) € D,we H’Loﬂo C (F (Pap (W), f), Papsp) =0 for any p € Hy.

(3.13)
Realizing the definitions of F' and @, g we can write (3.13) in the form
[ 0aal@).0) V(). ) ~ £ 9)o(6as(0)9) dedy =0 for all € Ho
Q
Introducing a new variable = &, () and finally renaming = again to x we get
— 6yw(x7 )ay ($, )7f(£;1 (:U), ) (I, )
fQ 8:1:11)(1" y)axso(xv y) é,ﬁ(ga,lﬁ(l‘)) + - 90/ :(/&wlﬁ(%)ﬂ)3 S dedy =0
for all p € Hy.
/ -1 / -1 1 1 .
1t follows rom (23 ot €, (610) = €300 & ir gty

C(]0,1]). We obtain [|w, — w|| — 0 under the assumption (3.12) from known results about
dependence of weak solutions to boundary value problems on data ([16, Proposition 6.2, The-
orem 6.2]). Our assertion now follows by using Remark 2.1. [ |
In the following assertions we will consider often (u,«, 3, f,h) € C*(Q) x D x C*(Q) x R
satisfying (1.1), (1.2), (1.5). Hence, in this case u will satisfy also (2.27) by Remark 3.5.
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Lemma 3.9 Let T be a subset of 0Q, T C TpUTNUE, 3, (i-e. T C 00\ Loy 4,), and ' a sub-
domain of Q such that ¥ C QUT. There is C > 0 such that if (u, a, 3, f, k), (o, 0, Bo, fo, ho) €
CYQ) x D x CHQ) x R satisfy (1.1), (1.2), (1.5) and I,z NT = ) then ug,u € C2(Q),

= tolleagey < € (lu=all+ 17 = fllor)

Proof. First, let us consider an arbitrary subdomain €’ satisfying our assumptions with 7" C
({0} x [0,€)) U ([0, — 0) x {0}), § € (0,ap). Clearly there is a domain Q" C € such that
Q' Cc Q"UT and also Q" C QUT. We will prolong the domain € and the functions u, ug, f,
fo to the left and down in the following way. Let us define

Q ={(z,y) eR? : (z,—y) € Q} =(0,1) x (—£,0),
Qp:={(z,y) eR* : (—x,y) € Q} = (-1 )X(M)
Q= {(z,y) €R? : (—z,—y) € O} = (=1,0) x (=¢,0),
Qo= (—1,1) x (=£,0),

[(;0 50 {(':E y) € R2 : (_l',y) € ]ozo,ﬁo}

and introduce the functions u, ug, f fo Qg — R defined by

u(z,y), (z,y) € Q,
i) = 4 &Y (z,y) € Q7

—u(—z,y), (2,y) € Qr,

—u(~z,-y), (7,y) €Q

and analogously for 1y, f f;) Let us choose domains 2, Q2§ C € such that QN Q = Q', QI N
Qp =, ﬁlo C QN (Ing 5 U I’ 5,) = 0. (We can take e.g. symmetric prolongations to the
left and down of €', Q" similarly as above.) It is easy to verify that u, uo € W12(Q4) N C* ()
and ]7, ﬁ) € L*(Q). (Let us note that ]7, ﬁ) need not be continuous on I'gs.) Moreover, both

(@, f) and (T, fo) satisfy in a weak sense
~Au=f inQ

We get from [7, Theorem 8.8] together with the embedding theorem that there are C,Cy > 0

such that
LQ(Q’O/)) ’

These estimates together with the definitions of reflected functions wu, g, f, ]70 imply that

7~ Tollogy < Cillt = Tllwasqay < Co (17~ Talwescag + 7~ 7

I~ Tl oy, < 4Ca(lu — uoll + 11 = foller ) (3.14)
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In particular,
[l = wol| ¢y < 4C2(lJu = woll + If = foller@))- (3.15)
Furthermore, let us take Q] := Q; Ny, QF := Q1 NQY. Now, let us realize that the restrictions
of u, ug, f, fo on € (called for the sake of simplicity again u, ug, f, fo) satisfy w,ug €
WL2(Q)) N CY(SY), and f, fo € COL(Y) (the space of Lipschitz functions) and both (@, f),
(@, fo) satisfy
~Au=f in, (3.16)
u=20on Iy, (3.17)

by the assumptions, we see that Moreover, u and ug satisfies the boundary value problem (6.1),
(6.2) with g = fand g = fy, respectively, in Q) ¢ = u and ¢ = 7y, respectively, on 0.
Remark 6.1 implies that @, ug € C*(Q}). Using [7, Theorem 4.12] with QY instead of Q, T' =T,
we get the existence of C's > 0 such that the estimate

00’1(9’1’)>

It = wolleq@ry < 1 = Tolloaapy < Ca (lu = woll +11f = follor @) (3.18)
with Cy = 4C5 4+ 2C3. The assertion of Lemma 3.9 for the case T C ({0} x [0,¢)) U ([0, g —
d) x {0}) if 6 € (0, ap) is proved.

Similarly we can treat subdomains €2 adhering to the left upper corner of €2, i.e. the case
T C ({0} x (0,4]) U([0,1) x {¢}). Now we prolong our domain and functions to the left and

above and use similar considerations to obtain the same estimate again. (Now we do not remove

I~ Tollxr, < Cs (1~ Tolloy + | -

holds. Restricting back to 2 and realizing (3.14) we obtain that

a neighbourhood of I,, 5, from the domain which arises.) Finally, we can do the same with
the right corners, i.e. we prolong to the right and down or up, respectively. Realizing that the
union of four suitable subdomains of the four types considered cover an arbitrary domain from
the assumptions of Lemma and summarizing the estimates obtained for the particular cases,

we get the assertion. [ |

Lemma 3.10 Let (ug, fo, ho) satisfy (1.4), Ap,(uo) = [ao, Bo] with v1 < ag < [y < Yo. Let us
assume, moreover, that there are d > 0, € > 0 such that (2.12), (2.13), (2.14), (2.15) hold.
Then there exists n > 0 such that if (u, o, 3, f,h) € C*(Q) x D x C*(Q) x R satisfy (1.1), (1.2),

e = woll + 1 = follen gy + o = ol + e = atg| +18 = ol < 1 (3.19)
then

8yu >0 m Qd U Ia”g U Fd, (320)

u<h onFE,pg. (3.21)
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Remark 3.11 It is easy to see from the proof below that if we replace the assumption (2.13) by
(2.17) in Lemma 3.10 then the assertion holds only for all (u, o, 3, f, h) € C*(Q)x DxC'(Q2) xR
satisfying (1.1), (1.2), (1.5), (5.19) and in addition 0,f > 0 in Qq.

Proof. First, it follows from (2.12), (2.13), (2.14), (2.15) and Lemma 3.9 that if (u, o, 5, f, h) €
CHQQ) x D x CY(Q) x R satisfy (1.1), (1.2), (1.5) and (3.19) with 5 sufficiently small then we

have

f>0 onl,g, (3.22)
8,f >0 inQ (3.23)
Oyu>0 only. (3.24)

Let us not that d,u(0, d) = dyu(1l,d) = 0 and we need both (2.14), (2.15) for the proof of (3.24).
Let us prove that
Oyu>0 onlyg (3.25)

for all u, v, 5 under consideration. Let us assume for a contradiction that there are (u,, &, B, fn, hn) €
CH(Q)x DxC*(Q) xR satisfying (1.1), (1.2), (1.5), (3.23), (3.22) and points (,,,0) € I, 3, such
that dyu,(z,,0) < 0. Let us denote v, := dyu,,. It follows from Remark 3.5 that u,, € W**(Q),

that means v,, € WH2(Q) and it is easy to see that v, satisfy in the weak sence

—Av=0,f in Qq, (3.26)
v=0 ondWNTpUl'yUE,s) (3.27)

with (o, 3) = (an, Bn), f = fa- Of course, we have also v,(ay,,0) = v,(8,,0) = 0 due to
u, € CY(Q). Because of (3.23) we can apply Maximum Principle for weak solutions (see [7,
Theorem 8.1] for —v,, in Q4 to obtain that v, has to attain its minimum on 0€);. We have
min v, | 1., 5, < 0 and therefore if arg min Unlg, & la,,p, for n arbitrarily large then minwv,|q <
0, and because of (3.27) there are points ((,,d) € I'y with v,({,,d) < 0. This contradicts to
(3.24) for n large enough. Hence, argminv,|q, € I, s, for all n large enough. Let us denote
this argument of minimum by (z,,0).

Due to the minimality we get 0,v,,(2,,,0) > 0 (9yvn(2n,0) exists due to Remark 6.1 and
OyUn(2,0) < 0 leads immediately to the contradiction). We get (realizing (1.1) and (1.5)
implying 92,1, (z,,0) = 0) with help of the assumption (3.22) and Remark 6.1 that

0 < 0yvn(2n,0) = 02y tin (20, 0) = — fu(20,0) < 0.

This contradiction implies (3.25).

It follows from (1.2), (1.5), (3.24), (3.25) and Maximum Principle for v := d,u on €, that
v > 0 on Q4. Strong Maximum Principle for weak solutions (see [7, Theorem 8.19]) implies
v > 0 in Q4. This together with (3.24) and (3.25) gives (3.20).
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Let us prove (3.21). First, it follows from (2.12) that 6 > 0, n > 0 can be chosen so small
that if (u,, 8, f,h) € C*(Q) x D x C1(Q) x R satisfy (1.1), (1.2), (1.5) and (3.19) then

f(z,0) >0 forall x € [ — 6,5+ 9] (3.28)

Since uy < h on E,, 5, by the assumption A(ug) = [ap, Fo], it follows from Lemma 3.9 that 7

can be chosen sufficiently small such that
u(z,0) < hfor all x € [y, — 6] U [B + 9, 2] (3.29)

for all (u, «, 3, f, h) under consideration.

Further, let us prove that
02 u(z,0) < 0 forall z € (a — &,a) U (B, 3+ 9). (3.30)
If this were not true then the equation (1.1), Remark 6.1 and (3.28) would give
02, u(z,0) = —f(x,0) — 07, u(z,0) <0

for some = € (v — 0, ) U (B, 5+ 6). Since dyu(z,0) = 0 by (1.5), we would obtain dyu(z,y) < 0
for y > 0 small, which contradicts (3.20) and (3.30) is proved.

Due to (1.5) and the assumption v € C'(Q) we have u(a,0) = u(8,0) = J,u(a,0) =
J,u(3,0) = 0 and therefore (3.30) implies that

dzu(z,0) > 0 for all z € (o — §, ), dpu(x,0) <0 for all x € (5,34 9).

Hence,
u(z,0) < hforall z € (o — 0,) U (B3, 5+ 0).

This together with (3.29) give (3.21) and the proof is completed. ]
Proof of Theorem 3.1. Let us have (ug, oo, Bo, fo, ho) satisfying all assumptions.

First, we will prove (ii). Let us consider (v, a, 3, f, h) € Hox D x C1(Q2) x R satisfying (3.3),
(3.4). The map @, is one-to-one of H,, g, onto H, 3 (see Remark 2.1) and it follows easily
from (3.3) that u from (3.5) is a weak solution of (1.1), (1.2), (1.5). Proposition 3.7 implies that
u € CY(R), (1.1), (1.2), (1.5) hold even in the classical sense and (2.27) is fulfilled. It follows
from Remark 2.1 that for any 1 > 0 there is § > 0 such that if ||[v|| + | — ao| + |8 — Bo| + || f —
Jollery + 1h = ho| < & then [[u — uol| + |o — ao| + [8 = Bol + |/ = follcr @) + |h — ol < n with
u from (3.5). Moreover, if 7 is sufficiently small then it follows from Lemma 3.10 that (3.20),
(3.21) are fulfilled. In particular, Aj,(u) = [, 3]. Now, Proposition 2.14 (where I (u) = I, 3
and Ej(u) = E, ) yields that (u, f, h) satisfies (1.4), and (ii) is proved.

To prove (i), let n > 0 be given. Let 6 > 0 be such that (ii) already proved holds. First,
let (u, f,h) satisfy (1.4) and, moreover, Aj(u) = [o, §] with some (a,5) € D. Consider the
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corresponding v from (3.5). It follows from Proposition 2.14 that u € C%(Q2)NCY(Q) and (1.1),
(1.2), (1.5) hold. Hence, Proposition 3.7 ensures that (3.3) and (3.4) are fulfilled. Thus, in
order to finish the proof, it is sufficient to show that for any triplet (u, f, h) satisfying (1.4) and
lying in a neighbourhood of (uq, fo, ho) there is really some (a, ) € D such that Ap(u) = [«, 5].

The following assertion follows directly from Theorem 4.1 which will be proved completely
independently in Section 4. There is 0’ > 0 such that if || f — follc1 @) + |7 — hol < &’ then there
are o(f, h) € Hy, (&(f, h), B(f, h)> € D satisfying (3.3), (3.4) (with a = &(f, h), 8 = B(f, h))
[o(£, )]l + a(f,h) = aol + |B(f,h) = | < 3. We can take &' < 3 and then [[o(f, h)]| +
l&(f, h) — a0|+)B(f, h) — 50‘+||f—f0||+|h—h0| < 0. Now, by the assertion (ii) already proved,
the triplet (u, f, h) with u = a(f, h) = B, 5 (%uo +o(f, h)) satisfies (1.4), [[a(f, h) —uo| < 0,
Ay (4(f,h)) = [éz(f, h), B(f, h)} However, the variational inequality (1.4) has for any f, h

a unique solution u and therefore u = u(f,h) for any (u, f,h) under consideration, and in

particular Ay (u) = [d(f, h), B(f, h)] [
Proof of Theorem 3.2 is the same as that of Theorem 3.1 but we use Remark 3.11 instead
of Lemma 3.10.

4 Application of the Implicit Function Theorem: Con-

tinuation for the Operator Equation

We will use the notation from Sections 2, 3. In particular, vgﬁ, wgﬂ and agﬁ, biﬁ are from
(2.11) and (3.9) (Lemma 3.6), respectively.

Theorem 4.1 Let k € N, let (uo, fo, ho) satisfy (1.4), (2.16) for some § € (0,0¢), Ap,(uo) =
[, Bo] with v1 < ag < Bo < Ya. Then there exist neighbourhoods V. C C*(Q) x R, Wy C Hy
and Wo,Ws C R of (fo,ho), 0, ag and By, respectively, and C*-mappings © : V. — W,
G:V = Wy, B:V — Wy such that 9(fo,ho) = 0, &(fo, ho) = ao, 3(fo,ho) = Bo and that
(v,a, 8, f,h) € Wy x W, x Wi XV satisfies (3.3), (3.4) if and only if v=0(f,h), a = &(f, h),
B=p5(fh).

Proof will be done later in this section.

Lemma 4.2 For any fized 6 € (0,60) the map (o, B) € D+ (al 5, 5) € R? is C*®-smooth,
and for any k € N the map

(o, 8, f) € D x C*(@Q)) — ( / Jvapdz dy, / fup g de dy) € R’
Q Q
is C*-smooth.
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Proof. Let p € C*°(Q) with ¢ =0 on I'p, » = 1 on I, 3 be fixed. Then we get by using the
definition of af, 5 (Lemma 3.6), ®q,5, U3, 5, Va3, properties (2.5), (2.6) and Lemma 2.3 (ii) that

a B:fﬂ V(p‘vaﬁdxdy:fQVgo-Vq)a,g(Xiﬂ%—X‘s) dz dy
= Jo aﬂq);lﬁgo'vaﬁ(Xgﬁ"i_X&)dxdy
_fQ aﬁCID 5P VagXaﬁdxdy—i—fQ agq)aﬂgp VagX‘sdmdy
= [, aﬁfb 5P VaﬁXaﬁdxdy—l—fB Vfba};gp VX0 dxdy.

(4.1)

Standard results about smooth dependence of weak solutions to linear elliptic boundary value

problems on coefficients and right hand sides yield that the map
(o, ) € D — X2 5 € WH(Q)

generated by (2.10) is C*°-smooth. Moreover, because of the C'*°-smoothness of ¢, realizing
Lemma 2.2 (with m = 1, k = oo) and the definition of V, g we get that

(a,0) € D= VO Lo e L*(Q) is C*-smooth,

4.2
(a, ) € DV, g(I) s € L*(Q) is C**-smooth. 4.2)

Hence, the right hand side of (4.1) depends C**-smoothly on (a, ). Similarly for b2, 5, and the
first part follows.

To prove the second assertion, take f € C*(Q). Then we get by using the definition of 7, 55
properties (2.5), (2.6) and (3.9) and Lemma 2.3(ii) that

Jo fvdgdedy = [, fPas(X] 5+ X°)drdy
= [o @i f (X2 54+ X°) dady

4.3
= [o @ sf X gdady + [, f 5f X0 dzdy (43)
= Jo @ sf X0 gdudy + [, (a0) Dot fX0dzdy.
Because of Lemma 2.2 (with m = 0) we get that
(o, B, f) € D x C*(Q) - ® sf € L*(Q) is C*-smooth. (4.4)

Hence, the right hand side of (4.3) depends C*-smoothly on (a, 3, f). Similarly for wgﬂ, and
the second assertion is proved. [ ]
Proof of Theorem 4.1. First, due to Propositions 2.14, 3.7 and the fact that ®, g is one-to-
one mapping of H,, 5, onto H, g (see Remark 2.1), (v, o, Bo, fo, ho) with v = 0 satisfies (3.3),
(3.4).

Furthermore, let us fix § € (0,8y) and k& € N and introduce a mapping G° : Hy x D X
C*(Q) x R — Hy x R%, G° = (G,GY,GY), by

(Gr(v, . 8, f.h). ) = (= F (@w( Sug+0)  f)  Dasie) for all o € Hy,
Gg(va a, 3, f, h) = fQ fvg”g - hho V(I)Q,QUO . Vvaﬂ dx dy, (45)
Gg(vv &, 67 f7 h) = fQ fwgc,ﬁ - h’halvq)a“@uo ’ vwg,ﬁ dz dy

21



It follows from Lemma 2.2 and Lemma 4.2 that G and G are C*-smooth. Introducing a new

integration variable = ¢, g(x) and renaming  again to x we get

(Gr(0, 0B, £, 1), 0) = fo O [Fuo(,9) + 0(2,9)] Duspl ) - €5 (655(0)
+ (@, [,%UO(% y) + v(z, y)} Ayp(x,y) — f (E45(2),y) s@(@%y)) W dzdy (4.6)
for all p € Hy.

Hence, (also by using (2.4)) we get

Oy | g + v
, _ h Y | ho 0
Gl(vyaaﬁv f7 h) = Ml 5@75(6047}3)81’ |:h U + U:| 3 |; . :|
0

— MQ@* f7
o¢7ﬂ(€a,1ﬁ) 7

where the linear bounded operators M : (L2(Q2))? — Hy and M, : L2(Q) — Hy are defined by
(M (v1,v2), ) := [ (010,00 + v20,) dx dy and (Mav, @) = [, vedxdy for all ¢ € Hy. Using
(4.4) and the Coo—smoothness of the map

0,
(@, B,u) € D x W(Q) = | €56, 5)0eu, = | € (L2(2))”,
a,ﬁ(ga”@’)
we get the C*-smoothness of G.
Now, the problem (3.3), (3.4) is equivalent to
G*(v,a, 8, f,h) = 0. (4.7)

Let us denote by L° : Hy x R? — Hy x R? the partial derivative of G° with respect to
(v, cr, B) at the point (0, ag, Bo, fo, ho). Derivating (4.6) with respect to (v, «, 3) at the point
(0, avo, Bo, fo, ho) and realizing (2.2) we get

(L(w, ¢, 0),9) = [, VwVe
+ C([axu[)ax@ - ayUo@ySO + fO%D] aof;”@’(x) + aaga,ﬁ(aj)axfﬂgp)
+ 9([@:%&:@ - 3yuoay90 + fO(p] aﬂf&,@(x) + aﬂfa,ﬂ(x)axfo(p) da dy ’azao,ﬂ:ﬂo
for all p € Hy,
Lg(w7 <7 0) = Caa (fQ fOUg’g - VCI)OZ”@U() . vaﬁ dx dy) |a:a0,ﬁ:ﬁ0 ,
+003 (Jo fova,s — V®asto - Vg 5 dw dy) la—an,s-p
Lg(w> Ca 9) = anz (fQ fowgﬂ - vq)a,ﬁuo ’ vwiﬁ da dy) |a=a0,ﬁ:/3’0 )
+ 005 (fo, fowd, 5 — V®q gt - VWl 53 dx dy) la=ag,s-5, -

The condition (2.16) for § small gives that L°(w,¢,0) = 0, i.e.

(LY(w, ¢, 0), ) = 0 for all p € H,
Ly(w, ¢, 0) =0,
Li(w,¢,0) =0,
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if and only if ( = # = 0 and w is a weak solution to the homogeneous boundary value problem

Aw =0 in ,
w =0 on I'p U Iy, 5,5
8,,w =0 on FN U anﬂo.

This problem has only the trivial solution w = 0 and it follows that L% : Hy x R? — H x R?
is injective for § > 0 small enough. Realizing the form of the operator L° we see that it is
Fredholm, therefore its injectivity is equivalent to its surjectivity. Thus, L? is an isomorphism.
Hence, it follows from the Implicit Function Theorem that there are neighbourhoods V C
C*(Q) x R of (fo,ho), Wo C Hy of 0, and W,, W3 C R of ag and 3, respectively, and C*-
mappings 0 : V — Hy, &, 3 : V — R such that 9(fo, ho) = 0, &(fo, ho) = aw, 3(fo, ko) = By and
that we have G°(v, i, 3, f,h) = 0 for (f,h) € V and (v,a, 3) € Wy x W, x Wy if and only if
v =0(f,h), « = &(f,h), B = B(f,h). Finally, the equivalence between (4.7) and (3.3), (3.4)

mentioned above gives the assertion of the theorem. [ ]

5 Proof of the Main Results

Proof of Theorem 2.4 follows directly from Theorem 3.1 and Theorem 4.1. [ |
Proof of Theorem 2.5 follows directly from Theorem 3.2 and Theorem 4.1. [ |

Lemma 5.1 Let (u,a, 3, f,h) € CHQ) x D x C*(Q) x R, satisfy (1.1), (1.2), (1.5),

f>0 onl,g, (5.1)
O,f >0 in Q. (5.2)

Then
Oyu>0 inQUI,pg. (5.3)

Proof. Set v := d,u. We have u € W*?(Q) by Remark 3.5, therefore v € W'?(Q) and it is

easy to see that v satisfies in the weak sense

—Av=0,f in Q, (5.4)

v=0onTp Uy U Ep(u). (5.5)

Because of (5.2) we can apply Maximum Principle for weak solutions to —v (see [7, Theo-
rem 8.1]). Realizing that v € C(2) we obtain that v attains its minimum on 9.
If there is (z,0) € I, g with Jyu(x,0) <0, i.e. v(z,0) <0, then v must attain its minimum

on I, g because of (5.5). Let (20,0) € I, be the argument of minimum. Then v(zy,0) =

23



Oyu(xp,0) < 0. The derivative J,v(x¢,0) exists due to Remark 6.1 and clearly d,v(zq,0) > 0.
We have 92, u(xg,0) = 0 by (1.5) and (1.1) together with the assumption (5.1) imply that

0 < dyv(xo,0) = 85, u(x0,0) = — f(x0,0) < 0.
This contradiction implies that u satisfies
dyu>0 on l,gs. (5.6)

The previous part of the proof implies that v is nonconstant and v > 0 in Q. The Strong
Maximum Principle for weak solutions (see [7, Theorem 8.19]) implies d,u = v > 0 in Q and
this together with (5.6) gives our asserion. ]
Proof of Proposition 2.10. The conditions (2.12), (2.20) assumed for f, remain valid for f
(with a smaller ¢) if || f — fOHCl(ﬁ) is small enough. Hence, the assertion follows from Lemma
5.1.

Proof of Proposition 2.12. First, let us show that (3.25) holds under the assumption (2.22).
We have u € W22(Q2) by Proposition 2.14 and it is easy to see that the function v = d,u is a

weak solution of the problem

—Av=0,f1in Q, (5.7)
v = Oyu on OS2 (5.8)

Again due to Proposition 2.14 we have dyu = 0 on I'p UT'x U Ej(u) and 9,u > 0 on I (u).
Under the assumption (2.22), the Strong Maximum Principle for weak solutions together with
the fact that v € C(Q) implies that min ulg = minu|gq = 0 and v > 0 in , i.e. (3.25) holds.

If the first assertion were not true then we would have also Zy,Zs € [y1,72] such that
w(Z1) = u(Ze) = h,u(z) < h for all © € (Z1,Z2). It is sufficient to prove that then it would
be simultaneously 92 u(x,0) < 0 for all z € (Z;,%2), which is impossible. If 92 u(z,0) > 0
for some z € (Z1, ;) then 02,u(z,0) = —f(z,0) — 92,u(z,0) < 0. We have dyu(z,0) = 0 by
Proposition 2.14, therefore d,u(x,y) < 0 for y > 0 small, which contradicts (3.25). Hence, the
first assertion must hold.

For any f there is unique weak solution ug of the problem (1.1) with

u=0onTIp, (5.9)
&,U:O on FNUFU. (510)

It follows from [8, Theorem 3] that uy € C'(f2) because we have right angles in all corners.
Hence, uy € C*(Q2) by Remark 6.1 (ug is a solution of (1.1), (6.2) with the C' right hand

side ¢ = f and a continuous boundary condition u|gn). We assume (2.22) and the classical
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Maximum Principle implies that min ug|g = minug|gg. This minimum cannot be attained in
(x,0) or (z,£) (z € (0,1)) because the Strong Maximum Principle would imply 9,ue(z,0) > 0
or Oyup(x,0) < 0, respectively, which would contradict (5.10).

Hence, the minimum must be attained on I'p, that means minuglg = 0. Consequently
ug(x,0) > 0 for all x € (0,1). Clearly there is hy such that if h < hy then uo(zo,0) > h
for some xy € [71,72] and if A > hy then u(x,0) < h for all x € [y1,72]. In the former case,
ug ¢ K, and therefore it cannot be a solution of (1.4). The solution u; of (1.4) must touch the
obstacle h at least at two points. Indeed, if it were uy < h on I'yy or on I'yy with the exception
of a single point then it would fulfill (1.1), (5.9), (5.10) (recall that u; € C'(2)), which would
contradict the unicity of the solution of (1.1), (5.9), (5.10). Hence, the existence of «, 3 such
that A, (ur) = [«, 3] follows from the first assertion of our Proposition. In the latter case, uy is

simultaneously the unique solution of (1.4), and our last assertion follows. [ |

6 Appendix

Proof of Lemma 2.2. Define the operator F : D x C*™(Q) — C*™(Q) by F(a, 3, f) =

Do sf.
First, let us consider the case m = 0. Define F(«, 3, f) := ®n5f.

If F is differentiable then the partial derivatives can be calculated pointwise:
[aaf(a7 67 f)] (.1', y) = axf(ga,ﬁ(l')a y)aafa,ﬂ(w)a

[(95.7:(6(, B, f)] (.1', y) = axf@%ﬂ('r)? y)aﬁfaﬂ(m)’
[0 F (o, B, f)g) (z,y) = 9(€as(2), y)-

Let us check that F is really partially differentiable with respect to a:

[F<da ﬁa f) - f(a,ﬁ, f)] (ZL‘, y) - (& - Oé)aacf(faﬂ(x)v y)ﬁafaﬂ(x) =
= f(&as(®),y) — f(&ap(®),y) — (@ — @)0u f(€a,5(7), Y)Daba,p(T).

The mean value theorem gives

f(&ap(2),y) = f(§ap(x),y) = 0uf(0,y)(Ea,5(1) —Ea,p(x)) and &5 5(7) —=Ea,p(2) = Dalys(z)(@—a)
with 6 between &5 5(z) and &, g(x) and 1 between & and «. Therefore

[F(d,ﬁ,f)—f(a/,ﬁ,f)] ((L’,y)

a—«

- azf(ﬁa,ﬁ(x% y)@a§aﬂ(x) —0

for & — « uniformly with respect to = and y because of the assumption (2.1).
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Analogously one shows that F is partially differentiable with respect to (.

For any fixed (a, 3) € D, the map f € C*(Q) — F(a, 8, f) = ®opf € C(Q) is linear and
continuous and it follows that F is partially differentiable with respect to f.

In order to get the Cl-smoothness of F it remains to show that the maps (a, (3, f) €
D x C*¥(Q) = 0,F(a, 3, f) € C(Q) and (o, B, f) € D x C¥(Q) — 0sF(a, B, f) € C(Q) and
(o, B, f) € DxC*¥(Q) — 0;F (v, B, f) = o g € L(CK(Q),C(Q)) are continuous. The continuity
of 0, F follows from

0.7 (@5, /) — 0.F (a, ﬂ]( y) =
= 0] (€ 5(0), )08 5(2) = 0u (€a5(2) 1)) =

=< Fa @) y) —8:f faﬂ y))f?ﬁag
00 (€a0(@),9) (Data (@) = Dubas(@)) +
+ (0:F (€as(). ) — 01 &w )19)) Dabs ().

Obviously, this tends to zero uniformly with respect to z and y if @ — a, 3 — S and f — f in
C*(Q) due to (2.1) again.
Similarly one shows the continuity of dzF.
Now, let us show the continuity of 9;F : C*(Q2) — C(Q), i.e. to show (due to the form of
0;F) that
(a, 3) € D @, 53 € LIC*(Q),C()) is continuous.

We have [[®; 5f — Pasf] (z.y)] = | f(&5(2).9) = F(Eas(@), )] < [ fler@ési(®) — Easl@)],

H(I)d,,@f - (I)a,ﬁf”C(ﬁ) < sup ‘(Sdﬁ(x) B Sa,ﬁ(x)” .0 for (d,@) N (01,6).
Hchk(ﬁ) 0<z<e ’

To prove C?-smoothness of F (if & > 2) we have to show that 9,F, 9sF and 9;F are
C'-smooth from D x C*(Q) into C(Q) or into L(C*(2), C(£2)), respectively. Showing that for
0o F and 05F is the same procedure as above because 9,F and 93F map D x C*¥(Q) into C(Q)

as F.
Let us show that 9;F is Cl-smooth from D x C*(Q2) into £(C*(Q),C(Q)), i.e. that

(a,3) € D = @, 5 € LIC*(Q),C(Q)) is C'-smooth for k > 2.
If 0;F is differentiable then the partial derivatives can be calculated pointwise:
0201 F (a, B, £)g] (2,y) = 009(8a,5(7), Y)Data,p(x),
0501 F (a, B, f)g] (2, y) = 0:9(8a,5(2), y)Op€a,5(2).
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Let us check that 0;F is really partially differentiable with respect to a. As above, using the

mean value theorem, we get

[0sF (@, B, fg — 0 F (v, B, [)g] (z,y) — (& — @) 02g(&ap(2), Y)Oalap(z) =
=g<5&,5<x),y> 9(&as(@),y) — (& — @)059(bas(7), ¥)Oaba (@) =
= 0:9(0,9)(&a5(7) — &ap(7)) — (& — @) 029(§a,5(2), Y)Oabap(T) =
= (& = a) (0:9(0, y)0a&n5(x) — 029(&a,5(2), y)Oaba,p(x)) =
= (@ — @) (929(¢ 9)(0 — €ap(2),¥))0abn5() + 029(Ea (%), Y)(Oabnp() — Daa,s(2)))

with 6 between &; g(z) and &, g(x), n between & and « and ¢ between 6 and &, g(x). Hence
105 F (@, 8, F)g = 0pF (. B, Nl oy = o (la = al) [|gllez@ for & — a.

Similarly one shows that 0g0;F exists. It remains to show that 9,0;F and 030;F are contin-
uous. For 0,0;F this follows from

sup

s [[0.0,7(.5. Prg - 0.0, (.5 0)9] (w0 =

= sup |amg ( ),y)ﬁafd,g(x)— mg(faﬂ() )3a€a,ﬁ(x)|:

(z,y)€Q

=0 (llgllce@)) for (a,3) — (o, 8).

In a similar way one shows higer order smoothness (up to C*) in the case m = 0.
Now, consider the case m = 1. Additionally to the consideratons of the case m = 0 we

have to show that the maps

Gi: D x C*HQ) — C(Q) : G, B, (@, y) == 0: [Fla, B, f)(@,y)] = 0uf(€ap(2), )& 5(2)

and

Go: D x C*H(Q) = C(Q) : Go(e, B, (. y) := 0, [Fle, B, )@, y)] = 9f (bap(@), y)

are C*-smooth. Obviously, for G, this can be done as above by replacing f by d,f. For G
there are needed some straightforward modifications because of the factor &, 5(z).

Similarly, if m = 2, then the considerations can be lead back to the case m =1 etc. [ ]
Proof of Proposition 2.14. Let (u, f,h) € HxC'(Q)xR" satisfy (1.4). Thenu € C'(QUI'y)
(Remark 2.13) and standard considerations (using suitable test functions) show that u is a weak
solution of the boundary value problem (1.1), (1.2), (2.24). If I(u) C Ty, i.e. In(u) C (%1,72)
with some 71 < 31 < 42 < Y2, (91,0), (52,0) € Ep(u), then u can be understood as a solution
of the mixed boundary value problem (1.1) with the smooth Dirichlet boundary condition u

on I'p U ((71,%2) x {0}) and with the zero Neumann boundary condition on the rest of 0f.
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The only transmission points between the smooth Dirichlet boundary condition and the zero
Neumann boundary condition are the points (%1,0), (32,0) (in their neighborhoods the C'*-
regularity is already justified) and the corners of 2. Since all corners have the right angles, it
follows from [8, Theorem 1] that (2.27) holds, in particular (2.28) is true. Hence, a solution
of (1.4) must satisfy also u € C?(2) because it is a solution of (1.1) with a differentiable right
hand side f and continuous boundary condition u|gq (see Remark 6.1 below).

Conversely, standard considerations imply that if u € C%(Q) N C*(Q) satisfies (1.1), (1.2),

(2.24), (2.25), (2.26) then (1.4) holds, and u(v1,0) < h, u(7s,0) < h means Ij,(u) C I'y. [
Remark 6.1 Let us recall that a problem

—Au = g in, (6.1)
u = ¢ ondf2 (6.2)

with g € C7(2), v € (0,1), and ¢ € C(0Q) has a unique solution u € C*(Q) N C(Q) (see e.g.
[7, Section 4.2]).

If u is a weak solution of (1.1), (1.2), (2.24) and in addition u € C(Q), then u € C*(Q)
(because the function u is simultaneously a solution of (6.1), (6.2) with the continuous boundary
condition ¢ = u|sq and with the C'-smooth right-hand side g = f) and u has continuous second
order derivatives up to the boundary with the exception of the points (x,0) € 0I,(u) and the
corners. In a neighbourhood of the points from U'p U Iy (u), the C?-reqularity follows e.g. from
[7, Theorem 4.12]. For (zo,y0) € I'v U Ep(u) it is a particular case of Lemma 3.9.
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