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Free boundary problem for the equations of
spherically symmetric motion of

compressible gas with density-dependent viscosity

SUMMARY

We consider a free boundary problem for the equations of spherically
symmetric motion of a isentropic gas with a density-dependent viscosity
µ(η) > µη−λ, where µ and λ are positive constants. We prove that the
problem admits a weak solution provided that 0 < λ < 1/4.
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1 Introduction

We consider the following model of compressible Navier-Stokes system for a
spherical symmetric flow in lagrangian (mass) coordinates

ηt = (r2v)x,

vt = r2
(
−p+

µ

η
(r2v)x

)
x

+ f(r, x),

et = πx +
(
−p+

µ

η
(r2v)x

)
(r2v)x,

rt = v,

(1)

in the domain Q := Ω × R+ with Ω := (0,M), where the specific volume η
(with η := 1

ρ ), the velocity v, the temperature θ and the radius r depend on the
lagrangian mass coordinates (x, t), with

r(x, t) := r0(x) +
∫ t

0

v(x, s) ds, (2)
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where

r0(x) :=
[
R3

0 + 3
∫ x

0

η0(y) dy
]1/3

, for x ∈ Ω.

The stress σ is given by

σ(η, θ) := −p(η, θ) +
µ(η)
η

(r2v)x.

In order to simplify the exposition, we assume in all the following that the bulk
viscosity coefficient ν is zero.

We take the perfect gas law p := Rθ
η for the pressure and e := cV θ for the

internal energy and π is the heat flux π(η, θ) := κ(η,θ)r4

η θx.
We consider a free boundary problem for (1): the motion is supposed to take

place in a domain Ω surrounding a fixed ball (modelling an inert hard core) with
radius R0 := r0(0), and the external surface of Ω is free.

So we consider the boundary conditions
v|x=0 = 0, π|x=0 = 0,

−p(η, θ) +
µ(η)
η

(r2v)x

∣∣∣∣
x=M

= 0, π|x=M = 0,
(3)

for t > 0, and initial conditions

η|t=0 = η0(x), v|t=0 = v0(x), r|t=0 = r0(x), θ|t=0 = θ0(x) on Ω. (4)

The mass force f has the form

f(r, x) = −GM0 + j0x

r2
,

with G > 0, M0 > 0, and j0 = 0 or 1. The case j0 = 1 corresponds to a
selfgravitating fluid, the simpler case j0 = 0 supposes that selfgravitation is
neglected and only the newtonian attraction by an effective central mass M0 is
taken into account.

The viscosity coefficient µ(η) supposed to be continuous on R+, is such that
µ′ ∈ L∞loc(R

+) and satisfy the classical thermodynamic requirement

0 6 µ(s) for s > 0, (5)

together with the conditions

d

dξ
µ(ξ) 6 0, µ(ξ)ξλ > µ and lim

ε→0

∫ a

ε

µ(ξ)
ξ

dξ = ∞ for any a > 0, (6)

where the positive constant λ satifies

0 < λ < 1/4.
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The thermal conductivity satisfies the inequalities

κ(1 + θq) 6 κ(η, θ) 6 κ(1 + θq) for q > 1. (7)

We study weak solutions for the above problem with properties
η ∈ L∞(QT ), ηt ∈ L∞([0, T ], L2(Ω)),

√
ρ (r2v)x ∈ L∞([0, T ], L2(Ω)),

v ∈ L∞([0, T ], L4(Ω)), vt ∈ L∞([0, T ], L2(Ω)), σx ∈ L∞([0, T ], L2(Ω)),

θ ∈ L∞([0, T ], L2(Ω)),
√
ρ θx ∈ L∞([0, T ], L2(Ω)).

(8)
and

r ∈ C(Q) and for all t ∈ [0, T ], x→ r(x, t) is strictly increasing on Ω, (9)

where QT := Ω× (0, T ).
We also assume the following conditions on the data:

η0 > 0 on Ω, η0 ∈ L1(Ω),

v0 ∈ L2(Ω),
√
ρ0 v0

x ∈ L2(Ω),

θ0 ∈ L2(Ω), infΩ θ0 > 0.

(10)

In the last decades, significant progress on the compressible Navier-Stokes sys-
tem or Navier-Stokes-Fourier system with positive constant viscosity coefficients
has been achieved by many authors. In one dimension, it is well known that
global solutions exist for large initial data and are time-
asymptotically stable. In dimension greater than one, Matsumura and Nishida
proved the existence of global smooth solutions and obtained the decay rates of
solutions for sufficiently small initial data (see [21, 22, 23]). For large initial data
the global existence and large-time behavior of solutions to the Navier-Stokes-
Fourier system have also been obtained in the spherically symmetric case (see
[11, 10, 9]). Concerning the global existence for general large initial data in
general domains the first fundamental work in the case of isentropic fluids was
done by P.L. Lions [24] and then extended by Feireisl [6]. Completely new the-
ory for the full Navier-Stokes-Fourier system was studied by Feireisl [7]. Taking
into account some physical considerations, Liu, Xin and Yang [15] introduced
modified compressible Navier-Stokes equations with density dependent viscos-
ity coefficients for isentropic fluids. For one-dimensional compressible Navier-
Stokes equations, or in the spherically symmetric case there exists a very abun-
dant literature [13, 14, 15, 18, 25, 26, 27]. For multi-dimensional case we can
finally mention works by Bresch and Desjardin [2, 3], the article of Mellet and
Vasseur [16] and the work by Feireisl [8].
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1.1 Formulation of the problem and main result

Definition 1.1. We call (η, v, θ) a weak solution of (1) if it satisfies

η(x, t) = η0(x) +
∫ t

0

(
r2vx +

2ηv
r

)
(x, s) ds, (11)

for a.e. x ∈ Ω and any t > 0, and if, for any test function φ ∈ L2([0, T ],H1(Ω))
with φt ∈ L1([0, T ], L2(Ω)) such that φ(·, T ) = 0, one has∫

Q

[
φtv +

(
r2φx +

2ηφ
r

)
p− µφxr

4

η
vx − 2µ

φηv

r2
+ φf

]
dx dt

=
∫

Ω

φ(0, x) v0(x) dx, (12)

and ∫
Q

[
φte+

κr4θx

η
φx − r2vσφx − r2vσxφ

]
dx dt

=
∫

Ω

φ(0, x) θ0(x) dx. (13)

Then our main result is the following

Theorem 1. Suppose that the initial data satisfy (10) and that T is an arbitrary
positive number.

Then the problem (1)(3)(4) possesses a global weak solution satisfying (8)
and (9) together with properties (11), (12) and (13).

Moreover one has the uniqueness result

Theorem 2. Suppose that the initial data satisfy (10) and that T is an arbitrary
positive number.

Then the problem (1)(3)(4) possesses a global unique weak solution satisfying
(8) and (9) together with properties (11), (12) and (13).

2 Proof of the existence

In the spirit of [9], we first suppose that the solution is classical in the following
sense  η ∈ C1(QT ), ρ > 0,

v, θ ∈ C1([0, T ], C0(Ω)) ∩ C0([0, T ], C2(Ω)).
(14)

and
r > 0 for all t ∈ [0, T ], r(M, t) <∞. (15)
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Let us introduce the primitive function

F (r, x) := −G
(

1
r0
− 1
r

)
(M0 + j0x),

and the auxiliary function Φ(s) = s− log s− 1 for s > 0.
Let N be an arbitrary positive number, and let K = K(N), Ki = Ki(N),

i = 0, 1, ..., be positive non-decreasing functions ofN which may possibly depend
on the physical constants of the problem G,M0,M etc.

Lemma 1. Under the following condition on the data∥∥v0
∥∥

L2(Ω)
+

∥∥η0
∥∥

L1(Ω)
+

∥∥θ0∥∥
L1(Ω)

6 N, (16)

1. The following energy equality holds

∫
Ω

[
1
2
v2 + e− F (r, x)

]
dx =

∫
Ω

[
1
2
(v0)2 + e0 − F (r0, x)

]
dx. (17)

2. The following entropy inequality holds

∫ T

0

∫
Ω

(
κ(η, θ)r4

ηθ2
θ2x +

µ(η)
ηθ

[(r2v)x]2
)
dx dt 6 K(N)+R

∫
Ω

η dx. (18)

3. The following estimate holds

‖v‖L∞(0,T ;L2(Ω)) + ‖θ‖L∞(0,T ;L1(Ω)) 6 K(N). (19)

Proof. 1. Multiplying the second equation (1) by v, adding the result to the
third equation (1), integrating by part using (3), (4) and the relations dF

dt = f
and rt = v, one gets the energy identity (17).

2. Computing the time-derivative st of the entropy s := cV log θ + R log η,
and using (17), we get

d

dt

∫
Ω

(
1
2
v2 + e− F (r, x)− s

)
dx =

∫
Ω

(
κ(η, θ)r4

ηθ2
θ2x +

µ(η)
ηθ

[(r2v)x]2
)
dx,

which implies (18).
3. The estimate (19) follows from (17) �

Lemma 2. Under the previous condition on the data, there exists a positive
constant η depending on T and N such that

η 6 η(x, t) for (t, x) ∈ QT . (20)

5



Proof. From the second relation (1)

(M)t = p(η, θ)− d

dt

∫ M

x

v

r2
dy −

∫ M

x

2v2

r3
dy +

∫ M

x

f(r, y)
r2

dy,

with M(ξ) :=
∫ ξ

η0

µ(s)
s ds, where η0 = infΩ η0.

Integrating between 0 and t > 0 we get

M(η)−M(η0) =
∫ t

0

p ds−
∫ M

x

v

r2
dy −

∫ t

0

∫ M

x

2v2

r3
dy ds

+
∫ t

0

∫ M

x

f(r, y)
r2

dy ds+
∫ M

x

v0

r02 dy.

Using Cauchy-Schwarz inequality and (17)

M(η) > −
∫ M

0

|v|
r2

dy −
∫ t

0

∫ M

0

2v2

r3
dy ds−G

∫ t

0

∫ M

x

M0 +M

r4
dy ds

−
∫ M

x

|v0|
r02 dy > −K(N,T ).

As ξ →M(ξ) is increasing and maps (0, η0) on (−∞, 0), (20) is proved �

Lemma 3. Under the previous condition on the data, there exists a positive
constant K depending on T and N such that∫

Ω

η1−λ(x, t) dx 6 K(N,T ) for t ∈ (0, T ). (21)

Proof. From the second relation (1)

−σ =
∫ M

x

vt − f

r2
dy,

then
d

dt

∫ η

η

µ(ξ) dξ = p(η, θ)η − η

∫ M

x

vt − f

r2
dy

= Rθ + η

∫ M

x

(
2v2

r3
+
f

r2

)
dy − η

d

dt

∫ M

x

v

r2
dy,

or, integrating on QT ∫
QT

d

dt

∫ η

η

µ(ξ) dξ dx ds

= R

∫
QT

θ dx ds+
∫

QT

η

∫ M

x

(
2v2

r3
+
f

r2

)
dy dx ds−

∫
QT

η
d

ds

∫ M

x

v

r2
dy dx ds.

(22)
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Integrating by parts in the last term gives∫ t

0

∫
Ω

η
d

ds

∫ M

x

v

r2
dy dx ds =

∫
Ω

η

∫ M

x

v

r2
dy dx−

∫
Ω

η0

∫ M

x

v0

r02 dy dx

−
∫ t

0

∫
Ω

(r2v)x

∫ M

x

v

r2
dy dx ds =

∫
Ω

η

∫ M

x

v

r2
dy dx−

∫
Ω

η0

∫ M

x

v0

r02 dy dx

−
∫ t

0

∫
Ω

v2 dx ds.

Plugging into (22), we get∫
QT

d

dt

∫ η

η

µ(ξ) dξ dx ds = R

∫
QT

θ dx ds+
∫

QT

η

∫ M

x

(
2v2

r3
− v

r2
+
f

r2

)
dy dx ds

+
∫

Ω

η0

∫ M

x

v0

r02 dy dx+
∫ t

0

∫
Ω

v2 dx ds.

As the formula rx = η
r2 rewrites η =

(
r3

3

)
x
, we can integrate by parts the

second contribution in the right-hand side∫
QT

η

∫ M

x

(
2v2

r3
− v

r2
+
f

r2

)
dy dx ds =

1
3

∫ t

0

∫
Ω

(r3−R3
0)

(
2v2

r3
− v

r2
+
f

r2

)
dy dx ds.

Then∫
QT

d

dt

∫ η

η

µ(ξ) dξ dx ds = R

∫
QT

θ dx ds+
1
3

∫ t

0

∫
Ω

(r3−R3
0)

(
2v2

r3
− v

r2
+
f

r2

)
dy dx ds

+
∫

Ω

η0

∫ M

x

v0

r02 dy dx+
∫ t

0

∫
Ω

v2 dx ds. (23)

We bound the right-hand side by

R

∫
QT

θ dx ds+
1
3

∫ t

0

∫
Ω

(
2v2 − rv + rf

)
dx ds+

1
3

∫ t

0

∫
Ω

(
2v2 +R0|v|+R0|f |

)
dx ds

+
∫

Ω

η0

∫ M

x

v0

r02 dy dx+
∫ t

0

∫
Ω

v2 dx ds.

Using (17), this quantity is bounded from above by

K1(N,T )− 1
3

∫ t

0

∫
Ω

(rv − rf) dx ds

= K1(N,T )− 1
3

∫ t

0

∫
Ω

(
r2

2

)
t

dx ds− 1
3

∫ t

0

∫
Ω

G
M0 + j0x

r
dx ds
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6 K1(N,T ) +M
R2

0

6
:= K2(N,T ). (24)

Now from (6) we get the lower bound∫ η

η

µ(ξ) dξ > µ0

∫ η

η

ξ−λ dξ >
µ0

1− λ
η1−λ −K3(N,T ). (25)

Finally, plugging (24) and (25) into (23), we obtain (21) �

Lemma 4. Under the previous condition on the data, there exists a positive
constant θ depending on T and N such that

θ 6 θ(x, t) for (t, x) ∈ QT . (26)

Proof. Multiplying the third relation (1) by θ−2 one gets

cV

(
1
θ

)
t

=
(
r4
κ

η

(
1
θ

)
x

)
x

− µ

η

(
1
θ
(r2v)x −

R

µ

)2

+
R2

ηµ
.

Then, after lemma 2 and property (6)

cV

(
1
θ

)
t

6

(
r4
κ

η

(
1
θ

)
x

)
x

+
R2

η1−λµ
.

Using the maximum principle, this implies that

max
QT

1
θ

6 K(N,T ) := max
Ω

1
θ0

+
R2

cV η1−λµ
T,

which gives (26) �
Now defining the positive function

Mθ(t) := max
Ω

θ(x, t) for any 0 6 t < T,

one get also an integrated (density-dependent) upper bound for θ.

Lemma 5. Under the previous condition on the data, there exists a positive
constant K depending on T and N such that

Mθ(t) 6 K(N,T )
(
1 + max

Ω
ηλ(x, t)

)
for t < T. (27)

Proof. As the mean value of ψ(x, t) := θ(x, t)− 1
M

∫
Ω
θ(y, t) dy on Ω is zero

there exists a y(t) in Ω such that ψ(y) := ψ(y(t), t) = 0.
Then we have

ψ(x) 6 K +
∫ x

y(t)

|ψz|dz.

6
1
2

∫
Ω

κr4

θ2η
θ2x dx+

1
2

∫
Ω

θ2η

κr4
dx 6

1
2

∫
Ω

κr4

θ2η
dx+K

∫
Ω

θη dx.

After lemma 1 and 3, we get (27) �
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Lemma 6. Under the previous condition on the data, there exists a positive
constant η depending on T and N such that

η > η(x, t) for (t, x) ∈ QT . (28)

Proof. From the second relation (1) one gets

vt

r2
− f

r2
+ px = Mtx.

Then (
Mx −

v

r2

)
t
= px + 2

v2

r3
− f

r2
.

Multiplying by Mx − v
r2 and integrating on QT , we get

1
2
d

dt

∫
Ω

(
Mx −

v

r2

)2

dx 6
∫

Ω

px

(
Mx −

v

r2

)
dx+

∫
Ω

(
2
v2

r3
− f

r2

) (
Mx −

v

r2

)
dx

:= A1 +A2.

Let us estimate all of the contributions in the right-hand size

A1 =
∫

Ω

(
−R θ

η2
ηx +

Rθx

η

) (
Mx −

v

r2

)
dx

= −R
∫

Ω

θ

ηµ(η)
Mx

(
Mx −

v

r2

)
dx+R

∫
Ω

θx

η

(
Mx −

v

r2

)
dx := A11 +A12.

One gets

A11 = −R
∫

Ω

θ

ηµ(η)
M2

x dx+R

∫
Ω

θ

r2ηµ(η)
Mx v dx

6 −R
2

∫
Ω

θ

ηµ(η)
M2

x dx+Kmax
Ω

θ

ηµ(η)
,

and
A12 = R

∫
Ω

θxMx

η
dx+R

∫
Ω

θxv

r2η
dx

6
R

2

∫
Ω

θ

ηµ(η)
M2

x dx+
R

2R2
0

∫
Ω

κr2

ηθ2
θ2x

θ

κ
dx+

R

2

∫
Ω

κr2

ηθ2
θ2x

θ

κ
dx+

R

2

∫
Ω

θ2v2

κηr6
dx.

Using the bounds (7) assumed for κ and lemma 2 we get

A12 6
R

4

∫
Ω

θ

ηµ(η)
M2

x dx+Kmax
Ω

ηλ +Kmax
Ω

θ(x, t).

In the same manner, we have

A2 6 2
∫

Ω

(
Mx −

v

r2

)2

dx+ 2
∫

Ω

(
2
v2

r3
− f

r2

)2

dx.
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In order to bound the last term, we observe that

(r2v)2 6
∫ x

0

2r2|v (r2v)x| dy 6
1
2

∫ x

0

µr4

η
v2[(r2v)x]2dy +

1
2

∫ x

0

η1+λ

r4
dy.

So
v2

r6
6 K

1
2

∫
Ω

µr4

η
v2[(r2v)x]2dy +Kmax

Ω
ηλ 1

r3

∫ x

0

η dy,

and then ∫
Ω

v4

r6
dx 6

∫
Ω

v2

(
K

∫
Ω

µr4

η
v2[(r2v)x]2dy +Kmax

Ω
ηλ

)
dx

6 K

∫
Ω

µr4

η
v2[(r2v)x]2dy +Kmax

Ω
ηλ.

As clearly
∫
Ω

f2

r4 dx 6 K, we obtain by using Cauchy-Schwarz inequality and
lemma 2 that

A2 6 2
∫

Ω

(
Mx −

v

r2

)2

dx+K(1 + max
Ω

ηλ).

Finally, we have

1
2
d

dt

∫
Ω

(
Mx −

v

r2

)2

dx 6 2
∫

Ω

(
Mx −

v

r2

)2

dx+K(1 + max
Ω

ηλ) +Kmax
Ω

θ.

After lemma 5 one obtains the differential inequality

dY

dt
6 Y +K(1 + max

Ω
ηλ),

with Y (t) := 1
2

∫
Ω

(
Mx − v

r2

)2
dx.

Integrating on (0, t), we obtain finally the estimate∫
Ω

M2
xdx 6 K(1 + max

Ω
ηλ) for any t ∈ [0, T ].

Now we use the argument of [13]

η1−λ(x, t) 6 K +K

(∫
Ω

M2
xdx

)1/2 (∫
Ω

η2(1−λ)

µ2(η)
dx

)1/2

6 K +K

(∫
Ω

η2dx

)1/2

max
Ω

ηλ/2 6 K +Kmax
Ω

η1/2+λ,

and we end with the inequality

η1−λ(x, t) 6 K +Kmax
Ω

η1/2+λ. (29)
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As, for any 0 < λ < 1/4, we have 1 − λ < 1/2 + λ, inequality (29) implies
(28) �

Following now the strategy of the paper [9], we first prove the existence of a
strong solution. Then we will prove the existence of a weak solution.

Let us multiply the equation (1)2 by r2
(
−p+ µ

η (r2v)x

)
x

and integrate on

Ω, rewriting the term r2vt as

r2vt = ((r1/2v)t)r3/2 − 1
2
rv2.

We get then∫ 1

0

{
(r1/2v)tr

3/2
(
−p+ µ

η (r2v)x

)
x

}
dx = −

∫ 1

0
(r2v)xt

(
−p+ µ

η (r2v)x

)
dx

+ 3
2

∫ 1

0
(rv2)x

(
−p+ µ

η (r2v)x

)
dx.

It implies that

−
∫ 1

0
(r2v)xt

(
−p+ µ

η (r2v)x

)
dx = − 1

2
d
dt

∫ 1

0

(
∂x(r2v)µ

η − p
)2

dx

+
∫ 1

0

{(
(r2v)x

µ
η − p

) ((
µ
η

)
t
(r2v)x − pt

) }
dx = − 1

2
d
dt

∫ 1

0

(
(r2v)x

µ
η − p

)2

dx

+
∫ 1

0

{(
(r2v)x

µ
η − p

) ((
µ
′

η + µ
η2

)
((r2v)x)2 − Rθt

η − Rθ(r2v)x

η2

) }
dx.

(30)
Then

1
2

d
dt

∫ 1

0

(
(r2v)x

µ
η − p

)2

dx+
∫ 1

0

[
r2

(
−p+ µ

η (r2v)x

)
x

]2

dx

= −
∫ 1

0

{
f(r, x)r2

(
−p+ µ

η (r2v)x

)
x

}
dx+ 3

2

∫ 1

0

{
(rv2)x

(
−p+ µ

η (r2v)x

) }
dx

−
∫ 1

0

{(
(r2v)x

µ
η − p

) [
((r2v)x)2(µ′

η + µ
η2 )− Rθt

η − Rθ(r2v)x

η2

] }
dx

−
∫ 1

0

{
r1v2

(
− p+ µ

η (r2v)x

)}
dx.

(31)
Let us estimate the terms of the right hand side. One gets first∫ 1

0

{
f(r, x)r2

(
−p+ µ

η (r2v)x

)
x

}
dx

6
( ∫ 1

0
f(r, x)2dx

)1/2( ∫ 1

0

[
r2

(
−p+ µ

η (r2v)x

)
x

]2

dx
)1/2

.
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Now the second contribution reads∣∣∣ ∫ 1

0
3
2

∫ 1

0
(rv2)x

(
−p+ µ

η (r2v)x

)
dx

∣∣∣ 6

6
(∫ 1

0

∣∣(rv2)x

∣∣2 dx)1/2

(
∫ 1

0
|µη (r2v)x − p|2dx)1/2.

(32)

The third one leads to∣∣∣− 1
2

∫ 1

0
rv2

(
−p+ µ

η (r2v)x

)
x
dx

∣∣∣ =
∣∣∣ ∫ 1

0

[
(rv2)x

(
−p+ µ

η (r2v)x

) ]
dx

∣∣∣
6

(∫ 1

0

∣∣(rv2)x

∣∣2 dx)1/2
(∫ 1

0

∣∣∣−p+ µ
η (r2v)x

∣∣∣2 dx)1/2

.

(33)

Then∣∣∣ ∫ 1

0

{(
(r2v)x

µ
η − p

) (
[(r2v)x]2

(
µ′

η + µ
η2

)
+ Rθ(r2v)x

η2

)}
dx

∣∣∣
6 c(µ, η,N) sup06x61(r2v)x

[∫ 1

0

∣∣∣(r2v)x
µ
η − p

∣∣∣2 dx]1/2 [∫ 1

0

∣∣(r2v)x

∣∣2 dx]1/2

6 c(µ, η,N)
(∫ 1

0
[(r2v)xx]2dx

)1/2
(∫ 1

0

∣∣∣(r2v)x
µ
η − p

∣∣∣2 dx)1/2 (∫ 1

0
[(r2v)x]2dx

)1/2

.

(34)
Finally∣∣∣∫ 1

0
Rθt

η

(
(r2v)x

µ
η − p

)
dx

∣∣∣ =
∣∣∣ ∫ 1

0
Rcv

η

[
πx +

(
−p+ µ

η (r2v)x

)
(r2v)x

] (
(r2v)x

µ
η − p

) ∣∣∣
=

∣∣∣ ∫ 1

0

[
Rcv

η

((
κ(η,θ)r4

η θx

)
x

+
(
−p+ µ

η (r2v)x

)
(r2v)x

) ] (
(r2v)x

µ
η − p

)
dx

∣∣∣
=

∣∣∣ ∫ 1

0

{[
Rcv

η

(
(r2v)x

µ
η − p

) ]
x
(κ(η,θ)r4

η θx)
}
dx+

∫ 1

0

{
Rcv

η

(
−p+ µ

η (r2v)x

)2

(r2v)x

}
dx

∣∣∣
6

(∫ 1

0

∣∣∣Rcv

η

(
(r2v)x

µ
η − p

)
x

∣∣∣2 dx)1/2 (∫ 1

0
(κ(η,θ)r4

η θx)2dx
)1/2

+

+|
∫ 1

0

{
[Rcv

η ]x
(
(r2v)x

µ
η − p

)
(κ(η,θ)r4

η θx)|+

(∫ 1

0
[(r2v)xx]2dx

)1/2 ∫ 1

0
Rcv

η

(
−p+ µ

η (r2v)x

)2

dx.

(35)

12



∣∣∣ ∫ 1

0

{
[Rcv

η ]x
(
(r2v)x

µ
η − p

)
(κ(η,θ)r4

η θx)
∣∣∣} =

∣∣∣ ∫ 1

0
Rcvηx

η2

(
(r2v)x

µ
η − p

)
(κ(η,θ)r4

η θx)
∣∣∣ =

|
∫ 1

0
Mx

µ(η)η

(
(r2v)x

µ
η − p

)
(κ(η,θ)r4

η θx)
∣∣∣ 6

6 c(µ̄, η̄, N) sup0≤qx61

(
(r2v)x

µ
η − p

)
{
∫ 1

0
|Mx

1
µ(η)η |

2dx}1/2{
∫ 1

0
|(κ(η,θ)r4

η θx)|2dx}1/2.

(36)
Then after some computation we find the following inequality

1
2
d

dt

∫ 1

0

r4
(
µ

η
(r2v)x − p

)2

6 K. (37)

Secondly, multiplying (1)2 by v and adding with (1)3 we get

(e+ 1
2v

2)t = r2(−p+ µ
η (r2v)x)xv + f(r, x)v + (−p+ µ

η (r2v)x)(r2v)x. (38)

Multiplying by (e+ 1
2v

2) and integrating with respect to x we get the following

1
2

d
dt

∫ 1

0
(e+ 1

2v
2)2dx =

∫ 1

0
r2(−p+ µ

η (r2v)x)x(e+ 1
2v

2)dx

+
∫ 1

0
f(r, x)v(e+ 1

2v
2)dx+

∫ 1

0
(−p+ µ

η (r2v)x)(r2v)x(e+ 1
2v

2)dx.
(39)

Now, adding together inequality (37) and estimating (39) we obtain

1
2
d

dt

∫ 1

0

(
µ

η
(r2v)x − p

)2

dx+
1
2
d

dt

∫ 1

0

(e+
1
2
v2)2dx 6 K(µ, η̄,N). (40)

It implies that ∫ t̄

0

∫ 1

0

v2
t dx 6 K, (41)

and

sup
06t6t̄

∫ 1

0

r4(
µ

η
)2[(r2v)x]2dx 6 K. (42)

3 Proof of the existence of a strong solution

Theorem 3. Let the conditions on the data

v0, θ0 ∈ C2+ν([0, 1]), η0 ∈ C1+ν([0, 1]), f ∈ C2([rγ ,∞[) with 0 < ν < 1,

inf
06x61

η0(x) > 0, inf
06x61

θ0(x) > 0,

and the following extra condition of compatibility

v0|x=0 = 0,
[
−R

θ0
η0

+
µ

η0
η0(r2v0)x

]
= 0,

13



be satisfied.
The system of equations (1) together with conditions (3)-(7), where r is

defined in (2) then for t̄ ∈ (0,∞), has a solution v, η, θ such that

v, θ ∈ C2+ν,1+ ν
2 ((0, 1)× (0, t̄)), ρ ∈ C1+ν,1+ ν

2 ((0, 1)× (0, t̄)).

Proof. Since

1
2
d

dt

∫
Ω

(
Mx −

v

r2

)2

dx 6 2
∫

Ω

(
Mx −

v

r2

)2

dx+K(1 + max
Ω

ηλ) +Kmax
Ω

θ

and together with (39)-(41) it follows that

(r2v)xx ∈ L2((0, 1)× (0, t̄)).

Now, multiplying (1)3 by
(

r4κ
η θx

)
x

and integrating with respect to x, we get

θx ∈ L∞(0, t̄), L2(0, 1)), θxx ∈ L2((0, 1),×(0, t̄)), θt ∈ L2((0, 1)× (0, t̄)).

Then differentiating (1)2 with respect to x we obtain from the previous infor-
mation that

ηxt ∈ L2((0, 1)× (0, t̄)).

It follows that
η ∈ C1/2([0, 1]× [0, t̄]).

We differentiate (1)2 with respect to t and multiply by vt we get

1
2
d

dt

∫ 1

0

(vt)2dx =
∫ 1

0

{[
r2

(
−p+

µ

η
(r2v)x

)
x

]
t

vt + (f(r, x))tvt

}
dx.

From this we will get

vt ∈ L∞(0, t̄, L2((0, 1)), and (r2vt)x ∈ L2(Q).

Then it implies

vxt ∈ L2(]0, 1[×]0, t̄]), and u ∈ C1/2([0, 1]× [0, t̄]).

Again differentiating with respect to t (1)3 and multiplying by θt we get

1
2

d
dt

∫ 1

0
(θt)2dx =

∫ 1

0

[
πx +

(
−p+ µ

η (r2v)x

)
(r2v)x

]
t
θtdx,

which implies

θt ∈ L∞(0, t̄;L2(0, 1)), and r2θxt ∈ L2(]0, 1[×]0, t̄[),

and
θ ∈ C1/2([0, 1]× [0, t̄]).

14



Then we obtain
ηx ∈ C1/2(0, 1)× (0, t̄)),

and it implies that
r ∈ C1/2(0, 1)× (0, t̄)).

If we consider the equation (1)3 as a linear equation in θ, it follows that

‖θ‖C2+2ν∗,1+ν∗ 6 c+ c‖vx‖C0 + ‖vx‖C2ν∗,ν∗ ,

where η∗ = (1/2)(min (ν, 1/2)) and assuming that the equation (1)2 is linear in
v, it follows finally that

‖v‖C2+2ν∗,1+ν∗ 6 c+ c‖vx‖C0 + ‖vx‖C2ν∗,ν∗ ,

which implies that

v, θ ∈ C2+2ν∗,1+ν∗((0, 1)× (0, t̄)).

If ν 6 1/2 then 2ν∗ = ν and we get the required regularity. In the case ν > 1/2,
it is necessary to iterate all the previous steps again (see [1])).

4 Proof of Theorem 1

From the previous arguments and a priori estimates, we know that there exists
subsequences (uk, ηk, θk, rk) such that

• vk → v in Lp(0, t̄, C0(0, 1)) strongly and in Lp(0, t̄, H1(0, 1)), weakly for
any 1 < p <∞,

• vk → v a.e. in (0, 1)× (0, t̄) and in L∞(0, t̄, L4(0, 1)) ∗ weakly,

• (vk)t → vt in L2(0, t̄, L2(0, 1)) weakly,

• θk → θ in L2(0, t̄, C0(0, 1)) strongly and in L2(0, t̄, H1(0, 1)) weakly,

• θk → θ a.e. in (0, 1)× (0, t̄) and in L∞(0, t̄;L2(0, 1)),

• rk → r in C0((0, 1)× (0, t̄)),

• r2( µ
ηk

(r2vk)x − θk

ηk
) converge to A1 in L2(0, t̄, H1(0, 1)) weakly,

• κ(η,θ)r4

η (θk)x → A2 in L2(0, t̄, L2(0, 1)) weakly,

• µ

η̄ ∂x(r2uk) → A3 in L∞(0, t̄, L2(0, 1)) weakly ∗.

After the definition of r(x, t), one has

r(x, t) = r0(x) +
∫ t

0

v(x, t′)dt′ a. e. (0, 1)× (0, t̄),

15



then
rk(x, t)− rk(y, t) = (

∫ x

y

ηk(s, t)ds)1/3

> ε(x− y)
∨

(x, y, t) ∈ (0, 1)× (0, x)× (0, t̄).

Then from the previous computations we get

r(x, t)− r(y, t) > ε(x− y)
∨

(x, y, t) ∈ (0, 1)× (0, x)× (0, t̄),

and finally
fkrk → f r in C0((0, 1)× (0, t̄)).

Moreover, it implies that

• ηk → η a.e. in (0, 1)×(0, t̄) andLs((0, 1)×(0, t̄)) strongly for all s ∈ (1,∞),

• A1 = (µ
η (r2v)x − p) in L2(0, t̄;H1(0, 1)),

• A2 = κ(η,θ)r4

η θx in L2(0, t̄, L2(0, 1)),

• A3 =
µ

η̄ (r2v)x in L∞(0, t̄, L2(0, 1)).

So we can pass to the limit in the weak formulation of (1)2 and (1)3, and we
get a weak solution of (1).

5 Proof of Theorem 2

Let ηi, vi, θi, i = 1, 2 be two solutions of (1), and let us consider the differences:
η = η1 − η2, θ = θ1 − θ2 and v = v1 − v2.

The following auxiliary result holds

Proposition 1.

|rm
2 − rm

1 | 6 c

∫ 1

0

(η2 − η1)dx.

Proof. from the definition of r(x, t), we see that

rm
2 − rm

1 = (r42)
m/2 − (r31)

m/3

= m
3 r

m−3
∗ (r32 − r31) = m

3 r
m−3
∗ 3

∫ x

0
(η2 − η1)ds 6 c

∫ 1

0
(η2 − η1)dx,

where
1 6 rk 6 c, r∗ = r1 + ε(r2 − r1) �

Now, we subtract (1)2 for η2, v2, θ2 from (1)2 for η1, v1, θ1 in order to get∫ 1

0
(v2 − v1)tφ dx = −

{∫ 1

0
{Rr2

2
η2

(θ2 − θ1) +Rr22
(

η1−η2
η1η2

)
+ Rθ1

η1
(r22 − r21)}φxdx

+
∫ 1

0

{
r2
2µ2
η2

(
(r22v2)x − (r21v1)x

)
+ (r21v1)x{µ2

η2
(r22 − r21) + r21

(
µ2(η1−η2)+η1(µ2−µ1)

η1η2

)
}φx

}
dx

}
+

∫ 1

0
(f2 − f1)φ dx.

(43)
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Now we set φ = v2 − v1 and we obtain

1
2

d
dt

∫ 1

0
(v2 − v1)2dx+

∫ 1

0
r4
2µ2
η2

(
(v2 − v1)x

)2

dx

= −{
∫ 1

0
Rr2

2
η2

(θ2 − θ1)(v2 − v1)xdx+
∫ 1

0
Rr22

(
η1−η2
η1η2

)
(v2 − v1)xdx

+
∫ 1

0
(r1v1)x

{
µ2
η2

(r22 − r21)(v2 − v1)x + r21{
µ2(η1−η2)+η1(µ2−µ1)

η1η2
}
}

(v2 − v1)xdx

+
∫ 1

0

{
r2
2µ2
η2

(r22 − r21)v1,x + ((r22)xv2 − (r21)xv1)
}

(v2 − v1)xdx

+
∫ 1

0
(f2 − f1)(v2 − v1)xdx.

(44)
Let us consider the various contributions

• I1 =
∫ 1

0
Rr2

2
η2

(θ2 − θ1)(v2 − v1)xdx,

• I2 =
∫ 1

0
Rr22

η1−η2
η1η2

(v2 − v1)xdx,

• I3 =
∫ 1

0
(r1v1)x{µ2

η2
(r22 − r21)(v2 − v1)x

+r21{
µ2(η1−η2)+η1(µ2−µ1)

η1η2
}}(v2 − v1)xdx,

• I4 =
∫ 1

0
{ r2

2µ2
η2

(r22 − r21)v1,x + ((r22)xv2 − (r21)xv1)}(v2 − v1)xdx,

• I5 =
∫ 1

0
(f2 − f1)(v2 − v1)xdx.

I1 6 Rc
η̄ ‖θ2 − θ1‖2‖v2 − v1‖2

I2 6 Rc
η̄2 ‖η2 − η1‖2‖v2 − v1‖2

I3 + I4 6 c
∫ 1

0
(η2 − η1)dx‖(v2 − v1)x‖2 + c‖η2 − η1‖2‖(v2 − v1)x‖2

+c‖v2 − v1‖2‖v2 − v2)x‖2+∫ x

0
(η2 − η1)ds ‖(v2 − v1)x‖2.

(45)

Now subtracting (1)3 for η2, v2, θ2 from (1)3 for η1, v1, θ1, we get∫ 1

0
cv(θ2 − θ1)tψdx = −

{∫ 1

0
{k2r4

2
η2

(θ2 − θ1)xψx}dx

+
∫ 1

0
θ1,x

{
K2
η2

(r42 − r41) + r4
1

η1η2

(
K2(η2 − η2) + η1(K2 −K1)

)}
ψxdx

}
+

∫ 1

0
Rθ2
η2

((r22v2)x − x(r21v1)x)ψ +R(r21v1)x( θ2
η2
− θ1

η1
)ψdx

+
∫ 1

0
µ2
η2

(
((r22v2)x)2 − ((r21v1)x)2

)
ψdx+

∫ 1

0
((r21v1)x)2

(
µ2
η2
− µ1

η1

)
ψ dx.

(46)
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Setting ψ = θ2 − θ1, we obtain

1
2

d
dtcv

∫ 1

0
(θ2 − θ1)2dx+

∫ 1

0
k2
η̄ r

4
2(θ2 − θ1)2xdx

= −
{∫ 1

0
θ1,x

{
K2
η2

(r42 − r41) + r4
1

η1η2

(
K2(η2 − η2) + η1(K2 −K1)

)}
(θ2 − θ1)xdx

}
+

∫ 1

0
Rθ2
η2

((r22v2)x(r21v1)x)(θ2 − θ1) +R(r21v1)x( θ2
η2
− θ1

η1
)(θ2 − θ1)dx

+
∫ 1

0
µ2
η2

(
((r22v2)x)2 − ((r21v1)x)2

)
(θ2 − θ1)dx+

∫ 1

0
((r21v1)x)2

(
µ2
η2
− µ1

η1

)
(θ2 − θ1)dx.

(47)
Considering the integrals

• J1 =
∫ 1

0
θ1,x

{
K2
η2

(r42−r41)+
r4
1

η1η2

(
K2(η2−η2)+η1(K2−K1)

)}
(θ2−θ1)xdx,

• J2 =
∫ 1

0
Rθ2
η2

((r22v2)x − (r21v1)x)(θ2 − θ1) +R(r21v1)x( θ2
η2
− θ1

η1
)(θ2 − θ1) dx,

• J3 =
∫ 1

0
µ2
η2

(
((r22v2)x)2 − ((r21v1)x)2

)
(θ2 − θ1) dx,

• J4 =
∫ 1

0
((r21v1)x)2

(
µ2
η2
− µ1

η1

)
(θ2 − θ1) dx,

we estimate them as follows

J1 6 c
∣∣∣ ∫ x

0

(η2 − η1)ds
∣∣∣ ‖(θ2 − θ1)x‖2 + c1‖η2 − η1‖2‖(θ2 − θ1)x‖2.

J2 = |
∫ 1

0
{Rθ2r2

η2
(v2 − v1)x(θ2 − θ1) + Rθ2

η2
(r2 − r1)v2,x(θ2 − θ1)

+ Rθ2v2
r2

(η2 − η1)(θ2 − θ1) + 2Rθ2η1
r2η2

(v2 − v1)(θ2 − θ1)+

+ 2Rθ2η1v1
η2

(
1
r2
− 1

r1

)
(θ2 − θ1)+

+ R(r21v1)x
1
η2

(θ2 − θ1)(θ2 − θ1) +R(r21v1)xθ1

(
1
η2
− 1

η1

)
(θ2 − θ1)}dx|

6 ‖θ2 − θ1‖2{C1‖(v2 − v1)x‖2 + C2

∫ x

0
(η2 − η1)2dy + C3‖η2 − η1‖2

+ C4‖v2 − v1‖2 + C5

∫ x

0
|η2 − η1| dy + C5‖η2 − η1‖2}+ ‖θ2 − θ1‖22.

J4 =
∫ 1

0
{(r21v1)2xµ2( 1

η2
− 1

η1
)(θ2 − θ1) + (r21v1)

2
x

1
η1

(µ2 − µ1)(θ2 − θ1)} dx

6 C6{‖η2 − η1‖2 + C7‖µ2 − µ1‖2}‖θ2 − θ1‖2.
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From equation (1)1 it follows that

1
2

d
dt

∫ 1

0
(η2 − η1)2dx =

∫ 1

0
{r22(v2 − v1)x(η2 − η1)

+ v1,x(r22 − r21)(η2 − η1) + 2η2
r2

(v2 − v1)(η2 − η1)

− 2v1
r2

(η2 − η1)2}dx,

which implies

1
2

d
dt

∫ 1

0
(η2 − η1)2dx 6 c(

∫ 1

0
(η2 − η1)2dx)2+

‖η2 − η1‖2{‖(v2 − v1)x‖2 + ‖v2 − v1‖2 +
∫ 1

0
(η2 − η1)2 dx}.

Combining the previous estimates, only remains to be controlled the term J3 in
order to get uniqueness.

In fact, rewriting it as(∫ 1

0

(((r22v2)x − (r21v1)x)((r22v2)x + (r21v1)x))2dx
)1/2

‖θ2 − θ1‖22,

we get

J3 6 ‖θ2−θ1‖2
{
C10‖η2 − η1‖2 + C11‖(v2 − v1)x‖2 +

∫ 1

0

|η2 − η1| dx+ C12‖v2 − v1‖2
}
.

All the previous estimates imply the uniqueness, which ends the proof of The-
orem 2 �
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