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INTERPOLATION PROPERTIES OF BESOV SPACES DEFINED ON
METRIC SPACES

AMIRAN GOGATISHVILI, PEKKA KOSKELA AND NAGESWARI SHANMUGALINGAM

ABSTRACT. Let X = (X,d, ) be a doubling metric measure space. For 0 < a < 1,1 <
p,q < 0o, we define semi-norms

T

1fllg o) = /OOO | 1@ - P dsmant) | o

B(z,t)

When ¢ = oo the usual change from integral to supremum is made in the definition. The
Besov space By, (X) is the set of those functions f in Ly (X) for which the semi-norm
”f”Bg.q(X) is finite. We will show that if a doubling metric measure space (X, d, 1) supports a
(1, p)-Poincaré inequality, then the Besov space By ,(X) coincides with the real interpolation
space (LP(X), KS"?(X))a,q, where KSVP(X) is the Sobolev space defined by Korevaar
and Schoen [KS]. This results in (sharp) imbedding theorems. We further show that our
definition of a Besov space is equivalent with the definition given by Bourdon and Pajot
[BP], and establish a trace theorem.

1. INTRODUCTION

The Besov spaces B (R") consisting of functions of smoothness order a occur naturally
in many fields of analysis. Their applications often require a knowledge of interpolation
properties, i.e. a description of the spaces which arise when the real method of interpolation
is applied to a pair of spaces. Of the many different possible definitions for the Besov spaces,
a central one is given in terms of a modulus of smoothness. We will adopt this approach in
the metric setting.

Given f € LP(R"), 1 < p < oo, the LP- modulus of smoothness w(f,t),, t > 0, of f is
defined as

w(f,t)p = sup |An(f, )l Lr@n,
|h|<t
where |h| is the Euclidean length of the vector h and A, (f, ) = f(x+h)— f(z). As a general
metric space possesses no group structure, a modification to this definition is needed. Let
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us first consider the modified modulus given by
w(f,t), = ][ [1AR(f, ')”iP(R") dh |,
B(0,0)
Using subadditivity of ||An(f,-)||r@®r), With respect to f, it is easy to show that w(f,t), and
w(f,t), are equivalent, i.e. Ciw(f,t), < w(f,t), < Cow(f,t),, with constants Cy,Cy > 0
which depend only on p and n. Applying the Fubini theorem and a change of variables

we obtain a form of our modified modulus of smoothness that does not rely on the group
structure of R™ :

1/p
wtp=| [ V- f@pdnds
B(0,t)
1/p
| [} 11 -swpdya
B(x,t)

Now let X = (X,d, ) be a doubling metric measure space. Motivated by the above
Euclidean case we set
1/p

Ey(f.t) = /X ][ (@) — )P duly) du(z)
B(z,t)

and define the Besov space By (X), 0 < a < 00,0 < ¢ <00, 1 <p < oo, as the set of those
functions in Ly (X) for which the semi-norm || f| g, (x) is finite. Here

(1) e o = 4 U B (1 0)79) 7, 1< g < o0,
p.q SUP¢~0 Zf_Opr(f, t)’ g = .

Our definition is rather concrete and gives the usual Besov space in the Euclidean setting.
Moreover, it has very recently been shown by Miiller and Yang [MY] that our definition
here coincides with the definition based on test functions and used earlier by Han [H],
Han and Yang [HY] and Yang [Y], provided that X, besides being doubling, also satisfies
a reverse doubling condition. We show in Section 5 that, under a p-Poincaré inequality
assumption, the Besov space By (X), 0 < a < 1, is realized as the real interpolation space
(LP(X), KS'?(X))a,, between the corresponding LP(X) and Sobolev spaces. This is proved
by showing that E,(u,t) is equivalent to the K-functional between LP(X) and KS'?(X).
Consequently, interpolation allows one to obtain embedding theorems. For brevity, we only
give a simple example of such a theorem in Section 5; many further results can be obtained
in a similar manner. Our Poincaré inequality assumption covers many interesting settings
[HaK], [KZ], and in fact implies the reverse doubling assumption in [MY]. It is by now
well understood that, under a certain Poincaré inequality assumption, various seemingly
different definitions for a Sobolev space turn out to be equivalent; see Section 3. One of the
consequences of the results in this paper, in comparison with [MY], is that many definitions
for a Besov space that seem at first to be different also turn out to be equivalent under the
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assumption of Poincaré inequality. The Poincaré inequality is not inherited by subsets of
X, but the trace of the Sobolev spaces (of functions on X)) to a regular subset results in the
Besov spaces on the subset, see Section 6.

If o > 1 and ¢ < oo in the above definition of By (X), then functions u in this space must
have the property that liminf, .o E,(u,t)/t = 0. In Section 5 we show that, consequently,
under the Poincaré inequality assumption, By (X) only contains constant functions. This
extends also to the case ¢ = oo exactly when o > 1.

Let us close this introduction by pointing out that a strongly related definition for a Besov
space was considered in [BP] (also see [HaM], [P]). To be precise, they relied on the norm

oo = (. . aonimie i y)))d“(”d“@);

for a = Q/p on an Ahlfors Q-regular space. We will prove in Section 5 that, on a doubling
metric space X, the norm (2) also generates By (X).

(2) /]

2. THE K METHOD OF REAL INTERPOLATION

We recall only the essential definitions; for details we refer the reader to [BL], [N], and
[BS].

A pair (Xg, X;) of Banach spaces Xy and X; is called a compatible couple if there is some
Hausdorff topological vector space in which each of Xy and X is continuously embedded.
For each compatible couple (X, X;), the sum X+ X; and intersection XN X; are Banach
spaces under the norms

(3) [fllxorx = inf{{Lfollxo + [[f1llx, = f = fo+ fi}
and

(4) ||fHXoﬁX1 = maX{HfHXov ||f||X1}7

respectively.

Let (X, X1) be a compatible couple of Banach spaces. The K-functional is defined for
each f € Xo+ X; and t > 0 by

K(f.t, Xo, X1) :==1nf{|| follx, + tl| fillx; : fo € Xo, f1 € Xy with f = fo+ fi}.

Notice that K is an increasing function of ¢. Let (Xy, X;) be a compatible couple and suppose
0<v<l,1<g<ooor0<d <1 g=o0 Then the interpolation space (Xo, X1)v4
consists of all f in Xy + X; for which

(5) 1fllo.g = (Jo @K (ft, X0, X1))19) %, 0<9 <1,1<¢g< o0,
'q pt>0t ﬁK(f’t>X0>X1); Oﬁﬁﬁl,q:oo

is finite.

It follows from the definition of the K-functional that each linear operator which is
bounded on Xy and X; is also bounded on (Xo, Xi)g, for 0 < 9 < 1 (see [BS], Chapter
5, Theorem 1.12).

The definition of (Xg, X1)y,, in (5) could well be extended to the case ¥ > 1. However, for
the concrete K-functional considered in Section 4, the resulting space would only contain
constant functions (see the discussion in Section 5).



4 AMIRAN GOGATISHVILI, PEKKA KOSKELA AND NAGESWARI SHANMUGALINGAM

While the theory of interpolation spaces, as given in [BS], assume X and X to be Banach
spaces, this is in general not necessary. Indeed, it suffices for Xy and X; be seminormed
spaces, see [N]. The paper [N] extends the interpolation theory to a pair (Xg, X;) of semi-
normed spaces that are continuously embedded in a Hausdorff topological vector space. The
embedding of X,y and X; in such a topological space is merely to ensure that the spaces
Xo + X7 and Xy N X; make sense. In this note, we will consider X, and X; to be semi-
normed spaces of measurable functions on a metric measure space X; in such a situation, the
two spaces Xg + X; and Xy N X, always make sense. Specifically, we will consider X, to be
the collection of all measurable functions f : X — [—o00, 00] such that [, |f[? dy is finite, and
X to be the collection of all measurable functions f : X — [—o00, 0o such that the seminorm
| fllcst#(x), defined in Section 3 below, is finite. This seminorm is not in general a norm on
X1, as non-zero constant functions on X have zero seminorm, but non-zero LP(X)-norm if
(X)) is finite. To take care of this fact, we consider Xy and X; to be collections of functions
rather than collections of equivalence classes of functions (for example, Xy # L*(X)). For
this choice of Xy and X7, the two spaces Xy + X; and X, N X; make sense, and as in [BS]
we can consider the K-functional and the corresponding interpolation spaces. We leave it to
the reader to verify that the proof of Proposition 4.2 in [BS] can be modified to show that if
0<f<landl<gqg <g < oo, then (Xo, X1)p, embeds into (Xo, X1)g g, (this is because
as a function of ¢, K(f,t, Xo, X;) is an increasing function); that the Holmstedt result (The-
orem 2.1 of [BS]) holds; and hence the reiteration theorem (Theorem 2.4 of [BS]) holds in our
setting. It is also elemetrary to check that if T : Xy 4+ X; — Yy + Y] is linear transformation
with T : Xo — Yy and T : X; — Y] bounded, then T": (Xo, X1)o, — (Y0,Y1)s, is also
bounded.

3. SOBOLEV SPACES ON METRIC MEASURE SPACES

We say that X = (X,d, 1) is a doubling metric measure space if (X, d) is a metric space
and p a doubling measure on X, i.e. a positive Borel measure for which there exists a
constant C; such that

0 < p(B(z,2r)) < Cap(B(z,7))
for all x € X, r > 0; B(x,r) denotes the set of all points y € X such that d(z,y) < r. If
B = B(z,r), we denote by 7B, 7 > 0 its concentric dilate B(x,7r). An iteration of the
above inequality shows that there are constants C' and s depending only on Cy such that

(6) /AB@mesc(E)imBum»,

r

whenever x € B(y, R) and 0 < r < R < 2diam(X).

As usual, if A C X is p-measurable, then LP(A) is the space of u-measurable functions f
such that the norm || f||rray = ([, |fIPdp)? for 1 < p < oo, or ||f||r=(a) = esssup, |f| is
finite. L; .(X) will denote functions that are p-integrable on all balls.

A Borel measurable function g : X — [0, 00) is an upper gradient (cf. [HeK], [KM]) of a
function f: X — R if

(7) uwm»—ﬂwnns/gw

v

for every rectifiable curve v : [0,1] — X.
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The Sobolev space N'?(X), defined by Shanmugalingam in [S], consists of the functions
f € LP(X) having an g € LP(X). The space N'?(X) is a Banach space with the norm

[ fllvrexy = 1oy +inf (gl 2o (x),

where the infimum is taken over all upper gradients g € LP(X) of f. The seminorm

|flpnexy = inf [|g]| o x)

where the infimum is over all upper gradients g of f, is of interest to us. The Dirichlet-Newton
space DN'P(X) consist of all measurable functions f for which || f|| pn1e(x) is finite.
A pair f € L] (X) and measurable function g > 0 satisfies a (g, p)-Poincaré inequality if

there are constants C' > 0 and 7 > 1 such that

1

(®) ][ () — fel"duly) | < Crad(B) ][ @

TB

for all balls B = B(z,r) C X. Here { denotes the average value of the integral and
fe = f5 fdu. If (8) holds for all measurable functions and their upper gradients with
fixed constants C' > 0 and 7 > 1, then X supports a (¢, p)-Poincaré inequality. Such a space
is necessarily connected.

Denote by P'*(X) the set of functions f € Lj (X) for which there exists a function
0 < g € LP(X) such that

][ () — falduly) < rad(B) ][ .

for all balls 7B = B(x,7r) C X. The semi-norm on P'?(X) is given by ||f||prrcx) =
inf ||g||L»(x), where the infimum is taken over all functions g that satisfy the above inequality.
We say that f € M1?(X) if there exists g € LP(X) such that for a.e. z,y the inequality

(9) |f(z) — f(y)] < d(z,y)(g9(z) + g(y))

holds. The semi-norm on M*'?(X) is defined by || f||ar1.e(x) = inf || g||r(x) where the infimum
is taken over all g satisfying the above inequality. In R™ this definition yields the usual
Sobolev space and the semi-norm is equivalent to the usual semi-norm (see [Hal).

The Sobolev space of Korevaar and Schoen consists of those functions for which the fol-
lowing semi-norm of f is finite:
(10)

1/p

P

du(y) | du(x) = lim sup Eplf, 6).

€p e—0 €

Hf”KSLP(X) = lir?_%lp /X ][ M

B(z,e)

When X is a Riemannian manifold this definition yields the usual Sobolev space and the
quantity in (10) is equivalent to the usual semi-norm (see [KS]).

We have the following inclusions (cf.[KM]): M'*(X) Cc P'?(X) c KS'"(X) C N'?(X).
It is an interesting question when it is possible to replace limsup by sup in the definition
(10). Ome can give simple examples of doubling (even Ahlfors regular) metric spaces on
which this is not possible. Indeed, X = [0, 1] U [2, 3] equipped with the Lebesgue measure
and the usual distance is such an example.
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We define

1/p

flesisco =sup | [ | f LI ) | duto | = sup AL

>0 €pP >0 €

B(z.€)
A function f is said to be in ISP (X) if [ fllcsre(x) < 0o. In general S (X) ¢ KSYP(X).
If X supports a (1, p)-Poincaré inequality, p > 1 for NP(X), then
M"(X)=P"(X)=KS'"(X)=KS"(X)=DN"(X)
and
M"Y (X)NLP(X) = P*?(X)NLP(X) = KS""(X)NLP(X) = KS"(X)N LP(X) = N'?(X)

with equivalent semi-norms. This follows by combining results from [KM] and [KZ] and
noting that the Poincaré inequality implies the density of Lipschitz functions in N1?(X).
There are no concrete geometric characterizations for a doubling space X to support a
Poincaré inequality. It is would be interesting to know if the weaker conclusion that there
be a constant C' such that

(11) [ fllcstrxy < Cllfllxsiex)

would allow for a concrete characterization.

4. CALCULATION OF THE K-FUNCTIONAL AND THE BESOV SPACE

The main result of this paper is the following description of the K-functional for the couple

(LP(X), KSTP(X)).

Theorem 4.1. Suppose that (11) holds. There exist constants ¢y, co > 0 such that for all
t>0,

(12) By(f.1) < K(f,; L(X), KS"(X)) < 2By (/. 1).

Proof. First suppose f = g+ h with g € LP(X) and h € KS"(X). Since u — E,(u,t) is
subadditive,

Ep(fv t) S Ep(gv t) + Ep(h7t)'

Byla.0r <27 [ lg@)P duta +2p1/][ )1 dyy) dpz)

p—1 )P p—1 _dp(z)
<2 /Ig )P dp(z) + 2 /\g /B(yt MB(m))du(y)-

Using the doubling property of the measure and the fact that B(y,t) C B(x,2t) whenever
x € B(y,t) we conclude that

dp(x) dp() dp(x)
/B(y,t) w(B(z,t)) = O/B(y,t) w(B(z,2t)) = O/B(y,t) w(B(y,t)) “

Therefore we have E,(g,t)? < C [y |g(x)[? du(z). The estimate Ey,(h,t) < Ct||h||gsrs is
simply a consequence of the definition and assumption (11).
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Consequently,
Ey(f,t) < Clllgllee + |l xs1)-

Taking an infimum over such decompositions gives the left hand side estimate in (12).

For the right hand inequality in (12), fix ¢ > 0, and let {B; = B(x;,t/6)}; be a cover of
X such that {B(z;,t/30)}; is pairwise disjoint and ), X p(z,1) < C with C' > 0 independent
of t (but depends on the doubling constant). There is a collection {p;} of functions X — R
such that

(1) each ; is Ct~! Lipschitz.

(2) 0 < ¢p; <1 foralli.

(3) wi(x) =0 for z € X \ 2B, for all .
(4) >, pi(z) =1forall z € X.

A collection {p;} as above is called a partition of unity with respect to {B; = B(z;,t/6)},.
(for the existence, see e.g. [KST] or [CW]). Now let h be defined by

T) = ZfBiSOi(l“)

Let g(z) = f(x) — h(z). By property 4 we have that

g(@) =Y (f(2) = fo)eil):

i

By the bounded overlap property > . X, < C, there exists a positive integer N,
which depends only on the overlap constant C, so that we may partition the collection
{B; = B(x;,t/6)}; into families By, ..., By, so that the balls in the family B; = {B, ;}; have
the property that {3B;,}; is a pairwise disjoint family.

9l <CZZ / (@) = fou, P(005(2))P da()
=% 3y IUCES

P dp(x).
Using the doubling property of the measure and the fact that

B;; C B(y,t/3) and B(y,t/3) C3B;; forall ye B,

we have that

/ZB f(2) — fr,

P du(r) < C / ][ F ()P da()dpu(y).

(y:t/3)
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Then, we obtain

(13) 910, <CZZ / ][ )P du() dpy)
i (y,t/3)

<C/ ][ y)IP dp(z) dp(y)

SCEp(fa )

We now want to estimate h in the K'S' norm. Let y € B(z,t/3). Using the properties
of the functions ¢;, we have that

[h(x) = h(y)| = | Z(fB(z,t/S) — f5,)(0i(x) — ;).

Let J ={j: B(x,t/3) N B(x;,t/3) # 0}. Then card J < C for some constant that depends
only on the doubling constant Cy, and B(x;,t/3) C B(z,1t).
Since | fB(e,t/3) — fB;| < C}B(x,t) |f(y) = fBy|du(y), when j € J, we obtain that

d(z,y)
t

Ih(z) — h(y)| < C ][ FW) = Fool duly) for all € B(z,1/3).

B(z,t)

Hence integration gives for 0 < € < t/6,

@) = bl duts) <05 | 10) = oo duty)

B(x,e€) B(z,t)

<C— ][ |f(y) = fBanl? du(y).

B(z,t)
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Therefore, by using the Holder inequality we have the estimate

1/p
Ihlls,o0 < e | [ f — ot l? duly)du(z)
1/p
<cet| [ 1500 f@p duty)dute)
B(x,t)
1/p
+Ct! (/ |f(x) = [Bapl” d#@))
1/p
<cet| [ 1) - f@l duty)duta)
X B(z,t)
P 1/p
+Ct! / ][ |f(y) = f(@)du(y) | du(z)
X B(z,t)
1/p
S ][ )P du(y)du()
< Ct'E,(f, t).
This together with (13) proves the right hand estimate in (12). O

We continue with a version of Theorem 4.1 for the non-homogeneous Sobolev space
KS*(X) N LP(X) that is equipped with the norm given by (4). Notice that in this case
a lower bound cmin(1,t)| f||, is immediate from the definition and does not require (11);
consequently the interpolation space from (5) would only contain the zero function when
¥ > 1. This is not the case when the homogeneous Sobolev space KS'?(X) is used, as seen
for example for the one-dimensional metric space X = [0,1] U [2, 3].

Theorem 4.2. Suppose that (11) holds. There exist constants cy1,co > 0 such that for all
t>0

(14)
cr(min(L, )| fllp+Ey(f, 1)) < K(f, ¢ LP(X), KS™(X)NLP (X)) < co(min(L, 8) || fllp+Ep(f, 1)),

Proof. By the definition of the K-functional as an infimum,
K(f.: L/ KS™) < K(f.8: L/, K8 0 1)
and

min(1, )| f|l, < K(f,t; L?, KS"" N LP),
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and hence we obtain the left hand side estimate in (14) from (12). The right hand side
estimate in (14) follows from the proof of Theorem 4.1 by noticing that

K(f,t; LP, KS"" N LP) < 2K(f,t; LP, KS™) 4+ t|| f| v
and, observing from the definition of a K-functional that
K(f,t; L?, KS"* N LP) < || |-
!

Having determined the K-functional between LP(X) and KS'F(X) in terms of E,(f,t),
it is now routine to identify the corresponding (a, q) interpolation spaces as Besov spaces.

Corollary 4.3. Assume that metric space is such that (11) holds. Let 1 < p < oco. If
O<a<landl <qg< oo, then

a 1,
Bp,q(X) = (LP(X), KS™(X))aq
and
Bo(X)NLP(X) = (LP(X), KS"(X) N LP(X))ay
with equivalent norms. Furthermore,
0 :
By (X) = LP(X) and BAOO(X) NLF(X)=KS"(X)N LP(X).

By the reiteration theorem (see [BS|, Chapter 5, Theorem 2.4), Corollary 4.3 immediately
yields an interpolation theorem:

Theorem 4.4. Suppose that (11) holds for a doubling metric space X. Let 1 < p < oo,
0 < ap,a,0 <1 and 1 < q,q0,q1 < 00, or 0 < g, 0 <1, a7 =0, 1 < q,q0 < 00, and
g1 = oo. Then

(Bt (X By, (X)), = Byg(X), «

(KS™(X), By, (X)), = Boy(X), «a

p,q1

(1—9)a0+9a1, Qo#al,
(1 — 9) + 9061,

with equivalent norms.

Under the assumption that X be Ahlfors regular, the interpolation result Theorem 4.4
has been established by Yang [Y]. An analogous version of the above interpolation theorem
has been established by Han, Miiller and Yang [HMY, Theorem 8.1 and Theorem 8.3] for
Besov type spaces constructed using frames and approximations of the identity in general
metric measure spaces equipped with a doubling measure that in addition has a reverse
doubling property. Since under the reverse doubling condition of the measure the Besov
spaces constructed in [HMY] coincide with the Besov spaces considered in this paper ([MY]),
their result subsumes the above theorem if the measure on X satisfies a reverse doubling
condition. Given the construction of Besov spaces considered in [HMY], their proof of the
interpolation theorem requires a more intricate argument.

Remarks 4.5. If our metric measure space X supports a (1, p)-Poincaré inequality, then

(11) holds and all the Sobolev spaces discussed in Section 2 coincide, and we can use any of
them instead of K'S™7(X).
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5. PROPERTIES OF THE BESOV SPACE

We begin by showing that our interpolation theorem implies a generalization of the Sobolev
embedding theorem for Besov spaces.
The Lorentz spaces LP?(X), consist of measurable functions f of finite norm || f||Lr.e(x) =

Ht%_%f*@)HLq(O,oo)a where f* is the non-increasing rearrangement of a measurable function
f on X, defined by

F)=inf{A>0:pu({zeX: |fl@)]>\)<t}, telo,c).

Theorem 5.1. Suppose that (X, u) is Ahlfors s-reqular in the large with s > 1 from (6):
that s, there exists ro > 0 and xo € X such that whenever r > rg,

r*/C < u(B(zo,7)) < Cr°.

Suppose further that 1 < ¢ < 00,0 < a < 1,1 <p < s, and that X supports a (1, p)-Poincaré
inequality. Then there is a constant C' such that

inf || f = ellrax) < Cllf sz, 005

Sp
s—pa”

We note here that if X is a graph, then X is not s-Ahlfors regular, but can be s-Ahlfors
regular in the large.

where p =

Proof. By the Sobolev embedding theorem (Theorem 5.1) from [HaK] we have that whenever
fe KSv(X),

p* p
][ \f = [Bo,r)|”"dp < Cr ][ ghdp |,
B(zo,R) B(z0,CR)

where px = 2 whenever g is an upper gradient of a function f € L? (X). Using the Ahlfors
regularity of u we conclude that for R > ro,

1 1
Dp* P
(/ |f — fB(xo,R)|p*dH> <C (/ gpdﬂ)
B(zo,R) B(z0,CR)

Let By = B(xo, k) for k > 1. Then

1/p* 1/p* 1/p
( |f — ka|p*d/~L) < ( |f — kal”*du) <C (/ gpdu) :
B By, X

It follows that the sequence (f — fg,) is bounded in LP*(By). As f € LP*(B,), it follows that
the sequence (fp, ) of real numbers is bounded, and hence has a convergent subsequence that
converges to a finite number ¢. Now

1/p= l/p* l/p
(/ - C\p*du) < ( - ka\p*du) Flfp—d <C (/ gpdu) U -l
By, By, X

and letting £ — oo through the indices corresponding to our subsequence, we conlude that

|f = cllrx) < Cll fllprox)-
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Because I_TO‘ + z% = %, the usual interpolation theorem for Lebesgue spaces states that
LX) = (LP(X), LP*(X))a,, with equivalence of norms (see [BL], Theorem 5.2.1). Using
Corollary 4.3, whenever f € Bf (X)),

inf [|f = el zracx) < Cinf |If = ell oo o (g < CIE (1 = ellwrix.procoy,
NClIlfo—CH Lp(X),KStr(X NC”f|lB"
O

For simplicity, we refrain from giving further consequences of our interpolation theorem.
Hoewever, we wish to discuss the restriction @ < 1 in Theorem 5.1. We claim that, under the
(1, p)-Poincaré inequality assumption, By (X) only contains constant functions when both
a > 1 and ¢ < oo hold and also when both o > 1 and ¢ = oo hold. To see this one reasons
as follows.

Under these conditions, the definition of By (X) implies that

Ep(f7t) =0
t

lim inf

t—0
when f € By (X). Consider the approximating function h constructed in the second part of
the proof of Theorem 4.1, and denote it h; (as it indeed depends on ¢.) One easily sees that
hy — fin L} ~when t — 0. On the other hand, from the proof of Theorem 4.5 in [KM] one

observes that h; has an upper gradient g; so that
Hgt‘ |LP S Ct_lEp(fv t)?

where C' is independent of ¢. Applying the (1, p)-Poincaré inequality to h,, taking the limit
inferior with respect to t and inserting the fact that X must be connected, we conclude that
f must be constant.

We conclude this section by showing that the Besov spaces considered by Bourdon and
Pajot [BP] identify with our spaces when we choose ¢ = p.

Theorem 5.2. Let 1 < p < oo, a>0. Then
1 fllBa, o) = || fllBg (x)

Proof. We first observe that for each x € X and k € Z, doubling of our measure p gives us

the estimate
dt
F15@ - fwlauty) 5

/2k+1

B(z,t)
ok+1 1 1 p
= /Qk 2k ter) p(B(x,2¥)) /B(x,w) [f(z) = f)IP dply) di
2k 1 )
= 30 u(B(z,2Y) /() £(2) = F)P dpy)

20 C ,
< 2(k+l)apu(3(x7 T s V)~ SO ity

_cgtn ][ F(2) = F@)IP du(y).

B(a,2k+1)
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Similarly,
2k:+1 d
L f 1@ - sora) 1
? B(z,t)
2k 1
= 00 u(B(z, 24) /B ) £ (@) = f(y)[Pdp(y)
kaap
> 22 15w - S Pty
B(z,2F)
Thus,
> d
) [ @ - swra) yi ~ e [ 1w - fwp ),
" B kez B(z,2%)

By the Fubini theorem,

> d
s, = | B0 f

-1/ ][ 0 = ) Pan(g) o) 5
B(z,t)
1£() = F@Pduly) e du(z).
g, :
B(z,t)

Therefore by (15),

1 / S g ke ][ (@) — F)Pduty)du(z)

kEZ Blz.2%)
k

k:ap xT) — p T
/X St Z /B (M,)\B(W)u( ) = F) Pdp(y)du(z)

/ 22 Y BE) / o 1) @)@
/ zeZ/ B(r.2) \Bzz w?J){“E’QZ(;(J;(,ZQJ;y)))d“(y)d“(f)
)it d<| ) )

= 111

13
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6. BESOV SPACES AND A TRACE THEOREM

Recall from the discussion of Section 3 and (9) that for p > 1, if X supports a (1,p)-
Poincaré inequality, then a function f € LP(X) belongs to the Newton-Sobolev class N'*(X)
if and only if there is a non-negative function g € LP(X) such that for a.e. x,y € X, the
inequality |f(z) — f(y)] < d(z,y)[g(x) + g(y)] holds. A version of this inequality holds for
Besov functions as well, as demonstrated by the following two lemmata. See [HaM)] for a
version in the Euclidean setting.

Lemma 6.1. Let (X,d, ) be a doubling metric measure space with diam(X) = Ry, and
1 <p<oo. If feB;,(X), then there is a non-negative function g € LP(X) such that for

p-a.e. v,y € X,
(@) = f(y)] < d(z,y)* [9(z) + g(v)].

Proof. Let x,y € X, R = d(z,y), and for r > 0 and z € X, let B,(z) := B(z,7). By the
doubling property of u,

@) = FO < 17(@) = Fan] + 1F@) — Frne)
< ][ (@) - F(2)ulz) +C ][ ) — F@u)

Br(=) Bar(y)
i @) = FE) Fp o 1) — F)u(2)
< Cd(z,y) ( 7 + 2R .
With ¢ defined by
g(z) = sup {JLBT(@ |f($)7n; Aellutz) 0<r< 3R0},

we see that for all z,y € X,

[f(2) = f(y)] < Cd(z, y)" [9(x) + 9(y)].

It suffices now to show that g € LP(X). To see this, note that if x € X and r > 0, by
choosing an integer k such that 2¥=1 < r < 2k,

Br(x f z _f
P [TV € [ it~ s ant)
B(z,2%)
1/p
< | ghe ][ F) - F@Pdut) |
B(x,2F)
and so
glay <Y g ][ @) — F@)P duly).
kEZ Ble.2t)
Now by (15),
[ransc [ Xt i) - r@pa) < O, <.

keZ B(x,2k)
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The next lemma provides a partial converse of the above result.

Lemma 6.2. Let 1 < p < oo and diam(X) = Ry < oo. Suppose that f € L} (X) and
g € LP(X) such that for p-a.e. x,y € X,

f(z) = f(y)] < dz,y)" [9(2) + g(y)]-
Then for all 0 < o < 3, f belongs to the Besov space By (X).
Proof. By Theorem 5.2,

p —fw) )
1, ~ [ [ oo BT duty) duo),

By the assumption on f and by the doubling property of p,
|f (@) = fy)” d(z, y) [g(x)” + g(y)"]
. Tmatste ey 0 € s yymatte ey 0
9(y)"

T (7y>p . y)PB—)
< Cale |, gy W)+ f a0 Lo

Therefore, with

B d(z,y)PP=e)
o) = . (B, da, ) M)

an employment of Fubini’s theorem now yields

I£ll3g, <€ | Calwlgle) duto)

Since g € LP(X), it suffices to prove that the function Cj is bounded on X. To see this, let
ko € Z with 2*~1 < Ry < 2% Then for x € X, by the doubling proeprty of i again,

O d(a, gy - d(z, y)"")
Colw) = /X 1(B(z,d(z,y))) ) = % /B(xgk)\m,zkl) H(B(z, d(x,y))) o

ooy (B, 25) \ B(z,281)
SR p(B(z,27)

k=—o0
ko
<C Z okp(B—
k=—o00
and the last sum is finite since § — a > 0. O

The rest of this section is devoted to exploring traces of Newton-Sobolev functions in
regular compact subsets of a complete metric space X equipped with a Radon doubling
measure p supporting a (1, p)-Poincaré inequality for some 1 < p < co. Recall from [KZ]
that there exists 1 < ¢ < p such that (1, ¢)-Poincaré inequality holds as well.
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Let K C X be a compact set. If f € N'?(X) and z,y € K, then by the (1, ¢)-Poincaré
inequality, if x and y are both Lebesgue points of f and 0 < A < 1,

[f(2) = FWI <D | fs — fol

keZ
<> I - fuldu
kEZ By
1/q

<d(z,y)CY 27 ][ gt dp

kEZ ABy,

1/q
< d(x,y) 0 Y 27 A (97 gz, ) ][ g% dp
keZ 7By,
1-A —(1=N)[K]
<d(z,y)'C <Z2 ) [Mq97(x) + Mxqg5 ()],
kEZ
where
1/q

Myg9(x) = sup 7 ][ g% dp

0<r<2diam(K) o)

is a fractional maximal function of g. If f is a continuous function in N'?(X), we now have
for all z,y € K,

(16) (@) = f(y)] < d(z,y)' 7 C [Mq9¢(x) + Maqg;(y)].
In what follows, s > 0 is the number given by (6) for the measure .

Lemma 6.3. Suppose that K is Ahlfors y-reqular, and setv = H|k. If0 <s—vy < \g < s,
then My, : LY(X, ) — wk — LO/C2)(K ) is bounded; that is, My, is of weak type
(4, 97/(s = Aq)).

Proof. For t > 0 let By = {x € K : M, ,9(x) > t}. For each z € E}; let 0 < r, < 2diam(K)
such that

L[ g )
& B(z,rg) T;\q

By (6), with R = 5Ry,

C
riTM < — gldp.
14 B(z,re)

The family of balls B(x,r,), as x ranges over points in E;, covers Fy; by the 5-covering
theorem we can find a pairwise disjoint countable subfamily {B(x;,r;)}ier such that E; C
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UieIB(xi,E)n). Now, as v/(s — A\q) > 1,

v(E;) < Zu(B(xi,&",-)) < C’Zr;/

il i€l

R v/ (s=Aq)
< CZF‘”/(S* q) (/B(w . e dﬂ)

el

v/(s=Aq)
< Ot~/ (5729) <Z ¢ dﬂ)

el B(xivri)

v/ (s—Aq)
< t*Q’Y/(S*/\fI) (/ gq dﬂ) 7
X

where we used the pairwise disjointness property of the balls B(z;, ;) in the last line. [

Lemma 6.4. Under the assumption of Lemma 6.3, My, is of strong type (s/\, 00); that is,
My, : L¥NX, p) — L®(K,v) is bounded.

Proof. Let € K and 0 < r < 2diam(K). Then by Holder’s inequality and by the fact that
q<s/A

1/q s
. f g dy < ][ g dy
B(x,r) B(w,r)
o
= B 9l Lerxx)
< Clgllprnx)s
where we used (6) to obtain the last inequality. O

Now by Marcinkiewicz interpolation theorem (see for example Corollary 4.14 in page 226
of [BS]), if there exists 0 < # < 1 such that
I 1-40 0 1 1—-6

and — = —————,
p q s/A P qv/(s —\g)

then M, , : LP(X) — LP"(K,v) boundedly. Solving the above for 6 and then p*, we see that
if ¢ < p < s by taking ¢ sufficiently close to p (which we can by the Holder inequality), and
0 < A < min{l,s(1 4+ g — p)/q} sufficiently small, we can make the choices of # and p* as
follows:

(p—q)s ) qay
a7 O VI PV I
if ¢(\ + ) > s, we obtain the desired boundedness of My, : LP(X) — L* (K,v). Note that
by our assumptions on s and 7, we must have v < s.
Recall that as X supports a (1,p)-Poincaré inequality, Lipschitz functions, and hence
continuous functions, form a dense subclass of N*P(X). Finally, by Lemma 6.2 and (16), we
have the following trace theorem.
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Theorem 6.5. Suppose X supports a (1,q)-Poincaré inequality for some 1 < g < oo and
p>q. Ifs/(y+1) <p <sq/[(s—7)(y+1)], max{0, (s —7)/q} < A <min{l,s(1+q—p)/q},
and p* is given by (17), then X satisfies 0 < s —~v < A\g < s, and so for any 0 < a < 1 — ),
there 1s a bounded trace operator

Tr:N'"(X)— B .(K)
such that whenever f is a continuous function from NY(X), Tr(f) = f|x.

With the choice in the above theorem, we also see that v > s — p. Hence by the results
in [KiMa], every subset of K with positive v-measure has positive p-capacity with respect to
the Newton-Sobolev space N'P(X). Thus by the results of [KiL] (which state that p-capacity
almost every point is a Lebesgue point for such Sobolev functions), for all f € N'P(X),
Tr(f)(z) = f(x) for v-ae. x € K.
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