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On slowly growing solutions of linear functional
differential systems

V.Pylypenko and A.Ronté*

Abstract. We obtain new conditions sufficient for the (unique, under an additional condition) solv-
ability of a system of singular functional differential equations with non-increasing operators.

1. Problem setting and motivation

The aim of this note is to establish some general conditions sufficient for the existence
and uniqueness of a slowly growing solution of a class of singular linear functional differ-
ential equations. More precisely, we consider the system of linear functional differential
equations

X)) =Y (Uux) ) +qi(0),  t€lab), i=12...n, (1
k=1

subjected to the initial conditions
xi(a) = A;, i=1,2,...,n, )

where —0o < a < b < oo, the functions ¢g;, i = 1,2,...,n, are locally integrable, and
lik : C([a,b),R) = Li;10c(la,b),R), i,k = 1,2,...,n, are linear mappings which are
assumed to be positive with respect to a natural pointwise ordering. Our aim is to find
conditions sufficient for the existence and uniqueness of a slowly growing solution of the
initial value problem (1), (2). The “slow growth” of a solution x = (x;)7_, : [a,b) — R”
is understood in the sense that its components satisfy the conditions

sup h;(t)]|x; ()] < +oo, i=12,...,n, 3)
tela,b)
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where h; : [a,b) — [0,400),i = 1,2,...,n, are certain given continuous functions
possessing the properties

lim i) =0.  i=12...n. )
t—>b—

Solutions of system (1) are sought for in the class of locally absolutely continuous
functions and, in particular, may be unbounded in a neighbourhood of the point b.

Definition 1. One says that a function u : (a,b] — R (resp., u : [a,b) — R) is locally
absolutely continuous if its restriction u|[g4 5] (T€sp., u|[q,p—¢)) to the interval [a + &, b]
(resp., [a, b — ¢]) is absolutely continuous for any ¢ € (0,5 — a).

When formulating the precise definition of a solution of this kind of equations, it is
important to take into account the unpleasant circumstance that the derivative of a locally
absolutely continuous vector function satisfying equations (1) may have a non-integrable
singularity in a neighbourhood of the point b. For example, the function

x()=A1=07"3%, tel0,1), 5)

for any real A satisfies the relations

x/(t)—( )3x(1—\/1— )+ . —— x(1=NT1=10), te0.1), (6
x(0) =4, (N

where the coefficient functions [0,1) > 7 > 2(1—¢) 2 and [0,1) 3 ¢t — (1 — t)fg
are non-integrable. To introduce a proper notion of a solution of the corresponding initial
value problem, a certain weight function is thus natural to be used, which would govern
the behaviour of x’ in a left neighbourhood of the point 1. In our case, the role of these
weight functions is played by the same functions 4; : [a,b) — [0, +00),i = 1,2,...,n,
that appear in the growth restriction (3), so that the corresponding definition of a solution
has the following form.

Definition 2. By a solution of the functional differential system (1), we mean a locally
absolutely continuous vector function x = (x;)7_; : [a,b) — R” which components
possessing the properties h;x; € Ly ([a,b),R),i = 1,2...,n, and satisfying equalities
(1) almost everywhere on the interval [a, ).

Note that in the case where h;, i = 1,2,...,n, are equal identically to non-zero
constants, the latter definition reduces in a natural way to the Carathéodory case, where the
solution is absolutely continuous on the entire interval. Under assumption (4), however,
system (1) may have solutions (x;)7_, such that x{ & L([a,b), R) for some or all i =
1,2,...,n

Definition 3. We say that a solution x = (x;)?_, : [@,b) — R" of system (1) is slowly
growing if it has property (3).
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In the sequel, we are interested in establishing conditions under which the initial prob-
lem (1), (2) has a unique slowly growing solution for arbitrary ¢;, i = 1,2,...,n, with
h;iq; Lebesgue integrable on [a, b).

Efficient and sharp conditions sufficient for the solvability of problems of type (1),
(2), (3) are useful in studies of various non-linear singular problems arising in numerous
applications. We note that the necessity in a systematic study of differential equations
with singularities had arisen quite long ago. One can mention, e. g., the singular Cauchy
problem at the point O for the two-dimensional system

uy (1) = uz (1),

1) = —2ua(0) ~ @), 1e.1]

which had been studied in [1] as far back as 1907. However, it is only in the second half
of the last century when a general theory of such problems had been constructed. We refer
the reader to the works [2,3,5] for more details on this subject.

It should be noted that setting (1) is rather general. In particular, any system of linear
functional differential equations of the form

x(1) = (X)) +4q(1), 1 €lab), ®)

determined by a linear mapping [ = (/;)7_, : C([a,b),R") — Li;ic(la,b),R") is
nothing but (1) with /; : C([a,b),R) — Li;1c([a,b),R), i,k = 1,2,...,n, defined by
the formulae

Lirv = [ (veg), ik=1,2,...,n, )

for any v from C([a, b), R), where
er :=col (0,0,...,0,1,0,...,0), k=12,...,n, (10)

with “1” on the kth place. We emphasize that [;; i,k = 1,2,...,n, are defined on
the set of functions which are continuous on the half-open interval [a, b) and may have
discontinuities at the point b.

For the sake of simplicity, we assume throughout the paper that the above-mentioned
functions h;,i = 1,2,...,n, possess the following properties:

The functions h; : [a,b) — [0,400), i = 1,2,...,n are non-increasing and

such that relations (4) hold. an

Note that only the qualitative behaviour of h;,i = 1,2,...,n, in a neighbourhood of
the point  has influence on the formulation of condition (3) and, thus, #;,i = 1,2,...,n,
can be redefined in any suitable manner on the interval [a,b — §] for § small enough.
Conditions (11) are satisfied, for example, by the functions

hi(t):=(b—1), telab),
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where {y; | i = 1,2,...,n} C (0,+00). For example, one can check directly that
function (5) for arbitrary A € R and ¢ € (0, +00) is a solution of the problem

sup (1—1)°*|x(1)] < +o0 (12)
t€[0,1)

for equation (6) with the function % given by formula
h(t):=(1—1)**,  relo,), (13)

where ¢ is positive. It is obvious that assumptions (11) are satisfied in this case.
To conclude this introductionary section, we note that problem (1), (2), (3) is related
to the notion of a singular Cauchy problem (see, e. g., [2]). Indeed, condition (3) yields

lirlljl i (Oh;(t)x;(t) =0, i=12,...,n, (14)
t—>b—

for any continuous functions @; : [a,b) — R with the properties lim;_,_ 0; () = 0,
i=1,2,...,n,1i.e, asolution of (1), (2), (3) is also that of each of the problems (1), (2),
(14) and vice versa.

Problems similar to (1), (2), (3), including the singular Cauchy problem for various
classes of functional differential equations, are treated, in particular, in [4—12]. A problem
on Carathéodory solutions of system (8) possessing properties of type (2) is studied in
[13].

2. Notation

The following notation is used throughout the paper.
(1) R:=(—o00,00), N:={1,2,3,...}.
(@) |lx|| := max;=1,3,....n |x;| for any x = (x;)7_, from R".

(3) If —oo <a < b <ooand A C [a,b] is a measurable set, then L1(A4, R") is the
Banach space of all the Lebesgue integrable vector functions u = (u;)/_; : A —
R” with the standard norm

Li(A,R) > u+— max / lu;(¢)|dt.
i=1,2,.n J4

(4) Li;10c((a,b], R) is the set of functions u : (a,b] — Rsuch that u|jg4.p) € L1([a+
g,b],R) forany ¢ € (0,b — a).

(5) Ly;10c((a, b], R") is the set of vector functions u = (u;)7_, : (a,b] — R" such
that u; € Li;10c((a,b], R) foreachi =1,2,...,n.

(6) C((a,b], R) is the linear manifold of all the continuous functions u : (a,b] — R.

(7) Cioc((a, b], R") is the set of all the locally absolutely continuous vector functions
u = (u;)?’_, : (a,b] - R".
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®) C’loc; n((a,b], R) is the set of all the locally absolutely continuous functions u :
(a,b] — R such that hu’ € Li((a, b], R) and

sup h(t) |u(t)| < 4o0. (15)
te(a,b]
9) If h = diag (hy, ..., hy) : (a,b] — R" is a continuous matrix-valued function, then

Cloc;h((a, b], R") is the set of all the vector functions u = (u;)?_, : (a,b] — R
such that u; € Cig; p, ((a, D], R) foreachi =1,2,...,n.

(10) The sets C([a,b), R), L1;10c([a, b), R"), Cioc([a, b), R"), and Cioe; ([a, b), R") are
defined by analogy.

3. Existence of a slowly growing solution and its uniqueness

Our results concern the case where the right-hand sides of equations (1) are determined by
linear operators which are positive in sense of the pointwise partial ordering of the linear
manifold C([a, b), R).
Definition 4. An operator / : C([a,b),R) — Ly;10c([a,b), R) is said to be positive if
(lu)(t) = Ofora.e. t € [a,b) whenever u is non-negative on [a, b).

For systems (1) with positive /;x : C([a,b),R) = L1;10c([a,b),R), i,k =1,2,...,n,
we can formulate the following
Theorem 1. Let us assume that the mappings lix : C([a,b),R) — Li.ic([a,d),R),

i,k =1,2,...,n, are positive and there exists a certain § € [0, 1) such that
“ 1
> hlik (h—) € Li([a.b),R), i=12,...,n, (16)
k
k=1

and the inequality

n n . l n 1
kz:; lik ;/a lxj (E) (s)ds | (1) < 5}; lik (H) (t) (17

is satisfied for a.e. t € [a,b) and everyi = 1,2,...,n.

Then the initial value problem (1), (2) has a unique slowly growing solution for ar-
bitrary locally integrable functions q; : [a,b) — R, i = 1,2,...,n, possessing the
property

{higi |i =1,2,...,n} C L1([a, b), R). (18)
Furthermore, if q; and A;, i = 1,2, ..., n, satisfy the condition
n
= Ml )(0) < qi(1).  tefab). i=12...n, (19)

k=1

then the unique solution of problem (1), (2), (3) has non-negative components.



6 V. Pylypenko and A. Ronté

The symbol /;z 1 in (19) stands for the result of application of the operator /;; to the
function equal identically to 1.
Remark 1. By virtue of the positivity of the mappings /;x, i,k = 1,2,...,n, conditions
(19) are satisfied, in particular, if {A; | i = 1,2,...,n} C [0, +00) and the functions g;,
i =1,2,...,n, are non-negative almost everywhere on [a, b).

In the more general case where the mappings /;x : C([a,b),R) — L. 1c([a,b), R),
i,k =1,2,...,n,in (1) are monotone decomposable, i.e., (1) has the form

n

x/(t) = Z((z,."kxk)(z)—(z}kxk)(z)) +qi (1), telab),i=12,....n (0
k=1

where ll’k :C(la,b),R) = Li;10c(la,b),R), i,k = 1,2,...,n, j = 0,1, are positive, a
weaker assertion holds.

Theorem 2. Let us assume that the mappings Zl.jk : C(la,b),R) — Ly:10c([a,b), R),
i,k=1,2,...,n, j =0,1, are positive and there exists a certain § € [0, 1) such that

> hgl, (h—) € Li([a,b),R), i=12,....n, j=0,1, 1)
k
k=1

and the inequality

n _ n - 1 n _ 1
Y| X [ I () a0 =830 () © 22)
: a hj hy
k=1 j=1 k=1
is satisfied for a. e. t € [a,b) and everyi = 1,2,...,n, where
Lg:=1Y+1%,  ik=12...n.

Then the initial value problem (20), (2) has a unique slowly growing solution for
arbitrary locally integrable functions q; : [a,b) — R, i = 1,2,...,n, possessing prop-
erty (18).

Prior to the proof of Theorems 1 and 2, which are given in Section 7, we present its
corollaries for systems with argument deviations.

4. Corollaries for equations with argument deviations

Let us consider problem (1), (2), (3) for the system of differential equations with argument
deviations

X0 =3 pOxc@i®) + (1), telab)i=12....n (23
k=1
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where —co < a < b < oo and {pix,qi | i,k = 1,2,...,n} C Ly;1c([a,b),R).
The argument deviations wg, kK = 1,2,...,n, in (23) are arbitrary Lebesgue measurable
functions that are supposed to transform the interval [a, b) to itself. It is important to note
that the latter assumption does not lead one to any loss of generality (see, e. g., [6] for a
detailed discussion of this subject).

We are interested in conditions guaranteeing the existence of solutions with proper-
ties (3) in the case where the coefficients of equation (23) are non-negative. As above,
we assume that the functions h;, i = 1,2,...,n, appearing in conditions (3) possess
properties (11).

Corollary 1. Assume that the functions p;, i,k = 1,2,...,n, are non-negative almost
everywhere on [a, b). Moreover, let

P hie(t) pirc (t)
a hie(wik(r))

and there exists a certain § € [0, 1) such that the inequality

dt < +oo,  ik=12,...,n, 24)

n n o) )
DPkj (s) )
(i ds — <0 (25)
2 7ikl®) ;/ T @) T ©)
is satisfied for a.e. t € [a,b) and everyi = 1,2,...,n.

Then problem (23), (2), (3) has a unique slowly growing solution for arbitrary locally
integrable functions q; : [a,b) — R, i = 1,2,...,n, possessing property (18), and any
{Ai|i =1,2,...,n}. Furthermore, if q; and A;, i = 1,2,...,n, satisfy the condition

=Y hpik() <qi(0),  i=1,2,....n, (26)
k=1

for almost every t € [a,b), then the unique solution of problem (23), (2), (3) has non-
negative components.

Proof. 1t is clear that equation (23) can be represented in form (1), where the operators
l;} are defined by the equality

(Tikxi) (1) = pix(Oxi(wir (@), t€la.b), i.k=12,....n.

Since the functions p;x, k = 1,2,...,n are non-negative, it follows that operators /;,
k = 0,1,...,n, are positive. Moreover, in view of property (24), operators l;, k =
1,2,...,n, satisfy conditions (16). Then it follows from (25) that inequalities (17) are
true.

Thus, all conditions of Theorem 1 hold and, therefore, problem (23), (2), (3) has a
unique solution for arbitrary locally integrable functions ¢;,i = 1,2, ..., n, with proper-
ties (18). O

This statement implies, in particular, the following
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Corollary 2. Let pir, i,k = 1,2,...,n, be non-negative, possess properties (24), and be
such that the condition

i (1)
Pk/(s)
. i _Ps) 1 27
e;ses[astlg) k(@ k(t))Z/a hj(wg;(s)) ' =

holds foralli,k =1,2,...,n

Then, for any locally integrable functions q; : [a,b) — R, i = 1,2,...,n, possessing
property (18) and arbitrary real A;, i = 1,2,...,n, the initial value problem (23), (2)
has a unique solution possessing property (3). Furthermore, under the additional condi-
tion (26), this solution has non-negative components.

Proof. The statement is an immediate consequence of Corollary 1. U

It is worth pointing out that, under assumptions of Corollaries 1 and 2, some or all
equations of system (23) may not have the Volterra property, i. e., it may happen that

mes{t € [a,b) | wix(t) >t} >0 (28)
or
mes{t € [a,b) | wjr(t) <t} >0, (29)

or both (28) and (29) may hold simultaneously for some i and k.

Remark 2. Condition (27) of Corollary 2 is unimprovable in the sense that it cannot be
replaced by the corresponding non-strict inequality

ik (1)
Pkj(s)
\ | _Pl) 1 30
ey [ e "

even for a single pair of indices i and k, because after such a replacement the assertion
of Corollary 2 is not true any more. In order to show this, it is sufficient to consider the
simplest scalar functional differential equation

x'(t) = p(t)x(). t €la,b), 3D

wherea <t < b, p:[a,b) — [0, 4+00) is such that ip € Li([a, ), R), and the function
h : [a,b) — [0,4o00) is non-increasing and such that lim,_,,_ A(t) = 0. It is easy to
verify that, under the condition

T
/ pydr < 1. (32)
the homogeneous problem
x(a) =0, (33)
sup h(t) [x(1)] < +o00 (34)

t€la,b)
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for equation (31) has no non-trivial solutions. This circumstance agrees with the assump-
tions of Corollary 2 because condition (24) for this problem means the integrability of p
with the weight &, whereas (27) coincides with (32). However, if

/T p(t)dt =1, (35)

then the homogeneous initial value problem (31), (33) has a one-parametric family of
solutions

x(t) =A /t p(s)ds, t €la,b), A € (—o0, +00),

each of which satisfies condition (34) because % is non-increasing, /p is integrable, and,

therefore,
t

esssuph(t) | p(s)ds <ess sup/ h(s)p(s)ds < +o0.

te€la,b) a t€la,b)
By virtue of (35), condition (30) is satisfied in this case but (27) is not.
Corollary 3. Let p;, i,k = 1,2,...,n, satisfy relations (24) and the condition

ik (t) |
pk]( )|
ess sup hy (w;ix (1)) / ————ds < 1 (36)
tela,b) ' Z a h (wk] (5))

foralli,k =1,2,...,n

Then, for any locally integrable functions q; : [a,b) — R, i = 1,2,...,n, possessing
property (18) and arbitrary real A;, i = 1,2, ..., n, the initial value problem (23), (2) has
a unique solution possessing property (3).

It should be noted that, under the assumptions of the last corollary, the unique solution
of problem (23), (2), (3) may not be non-negative even under condition (26).

Proof. The statement is an immediate consequence of Theorem 2. O

5. Examples

As an illustration, let us consider the case where a = 0, b = 1, and both the weight func-
tions and the argument deviations in problem (23), (2), (3) are powers of the independent
variable, i. e., we have the problem

X =Y piOxi(1—A=0fik) + g;(1).  te€f0.1).i=12....n, 37
k=1

sup (1 —1)" |x;(¢)] < +o0, i=1,2,...,n, (38)
t€f0,1)

xi(0)=2x;, i=12,....n, (39)

where {pix.q; | i,k =1,2,...,n} C L1;10c([0, 1), R) and {Bx.yi | i,k =1,2,....,n} C
[0, +00).
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Corollary 4. Let the functions pig, i,k = 1,2,...,n, be non-negative, satisfy the condi-
tions

1
/ pik () (1 — ) O=Bin) gp < 400, ik=1.2,....n, (40)
0

and, moreover, be such that

n 1—(1-1)Bik
sup (l—t)y"ﬂ”‘Z/ pk,-(s)(l—s)_yf'ﬂk/ ds <1, ik=1,2,...,n.
tefo,1) =170 ’

(41)

Then, for arbitrary locally integrable functions ¢q; : [0,1) — R, i = 1,2,...,n,

possessing properties (18) and any real A;, i = 1,2,...,n, problem (37), (38), (39) has

a unique slowly growing solution. Furthermore, if ¢; and A;, i = 1,2,...,n, satisfy the

additional condition (26) for almost every t € [0, 1), then the unique solution of problem
(37), (38), (39) has non-negative components.

Proof. 1t is sufficient to apply Corollary 2 witha = 0, b = 1, wjr(t) = 1 — (1 — t)’gik
and h; (1) = (1 —1)¥, t €[0,1), i,k =1,2,...,n. O

In the case of a scalar equation of the form

m

_ B
X'(t) = a _t)ax(l —0(1—=0)")+q(). 1 €[0,1), (42)
with the additional condition
sup (1 —1)Y|x(t)] < +o0, 43)
t€f0,1)

where {m, o, B8, y} C [0, +00), 0 < 8 < 1, we arrive immediately at the following
Corollary 5. Let us assume that the inequality
y(l—p)—a>-—1 (44)
holds and, moreover,
vtk

max (iyi(yjtx)— e l(1—9K)) < l, (45)
(224 K m

wherek :=1—a —yB.

Then, for an arbitrary locally integrable function q € Li.10c([0,1), R) such that
[0,1) > t — (1 —1)Yq(t) is Lebesgue integrable and any real A problem (42), (43)
has a unique solution satisfying the additional condition

x(0) = A. (46)
Furthermore, if g and A satisfy the inequality

mA

(I—1)®

q(t) = - (47)
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for almost every t € [0, 1), then the unique solution of problem (42), (43), (46) is non-
negative.

Proof. 1t is sufficient to apply Corollary 4 in the case where n = 1, p(t) = m (1 —1)™%,
wt)=1-00 -0 andh(t) = (1 -1)",1 €0,1). O

Remark 3. Tt follows from property (44) that coefficient function in (42) may have a non-
integrable singularity at the right-hand end of the interval if 0 < 8 < 1.

6. Auxiliary statements

In the sequel we need an abstract theorem on operators in partially ordered normed spaces
[14, Theorem 16.2]. In order to state it, we first formulate definitions. We use [14] as the
main reference (see also [15]).

Let E be a normed space over R and P be a cone [15] in FE, i.e., a non-empty closed
subset of E possessing the properties P N (—P) = {0} and a1 P + ap P C P for all
{1,002} C [0,+00). A cone P generates a natural partial ordering of E. As usual, we
shall writte v =p vandv Zp u ifandonlyif v —u € P.

Let us recall that a cone P C E in a Banach space (E, ||-|| g) is normal if and only if
the relation

inf{y € (0,400) [ [[x|lg = vlyle V{ix,y} CP: y—x€ P} <+o0

is true. By definition, the cone P is reproducing in E if and only if an arbitrary element x
from E can be represented in the form x = u — v, where u and v belong to P (see, e. g.,
[14,15]).

Definition 5. An operator T : E — F is said to be positive it TP C P.

Definition 6. Let o be an element of the cone P C E. An operator 7 : E — E is said
to be a-bounded from above (along P) if for an arbitrary u € P one can specify some
m,, € N and ¢, € (0, +00) such that

—T™y + cyo € P. (48)

Theorem 3 ([14]). Let linear operator T : E — E be positive with respect to the cone
P, a-bounded from above and the inequality

Ta <p S«, a € P, (49)
is satisfied. Furthermore, let the cone P be normal and reproducing. Then the estimate
r(T)<$¢ (50)

is true.
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For any x from C([a, b), R), let us put
Sx)(@t):=x(@+b—1), t €(a,b].

Lemma 1. A function x : [a,b) — R is a solution of problem (1), (2), (3) if and only if
the function u : (a,b] — R defined by the equality u := Sx is a solution of the problem

wj(t) = > Giu) (@) +Gi (1), te(@bl.i=12...n, (51)
k=1
sup hi(O|ui(t)] < 400,  i=12,....n, (52)
re(a,b]
u; (b) = A, i=1,2,...,n,, (53)
where §; :== —Sq;, hi == Sh;, and l~ik : C((a,b],R) = Li:10c((a, b], R), are the linear

mappings given by the formula
lic == =SS (54)
fori,k =1,2,...,n.

Proof. This statement is obtained immediately by carrying out the substitution

u(t) =x(a+>b-1), t € (0,1], (55)
in relations (1), (2), and (3). O
Note that, in view of (11), the functions ﬁ,-, i =1,2,...,n, possess the following
properties:
The functions hi (a,b] — (0,4+00),i = 1,2,...,n are non-decreasing and
such that
~ 56
lim A;(t) =0, i=1,2,...,n. (56)
t—a+

The following simple lemma concerns the solvability of problem (51), (52),(53) and
corresponding semi-homogeneous problem (51), (52) and

u;(b) =0, i=1,2,...,n. 57

Lemma 2. [f the semi-homogeneous problem (51), (52), (57), is uniquely solvable for

arbitrary locally integrable functions ¢; : (a,b] — R, i = 1,2,...,n, possessing the
properties ~

{higi |i =1,2,...,n} C L1((a,b],R), (58)

then the same is true for problem (51), (52), (53) for arbitrary ¢; : (a,b] — R, i =
1,2,...,n, possessing the properties (58) and arbitrary {A; | i = 1,2,...,n} C R.

Furthermore, if §; and A;, i = 1,2, ..., n, satisfy the condition
n
Y i) < =Gi(0),  i=1,2,....n, (59)
k=1

then the solution of problem (51), (52), (53) has non-negative components.
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Proof. Consider the inhomogeneous problem (51), (52), (53) and perform there the change
of variable according to the formula

vi=u—A. (60)

If u = (u;)7_, is a solution of (51), (52), (53), then the function v = (v;)?_, satisfies the
relations

i) = Y Uiv) @) + G () + Y_Uuad) @), t€(ab),i=12,....n (6])
k=1 k=1

sup 7 (1)|v; ()] < +oo, i=12,....,n, (62)
te(a,b)

vih)=0, i=12,....n, (63)

and vice versa. Thus, if there exists a unique solution v = (v;)’_, : (a,b] — R" of
a semi-homogeneous problem (61), (62), (63) for all g; : (a,b] - R, i = 1,2,...,n,
possessing the property (58), then the unique solution u = (u;)?_, of problem (51), (52),
(53) is determined from relation (60).

It follows from the positivity of operators /; : C([a,b),R) = Li;10c([a,b),R),i, k =
1,2,...,n, that the operators iik :C((a,b],R) - Li;10c((a,b],R), i,k =1,2,...,n,
defined by formulae (54) are negative. Then, in view of inequalities (59), the right-hand
side terms of the equations (61) are non-positive and, thus, the derivatives of the functions
v, i,k = 1,2,...,n, are non-positive. This means that the solution of problem (51),
(52), (53) has non-negative components. ]

Let us set /1 := diag (};1, ..., hy) and introduce a linear manifold X in C((a,b], R")
by putting
X := Cioe;n((a. b]. R"). (64)

Lemma 3. The set X is a Banach space with respect to the norm

b~ ~
) ( / hi() i ()| ds + sup hi(€) |uz-(5)|) . (65)

.....

The proof of Lemma 3 for n = 1 can be found in [16]. The case where n > 1 is
treated in a similar manner.

Lemma 4. The set
Xo:={ueX|ub) =0} (66)

is a closed linear subspace in X .

Proof. This statement is obvious from (64) and (65). O
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Let us consider the set
K:=3u= (), €eX| inf u;(t)>0
t€(a,b]

and esssupu;(t) <Oforalli =1,2,...,ng. (67)
te(a,b)

Lemma 5. The following assertions are true:

(1) The set K is a normal and reproducing cone in the space X ;

(2) The set
K() =KnN X() (68)

is a normal and reproducing cone in the space X.

Proof. Assertion 1. It follows from [16, Lemma 5.8] that K is a regular cone in X. In
particular, K is normal (see, e.g., [15, Theorem 1.6]). It thus remains to show that the
cone K is reproducing in X .

We shall argue by analogy to the proof of the classical Jordan theorem (see, e. g., [17]).
Let us choose an arbitrary u € X and consider the functions v; = (v;;)7_, : (a,b] — R”,
Jj = 0,1, where

(a,b] 31— vo;i (1) := [\I%Iiui + |ui ()], (69)
z,
(a.b] 31— vy(1) = [V%ui + |ui ()| —ui (1) (70)
z,
foranyi =1,2,...,n.

Let us show that vy € X. Indeed, using the well-known property of the total variation

b
Var u; :/ luj(s)| ds, t € (a,b],
[2.,b] t

we obtain that
b _ b _
/ hi(t)|v6i(t)|dt§/ hi(t) |uj(t)| dt < +o0, i=12,....n, (71)

because u € X and, in particular, h' € Li((a,b], IR"); It follows from (71) that the
derivative of function (69) is integrable with the weight /;. Furthermore, since h;, i =
1,2,...,n, are non-decreasing (see assumptions (56)), we have

b
sup hi(t) Varu; = sup hi(r) [ |uj(s)|ds
te(a,b] [2,6] te(a,b] t

IA

b b
sup / h~i(s)|u;(s)|ds=[ ﬁi(t)|u;(t)\dt < 400

t€(a,b]
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fori = 1,2,...,n, whence it follows that vy € X and, by virtue of (70), the function vy
is also an element of X.

Clearly, the function v is non-negative. Using the additivity of the total variation
(see, e. g., [17]), it is easy to show that function (69) is non-increasing. According to the
definition (67) of the set K, this means that vy belongs to K.

The function v; belongs to K as well. Indeed, let s and ¢ be arbitrary points from
(a, b] such that s > ¢. By using the additivity of the total variation, we obtain

v1;(s) —v1;(¢) = Varu; —u;(s u;(t) — Varu; — Var u;
11( ) 11( ) [5.5] i l( ) + z( ) [t.s] i [5.] i
= —(u;(s) —u; (1)) — Varu; (72)
[2,s]
fori = 1,2,...,n. It follows from the definition of the total variation that
[\t’agui > ui(s) —u; (2)] (73)
.8

and, therefore, relation (72) yields the estimate
vii(s) —v1i (1) < —(ui(s) —ui () — |ui(s) —u; (1)),

which implies that vy; (s) < vy;(¢) foralli = 1,2, ..., n. Considering the arbitrariness of
s and 7, we conclude that vy;,7 = 1,2,...,n, are non-increasing. Furthermore, applying
(73) at the point b, we get

v1i (1) = |ui (1) — ui (b)| + |ui (b)] — u; (¢)
> (lui @] = [ui (®)]) + [ui (D) —ui(r) =0
for any ¢t € (a, b]. We have thus shown that v; € K. Finally, the obvious identity
U ="vo—Vi,

in view of the arbitrariness of u, completes the proof of the fact that K is reproducing.
Assertion 2. The proof of this assertion is a repetition, with obvious modifications, of
the argument given above. O

Let us put
n b B

@@ ==Y [ Ganwds.  re@bhl  i=12..m 08
k=171

for any function u from Xo. Using mappings (74), we define an operator 7' : Xo —
Cloc; h((a7 b], [Rn) by setting

(Tw)(t) := Y e (Ta)(1), 1 € (a,b), (75)

i=1

for an arbitrary function u from Xy, where ex, k = 1,2,...,n, are the vectors given by
formulae (10).
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Lemma 6. If the mappings ik C((a,b],R) = Li;10c((a,b],R), i,k =1,2,...,n, are
negative , then for any u = (ur)j_, from X, there exists a certain i, € [0, +00) such

that the estimate
zk ( ) ([)
holds forall i,k =1,2,...,n
The proof of Lemma 6 follows from that of [16, Lemma 5.10].

Lemma 7. If the mappings l;k :C((a,b],R) = Li;10c((a,b],R), i,k = 1,2,...,n, are
negative and possess properties

|Gk (0| < ptu t € (a.b], (76)

" (1
> hlix (—) € Li((a,b].R), i=1,2,....n, (77)
k=1 hi

then the following assertions are true:
(1) T(Xo) € Xo:
(2) T(Ko) < Ko;

(3) The operator T : Xog — Xy is a-bounded from above, where o = (a;)7_, is a
vector function from X given by the formulae

n b, 1
a;(t) == — Z/ (l,-k (N—)) (s)ds, t € (a,b]. (78)
=1/t hy

Proof. Assertion 1. It is proved in [16, Lemma 5.10] that, under assumption (16), 7T (X) C
X . On the other hand, it is obvious from (74) that

(Tu)(b) = 0

for any u from X. Using these facts and recalling definition (66) of X, we arrive at the
desired inclusion.

Assertion 2 follows from definitions of the operator 7" and the cone K and negativity
of the mappings /;x : C((a,b],R) = Li;10c((a,b],R), i,k =1,2,...,n

To prove Assertion 3, let us choose an arbitrary vector function u = (ug)y_, from Ko
and consider the functions T;u, i = 1,2,...,n. By virtue of Lemma 6, one can specify
a constant u,, € [0, 400) such that estimate (76) is true. Considering (74) and (78), we

n B n
(Tiw)'(0) = Y i) @) = = ) |l
k=1

ik ( )

= ) (Ek (i)) (1) = puctj (1) (79)
k=1 hi

(1)
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and

n b _ n b 1
@00 ==Y [ Gnerds <=3 [ (i () 61ds = ety
k=11 k=11 hi

(30)
foranyi = 1,2,...,n and t € (a,b], In view of (67) and (68), relations (79) and (80)
mean that inclusion (48) holds with P := Ky, my := 1, and ¢;, := pu, forall u € K.
Therefore, it remains to Sh~OW that o« € Kj.
Indeed, the functions hiotl/-, i =1,2,...,n, are integrable in view of assumption (77).
Furthermore, since Ei, i = 1,2,...,n, are non-negative and non-decreasing, it follows
from equality (78) and the negativity of /;, i,k = 1,2,...,n, that

. - n b /. 1
hi (e (t) = i i (= )) s)a
s a0 = o (50 [ (5 (1)) o)

no b
~ ~ 1
< s 3 [T ()| 00
te(@,bl 1 Jt hi
n b _ . 1
< sup ) / hi(s) |lik (—) (s)ds 81)
tea,b] j_; Ja hi
foralli = 1,2,...,n, and the integrals in (81) are finite due to assumption (77). Since

the inequalities _
)aP@)=0,  te@bl j=01,

are an immediate consequence of (78), we have thus proved that « belongs to Ky. It
remains to recall Definition 6. O

Lemma 8. A vector function u = (u;)}_, : (a,b] — R” from Xy is a solution of
problem (51), (52), (57), if and only if it is a solution of the functional equation

u=Tu+z, (82)
where 7 = (2;)7_,,
b
z,-(t):—/ Gi(s)ds, i=1,2,...,n. (83)
t
Proof. This last lemma is an immediate consequence of relations (74) and the definition
of the set Xj. O
7. Proofs

7.1. Proof of Theorem 1. We are going to use Theorem 3. First of all, according to
Lemma 1, we replace the original problem (1), (2), (3) by problem (51), (52), (53).
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By virtue of Lemma 3, 4 and 5, the set K given by (68) forms a normal and reproduc-
ing cone in the Banach space Xy. Lemma 7 guarantees that the operator T : X9 — X
defined by formula (74) is positive with respect to the cone K and a-bounded from above,
where o0 = (;)7_, given by the formula (78). Therefore, in order to be able to apply The-
orem 3, we need to establish inequality (49), i.e., to show that To < a and (Ta) > So’
pointwise on the given interval.

Carrying out the change of variables in the inequality (17) according to formula (55),
we get the relation

Zzzk Z/ lkj(~)(s>ds t) < szzlk(h )(z) (84)
k

fora.e. t € (a,b] andeveryi = 1,2,...,n. In view of (78), it follows immediately from
(84) that

Z(l,kak)(t)>8211k( )(z) i=12,....n. (85)
Recalling that the functions «;,i = 1,2,...,n, are given by formulae (78), we obtain

a(t)_Zl,k( )(z) i=12,....n,

and

(Ti)() = Y (new)®).  i=12.....n. 1€ (ab]

k=1
whence, due to (85), we conclude that

(Ty)' (1) = 8 (1), t € a,b], i=1,2,...,n.

Then, taking into account the definition of (78), the linearity and negativity of the operator
[, and using inequalities (84), we have

n b B
Ty ==Y [ (xaneds
k=171
b n 5
__/, Zzik Z/ zk,<~)(s)ds (s)ds
< 52/ ,k( )(s)ds—Sal(t) refabl,i=12,....n

Thus, all the conditions of Theorem 3 are satisfied and, therefore, we get estimate (48) for
the spectral radius of operator (75). Since § < 1, it follows that equation (82) is uniquely
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solvable and, therefore, in view of the Lemma 8, the semi-homogeneous problem (51),
(52), (57) has a unique solution for arbitrary locally integrable functions g; : (a,b] — R,
i =1,2,...,n, possessing the property (58). Finally, to obtain the assertion required,
it remains to refer to Lemmata 1 and 2. Finally, properties (77), (58), (59) are obtained
immediately by carrying out substitution (55) in relations (16), (18), (19) of Theorem 1.

7.2.

Proof of Theorem 2. Theorem 2 is proved similarly to Theorem 1 by using [14,

Theorem 16.5].
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