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Abstract

We study a bifurcation problem for the equation Au+ Au+ g(A,u) = 0 on a rectangle
with Signorini boundary conditions on a part of one edge and mixed (zero Dirichlet and
Neumann) boundary conditions on the rest of the boundary. Here A € R is the bifurcation
parameter, and ¢ is a small perturbation. Under certain assumptions concerning an
eigenfunction wug corresponding to an eigenvalue Ag of the linearized equation with the
same nonlinear boundary conditions, we prove the existence of a local smooth branch
of nontrivial solutions bifurcating from the trivial solutions at Ag in the direction of wy.
The contact sets of these nontrivial solutions are intervals which change smoothly along
the branch. The main tool of the proof is a local equivalence of the unilateral BVP to
a system consisting of a corresponding classical BVP and of two scalar equations. To
this system classical Crandall-Rabinowitz type local bifurcation techniques (scaling and

Implicit Function Theorem) are applied.
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1 Introduction

Let €2 := (0,1) x (0,¢) be a rectangle with £ > 0. Let its boundary be divided into a “Dirichlet
part” I'p := ({0} x(0,£))U({1}x(0,¢)), a “unilateral part” I'y; := ((71,7v2)x{0}) C ((0,1)x{0})
with 0 < 73 < 75 < 1 and a “Neumann part” I'y := 9Q\ (I'p UTy) (see Fig. 1). We will study

bifurcation from the trivial solution of the Signorini boundary value problem

Au+Au+g(Au) =0 in Q, (1.1)
u=0onIp, 0J,u=0onTy, (1.2)
u<0, du<0, wudu=0 only, (1.3)

where ) is a real positive bifurcation parameter and ¢ : R* x R — R is a C''-smooth function
(where Rt := (0,00)). We will assume that there are C' > 0 and ¢ > 2 such that for all A € R*

g(A,0) = 0ug(A,0) =0, (1.4)

g\, w)| + |Oug( N, w)| < C(1 4 |u|?) for all u € R. (1.5)

Furthermore, we will assume that we are given an eigenvalue \qg > 0 and a corresponding

eigenfunction wug to the (nonlinear) eigenvalue problem
Au+du=0 in( (1.6)
with boundary conditions (1.2), (1.3) and that the contact set

A(u) :=={z € (11,7),: u(z,0) =0}

of the eigenfunction ug is a strong subinterval of (71, y2):

A(uo) = [ao, Bo] with 11 < ag < By < 2. (L.7)

Our main goal is to prove that under certain natural assumptions a smooth local branch
of nontrivial weak solutions of the problem (1.1)—(1.3) bifurcates at A in the direction wug from
the branch of trivial solutions, and that this branch contains all nontrivial solutions satisfying
u € W22(Q), lying near (Ao, 0) and such that Tur 18 close to ug (see Theorem 2.3). This branch

will be parametrized as (A(s), @(s)), where the function A : [0,s0) — R is C''-smooth and

the mapping s — 4(s) is C'-smooth as the map into L*(2) and continuous as a map into
W2(Q). The contact sets A(i(s)) are intervals in (71, 72)

the bifurcating branch.

changing also C'-smoothly along

The basic ideas are close to those from the previous paper [3]. We show that the variational

inequality, which is a weak formulation of our problem, is after a suitable scaling equivalent
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in a neighborhood of the bifurcation point to a certain smooth operator equation in a suitable
Hilbert space, and that this smooth operator equation can be solved locally by means of the
Implicit Function Theorem. We show that for all solutions under consideration, the contact
set is an interval A(u) = [«, 5]. Then they are simultaneously solutions of a mixed boundary
value problem, but only solutions of this boundary value problem which are in W%2(Q) and
satisfying simultaneously (1.3) are really solutions of the variational inequality. Moreover, the
parts of the boundary where Dirichlet and Neumann conditions are fulfilled, that means «, 3,
change with \. Therefore we transform our problem by using a diffeomorpism of the interval
[0, 1] onto itself in such a way that we can work with the mixed boundary value problem with
fixed boundary data but with «, § in the coefficients of the transformed equation. The operator
equation mentioned is in fact a weak formulation of this transformed problem together with
two scalar conditions guaranteing the W22(Q) regularity.

Let us note that the basic ideas of the proof of our main result are explained in [4].

I'n
14
I'p I'p
0 | | | |
0 o 1
M B, » B Eo V2
FN FU FN

Figure 1: The domain €.

2 Main Results

We introduce a real Hilbert space H with scalar product (-,-), defined by

H:={ucW"¥Q):u=00nTp}, (u,go>::/Vu~Vg0dxdy, u,p € H,
Q



and its closed convex subset
K:={ue H:u<0onIy}

and consider the weak formulation of (1.1)—(1.3) and (1.6), (1.2), (1.3) in terms of the variational

inequalities
ue K: /Q(Vu V(e —u)— A+ g\ u)(p—u)) dedy >0 for all p € K (2.1)
and
ue K: /Q(Vu -V(p —u) —Au(p —u)) dedy > 0 for all p € K, (2.2)
respectively. We will denote by || - || the norm in H which is equivalent on our space H to the

usual Sobolev norm.

An essential part of our considerations is related to mixed boundary value problems of
the following type: Take the differential equation (1.1) and accompany it with the boundary
conditions (1.2) and

u=0onl,3 Oyu=0onkFE,pg, (2.3)

where
Ing:={(z,0) ey :a<x<f}=(a,f) x {0},
E.s:={(z,0)eTy:m<z<aorf<z<y}=0y\lyg
and a and 3 are parameters with 7, < a < § < 7.
Let 71 < ap < [y < 72 be the parameters from assumption (1.7), and set

I .
do 1= gmlﬂ{ao =7, 80 — a0, 2 — Bo}, D= {(a,) : |a—ao| < do, |B— Bo| <do}-

We introduce coordinate transformations in €, i.e. diffeomorphisms of Q onto itself, which
map I, onto I, g, and E, 3 onto E,, 3. These coordinate transformations will be used to
transform the mixed boundary value problem (1.1),(1.2),(2.3), which has (¢, 3)-independent
coefficients in the equation, but («, 3)-dependent boundary conditions, into a mixed boundary
value problem, which has («, 3)-dependent coefficients in the equation, but («, 3)-independent
boundary conditions.

For any (o, 8) € D let &, 5 : [0,1] — [0, 1] be a function such that

the map (a, 8, x) — & p(x) is C*-smooth on D x [0, 1], (2.4)
ag.po(x) =2 forall z € [0,1], (2.5)

ga,ﬁ(o) = 07 éa,ﬁ(l) = 17

Ls() = — for |z — ag| < 8
fo_éf(x) r+a—ay for|r—ag| < d, for all (. 5) € D, (2.6)
Sop@) =2+ 8= 00 for |z — Bl < d,
€ 1s a diffeomorphism of [0, 1] onto [0, 1],
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where f;”lg is the inverse function to &, 3. For (o, 3) € D let us define the linear bounded
operator @, 5 : L*(Q) — L*(Q2) by

(Bapf)(@,y) = F(Easl@),y) for any f € L*(Q). 27)

The following technical lemma will be proved in the Appendix:

Lemma 2.1 The map (o, B3, f) — Pupf is continuous from D x H into H, and for any g > 1
it is C'-smooth from D x WH4(Q) into L4(Q). Similarly for the families of inverse operators

<I>;71ﬁ and adjoint operators P}, 5

In order to calculate the L?(Q)-adjoint operators ®* o5 We use change of integration variable

T =&, 5(z) and get

[@sneete)drar= [ 5 0p(6sto)) /f ; Y 4 ay,

i.e.

F (€ 5(x),y)

(06,5)(@,y) = = : (2.8)

v hos(6a (@)
In order to calculate the transformed differential operators we calculate 0, (P, gu)(z,y) =
Dat(Sap(w), 9)&, 5(x) and 02, (@n 1) (2, y) = 02, u(Eas(x), 9) (€ 5(2))" +0utu(Eap(®), y)EL 5(x).

Denoting
Ao =0, (& 5 (675(2)) 0,) + ,a+2ﬁ, Vs = ns (Eap(@)) 0z, %
’ o5(&a () 7 ’ Vs (6o p(x)

we get Ay 5 = D AP, 5 and

/ Vapt-Vogvdrdy = / V&, su- Vo, zvdrdy (2.9)
Q Q

for u € WP(Q), v € W(Q) and p,q > 1 with 1/p+ 1/q = 1. Moreover, it follows from (2.6)
that
ANppg=A, Vag=Vfor |z —ag| < dor |z — Fy| < do. (2.10)

Next, let us choose a smooth cut-off function y : [0,00) — [0, 1] such that
x(r)=1for 0 <r <dy/2, x(r) =0 for r > &, (2.11)
and let us define functions X(=1/2) Y(=1/2) . ) — R by

XY (ag 4+ reosw, rsinw) := x(r)r~/?sin %,

(2.12)
YYD (B + reosw, rsinw) := x(r)r~/?sin ¥
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Here r is the distance of (z,y) € Q from (ap,0), w is the angle measured anticlockwise from the
segment (z,7), (g, 0) to In, 5, in the definition of X(~1/2) while r is the distance of (x,y) € Q
from (f,,0), w is the angle measured clockwise from the segment (z,7), (G, 0) to I3, in the
definition of Y(=1/2). The following lemma (see [3], Lemma 2.4) states the main properties of
the functions X(~/2) and Y (~1/2);

Lemma 2.2 (i) We have X"V2, Y2V € L9(Q) forall 1 < ¢ < 4, XV Y2 e Wha(Q)
forall1 <q< % and AXCYD AV € 0=(Q).

(ii) We have X1/2 = Y2 = 0 on Tp U I 5 and 0,XY2 = 9,12 = 0 on
I'n U FEqp,-

(iii) For any (a,B) € D it holds Vo XY = VXCVD A XV = AXEY2)
VoV V2D = VY12 AL,y 12 = AY(-1/2)

Jo Do p XV Ppdrdy = Jo AP, s XTI, spdx dy,

or all p € L*(Q 213
JoBagY TP drdy = [ AR, sV D0, spdxdy, } ! 7 &) (2.13)

and
fQ AaﬂX(_l/Q)SO dedy = - fQ Va,ﬂX(_l/Q) -V e dedy,

Ja A gY P pdrdy = — o VoY Y2 .V, sodzdy, (2.14)
for all o € WHP(Q) with ¢ =0 on Tp U I, 5, and p > 4.

Define a closed subspace Hy C H by Hy := {u € H : uw = Oon I,,3,}. Further, for
(a, 8) € D let X, 3,Yas € Hy be defined by

/ (va,BXa,ﬁ : Va,ﬁ%O - AX(il/Q)SO) dw dy =
Q
= / (VasYas Vagp — AY(_1/2)90) dzdy = 0 for all ¢ € H. (2.15)
Q
In other words, X, g and Y, g are the weak solutions to the mixed boundary value problems

_Aavﬁu = f in Qa
u = 0 onl'pUlyg,,
du = 0 onl'nUE,sg

with f = AXY2 and f = AY (Y2 respectively. Standard results about smooth dependence
of weak solutions to linear elliptic boundary value problems on the coefficients yield that the
map (a, 8) € D — X, 5 € WH(Q) is C®-smooth. Finally, denote

Xap=Xapg+ XD Vogi=Yos+ V), (2.16)



and

a11 = [ (Xap,8005100aEa0,80 + 0 (aXao,80 + Xao,t0abag.g)) ddy,

a12 = [o (Xao,000:1005E00,6, + o (05X ao,p0 + Xao,0008Eh, 4,)) dzdy, (2.17)
az1 =[5 (Ya,8005100a&a,8 + 10 (OaYae,p0 + Y ao,600a €. ﬁo)) dz dy,

ass = [o (Y a0,500510088a0,8 + o (95Ya0,5 + Y 00,8080, 5,)) dady.

Our main result is the following

Theorem 2.3 Let (Ao, uo) be a solution to (2.2) with ||ug|| =1 and (1.7) such that there exists
d > 0 with

that
o is simple as an eigenvalue of the BVP (1.6), (1.2), (2.83) with (a, 8) = (aw, Bo), (2.19)

and that

det ( i > £0. (2.20)

21 (22
Further, assume that g is C'-smooth and (1.4), (1.5) hold.
Then there exist so > 0 and mappings \,é&, 3 : 0,s0) — R and u : [0,s0) — H with
A0) = Ao, @(0) =0, &(0) = o and 3(0) = By such that the following holds:
(1) For all s € (0,s0) the pair (A, u) = (X(s),d(s)) is a solution to (2.1) with A(u(s)) =
[&(5),B(s)} , and U(s) € W?P(Q) for all p > 2, and there exists ¢ > 0 such that

Oyt(s) > 0 on I 5 U ((0,1) x (0,¢)).
(ii) There exists a C'-smooth map ¥ : [0, s9) — H such that ©(0) = 0 and
U(s) = 5Py p(s) (w0 +0(s)) for all s € (0, s0).

(11i) The functions \, &, B are C'-smooth from 0, s0) into R and the map G is continuous
from [0, s9) into H and C*-smooth from [0, so) into L*(Q). If, moreover, g is C*-smooth with
some k > 2 and

1079\ u)| < C(1+ |ul?) forallj=1,...k, A€ER", u R, (2.21)

then 5\, Q, B and © are C*-smooth.

(iv) There exists n > 0 such that for any solution (\,u) € R x (H\{0}) to (2.1) with
u € W22Q) and [N — Xo| + ||ul| +
A= A(s).

||u||

uOH < n there exists s € (0,s¢) with u = u(s) and



Let us comment on the main assumptions of Theorem 2.3.

The conditions (2.19) and (2.20) are generically fulfilled. They have to be verified numeri-
cally.

One could ask why we don’t need any simplicity or isolatedness assumption concerning g
as an eigenvalue of (2.2). The eigenvalues of a variational inequality need not be isolated and
they can cover even an interval in general (even in a finite dimensional case, see [20]). Moreover,
an eigenvalue of a variational inequality can have more than one normalized eigenvector, and
also those normalized eigenvectors can be isolated or not. The next corollary shows that under
the assumptions of Theorem 2.3 a certain isolatedness property of (Ao, ug) as as eigenpair to

(2.2) is necessarily satisfied:

Corollary 2.4 Let (Ao, up) be a solution to (2.2) with ||uo|| = 1, (1.7), (2.19), (2.20) and
(2.18). Then there exists n > 0 such that there is no couple (A, u) satisfying (2.2), ||u|| # 0,
u € W2Q) and 0 < |A = Xo| + || 7or — woll <.

Example 2.5 Let us consider the eigenvalue problem (1.6) with the boundary conditions
u=0o0onTp, O,u=0o0onTNUIYy. (2.22)

The eigenvalues and eigenfunctions of this problem are

A = (m)? + (S

)2, U (7, ) :sinmwm-cos%y, m=12...,n=0,1,2,...,

respectively. If < 23/2 then the first four eigenvalues are A1 < Xog < Azg < M. Let us
assume that 1/3 < vy < v2 <2/3. Then

us,0 > 0, Uy > 0 onI'y. (223)

It follows from [20] that there exists an eigenvalue Ny of the variational inequality (2.2) between
any two eigenvalues of the problem (1.6), (2.22) having eigenfunctions which are positive on
Ty. Numerical simulation (see Fig. 2) shows that the corresponding eigenfunction uq fulfills
the condition (2.18). The method developed in [14] shows that there is at least one eigenvalue
Ao € (A0, A11) of (2.2) with the corresponding eigenvector which arises by a certain deformation
of ugp (which is pressed down on 'y in a certain way) such that the resulting function wug
satisfies (2.18). (Variational inequalities on cones K with nonempty interiors are considered in
[14] but the method works also for general cones, the interior being replaced by a pseudo-interior
considered in [20], cf. [15]). This method can show the existence of couples N, uqy satisfying the

assumption (2.18) and lying also between other particular couples of eigenvalues Ap n, Ak



Figure 2: The eigenfunction ug with £ = 0.27, Ay = 99.8, ay = 0.38 and [y = 0.62.
3 Equivalence of the Variational Inequality to an Oper-
ator Equation

One of the grounding of the proof of our main result is a certain equivalence of our variational
inequality (2.1) in a neighbourhood of a bifurcation point (A, 0) to an operator equation. In

order to formulate this result, let us define a mapping F': R x H — H by
(F(\ u), @) == — / VuVe — [Au+ g\ u)]ededy  forall p € H. (3.1)
Q
For (a, B) € D let us denote

Hyp:={ue H :u=0o0nl,s},

Hy:=Hyp, ={veH:u=0in I, 43}, (3.2)
In particular, we have
/ VugVe — Augpdzdy =0 for all p € Hy. (3.4)
Q

We use the notation from Section 2. Moreover, let us define

Vo, g i= (I)a“@<Xaﬁ + X(71/2)), Wo,p 1= q)a,ﬁ(ya,ﬂ + Y(il/Z)). (35)



Theorem 3.1 Let the couple (No,ug) satisfy (2.2), (1.7) and (2.18) with some d € (0,7).
Further, assume (1.4), (1.5). Then the following assertions hold.

(i) For any n > 0 there exists ¢ > 0 such that if (s, \,v,a, ) € RT x Rt x Hy; X D satisfies

(F' (N, 5Pop(up+0)),Papgp) =0 for any ¢ € Hy, (3.6)
Jo[AsPq s(uo + v) + g(A, sPq g(uo + v))]va,g dzdy = 0, (3.7)
Jo[As®q s(uo + v) + g(A, sPq g(ug + v))|wa,g dedy = 0 .
and s + ||v]| + A — Xo| + | — ao| + |5 — Bol < (, then the couple (A, u) with
u = 5P, g(ug +v) (3.8)

satisfies (2.1), A(u) = [a, 8], ||lull + [|5i — woll <7 and u € W2P(Q) for all p > 1.

(ii) For anye > 0 there exists n > 0 such that for any couple (\,u) € RT x (H\{0}) satisfying
(2.1), u € W*3(Q) and [[ul|+ [ g —uoll+[A=Ao| < n there exists (s, v, a, §) € R*x H;x D
satzsfymg (36)7 (37)7 (38)7 5+ ||U|| + |Ot - O[0| + |ﬁ - 60| <g, A(“) = [avﬁ]'

For the proof we need additional notation and regularity results.
For any fixed (o, 3) € D, let us define functions X" and Yﬁ(l/ ? by

(7‘)7“1/2 sin g,

Xél/z)(a + rcosw,rsinw) 1= x
Yﬁ(lﬂ)(ﬂ + rcosw, rsinw) := y(r)r*/?sin ¥,

where the function x is from (3.23) and r, w are as in the definition of X(=1/2) Y (=1/2) in (2.12).

Observation 3.2 Let us consider an arbitrary given r > 1. We work in the two-dimensional
case and therefore WH2(Q) C L,(Q) for allp > 1. Let us choose p = qr with q from (1.5). Then
the mapping (A, u) — g(\,u) is continuous as a map of RT x LP(Q) into € L"(Q) under the
assumption (1.5) due to the theorems about Nemyckii operator (see e.g. [22, Proposition 26.6]).
Consequently, it is continuous as a map of RT™ x H into any L™ (), r > 1. The same holds for
the mapping (X, u) — 0yg(\,u), and even for the mapping (\,u) — &Sj)g()\,u) (G=1,2,...k)
if g is C*-smooth and (2.21) is fulfilled with some k > 1.

Remark 3.3 Let u be a weak solution of the mized boundary value problem
—Au=f inQ (3.9)

with (1.2), (2.3), where f € L,(Q2), p > 1 is such that z% + 1 (with % +1% = 1) is non integer
(which is true if p # 4). It follows from [8, Theorem 2] that we can write u as

u=1+ K, (HXN + K2 ()Y, (3.10)
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where & € W?P(Q) and K 5(f), K2 5(f) € R. The coefficients K 5(f), K2 5(f) are indepen-
dent of the choice of 0 and cut-off function x because X8 and Yﬁ(l/2) are independent of this
choice in Bsjs(a) and Bs(3), respectively.

Let us emphasize that the functions X5/?, Yél/z) belong neither to W*2(Q) nor to C(Q),

because of the singularity in the first derivatives at (c,0) or (f3,0), respectively. In particular,
0, X" (a—,0) = —c0, 8, Y37 (B+,0) = +c0. (3.11)

It follows that in the case p > 2 we have u € CY(Q) if and only if u € W*%(Q), and this is true
if and only if K, 5(f) = K2 5(f) = 0. In this case even u € W*"(Q) for all r > 1.

Lemma 3.4 Assume that (1.5) is fulfilled with some ¢ > 1. Let (\,u,a,3) € R x H x D, let
u be a weak solution of (1.1), (1.2), (2.3). Then (3.10) holds with f = A+ g(\,u) (i.e. with
K} s(Au+ g\ ), K2 s(Au+ g(X u)) and some U satisfying w € W*"(Q) for all v > 1.

Proof. Consider a given r > 1. We have f := Au+ g(\,u) € L"(Q2) (see Observation 3.2), and
Remark 3.3 used for this f implies that (3.10) holds with @ € W?2"(Q). ]

Remark 3.5 Let (A\,u,a,0) € R x H x D, let u be a weak solution of (3.9), (1.2) and (2.3).
It follows from [19, Theorem 4.2.3] that we have for r — 0

u(a + rcosw, rsinw) = Kolé,ﬁ(f)Xél/Q)(oz + 7 cosw, rsinw) + O(r¥/?),

- 2 (1/2) . 3/2 (3.12)
u(B +reosw,rsinw) = K3 5(f)Y; "7 (8 +rcosw,rsinw) + O(r*/?),
where K, 5(f), K2 5(f) € R are the coefficients from Remark 3.3.
Lemma 3.6 For any (o, f) € D we have
Jo Vg - Vedody = [, Vwas - Vodordy =0 (3.13)
for all o € W*2(Q) with ¢ =0 on T'p U I, .
1 2 2 2 2
Kaﬁ(f) = fvapdedy, Kaﬂ(f) = fwapgdady for all f € L*(Q). (3.14)
Q Q

Proof. In order to prove (3.13), let us take such ¢. Due to the definition of @, g, Va3, Va.g,
Lemma 2.2(iii), (iv) and the imbedding W??(Q) C W4(Q) for all 2 < ¢ < co we get

Jo Ve Voggdedy = [, VPP, 50 - Vo 5(Xap+ X2 )dzdy
= fQ Vaﬁéb;lﬁgo VapsXap— @;715¢AX(_1/2) dx dy

which is zero due to (2.15) with CID;jggo instead of ¢ there (let us observe that we have (13_36@ €

«

W22(Q) and @;’%go =0on I'p Uy, Similarly one can show that [, Ve - Vw,gdzdy =0
and the assertion (3.13) is proved.
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In order to prove (3.14), let us realize that it follows from (2.9), (2.13), from Lemma 2.2(iv)
and (2.15) that

Joy Vo Xag Va0 — Ao s X T2, 5o da dy
= fQ Va,Xap - Vagp — Aa,ﬁX(fl/Q)gO dx dy
= Jo VasXas - Vasp — AXTDpdrdy =0
forall € IV2(0) with ¢ = 0 0n T U Ly,

It follows that ®, 3X, g is a weak solution to

—AD, 5X0p = AP, s XD in Q,
(I)QﬂXaﬁ =0 on FD U ]aﬁ, (315)
0,,@,175Xa75 =0 on FN U Eaﬁ-

Remark 3.5 implies that we have

(P, Xas)(a+ reosw,rsinw) = KL X(1/2)(Ck + 7 cosw, rsinw) + O(r3/?)

x o (3.16)
=K agr/?sing +0(*?)  for r — 04w € [0, 7]

with some K , € R.
Furthermore, with help of the property (2.6) it is easy to see from (3.23) and (2.12) that

O, s XCY2N (a4 reosw, rsinw) = XCY2 (qy + reosw, rsinw) = r~/2gin
( a,f ) 0 y

2 (3.17)

for r € (0,0/2],w € [0, 7].

Adding (3.16) and (3.17) we obtain for v, 5 = @, 5(X /2 + X, 5) the expansion
Va,g(a+ 1 cosw, rsinw) = r~12sin & + K ;r'/2sin % + O(r*/?) (3.18)

for r — 0+,w € [0,x].
Moreover, (3.15) and Lemma 2.2(ii) and (iii) imply that v, 5 satisfies

Avaﬁ =0 in Q,
Vapg=0 onlpUl,pg, (3.19)
&,vaﬁ =0 on PN U Ea,g.

Let us emphasize that we have only v, 53 € W9(Q) for 1 < g < 4/3 and v, 5 is neither classical
nor weak solution of the boundary value problem (3.19) (which has in W'%(Q) only the trivial
solution). Cf. [10, Lemma 2.3.1] and the text after it. We have Au = —f in Q, u satisfies the
boundary conditions (1.2), (2.3) and the expansion (3.12) holds by Remark 3.5. This together
with (3.18) imply that we have

O = %Kclyﬂ(f) _1/281n£+0( 12,

3.20
arva,ﬁ = _%7’ 3/2 SlIl —+ 1K1 ﬂr —-1/2 Sln + O( 1/2) ( )
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Let us set Q,(a) :=Q\ By(«), I'p() := 0B,(a) N Q for p € (0,/2). The Green formula gives

/ Auvy g — uAv, gdrdy = / 0y uvy 3 — u0,Vq g dl. (3.21)
o(a) 09,(a)

By using (1.1), (1.2), (2.3), (3.19) and (3.12), (3.18), (3.20) with r = p we obtain from (3.21)
that

pr(a) —fvapdrdy
= Jr (@) Ootap — ud,va g T
= fr (@) Oruvy 3 — uarva,g dI’
= p Jy GELs(N)p 2 sing + O(p'/?))(p 2 sin g + K] 5p'/?sin g + O(p*/?))
—(Kas(f)p 1/281n%+0(p3/2))( 1p=3/2sing 4 1 K1 gp‘l/Q sin % + O(p'/?)) dw
= K, 5(f) [y sin®§ dw +O(p) = K, 5(f)5 + 0( )-

The limiting process for p — 0, then gives

/Q fvagdady = KL (f)

| X

and our assertion follows. Similarly for K7 ;(f) and the proof is done. [

Proposition 3.7 A point (s, \,v,«, 3) € R?x Hy x D satisfies (3.6) if and only if u from (3.8)
is a weak solution of the boundary value problem (1.1), (1.2), (2.83). In this case, (s, \,v,a, [3)
satisfies (3.7) if and only if u € W*2(Q). Then also uw € W?"(Q) for all r > 1.

Proof. The statement about the equivalence of (3.6) with a weak formulation of (1.1), (1.2),
(2.3) follows from standard considerations and the fact that ®, 3 is a one-to-one mapping of
H,, s, onto H, 5. The equivalence of the C*(Q) regularity with the condition (3.7) follows from
Remark 3.3 and the form (3.14) of Kgéﬂ()\u +g(\u)), 5 =1,2 (Lemma 3.6). |

Let us set
E(u) == {(z,0) € Ty; u(x,0) # 0}, I(u) =Ty \ E(u) = int A(u)) x {0}.
(the interior in I'y).

Proposition 3.8 Let Q' C Q be a sub-domain such that {(71,0), (v2,0)} ¢ Q. Then for any
(A, u) € RT x H satisfying (2.1) we have u € W2%(QY), the equation (1.1) is fulfilled a.e. in Q
and the boundary conditions (1.2), (1.3) hold in the sense of traces. If, moreover, I(u) C 'y
then u € W22(Q).

In fact we will have even u € W?P(2) with all p > 2 for our solutions.
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Proof. follows by a combination of known results formulated usually only for particular bound-
ary value problems (pure Dirichlet, pure Neuman and Signorini-Dirichlet). For the completeness
we will explain it in more details.

First, we will show that a solution of (2.1) satisfies u € W?%(€);) for any sub-domain
Q) C Q such that Qf; N9 is a closed segment in Ty;. Tt is known ([9, Theorem 3.2.3.1]) that if
Qu is a convex domain with a smooth boundary 0y, I'yy is an open part of 02y, then for any
[ € L*(Qy) there is unique weak solution w € W#2(Q;) of the problem —Aw +w = f in Qp
with the Signorini condition (1.3) on I'y and w = 0 on 92 \ I'y. For any , mentioned there
exists a larger sub-domain € C Q such that Qp N O is a closed segment in I'y containing

Q7 NN in the interior. There is a smooth cut-off function xp : © — [0, 1] such that
xuv =0in Q\ Qy, xv=1inQ,, J,xv=0onTIy. (3.22)
We will show below that the function wy := ypu satisfies the variational inequality

we Ky :={peW2(Qy): ¢<0onTy, o =00n 0\ Ty},

3.23
fQU VuV(p —w) 4+ w(e —w)dedy > fQU flo —w)dzdy for all p € Ky (3.23)

with
f=Au+g\uw) - xv —2Vu-Vyxy — Axy-u+wy € L2(QU).

This is a weak formulation of —Aw +w = f in Qy with (1.3) on 'y, w = 0 on 9N\ 'y, and
therefore wy € W22(Qy), which implies immediately u € W22(Qy,).

Hence, for the proof of u € W%2(Q;) it is sufficient to show (3.23). Standard considerations
imply that if u is a solution of (2.1) then Au € L?(Q2), consequently the normal derivative is
defined as a functional on the space of traces W'/22(9Q) (see e.g. [17]) or on the whole H (see
2, Remark 5.2] for a brief self-contained explanation), and that the equation (1.1) is fulfilled
a.e. in €2, the boundary conditions (1.3) are fulfilled in the sense of the functional mentioned

(cf. [2, Observation 5.2] for details). In particular, we have

O,updl’ = dyupdl’ <0 for all p € K, Oyuudl’ = J,uudl’ =0,
o0 Ty o0 Tu

where the integrals are understood in the sense of the value of the functional d,u at ¢ and u,

respectively. Using these facts we get for all p € Ky

fﬂu Vwy Ve + wyedrdy = fQU[XUVU +uVxu|Ve +wypdrdy
= fQU VuV(xve) — VuVxy - ¢ +uVxuVe +wyp dedy
> Jo, [Pu+ g\ w)lxve — VuVxe - o + uVxu Ve + wpp dr dy
= fQU[)\u + g\ u)lxue — 2VuVxy - ¢ + Vxu(Vup + uVe) + wpp de dy
= Jo, Mu+ g\ u)lxue — 2VuVxy - ¢ — Axu - up +wyp de dy,
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fQ VwyVwy + wpwy de dy = fQ —A(xvu)xvu + wypwy dzdy + [5, 0, (xvu)xoudl

= fﬂ —Au)xpu — 2VuVyxy - xou — Alxv)xou® + wpwy dedy + [5, 9, (xvu)xpudr,
which implies (3.23).

Further, we will show that a solution of (2.1) satisfies u € W?22(Q,) for any sub-domain
Q) C Q such that Q,NIN C T'p. It is known ([9, Theorem 3.2.1.2]) that if Qp is a domain with
a smooth boundary 9p, then for any f € L*(Q2p) there is unique weak solution w € W%2(Q2p)
of the problem Aw = f in Qp, w = 0 on 0Qp. For any (), mentioned there exist a larger

sub-domain Qp C Q such that Qp NN C I'p and a cut-off function yp : Q — [0, 1] such that
Yo =0in 0\, xp=1in T,

If u satisfies (2.1) then w = xpu is a weak solution of the problem Aw = f in Qp, w = 0 on
OQp with a certain f € L*(Q) and therefore w € W?%2(Q2p), which implies u € W22(Q}).
Similarly we can derive u € W22(€y) for any sub-domain Q C Q such that Q) N9Q C 'y
from the known fact that the week solution of the problem —Aw + w = f in Qy, d,w = 0 on
IOy is in W32(Qy) (see [9, Theorem 3.2.1.3]). In this case we take a cut-off function satisfying

xnv =01in 2\ Qn, XNzlinm, Oyxny =0on 'y NoQy.

Since our © has only right angles, the solution of (2.1) (which satisfies Au € L*(2), (1.1)
a.e. in  and (1.2)) is W*?(Q¢) also in a neighbourhood Q¢ of the corners.

Any sub-domain ' from the assumptions can be covered by the domains €, {2}, Qy and
Q¢ mentioned above, and it follows W22(Q'). If we have in addition I(u) C I'y then d,u = 0
in a neighborhoods (in I'y UT'y) of the points (v1,0), (72,0), and these neighbourhoods can be
covered by extending of the set Q2 and Qf, respectively. Hence, we obtain u € W*2(Q2). =

Lemma 3.9 Let (Ao, ug) € RT x H satisfy (2.2), let ' be a sub-domain of Q, ¥ C QN Tp.
Then ug € W2 () and u € W (V) for any r > 1 and any (\,u) € RT x H satisfying the
variational inequality (2.1) or the mized boundary value problem (1.1), (1.2), (2.3). For any
r>1, R> 0 there are C > 0 and n > 0 such that if (\,u) € RT x H with |\| < R, 0 < ||ul] <n
satisfies (2.1) or (1.1), (1.2), (2.3), then

u

||m — ug|lwar@y < C <|>\ Ao| + || Tl — ol + ||u||> , (3.24)
u u

Hm — ttg|| oy < C [ |A = Xol + ”W — wol| + [Jul ) . (3.25)

Proof. Let us consider a smooth sub-domain €7 of € such that O’ ¢ Q" UTp, ¥ NITp C
int (Q”NTp) (the interior in I'p). If r > 1 and b; € L>(Q”) (j = 1,2) then there is C' > 0 such
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that for any weak solution w of the problem

Aw + Z bj(2)0y,w = fin Q", w =0 on 9" (3.26)

7j=1,2

with f € L"(Q") we have w € W27 (Q') and
Jllwrery < CQlwllern + 1) (3.27)
(see e.g. [7, Theorems 9.15, 9.13]). Let xp : @ — [0, 1] be a smooth cut-off function such that
xp=0in Q\ Q" xp=1in.
It is easy to see that xypu, xpug satisfy in the weak sense
A(xpu) — 2VxpVu = xpAu + ulAxp = xp(Au + g\, u)) + uAxp in Q" xpu =0 on 99",

A(xpuy) — 2VxpVug = xpAug + ugAxp = Aoxpto + uoAxp in ", xpuy =0 on 90",

Dividing the first equation by ||u||, subtracting and defining w = o — uo, we get (3.26) with
bj = —20,,xp and

f == X)xpuo + (Axp + Axp) (ﬁ —

We have f € L"(Q2") for any r > 1 by Observation 3.2 and therefore (3.27) holds. It follows
from (1.4) and (1.5) that loQwllren _, g i |u|]| — O (see Lemma 6.2 in Appendix for details).

[l
In particular, there is 7 > 0 such that % < Clu| for all (A, u) € RT x H satisfying

AU
1m>+XD%WH)

|ul]| <n. Due to the continuity of the embedding H C L,(2) and the boundedness of A under
consideration we obtain (3.24) from (3.27).

The proof of (3.25) will be done in a similar way. Because of the embedding of W?2" ()
into C17(€') with certain v, we obtain from (3.24) the estimate

|m||1MbuQ,<c(M Mol + - —mn+mm). (3.28)

i
the function w defined above satisfy due to (3.26) the equation

Aw=fin Q" w=0on 99" (3.29)

now with

\V4 A,
f=—=Xo)xpuo+ (Axp + Axp) (ﬁ — Uo) +2Vxp (H_ulﬁ — Vuo) + XDg( u)

(i.e. the gradients of u and ug are now included into f). In order to use the estimate
[wllez@y < Clllwll ey + | flleor @) (3.30)
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from [7, Theorem 4.12] it remains because of (3.28) to realize that

lg(A, )l o @
]

L < Ol (3.31)
This becomes obvious by having in mind again the embedding of W?2"(€)) into C(Q),

Lemma 6.2 and Holder inequality by which we obtain

Haug()‘7 u>8xu + aug()‘v U)ayUHL*(Q/

i

g (A, w) || cor ey - CHg(A,u)wa(m
[ - ]

<C

P < Cull
Now, (3.30) together with (3.28) give (3.25). ]

Remark 3.10 For any p > 2 sufficiently close to 2 there is R > 0 such that all weak solutions
of the mized boundary value problem (3.9), (1.2), (2.8) with f € L*(Q), (a, 8) € D, satisfy

[ullwrr@) < Bl fllr2(@)- (3.32)

See e.g. [11, Theorem 1]. The problem (3.9), (1.2), (2.3) can be transformed by the transforma-
tion ®,.p to a boundary value problem with fixed o = v, 5 = Py in (2.3) and with parameters
a, (3 in the coefficient of the equation. (Cf. [3], proof of Lemma 3.7 for a concrete weak form
of such equations.) The ellipticity coefficients of these equations are independent of o, 3 and it
follows from the result mentioned that the constant C' in (3.32) is independent of (o, 3) € D.

The embedding theorems and the continuity of the Nemyckii operator (see Observation 3.2)
imply that if uw is small in H and \ close to X\ then f = Xu + g(\,u) is small in L*(9).
Hence, the estimate (3.32) guarantees that if (A\,u) € RY x H is a solution of (1.1), (1.2),
(2.3) with |lul| small enough, X close to Ao and (o, 8) € D then |lullow is small. In partic-
ular, [0u,g(\ u(z,y))| < X for a. a. (x,y) € Q, X close to \g and ||u|| small, and therefore
sign (Av(x,y) + Oug(\, u(z, y))v(z,y)) = signv(z,y) for all such (A\,u), any v € WH2(Q) and
a.a. (z,y) € Q. Furthermore, due to (1.4) and (3.32), for all (\,u) € R* x H satisfying
(1.1), (1.2), (2.3) with ||u|| small enough we have |g(\, u(x,y))| < Au(z,y)|, and consequently
sign (Au(z,y) + g\, u(z,y))) = signu(z,y) for a.a. (x,y) € Q with u(zx,y) # 0.

Observation 3.11 Let 'y be an open subset of Ty, let (\,,u,) satisfy in a weak sense the

equation (1.1) and the boundary condition
O,u =0 on Iy, (3.33)
that means

/ Vu,Vo — (Au+ g\ u))pdrdy =0 for all ¢ € H satisfying ¢ =0 on 02\ Ty.
Q
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If ||un| — 0, H”“—” —ugl| = 0, Ay — Ao then g(An, un)/|un|| — 0 in L?(Q) (see Lemma 6.2)

un|

and we obtain by the limiting process (by using (1.4)) that
/QVUOVgo — Mougpdrdy =0 for all ¢ € H satisfying ¢ = 0 on 9\ T,
i.e. (Mo, ug) satisfies in the weak sense the equation (1.6) and the condition (3.33).
In the following lemmas we consider automatically the assumptions of Theorem 3.1.

Lemma 3.12 There exist g > 0 and n > 0 such that if (\,u) € RY x H satisfies (2.1),
u € W?2(Q) and

u
IIUI|+I|M—Uo|l+I>\—>\o| <n (3.34)

then
dyu >0 in Q. (3.35)

Lemma 3.13 There exist £g > 0 and n > 0 such that if (A\,u) € Rt x H satisfies (1.1), (1.2),
(2.3) with uw € W?%(Q), (o, 8) € D and (3.34) then (3.35) holds.

Lemma 3.14 For any € € (0,e0) with gy from Lemma 3.12 there is n > 0 with the following
property: if (\,u) € RT x H satisfies (2.1), (3.34) and u € W?%(QQ) then there exists (o, 3) € D,
la — ap| + |8 — Bo| < & such that A(u) = [, 8], u € W*P(Q) for allp > 1 and

Oyu >0 in I,5UQ,, (3.36)
u<0 onE,g. (3.37)

Lemma 3.15 For any e € (0,g0) with g9 from Lemma 3.12 there is n > 0 such that if (A, u) €
R* x H satisfies (1.1), (1.2), (2.8) with (o, 8) € D, (3.84) and u € W*2(Q) then |a — ag| +
18— Bo| <&, Alu) = [, 8], u € W*P(Q) for all p > 1 and (3.36), (3.37) are fulfilled.

Proof of Lemma 3.12. Let us consider an arbitrary (A, u) satisfying (2.1). Let us set
v := J,u. Due to our assumptions we have v € W?({,), consequently also v~ € W?(Qy),
and (1.2), (1.3) imply

v=v =0onI'yUFE(u), u=0,u=0on I(u) (3.38)

in the sense of traces. We will show below that there is C' > 0 and ¢ € (0, d) with the following
property. For any ¢ € (0,£) there is n > 0 such that if (\,u) € RT x H satisfies (2.1) and
(3.34), then

Vo=l 200 < Cllo7 [l 2. (3.39)
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(where C' is independent of € € (0,£)). Let us assume for a moment that this is true. The

Poincare inequality implies
v || 200y < C(2)|| VU™ || 22(0.) With C(2.) — 0 for measQ. — 0

(see e.g. [7]). Clearly there is gy € (0,€) such that the last two estimates can be fulfilled
simultaneously for € € (0,g9) only if v~ is identically zero (cf. [13, Theorem II1.6.1] for the
basic idea of the last trick). Hence, it must be d,u > 0 in €. Thus, for the proof of (3.35) it
is sufficient to show the existence of C, & with the properties mentioned above.

Let € € (0,d) be arbitrary. It is easy to see that the function v = d,u is a weak solution
of the equation Av + A\gv = 0. It follows from (2.18) that v attains its minimum over 2. in
all points (0,y), (1,y), vy € (0,€). The strong maximum principle implies that 9,v(0,y) =
O yu0(0,y) > 0 > 0,0(1,y) = Oy yuo(l,y) for all y € (0,e). It follows by using (2.18) and
Lemma 3.9 that if (A, u) satisfies (2.1) and (3.34) with > 0 small enough then

d,u>0in [0,1] x [g,g]. (3.40)

Due to (3.40), (3.38) there exist smooth functions ¢,, on €2, such that

0, — v~ in WH(Q,),
¢ have compact supports in [(0,1) x (0,e/2)] U I(u), (3.41)
Oypn =0 on I(u).

(We can take first ¢,, with a compact support in [(y1 + 6,72 — 6) x (0,e/2 — 1/n)] U I(u) and
define @, (z,y) = @n(z,y — 1/n) for y € (1/n,£/2), on(x,y) = @n(x,0) for y € (0,1/n). Then
also the last condition in (3.41) is fulfilled.)
Let us show that
IV )|Pdedy = — | V(v)V(v")dzdy. (3.42)

Qe Qe

If v € H is smooth then the set {(x,y) € Q. : v(z,y) < 0} is open and v~ coincides with —v
on a neighbourhood of any its point, i.e. also derivatives of v~ coincide with those of —v. Both
integrands are zero on {(z,y) € Q. : v(x,y) > 0}. Further, V(v~) = 0 in the points where
V(v) = 0. Finally, the set {(z,y) € Q0 : v(x,y) = 0, Vv # 0} is of measure zero because in
a neigbourhood of any its point it forms a smooth curve due to the implicit function theorem.
Hence, (3.42) holds. For general v € H we get (3.42) via approximation by smooth functions.

Using the equality (3.42), integration by parts with respect to y, the Green formula and
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the equation (1.1) (see also Proposition 3.8) we get

Jo VTP dedy = —lim, 1o [ V(9,u) Ve, dzdy
= lim,, 4o (fQ VuV (0yp,) dz dy — fo VuV, dr

y=¢
y=0

= lim,_ 4o < Au - Dy, dzdy + faQ D, udypy, dI' — fo VuV, dz|’

)
»

— limy,_ 4o ( ng N+ g\ w)dypadady  + fog Dudypadl — [ VuVe, da

— Jo, Qv 4 ug(X, u)v)pn dﬂ?dy))

y=¢
+ fol()\u + g\ u))en dx‘ , + [oq, Ovudypn AT’ — fol VuV, dx
y=
Both integrals over the interval (0, 1) and that over 02, vanish for all n because of (3.41), (3.38)

Aud,p, dz dy + [oq, Ovudypn AT’ — fo VuV, dr

- hmnipkoo

y=¢
y=0

= hmnﬂ#»oo

and (2.3). Hence, the limiting process gives
V(7)) dedy < / |\ + Bug(X, u)v) - v~ | dady. (3.43)
Qe Qe

Due to Observation 3.2 there is C' > 0 such that ||0,g(A, u)||1a.) < C for all (A, u) satisfying
(3.34) and

/ |0ug(N, wv - v | dzdy < [|9ug(N, W)l i [vllLs@o vl 2@ < ClIVYl 2@ o]z @)
Q.

Dividing (3.43) by [|Vv||12(q.) we obtain (3.39).

As we explained on the begining, the proof of (3.35) is finished. [ |
Proof of Lemma 3.13. is the same as that of Lemma 3.12.
Proof of Lemma 3.14. Let ¢y and the corresponding n be from Lemma 3.12, that means
(3.35) holds for all (A, u) satisfying (2.1) with («, 5) € D and (3.34).

First, let us show that if 7 is small enough and (A, u) satisfies (2.1) and (3.34) then there

are no 1, xs € (0,1) such that
u(z1,0) = u(xe,0) =0, u(z,0) <0 for all x € (z1, z3). (3.44)
Let us assume by way of contradiction that there are such xy, z5. Hence, due to (3.35) we have
u(zy,y) > 0, u(za,y) >0 for all y € (0,e0). (3.45)

Due to (2.18) and Lemma 3.9 we could take n simultaneously such that (3.40) holds for all
solutions under consideration. Let ¢ € (0,g¢) be arbitrary and let us consider the rectangle

OF = (21, 79) x (0,¢). We have u € W?2(Q¥) by the assumption. Hence, we can multiply (1.1)
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(holding a.e. in Q) by u~, integrate over {22 and use the Green Formula. The boundary terms
vanish because of u™(z1,y) = u ™ (x2,y) = 0 for all y € (0,¢) by (3.45), v (z,e) = 0 for all
x € (z1,72) by (3.40) and dyu - u~ =0 on I'y (see Proposition 3.8). Therefore we get

Vu Pdedy = — | VuVu dzdy = - / (Au+ g(A u))u™ dzdy.

Qg Qg 0z

Due to the assumption (1.4) there is C' > 0 such that [|g(A, u)||r2(0z) < Cllul| 2y if (3.34) is
fulfilled with 7 small (see Lemma 6.2 in Appendix), and it follows that

g [Vu™[*dwdy < Cllu”|IL,qz)

with C independent of € € (0,&p). Simultaneously
/ (u™)*drdy < C(QF) |V (u™) > do dy with C(Q%) — 0 for meas(Q*) — 0
Qg Qg

(see e.g. [7]). If (3.44) holds then u~ is nontrivial and therefore the last two inequalities cannot
be fulfilled for ¢ small. This is a contradiction and (3.44) is excluded for zy,x2 € (71,72) and
all (A, u) satisfying (2.1) and (3.34) with 7 from our considerations.

Let us show that if u € (0,dp) then our n > 0 can be chosen so small that for all (A, u)
satisfying (2.1) and (3.34) we have

u(x,0) <0 for all x € [y + p, a0 — p] U [Bo + pt, 72 — pl. (3.46)
Under our assumptions about A(ug) we have
up <0 on Euy g, U{(71,0),(72,0)} (3.47)
and therefore there exists €’ € (0,¢¢] such that
ug(w,y) < 0 for all (z,y) € ([y1 + p, a0 — p] U [Bo + 1,72 — p]) x [0,€7].
It follows from Lemma 3.9 that if (A, u) satisfies (2.1) and (3.34) with 1 small enough then
u(x,e") <0 for all @ € [y + p, a0 — p] U [Bo + p, y2 — pl.

If u(x,0) > 0 for some x¢ € [y1 + p, o — p] U [Bo + i, 72 — ] then (3.35) implies u(zg,y) > 0
for all y € (0,&'], which is the contradiction. Hence, (3.46) must hold.

Now we will prove that if 7 > 0 is small enough then for any (A, u) under consideration
there are x1, x5 € [ap, o] such that zy < xg, u(z,0) =0 for all x € (a1, x2). (3.48)

Indeed, otherwise due to the fact that (3.44) is already excluded, we see that we would have a

sequence (A, u,,) such that A, — Ao, ||| — 0, HHZ—:”—UOH — 0 with u,, < 0 on I'y maybe with
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the exception of one point (z,,0) € 'y, where u,(z,,0) = 0. We would have d,u,(z,0) =0
on I'yy (see also Proposition 3.8), and Observation 3.11 would imply that also d,uo = 0 on Iy,
which contradicts the assumption (2.18).

Since (3.48), (3.46) are proved and (3.44) is excluded for all solutions (A, u) under consid-
eration with 7 small, it is easy to see that for any such (A, u) there are a, § with A(u) = [«, 5],
ap— b < a < < o+ p. We could choose < €/2. It remains to prove that a < ag + /2,
B > [y — /2 if n is small enough. In the opposite case we would have (A, u,) such that
An — Ao, ||un]| — 0, ”HZ_ZH — ugl| — 0 and satisfying (2.1) and the zero Neumann condition
at least on (v, ¢ + €/2) or on (By — €/2,72). It would follow by using Observation 3.11 that
also ug should satisfy zero Neumann boundary condition on (g, g +£/2) or on (8y —€/2, o),
which is a contradiction with (2.18). Hence, it must be |a — ag| + |8 — G| < € if n is small
enough.

In particular, we have I(u) = I, and therefore u is a solution of the mixed boundary
value problem (1.1), (1.2), (2.3). We assume that u € W??(Q2) and therefore we have even
u € W?P(Q) for all p > 1 by Lemma 3.4 and Remark 3.3.

It remains to prove the inequality (3.36). It is easy to see that the function v is a weak
solution of the equation

Av = —v — 0ug(\, u)v.

It follows from (3.35) and Remark 3.10 that the right hand side of the last equation is non-
positive in ., for all (A, u) under consideration with A close to Ag if 7 is small enough. The
function v is nontrivial by (3.40) and the Maximum Principle for weak solutions (see e.g. [7,
Theorem 8.19]) implies that it cannot attain its minimum over Q. in the interior of €.,. This
minimum is zero because of (3.35) and v = d,u = 0 on E, g. Hence, d,u > 0in ;. The second
derivatives are continuous up to the Dirichlet part of the boundary (see e.g. [7]) and we have
Oyv = Oyytt = —0Opgu — Au — g(A\,u) = 0 on I, 3. The Strong Maximum Principle implies that
v can attain its minimum at no point (xg,0) € I, g because it would follow that d,v(xg,0) > 0
(see e.g. [7, Lemma 3.4]), which would be a contradiction. Hence, (3.36) must hold.

The condition (3.37) follows from v € K, A(u) = [«, 3], and the definitions of E, 5, A(u).
|
Proof of Lemma 3.15. Let gy and n > 0 be from Lemma 3.13, that means (3.35) holds for
any (A, u) satisfying (1.1), (1.2), (2.3) and (3.34).

Let € € (0,e0), 1 € (0,9p) be given. Let as choose p € (0,6). In the same way as in the proof
of Lemma 3.14 we can show that 1 can be chosen such that (3.46) and (3.40) are valid for all
solutions under consideration. Due to the boundary conditions (2.3) we have [«, 5] C A(u). We
can show in the same way as in the proof of Lemma 3.14 that (3.44) cannot occur. In contrast

to Lemma 3.14, u need not be non-positive. Therefore in order to verify A(u) = |o, 5], besides

22



excluding (3.44) we need also to show that there is no interval [zq,x9] C [ — p,a] U [5, B + p
such that
u(z1,0) = u(xe,0) =0, u(z,0) >0 for all x € (21, x2). (3.49)

Let us assume by contradiction that there are xy, x5 satisfying (3.49). First, let o < a. Since
(3.44) is excluded and we have u(x,0) = 0 for all « € [«, 3], it must be

u(x,0) >0 for all € (zq, 2 + f1) (3.50)

with some g > 0. Due to (3.35), u is nonnegative on Q2 := [z, 22 + fi] X [0,€] and attains at
(x2,0) its zero minimum over this rectangle. The function u is not identically zero because of
(3.40) and Au + g(\,u) > 0 in Q% by Remark 3.10. We have u € C'(Q) by our assumptions
and the embedding theorem, and therefore the normal derivative at (z2,0) exists. Hence, the
Strong Maximum Principle implies that it should be 0,u(z1,0) = —0d,u(x1,0) < 0. However,
(21,0) € E, 3 and therefore d,u(z1,0) = 0 by (2.3), which is a contradiction. The case 8 < x;
can be treated symmetrically and (3.49) for z;, 25 discussed is excluded. Hence, A(u) = [a, (]
is proved.

It follows from (3.35), (3.46) that (A, u) under consideration satisfies also (2.1) if 7 is small
enough. Thus, the conditions (3.36), (3.37) and |a — ag|+ |3 — Bo| < € follow from Lemma 3.14.
|

Proof of Theorem 3.1. To prove the assertion (i), let n > 0 be given. It follows from
Lemma 2.1 that there exists ¢ > 0 such that for all (s, \,v,«, 5) € RT x R x Hy x D satisfying
s+ |lvll + A = Xo| + | — ao| + |8 — Bo] < ¢ the corresponding u defined by (3.8) satisfies
|ul| + ||”Z—|| — upl| < n. If, moreover, (s, \,v,q,3) satisfies (3.6), (3.7) then Proposition 3.7
implies that uw € W??(Q) for all p > 1 and that (A, u) satisfies (1.1), (1.2), (2.3). Further,
Lemma 3.15 implies that if ¢ is chosen sufficiently small then we have A(u) = [a, §] and (3.37)
holds, hence u € K. Finally, standard considerations (multiplication (1.1) by ¢ —u, integration
over 2 and using Green’s formula and boundary conditions (1.2), (2.3)) give that (A, u) satisfies
(2.1) and (i) is proved.

To prove (ii), let € > 0 be given. Because of Lemma 3.14, for any ¢’ € (0,¢) there exists
n > 0 such that for any (\,u) € Rt x W22(Q) satisfying (2.1), ||ul| # 0 and (3.34) there exists
(a, B) € D such that A(u) = [a, f], |a — ao| + |8 — Bo] < € and (3.37) holds. In particular
I(u) = [a, ] C 'y and therefore (A, u) satisfy(1.1), (1.2), (2.3). Define

-1
O 53U

s:= @;}%U,Uo% V= s — Up. (3.51)

[l

is close to (ug,ug) = 1, @;ﬁlﬁ (%) is close to ug. Hence, if g, and 7 are sufficiently small then

Then (3.8) holds. Due to (2.5) and Lemma 2.1, if ¢’ and 7 are small then o = <<I>;1g ( “ ) ,u0>

23



s+ A= Xo| + ||v]| + |a— ag| + |8 — Bo| < e. Remark 3.3 and Lemma 3.4 imply u € W??(Q) for
all p > 2. Hence, Proposition 3.7 ensures that (3.6) and (3.7) are fulfilled. ]

4 Application of the Implicit Function Theorem: Con-

tinuation for the Operator Equation

In this section we will use the notation from Sections 2, 3. In particular, the transformations
®, 5 are from (2.7), the subspaces Hy and H; are from (3.2) and (3.3), respectively, and the
functions v, g, wa, g are from (3.5). Our goal is to describe the set of solutions to (3.6), (3.7) in

a neighbourhood of (A, 0, ag, Bp), which is done in the following theorem.

Theorem 4.1 Let (Ao, ug, o, o) satisfy (2.2), (1.7), (2.19), and (2.20). Let g be C*-smooth
and let (1.4), (1.5) hold.

Then there exist so > 0, neighbourhoods Ay C RT of \g, Wy C Hy of the origin and
Wa, W5 C R of ag and By, respectively, and C*-mappings A (—S0,50) — Mo, ¥ : (—S0,50) —
Wo, & 1 (=s0,50) — Wa, B : (—s0,50) — Wy such that \(0) = o, 5(0) = 0, &(0) = ay,
B(O) = B and that (s, \, v, a, 5) € (—s0,50) X Ng x Wy x W, x Wy satisfies (3.6), (3.7) if and
only if X = A(s), v="0(s), = a(s), 8= (s).

If g is C*-smooth with some k > 2 and (2.21) holds then 5\, Q, B and © are C*-smooth.

Theorem 4.1 will be proved by means of the Implicit Function Theorem. Hence, we need

C'-smoothness of the operators involved.

Lemma 4.2 The mapping F defined in (3.1) is C'-smooth. If, moreover, the function g is
Ck-smooth and (2.21) holds with some k > 1 then F is even C*-smooth.

Proof follows by standard considerations using Observation 3.2. [ |

Let us introduce the map G : R x RT x Hy x D — Hy x R?, G = (G, Gs, G3) by

Gi(s,\v,a, B) := 1@ ;F (X, 5P g(ug + v)) for s # 0,

G1(0, N\, v, , ) := P ﬁa F(\0)P, 5(up + v),

Ga(s, \v,a, ) == [ [ANPa s(uo +v) + g(A, sPg s(uo + v))/s]va,p dz dy for s # 0, (4.1)
G2(0, N\, v, 0, B) == [, APq g(ug + v)vap dz dy,

Gs(s, M\, v, 0, B) == [[APag(uo +v) + g(\, 5P g(uo + v))/s]wa,p da dy for s # 0,

G3(0, X, v, a, B) == [, APq g(up + v)wa g da dy.

Lemma 4.3 The mapping G is C*-smooth. If (2.20) holds then the partial derivative
Ir,0,8G(0, Ao, 0, ag, Bo) is an isomorphism from R x Hy x D onto Hy x D where Hy, H; are
given by (3.2), (3.3). If g is C*-smooth with k > 1 and (2.21) holds then G is C*-smooth.
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Proof. Because of (1.4) there is a continuous function & : R x R — R such that
h(A,0) =0, g\ u)=h\uu forall (\u)€R" xR,

Introducing a new integration variable = £, g(x), renaming = again by x, and using (2.9), for

any ¢ € Hy we get

<G1(57 >‘a v, &, ﬁ)» 90> =

fQ VO, 5(ug + v)VPO, g — [ANPq s(uo + v) + h(A, 5P s(uo + v)) Py g(ug + v)] Py s dr dy
= Jo On [uo(z, y) + vz, v)] Ouo(z,y) - &, 5 (& ()

+0, [uo(2,y) +v(z,y)] dyp(x JJ)W

—[A (uo(z, y) + v(z,y)) + h(A, s(ug + v))(uo + v)]p(z, y)m da dy

Hence, we have

Gi(s, \,v,a, 3) = My ( ;g(fglg(x))a (uo +v), 7 Eujzz}a):)))

— M, ((A(uo +v) + h(A, s(up + v))(uo + U>>m> ’

where the linear bounded operators M : (L2(Q2))* — Hy and M, : L2(Q) — H, are defined by
(M (v1,v2), ) = [ (01020 + v20y) dzdy and (Mav, ) = [, vedzdy for all ¢ € Hy. Using

the Coo—smoothness of the map

(, B,u) € D x WH(Q) (fl (f;lg)ﬁx a%) € (LQ(Q)Y,

a’ﬁ a?ﬂ
we get the C°°-smoothness of the part with M.
It remains to show the C'-smoothness of the Nemyckii operator

(s, \,v) = h(A, s(ug +v))(ug +v) (4.2)

from R x RT x H; into L*(2). We show this by showing that all partial derivatives exist and
are continuous.

The partial derivative of (4.2) with respect to s is
1 1
<S7 /\7 U) = auh()‘7 S(U’O + ’U))(UO + U)2 = g ug()‘7 S(U’O + ’U))(UO + U) - Eg(/\v s<u0 + U))

This map is continuous from R x R x H; to € L*(Q) because of (1.4), (1.5) and Theorem
about Nemyckii operator (see e.g. [22, Proposition 26.6]). The partial derivative of (4.2) with
respect to A is

(s, A, ) = O\h(A, s(ug 4+ v))(ug +v) = Org(A, s(ug + v)).
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This map is again continuous from R x R™ x H; to € L?(Q) because of (1.5) and [22, Propo-
sition 26.6]. The partial derivative of (4.2) with respect to v in the point (s, A,v) is the linear

bounded operator
w € Hy — 0,h(\, s(ug + v))(ug + v)sw + h(\, s(ug + v))w € L*(Q).

Using (1.5) and [22, Proposition 26.6], it is easy to show that it depends continuously in the
uniform operator norm in L(H'; L?(Q)) on (s, A, v).

Concerning G5 and G35 we have

Ga(s, \, v, a, B) = fQ AD, 5(uo +v) + h(A, $Pq g(up + v)) Py g(uo + v)|va,gdr dy

= Jo[Muo +v) + h(A, s(ug + v)) (uo + 0)](Xas + X(—l/Q))ﬁ dz dy,
o Dtﬁ

Gs(s A\ v, 0, ) = fQ \Ds(utg +0) + (A, 5B (ttg + 1)) Pt + 0)]we dardy

= fQ Uug + ’U + h( ,S(Uo + U))(UQ + ’U)](Yaﬁ + Y(_l/Q))W dz dy
B

It follows from the form (3.14) of K, 5(f), K2 5(f) with f = A®q g(ug + v) + h(A, s®q g(uo +
v))®, s(uo + v) and their independence of d, x in (3.23) that also G5, G3 are independent of J,
X (let us remark that 6, x in G are not even involved).

We will show the C'-smoothness of G5 again by showing that all its partial derivatives exist

and are continuous. The map
(o, B) € D +— Ga(s,\,v,a,3) € R

is C'*°-smooth, and the map (s, \, v, @, 3) — 9,Ga(s, \,v,a, 3) from R x RT x Hy x D to R is
continuous with respect to all variables. Similarly for the derivative with respect to (3.

We have X, 5, Yo 5 € WH2(Q), XCV2 YYD € [9(Q) for all 1 < ¢ < 4, XU Yy (=12 ¢
Wha(Q) for 1 < g < 4/3 (see Lemma 2.2). The partial derivative of Gy with respect to v equals

0,Ga(s, M v, 0, B)w = [o[ A+ Buh(N, 5(up + v)) (1o + v) + A, 5(ug + v))|w X”‘B(Z—X(:;Q))dx dy,
a,B\5a,8

and the map (s, \, v, a, 3) — 9,Ga(s, A\, v, a, B) from R x R x Hy x D to the space of linear
functionals on H is continuous with respect to all variables.

The smooth differentiability with respect to s and A is clear thanks to the form of the
expressions considered.

The C'-smoothness of G5 can be proved in a similar way.

In the case of the C*-smoothness of g, the C*-smoothness of Gy, G5, G3 can be proved
similarly under the assumption (2.21).

Now we are going to prove that the partial derivative 0 y.a,5G(0, Ao, 0, g, Bp) is an iso-
morphism from R™ x H; x D to Hy x D.
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Let us define an operator Fy : Rt — L(Hy; Hy) by
(Fo(MNu, @) = / VuVyp — Aupdzdy  for all ¢ € Hy.
Q

Hence, Fy(A)u = 0 is a weak formulation of the problem (1.6), (1.2), (2.2). Because of (2.19)

and the obvious Fredholmness of the operator Fy(\g) we have

Hy = im Fy(Xg), (4.3)
ker Fy(Ao) = span {ug}, (4.4)
Hy = H; @ span {uyg}, (4.5)
Fo(Ao)|im Fo(n) 18 an isomorphism from im Fy(Ag) onto itself. (4.6)

We denote Lj = (9(,\71],&75)(%-(0, )\07 0, o, ﬁo), j = 1, 27 3.

Because of {5 (z) = 0 we get

On (€€ 5N] o s = Do)
O |(Eslb@N) | =08 4 (0.

Furthermore, it holds
[aaq)ao,/%%p] (ZE, y) = 89690(937 y)aoégao,/@o (ZL‘)

Therefore, if ¢ € W2%(Q) satisfies ¢ = 0 on I'p U I, g, then 0, Py, 5,0 € WH2(Q) also satisfies
homogeneous Dirichlet boundary conditions on I' pUI,, 5, (because 0néag.6,(0) = 0aag.p,(1) =0
and 0,¢(x,0) = 0 for = € [ap, [p]). Similarly for 03P, 5,5. Therefore, 0, Puy 5,9, 0 Pas.5,¢ €
Hy for all ¢ € Hy N W?%2(Q). In particular, we have by (3.4) that

fQ VugVO0uPay 6,0 — M0aPay g, dzdy = 0,

for all o € Hy N W??(0Q). (4.7)
fQ VUOV%(I)%/QO@ - Aouoaﬁ(l)aongQO dx dy =0

Direct calculation using (2.5) yields

AN g =L Elo(@) =0,

Ea @D oo pog = 02l s @] ooy 5oy

and similar expressions for ds. Realizing (4.7) we obtain that

(Ly(a, B, 5\, 0),p) = fQ \% (17 + Oyug (daafao,ﬁo + Baﬂgao,ﬁo)) Ve
— o (U + 0ptio (@0aag,80 + B08Ea0,m)) ¥ — Mo da dy for all ¢ € H.
(4.8)
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Similarly we obtain

L2<@7 Ba 5‘7 77) = Xo fQ 1_)<Xao,ﬂo + X(_1/2)) + uo[_ (a Xao Bo (Xao o+ X 1/2))8 gao Bo)
+ ﬁ (aﬁXOto,ﬁo + (Xao Bo T X2 )aﬁf ) ] dx dy,

0,080

(4.9)
(d B 5‘ T) =Xo fQ Oéo Bo T Y(71/2)) + u0[7 (8 YOCO Bo T (Yao Bo T+ y(=1/2) ) aéao 50)
+ ﬁ (aﬁyaoﬁo + (Yao Bo T v 1/2))855 ) ] dzx dy

0,50

(4.10)
It remains to show that the map Oz 4.0, G (0, Ao, 0, g, Bo) = (L1, Lo, L3) is bijective.
Let us have arbitrary (w,a,b) € Hy x R? such that

V)

,0) = a,
,0) = b.

>/ |
|

(o, w,

>/\
=1

(4.11)

Lyi(a, 3,
Ly(a, 3,
L3 (67 6

(a

Putting ¢ := uy into (4.8) and observing (by similar arguments used to derive (4.7)) that

>/ |

W =0 + Oytig (@0abag s + BOpEan,0) € Ho (4.12)

we get by (3.4) that
/ —Aug|? dz dy = (w, up)
Q

leading immediatelly to

3=~ {w. /[ Juof* dodly
Q

Simultaneously, (4.8) being zero becomes

fQ \ (6 + al‘uo (éa&fao,ﬁo + Baﬂﬁdoﬁo)) VSD
—Ao (17 + Oxug (O_éaafao,ﬁo + Baﬁfaoﬂo)) 2 5‘“090 dz dy (413)
= fQ VwVedrdy forall o € Hy

or, in other words,
/QVngp — Nwedrdy = /QVngo + Mugpdrdy  for all ¢ € Hy,
where w is from (4.12). Hence,
(Fo(Xo)w, @) = /QVngo + Mg drdy  for all p € Hy

which reads as
Fo()\o)U_J =w-+=z

where z € Hj is such that
(z,0) = / Mugpdrdy  for all p € H,,.
Q
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Writting w + z = coug + wy with ¢ := (w + z,up) and wy; € H; we get
v+ 8;EU0 (O_éaaga(),[}o + Baﬁgao’ﬁo) =w = (F0(>\0))_1’u}1 = W3,

with wy already known. In particular,
w e Hy
and

v = —0,Uyg (@8a§a0,50 + B@gﬁao,go) + wo. (4.14)

Inserting this in (4.11) divided by Ag we get a linear homogeneous 2 x 2-system of equations
with unknowns @, (3 of the form
an@ + ayff = by,
11 125 = by (4.15)

g1 + CLQQB = by

where a;; are from (2.17) and

b= a/Xo — [, wa(Xag,p + XTVP)da dy,

(4.16)
bg = b/)\g — fQ wg(Yaoﬂo + Y(_I/Z)) dx dy

To see it, let us realize that in more detail we have

fQ —awU() (aa&gaoﬁo + Baﬁgaoﬂo) (Xao,ﬁo + X(il/z))
+u0[@ (aaXOéoﬁo + (Xao,ﬁo + X(_1/2)>aa€tllo7ﬁo) + ﬁ (aﬁXaoﬁo + (Xoéoﬁo + X(_l/Q))aﬁggéo,ﬁo) ] diL‘ dy
=a/\ — fﬂ wa(Xog. g, + XTV) dz dy,

Jo, —0stto (@0a&ay o + B05a0,00) Yaos + Y 71?)
o[ (0aYao,g0 + Yao,go + Y TV)00El 5) + B (08Ya0,8 + Yao,g0 + Y TH2)0sE,, 5,) ] dz dy
=b/Xo — [ywo(Yagp + Y V) dz dy.
Now, putting appropriate terms together we see that the coefficients a;; in (4.15) are re-
ally those from (2.17). Now, because of (2.20), and (4.14) gives also a unique ©. The sys-
tem (4.15) is uniquelly solvable and (4.14) gives also a unique v. Hence, the bijectivity of
Ox,0,8G(0, Ao, 0, ag, Bp) is proved. Thus, Oz w,a,8 G (0, Ao, 0, g, o) is an isomorphism. [}

Proof of Theorem 4.1. The problem (3.6), (3.7) is equivalent to
G(s, A\, v,a, 3) =0, (4.17)

where G is defined by (4.1). Lemma 4.3 ensures that this mapping is C''-smooth and that under
the condition (2.20), O v,6,8/G(0, Ao, 0, g, Fo) is an isomorphism from R* x Hy x D to Hy x D.
Hence, it follows from the Implicit Function Theorem that there exist sq > 0, neighbourhoods
Ay C RT of \g, Wy C Hy of the origin and W,, W3 C R of ag and Sy, respectively, and C'-
mappings \ : (=80, S0) — Mo, 0 : (—S0,50) = Wo, & : (—So,50) — Wa, R (—s0, S0) — Wj such
that A(0) = Ao, 9(0) = 0, &(0) = ag, 3(0) = fo and that (A, v,, B) € Ag x Wy x Wy x Wj
satisfies (3.6), (3.7) if and only if A = A(s), v = 0(s), a = a(s), § = ((s). ]
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5 Proof of the Main Results

Proof of Theorem 2.3 Theorem 4.1 implies that there are neighbourhoods Ag C R, W, C
Hy, Wo,Ws C R of Ao, 0, apg, Bo, respectively, and C'-mappings A (—S0,50) — Ao, 0 :
(—s0,80) — Wo, & 1 (=$0,50) — Wa, B (—s0,50) — Wp such that (i) in Theorem 2.3
holds and (X, v, o, ) = (A(s),8(s), a(s), B(s)), s € (—s0,0) U (0, s0), are exactly all nontrivial
solutions of the problem (3.6), (3.7) lying in a neighbourhood of (A, 0, o, 5y). That means
due to Proposition 3.7 that (A, u) = (A(s),4(s)), s € (—s0,0) U (0, 50), with u = @(s) defined
in the assertion (iv) of Theorem 2.3 are all weak nontrivial solutions of the boundary value
problems (1.1), (1.2), (2.3) with «, 3 close to ag, By, lying in a neighbourhood of (Ag,0) and
satisfying u € W22(Q). Theorem 3.1(i) guarantees that those (A, u) = (A(s),a(s)) with positive
s simultaneously satisfy (ii) in Theorem 2.3, and also (iv) follows. The assertion (iii) as well as
the very last assertion of Theorem 2.3 follows from the smoothness given by Theorem 4.1, the
form of u(s) in (iv) and from Lemma 2.1. Finally, 3.1(ii) implies that also the assertion (v) in
Theorem 2.3 is true.

|
Proof of Theorem 2.4. Let us consider the case when the nonlinearity g is identically zero
in Theorem 2.3. Then the problem (2.1) coincides with (2.2). The couples (A, u) with A = Ao,
u = sug, s > 0 satisfy (2.2) and it follows from the assertion (v) of Theorem 2.3 that all (A, u)
satisfying (2.2) with u € W>2(Q), [A — Xo| + [[ull + [|5i7 — ol small enough should be of this
form. If the assertion of Theorem 2.4 were not true then we would have (A, u,,) satisfying (2.2),
[un] # 0, 0 < |An = Xo| + [ 27 — ol — 0. Due to the fact that the problem (2.2) is positively

homogeneous, we could choose u,, such that ||u,| — 0, which would be a contradiction. [ |

6 Appendix

For the proof of Lemma 2.1 we need the following modification of the continuity in the mean

property in L%(2). In this lemma we can consider an arbitrary open bounded set 2 in R™.

Lemma 6.1 Let M be a precompact set in LI(Q) with ¢ > 1. Then for any e > 0 and r > 0
there is 6 > 0 such that the following holds: If p; : Q@ — Q (j = 1,2) are bijective, ¢; € C1(Q)
and |1 — @2llo@) < 9, and if the Jacobians J,, satisfy |J,,(x)| > 1 for all x € Q, then

1/q
(/Q |h(p1(2)) — h(@g(z))|qdz) < ¢ for all h € M. (6.1)

Proof. Because M is precompact in L?(€2) and because C(€2) is continuously and densely
embedded into LI(Q), for any & > 0 there exists a finite set M C C(Q) such that for any
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h € M there is a h € M with

</ Ih(2) |qdz) oy
|h(p;(2)) — hlp;(2))|dz |h(2) = h(2)|% T, (5 (2)] " dz " < EN,
(/ )= (. ) <

and the integral from (6.1) can be estimated by
(/ |h(p1(2)) — h(p1(2) !qdz) (/ \h(p1(z (zquz) 1/q+
(/ |h(ip2(2) — h(pa(2 )quz) " < —~ + (/ |h(p1(2)) — h(gog(z))|qdz) l/q.

Moreover, because M is finite and all h € M are uniformly continuous, there exists 6 > 0 such

that

Hence

|h(z1) — h(z2)| < & for all h € M and 21,z € Q with |z — 25| < 4.
Hence, if [|o1—p2llo@) < 6 then the integral from (6.1) can be estimated by (% + (mes Q)l/q>

g
u

Proof of Lemma 2.1. Define F : D x Wh4(Q) — Wh4(Q) by F(a, 3, f) := ®o5f. First we
will prove the C'-smoothness of F as a map from D x Wh4(Q) into L().

If F is differentiable then the partial derivatives can be calculated pointwise:

f(a,ﬁ,f)(a:,y) = axf(ga,ﬁ(x)a )aga,ﬁ('x)a
OpF (o, B, )@, y) = 0uf(Eap(®),y)05las(x), (6.2)
(07 F (o, B, f)g) (x,y) = g(ap(z),y).

In other words, the right hand sides of (6.2) are candidates for being the partial derivatives
of F. In order to show that the candidate for 0,F is really the partial derivative of F with

respect to a, we have to prove that

(/ f(&ap(@), y) — f(§as(2),y)
Q

)
a— «
for a — «a.

Let fi1, fa,... € CY(Q) be a sequence converging to f in W4(Q). For (6.3) we have to show

(

q

1/q
0, (Eap(2), 9)Pubn(0) dxdy) S0 (63)

q

fn(gdﬂ( ) (5046( ) )

1/q
0, (G s (), ) O (0) Mﬂ@ S0 (64)

0=

—
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for & — « uniformly with respect to n. The expression in the absolute value in the integral in

(6.4) can be written as

/ " Onfulstas(®) + (L= 5)6as(0),9)(Eas(2),y) = €as(@). y)

ds — Opfn(Ca,5(2), Y)Oalap(2) =

a—«

1 1
- /0 axfn(sgd,ﬁ(z) + (1 - S)ga,ﬁ(x)> y) dS/O aagthr(lft)a,ﬁ(aj) dt — 8xfn(§a,ﬁ($)a y)aaga,ﬁ(aj)'

There exists ¢ > 0 such that |0,& ()| < ¢ for all (a,8) € D and = € [0,1]. Therefore the
whole integral in (6.4) can be estimated by

c( /Q /0 (O fo(55.5(8) + (1 — $)w 5(2), 1) — On fulEnn(2), 1)) d

;v

q

1/q
dz dy) +

1 q 1/q
8xfn(€a,ﬁ($)v y) /0 (aafthr(lft)a,ﬁ(x) - 8a£a,ﬁ($)) dt| dw dy) . (65)

Using

q
<

/O (On fu(s€a,5(x) + (1 = 5)€0,5(x), y) = Ou fu(&a,p(2),y)) ds

< / 10 (5€2,5(2) + (1= $)Enp(2),4) — Ou ful€as(z), w)]" ds,

the first term in (6.5) can be estimated by

([ [ 00ils6ate) + (1 = 960s(0).0) = Oufulbnsla) ) ) .

Due to Lemma 6.1 (with M = {f1, fo,...}, p1(z,y) = ((ap(x),y) and @o(z,y) = (séap(x) +
(1—15)é5(x),y) and, hence, (1 —@2)(z,y) = (—s(€ap(x) —&ap),0)), the interior integral over
2 tends to zero for & — « uniformly with respect to n and s, hence the first term in (6.5) tends

to zero for & — « uniformly with respect to n. The second term in (6.5) can be estimated by

1/q
max ‘aagt&—&-(l—t)a,,@(x) - aaga,ﬁ(xﬂ (/Q ’amfn(fa,ﬁ(x)a y)|q dzx dy) )

0<t<1

which obviously tends to zero for & — « uniformly with respect to n.

Analogously one can show that F is partially differentiable with respect to .

For any fixed (o, ) € D, the map f € W(Q) — F(a, 3, f) = Popf € LI(Q) is linear
and continuous, hence F is partially differentiable with respect to f.

In order to get the C'-smoothness of F it remains to show that the maps («a, 3, f) €
D x Wh(Q) — 0, F (o, B, f) € LYUQ), (o, B3, f) € D x WH(Q) — 9sF(c, B, f) € LI(Q) and
(o, B, f) € D x WH(Q) — 0, F (v, B, f) € L(WH4(Q), LY(Q)) are continuous.
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First continuity of 9,F: We have

10aF (&, B, f) — 0aF(ct, B, )|l Laey =
(J

(

1/q

00 f(€6,5(). 9)0bs 5(2) = D f (s (@), )0uap()| dardy) " =
(0 F(€a 5(2).9) — 02 F(Eas(). ) 0u o) daty) "+

o (90 (€ (). 4) = 001 E0).0)) D ) drly) 4

b (S 0eF (€ (). 9) (0u8s 5(2) — Outep(a)) dacty) "

IA

=

Q

Due to Lemma 6.1, all these integrals tend to zero if f — f in Wha(Q), (d,B) — (o, 8), and
the continuity of 9,F is proved.

Similarly for dgF.

Finally, let us show the continuity of 9;F. We have

. 1/q
107 (@ B, Pg — 9 F (. B, Dgllzacey ( / 9(e. — g(eap(@),y)[” dxdy) ,

which converges to zero for (&, 5) — (a, 8) uniformly with respect to llgllwra@) < 1 because
of the compact embedding of W14(Q) into L?(2) and Lemma 6.1.

In order to show the continuity of F as a map from W4(Q) into W4(Q) we have to show
that F is continuous as a map from W14(Q) into m L9(Q) (what follows from its differentiability
shown above) and that the map F; : W4(Q) — L?(Q), which is defined by Fi(a, 3, f)(z,y) :=
O f(€a,5(7),y)E,, 5(x), is continuous. The continuity of F; can be shown as that of 0,F.

Analogously we can prove the assertions for (ID;’lﬂ and @7, ; by using the formula (2.8). =
Lemma 6.2 Let (1.4), (1.5) hold, let p > 1 be arbitrary. There are § > 0, C' > 0 such that
la(x Wllzo) < Cllull®, 19ug(\ w)l[Loe) < Cllull for all (A, u) € RY x H, Jul| < 4. (6.6)
Proof. It follows from (1.4) that there exist § > 0 and C' > 0 such that
if [s|? < d then |g(A, s)| < Cs®. (6.7)

For the proof of the first part of our assertion it is sufficient to show that if (A, u,) € Rt x H,
|un|| — O then there is C' > 0 such that

19(Ans wn) | oy < Cllun . (6.8)
Let u,, be such a sequence. Let us introduce the sets
Ef :={x € Q : |u,(x)|? > d}.
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We obtain by (6.7) and the embedding theorems (see Observation 3.2) that

1/p 1/p
(fQ\Eg |9 (Any wn) | d:z:) <C (fQ\Eg (Jun?)? d:c) < CHunH%Q;D(Q) < Clun)?. (6.9)

We have 1 < 6 !|u,(z)]? for all z € E} and we obtain by using (1.5) that

(Je a0 w? dx) = U t)u o o)™ (6.10)
< (Jo (€07 + Dlun] )" dz) ™ < Cllunlfpay < Cllunll®.

Since q > 2, the last expression is not larger then C||u,||? for small ||u,||, and the first inequality

from our assertion follows.

The second estimate can be shown analogously, replacing (6.7) by the inequality |0,g(\, s)| <

C's| which is fulfilled if |s|? < 4. ]
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