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HIGHER-ORDER DISCRETE MAXIMUM PRINCIPLE FOR 1D
DIFFUSION-REACTION PROBLEMS*
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Abstract. Sufficient conditions for the validity of the discrete maximum principle (DMP) for a
1D diffusion-reaction problem —u'’ 4+ k2u = f with the homogeneous Dirichlet boundary conditions
discretized by the higher-order finite element method are presented. It is proved that the DMP is
satisfied if the lengths h of all elements are shorter then one-third of the length of the entire domain
and if k2h? is small enough. The bounds for k2h? are precisely specified in terms of the relative
length of the elements. The obtained conditions are simple and easy to verify.
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1. Introduction. The standard (continuous) maximum principles for elliptic
and parabolic problems, in particular, guarantee the nonnegativity of the solution
provided that the data are nonnegative. This is especially important if naturally
nonnegative quantities like temperature, concentration, density, etc. are modelled.
There is a question if the discretization of these problems satisfies the (discrete)
maximum principle (DMP) as well, or, equivalently, if the resulting discrete solution
is guaranteed to be nonnegative provided the data are nonnegative.

Unfortunately, the standard methods, e.g., the finite element methods, do not
satisfy the DMP in general. Therefore, additional conditions for the validity of the
DMP are proposed and studied. Up to the author’s knowledge the first paper about
the DMP for elliptic problems [17] appeared in 1966. Since then many other papers
about the DMP for various problems and various discretizations were published [4, 5,
7,8,12, 23].

Interestingly, the majority of the published works deal with the lowest-order ap-
proximations only. The results about the DMP for higher-order approximations are
scarce, see [2, 11, 24] and the recent works of the author and his coauthors [18, 19, 22].
This paper extends the recent result [18] for the 1D Poisson problem to the 1D
diffusion-reaction problem discretized by higher-order finite elements. In particu-
lar, this result is suitable for the hp-version of the finite element method (hp-FEM)
because various polynomial degrees in different elements are allowed. More details
about the hp-FEM can be found in books [6, 13, 14, 21, 20].

The generalization of the higher-order DMP to the diffusion-reaction problem
is not straightforward. Many technical problems have to be overcome and new ap-
proaches introduced. For illustration let us mention that in contrast to the Poisson
problem the bubble (interior) basis functions are not orthogonal to the vertex func-
tions in the diffusion-reaction case, the reaction coefficient x2? complicates the analysis,
the boundary layers appear for great values of 2, etc. Even for the lowest-order ap-
proximations, the DMPs for the diffusion-reaction problems were treated very recently
(3, 10].
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Let us point out an interesting approach which can be used for 1D diffusion-
reaction problem. The idea comes from [1]. It is possible to construct special (ex-
ponential) basis functions using the knowledge of the exact Green’s function for the
continuous problem. These special basis functions are in fact the exact minimum
energy extensions, cf. Section 4, of the standard piecewise linear basis functions. The
resulting approximation then naturally satisfies the DMP. This approach, however,
cannot be generalized to the higher spatial dimension because the exact Green’s func-
tion is known in 1D only. Nevertheless, our goal is to study the standard piecewise
polynomial approximations with the hope that the understanding of the 1D behaviour
gives us a hint how to treat the DMP in two and more dimensions.

The paper is organized as follows. Section 2 introduces the diffusion-reaction
problem and briefly describes its discretization by the hp-FEM. In Section 3 the
discrete maximum principle is defined and its relation to the discrete Green’s function
is explained. The usefull concept of discrete minimum energy extensions is introduced
in Section 4 and it is used in Section 5 to define suitable basis functions for the higher-
order finite element space. The splitting of the discrete Green’s function to the vertex
and bubble part is shown in Section 6 together with the proof of the nonnegativity
of the vertex part. Section 7 is technically the most demanding. It analyzes the
influence of the bubble part to the nonnegativity of the discrete Green’s function
in several steps. Section 8 summarizes the previous analysis and presents the main
theorem of the paper. Certain technical assumptions of the main theorem have to be
verified numerically. This is done in Section 9.

2. The problem and its discretization. Let us consider an open interval
Q CR, Q= (aq,bq), and the 1D reaction-diffusion problem

—u" +K*u=f inQ (2.1)
with the homogeneous Dirichlet boundary conditions
u(ag) = u(bg) =0,

where the reaction coefficient x > 0 is assumed to be constant. The standard maxi-
mum principle for this problem is equivalent to the so-called conservation of nonneg-
ativity

fZ0 = wu>0.

In what follows, we will study an analogue of this implication for the discrete solution
obtained by the hp-FEM.

Let ag =z < 21 < -+ < Zpr41 = bo be a division of the interval Q = (aq, bq)
into M + 1 > 2 finite elements Ky = [vr_1, 2] with lengths hx, = xp — zp_1,
k=12,...,M+1. The set Tpp, = {Kp,k = 1,2,...,M + 1} is referred as the
(finite element) mesh. Further, we consider an arbitrary distribution of polynomial
degrees pg assigned to the elements K € 7p,. The corresponding hp-FEM space V4,
is defined as follows

Vip = {vnp € Hy(Q) : vpp|x € PP¥(K), K € Ty}, (2.2)

where H} () is the standard Sobolev space of functions from L?(2) with the general-
ized derivatives in L?(£2). The space PP% (K) contains polynomials of degree at most
pr in the interval K. The hp-FEM solution up, € Vi, of problem (2.1) is defined by

a(uhp,vhp) = F(Uhp) V’Uhp S Vhp, (2.3)
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where

a(u,v):/u'v/dx+n2/uvdx, F(v):/fvd:z:,
Q Q Q

and f is assumed in L?(f2). Notice that there exists a unique solution up;, € Vj, to
problem (2.3).

3. Discrete maximum principle and the discrete Green’s function.

DEFINITION 3.1. Let V},, given by (2.2) be the hp-FEM space based on the mesh
Tnp and on the polynomial degrees px, K € Tp,. We say that approzimate problem
(2.3) satisfies the discrete maximum principle (DMP) if

MAX Upp = WWAX Unp = 0 forall feL*Q), f<0ae inQ. (3.1)
Q

Notice that requirement (3.1) is equivalent to
upp >0 forall fe L*(Q), f>0ae. in Q. (3.2)

We remark that another possible definition of the DMP appears in the literature
as follows. The discrete maximum principle is valid if f € L?(Q), f < 0 a.e. in
Q, and 7, are such that the corresponding approximate solution up, € Vj,), satisfies
maxg Upp = 0.

If the DMP is valid according to this definition for certain f < 0 and 7}, then
there could exist another f* < 0 such that the maximum of the discrete solution
u},,, obtained on the same mesh 7j, is attained in the interior of . In this case
the approximation based on the mesh 73, does not satisfy the DMP according to
Definition 3.1. In what follows, we exclusively use Definition 3.1.

The validity of the DMP according to Definition 3.1 is equivalent to the nonneg-
ativity of the discrete Green’s function Gy, see Theorem 3.4 below.

DEFINITION 3.2. Let y € Q and let Gppy € Vip be the unique solution of the
problem

a(Whp, Ghp,y) = 6y(Whp) = Whp(y)  Vwnp € Vip. (3.3)
The function Gpp(z,y) = Grpy (), (2,y) € Q2, is called the discrete Green’s function
(DGF).
A combination of (2.3) and (3.3) yields the discrete Kirchhoff-Helmholtz repre-
sentation formula

wp) = [ Guol)f@) e, y e (3.4)

Interestingly, the DGF can be explicitely expressed in terms of a basis in Vj,,.
THEOREM 3.3. Let ¢1,¢92,...,¢0Nn be a basis in Vi, and let A € RNXN pe the
stiffness matric with entries A;; = a(pi, v;), 4,j =1,2,...,N. Then

N N
Ghpl,y) = 3 3 A5 0i(@)e5 (), (3.5)

where A;l are the entries of the inverse matriz to A.
Proof. See [18]. O
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Notice that Theorem 3.3 and the symmetry of the bilinear form a(:,-) imply
Ghp(z,y) = Grp(y, x). Consequently, Grp.o = Grp(z,-) € Vip.

THEOREM 3.4. Problem (2.3) satisfies the DMP if and only if Gpp(x,y) > 0 for
all (x,y) € Q2.

Proof. Immediate consequence of (3.4). See [18] again. a

Thus, our goal is to prove the nonnegativity of Gy, in Q2. To this end, we will use
(3.5). First, in Section 5, a suitable basis of V},, will be constructed. For this purpose
we will utilize the concept of the discrete minimum energy extensions which will be
described in Section 4. The analysis of the nonnegativity of G, will be postponed to
the subsequent sections.

4. Discrete minimum energy extensions. Let us consider a splitting of the
space Vj,, into a direct sum of two nontrivial subspaces Vi), =V} @ Vhi. The discrete

minimum energy extension ™ € Vpp, of a function ¢* € V,°) with respect to V,ﬁ is
uniquely defined as

P =t — 7,
where ¥ € V,ﬁ is the elliptic projection of ¥* into V,f;, ie.,
0=a(y™, v#) =a(y* —¢# v#) for all v* € V. (4.1)
Due to the symmetry of a(-,-) and due to (4.1) we have
(™™, ) = a(y™C,¢) = a(W*, ¥*) — e, Y) = a(y*, 9*) — a(¥F,yF).
Hence, 6|2 + [#? = |2, where [[o]]* = a(v, v). Consequently,
lpmell < el and  [[9# ]| < [l*]l. (4.2)

Now, let us compute the discrete minimum energy extensions of basis functions
from V;y . Let B* = {97, ¢35, ..., N} beabasisin Vj; and let B* = {o¥, 0¥, ..., gpﬁ#}

be a basis in Vh#;. The stiffness matrix corresponding to the basis B* U B# of Vj,, has
the following 2-by-2 block structure

A*# B A** A*#
- (A*#)T A## )

Where A:]* = a((ﬁr,(ﬁ;), Z,j = 172,' "7N*, A:‘]# = a(@:?w?)? i = ]‘,27" "N*7 j =
1,2,... N# and AL" = a(p¥, ¢¥),i,j=1,2,... N#,
The discrete minimum energy extensions ;"® € Vj,, of ¢ € V},p with respect to

V,ii can be computed as

¢ = —ch;#cpf, i=1,2,...,N*. (4.3)
The requirement (4.1) uniquely determines coefficients C:j# as follows

0= a(e}, ) ZC*# ale? . of) Vi=1,2,... ,N*, k=12... ,N*. (44)
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This can be written in a matrix form as 0 = A*#* — C*# A## where the matrix
C*# € RV XN” consists of entries C;‘j#. Hence,

C*# = A (AF#) 7L, (4.5)

The discrete minimum energy extensions ¢}'¢ € V3, can be used as an alternative
basis B™¢ = {p"®, ¢, ..., NS} in Viyp- 1t can be easily verified that the correspond-

ing stiffness matrix S** € RN *N" with entries S =alpfe, o), 4,5 =1,2,...,N*
is just the Schur complement

S** = A** — ATH(AFHE) LA )T (4.6)

Finally, the well known formula for the inversion of a 2-by-2 block matrix implies that
the upper-left block of (A*#)~! is equal to the inverse of the Schur complement, i.e.,

(A7)t =(S");' Vi,j=1,2,...,N". (4.7)

5. Construction of the hp-FEM bases. The hp-FEM basis functions are
constructed in the standard way as images of the shape functions defined on the

reference element Ko = [—1, 1] under the reference maps
h T + Tp—
XK,C(&“):%&L%, €€ Kpepy k=1,2,...,M+1. (5.1)

For the shape functions we use the standard Lobatto polynomials, see, e.g., [14, 15, 21],

l(§) = L) =0+8§/2,
=/ 3_1/ Pi_i(z)dz, j=2,3,...,

where € € Kof and Pj(z) = d7 /da? (z* —1)7 /(275!) stands for the jth-degree Legendre
polynomial. Thanks to the orthogonality of the Legendre polynomials the higher order
Lobatto polynomials [;, 7 > 2, vanish at +1 and, hence, we can factor out the root
factors to obtain

(&) = LU EONE), j=2 (5.2)

where the polynomial kernels )\?‘32 (&) of degree j—2 can be generated by the recurrence

]+4 " r J+1 er ;
\/2—_” ?iZ V2J+ 5)‘??#1 _ﬁ)‘? (6)7 J=0,1,2,....
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For reference, we list the first nine kernels (see, e.g., in [15, Section 3.1] or in [21,
Section 1.2]):

/\lécr(g) = _\/67
Af(€) = —V10¢,

N () = — g VIA(E - 1),

M) = ~SVE(TE - B)E,

N () = —SVIR(21E" — 148 +1),

AT (g) = —%\/%(3354 —30€% + 5)¢,

Ager(¢) = —é\/%(mggﬁ — 495¢* 4+ 135¢% — 5),

X5 (6) = —é\/3—4(71556 — 1001* + 3852 — 35)¢,

AET(E) = —%@(243158 — 40045 + 2002¢* — 308£% 4 7).

The shape functions ly and [; are called vertex shape functions and the I;, j > 2,
are referred as bubble (interior) shape functions. Similarly, we speak about the vertex
and bubble basis functions defined element-by-element in 2. The standard piecewise
linear vertex functions yy are constructed for k =1,2,..., M as follows

I (XI_{}c (), for x € Ky,

or(@) =4 Iy (X1_<1k+1(517>)7 for z € Kj41,
0 otherwise.

The N — M bubble functions, where N = —1 + ZKGT;LP pi is the dimension of Vj,p,

are defined in a similar way. The px — 1 bubble functions gog’K, gog’K, ey gpgf in an

element K are obtained as

b, N li(X;(l(x)), for z € K,
o (@) = { 0 otherwise,

As usual, we assemble the stiffness matrix A € RVN*N A, = a(p;, 95), i,j =
1,2,..., N, from the local stiffness matrices AKX € RPx+Dx(px+1) A = ak (@5, @i),
i,7 = 1,2,...,(px + 1), where px stands for the polynomial degree of the element
K € Ty, and

ax(soj,cpi)=/ soﬁwédw+f<o2/ @jp; de.
K K

Due to the existence of the vertex and bubble functions, the matrices A and AX have
a natural 2-by-2 block structure

A B AK BE

where A € RM*M B ¢ RMX(N=M) and D ¢ RIN-M)x(N=-M) = AK ¢ R2x2 BK ¢
R2*(x—=1) and DK e R@x—Dx®x=1)  The entries of the element stiffness matrix
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AX can be easily computed, see, e.g. [14]. If the length of the element K is denoted

by h then
K 1 -1 k*h? (2 1
()2 ) o

90 —V6/12  V10/60 O --- 0
hBX = k%h (—\/6/12 _JI060 0 --- o)’ (5.4)

and the only nonzero elements of DX are

1
(2i+3)(2i — 1)’
1
hDE . =hDE. = k2h2 , 1=1,2,...,px — 3.
Lit2 2, 2(2i +3)y/(2i + 1)(2i + 5) PK

hDE =2 + k%h? i=1,2,...,px —1, (5.5)

Obviously, if the element K is adjacent to the boundary then the matrix AX reduces
to a 1-by-1 matrix and B¥ only contains one row.

It is convenient to multiply the formulas for AX, BX, and D¥ by h because
then the entries of matrices hAX, hBX and hD* are functions of a single parameter
¢ = k2?h2. Further, we remark that the matrix D is block diagonal because each bubble
function is supported in a single element. We denote D = blockdiag{ DX, K € Ty, }.

To prove the DMP it is convenient to introduce the discrete minimum energy
extensions 1,1, ..., of the vertex functions 1, 2, ..., @y with respect to the
space of all bubbles V,fp = span{cpf’K, i=2,3,...,pk, K € Tpp}.

Notice that if the reaction coefficient s vanishes then the standard piecewise linear
vertex functions are orthogonal to the bubble functions and ¥; = ¢;, 1 =1,2,..., M,
in this case, cf. (5.4).

In analogy with (4.4) we express

pr—1
bK
bi=pi— > > CR el i=12, M (5.6)
Keqihp j=1
K Csupp i

where 1k (%) is the standard connectivity mapping, see, e.g., [6, 14, 21]. In our case
ti (i) equals to 1 or 2 depending whether 1); corresponds to the left or to the right
endpoint of K. The matrix C¥ of coefficients Cf( (i), has one or two rows and pxg — 1
columns and it is given by (4.5) as C% = BX(D®)~1. We stress that the entries of
CX are functions of a single parameter ( = k2h%.

Further, by (4.1) the discrete minimum energy extensions 1, s, ..., %y are or-
thogonal to all bubbles gof’K, i =2,3,...,px, K € Ty, where the orthogonality is
understood in the energy inner product a(-,-). Finally, by (4.6) the stiffness matrix
S € RV*N formed from the discrete minimum energy extensions 91, 1, . .., and
from the original bubbles @?’K, i=2,3,...,pk, K € T}, has the following structure

SZ(SO g) (5.7)

where S = A — BD'B7 stands for the Schur complement and D is block diagonal.
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6. Nonnegativity of the discrete Green’s function. The DGF correspond-
ing to problem (2.3) can be expressed by (3.5) using the discrete minimum energy ex-
tensions v;, i = 1,2, ..., M, and the standard bubble functions cpb K= 2,3,...,PK,
K € Tpp. Thanks to the structure of the stiffness matrix S, see (5. 7), Wwe can express
the DGF as a sum of the vertex and bubble parts

Ghp(z,y) = G (2, y) + Gzp(:ﬂ, y), (z,y) € Q? (6.1)

where

M M
i (25 Y) ZZ 5 Vi@)(),  (2,y) € Q% (6.2)

Pk —1pkg—1

Gh (w,y) = Z Z S (DG el @il W), (y) € Q2 (6.3)
€Ty =1 j=1

The following theorem introduces three sufficient conditions for the nonnegativity
of the DGF Gj,.

THEOREM 6.1. Let ¢;, i =1,2,...,M, S € RM*M " qnd Gy, be given by (5.6),
(5.7), and (6.1)-(6.3). If

(a) Yi(x) >0 foralli=1,2,....M and x € (,

(b) Sij <0 foralli+#3j,4,j=1,2,..., M,

(c) G}, + Gzp >0 in K2 for all K € Ty,
then Grp(x,y) >0 for all (z,y) € Q2.

Proof. By the theory of M-matrices, see, e.g., [9, 16], if all offdiagonal entries of
S are nonpositive and if S is symmetric and positive definite then S~! consists of
nonnegative entries, i.e, Sl-gl >0 foralli,j =1,2,...,M. Hence, this fact together
with (a) imply the nonnegativity of the vertex part G}, in 92, cf. (6.2). Since the
support of any bubble function consists of a single element, we find that

Ghp(z,y) =0 for (v,y) € K x K*, K,K* € Ty, K # K*.

This together with (c) proves the nonnegativity of Gp, = Gy, + Gzp in the entire
square 2. 0

6.1. Nonnegativity of the vertex DGF. We present two lemmas which show
the validity of conditions (a) and (b) from Theorem 6.1 provided that the products
k%*h3; are bounded from above by values a% and BP¥ for all elements K € 7Tp,;,. The
bounds oP¥ and BPX can be computed for an arbitrary polynomial degree px as roots
of certain polynomials.

LEMMA 6.2. Let hx and px stand for the length and polynomial degree of the
element K € Typ. Further, let o, ¢ = 1,2,..., M, be given by (5.6). For each
polynomial degree p, there exists oP € (0, 00| with the following property. If

K*h3 < P for all K € Ty,

then ¥;(x) > 0 for all x € Q, i.e., condition (a) from Theorem 6.1 is satisfied.
Proof. Let K = [xk—1,zx], 1 <k < M + 1, be an element in 7j, with the length
hx = x — xp—1 and with the polynomial degree px. Further, let 1, be the vertex
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function corresponding to xy (if & # M + 1). We transform )y, from K to Kt by
(5.1) as follows

pr—1

Ul (xx(©) =1(€) = Y CK ) mlmr1(8)

pr—1

=0h(§) [1 = > O ymlo(©) 5?_1(5)] =L (U (s*hi, ), (6.4)
m=1

where we use (5.2). The connectivity mapping ¢k (k) was introduced above as well as
the coefficients C’ff((k) m- We recall that the coefficients C’ff((k) . are functions of the
single parameter ( = k2h%. This justifies the definition of W™ (k?h%,&). The vertex

function corresponding to zx_1 (if k # 1) can be transformed in a similar way

pr—1

i1l (xx (€)) = 1o(€) ll -y Cﬁ(k—n,mll(@)\lﬁfr—l(i)] = lo(&)WE" (K, €).
m=1

Thus, ¥;_1 and ¥y, are nonnegative in Ky, if and only if 2% (k2h%, &), i = 0, 1,
are nonnegative for all { € Kyer. Since UP*(0,€) = 1 and UP* depends continuously
on r%h% then clearly aP% > 0. O

We remark that ¥¥(¢, ), i = 0, 1, are polynomials of degree p—1 in £ and rational
functions in ¢. The nonnegativity of ¥¥(¢, ) for ¢ > 0 and & € [—1, 1] can be analyzed
numerically to find the greatest possible value o for each polynomial degree p. The
results for p =1,2,...,10 are presented in Table 9.1 below.

LEMMA 6.3. Let hx and px denote the length and the polynomial degree of the
element K € Tp,. Further, let S be given by (5.7). For each polynomial degree p,
there exists BP € (0, 00] with the following property. If

K*h3. < BPX for all K € Ty,

then S;; <0 for alli #j, 4,5 =1,2,...,M, i.e., condition (b) from Theorem 6.1 is
satisfied.

Proof. Clearly, the matrix S is tridiagonal, hence, the only nonzero off-diagonal
entries are

arx (Yr—1,Vk) = Skp—1 = Sk—1,6 = 51y, k=2,3,..., M,

where again ¥_1 and ¥y are the vertex functions corresponding to the endpoints of
K € Tpp, S is given by (5.7), and SK = AKX — BE(DK)=1(BE)T is the local Schur
complement.

If we multiply S by h = hx (the length of K) we find that hS* = hSPx (k2h?)
is a function of k?h? only. Since hSTE (0) = —1 and since hSPX (-) is continuous we
conclude that Sy ;—1 < 0 for small enough x?h? > 0. Consequently, the positive 3P%
exists. d

The function hSP,(+) is a rational function. However, G,(¢) = det(hD*(¢))hST,(¢)
with ¢ = x?h? is a polynomial of degree p in ¢. Since det(hD*(¢)) > 0 it suffices
to investigate the nonpositivity of §,(¢). This is numerically an easy task and the
largest possible bound 4P = min{¢ : { > 0, and §,(¢) = 0} can be computed for any
degree p. The values of P for p=1,2,...,10 are presented in Table 9.1 below.
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The conclusions from Theorem 6.1 and Lemmas 6.2 and 6.3 are summarized in
the following corollary.

COROLLARY 6.4. Let Ty, be a finite element mesh and let hi and px denote the
length and the polynomial degree of the element K € Tp,. If

k2h3 < min{a®?*, BPX}  for all K € Ty,

then Gy, (z,y) > 0 for all (z,y) € 02

7. The bubble part of the DGF. In this section we verify the validity of
condition (c) from Theorem 6.1. This is the most difficult part because the bubble
part Gzp defined by (6.3) is not nonnegative, in general. For p =3, p =5, and p > 7,
there always are regions, where Gzp is negative. In these regions, the negative bubble
part Gl,’lp has to be compensated by the positive vertex part Gzp in order to obtain
the nonnegativity of Gp, = G}, + Gl,’w and consequently the DMP. The good news is
that condition (c) can be investigated for each element K € 7y, independently.

Therefore, throughout this section, we consider an arbitrary but fixed element
K = [zg—1,xk) in Tpp. The length and polynomial degree of this K are denoted by h
and p. B R

For this K we will define two auxiliary DGFs G}, and Gy, see Figure 7.1 for
an illustration. We will show that éhp < éhp < Gpp in K 2. The second auxiliary
DGF éhp is simple enough to allow for the direct investigation of its nonnegativity.
Below, in Section 7.4, we formulate conditions which guarantee éhp > 0 and, hence,
the condition (c¢) from Theorem 6.1. The DMP then follows from Theorems 6.1 and
3.4.

Y1 i,
| | | | . | |
I T T T 1 T h T T 1
an Tk—1 Tk bo
Pr—1 i,
| | | | L | 1
I T T T T T h T T 1
ag Tk—1 Tk bo
L 1 i 1
| 1 1 1 1
aq h 2 Th—1 h Tk bo

<

Fic. 7.1. An illustration of the basis functions used for the construction of G}’Lp (top), é}ip

(middle), and é\’,‘ip (bottom) corresponding to the element K = [x,_1, k] of the length h.

7.1. The first auxiliary DGF. An element K € T}, is called interior if it is not
adjacent to the boundary of 2, i.e., if K C €. To define the first auxiliary DGF Gy,
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we assume for technical reasons that the element K is interior. Then, we consider a
partition ag < zr—1 < xp < b which defines a mesh 7}, consisting of three elements.
The polynomial degree assigned to the element K = [zj_1,zk] € ﬁp is p while the
degree of the other elements in ﬂp is set to 1. These polynomial degrees and the mesh
771;) lead to an hp-FEM space Vhp defined in analogy with (2.2). In Vhp we consider
the standard hp-FEM basis. It consists of two piecewise linear vertex functions @1
and @ and of p — 1 bubble functions <pl2’ K, gpg K, R <ppK Notice that these bubble
functions coincide with the bubbles defined on the original mesh ﬂp

Further, we consider the discrete mlnlmum energy extensions wk 1 and wk of

pr—1 and @) with respect to the space VZ’) = span{g02K, gogK, .. .,gppK}. Hence,

1/)]@,1 is linear in [ag,xk,l], 1/)]@,3 = 1/)]6,1 in K = [:Ekfl,xk], ani¢k,1 =0in [:Z?k, bQ].
Similarly, ¢ = 0 in [aq, Tr—1], Y = Yr in K = [x5_1, 2x], and ¢y, is linear in [z, bg].
See the middle panel of Figure 7.1.

We construct a stiffness matrix A € R?*? from @1 and @ as follows

gij = @(Jk—zﬂa%c—zﬂ)a 1,j =1,2. (7.1)

In agreement with (6.1)—(6.3), we define the first auxiliary DGF

éhp(x7y) = éZp(x7y)+éZp($7y)v (:c,y) € sz (7'2)
where
@) =Y (A) ko (@) k21 (y),  (wy) € Q2 (7.3)
i=1 j=1

and G (z,y) = G4 (z,y), cf. (6.3).

The main result about éhp (z,y) is formulated in the following lemma.

LEMMA 7.1. Let condition (b) from Theorem 6.1 be satisfied. For an interior
element K € Tpy, K = [xp—1,21] C Q, k=2,3,..., M, we consider the first auziliary
DGF éhp(x,y) defined by (7.2)~(7.3). Then

Ghp(z,y) > éhp(;v,y) for all (z,y) € K2

Proof. Clearly, it suffices to prove G} (z,y) > é};p(x,y) for all (z,y) € K2.
Let K € Tpp, K = [xp—1,2,] C Q, be an arbitrary but fixed interior element.
First we consider the original vertex functions 1,%2,...,¥n. Let 93¢, and ¥;*¢

be the discrete minimum energy extensions of 1,_1 and ¢, with respect to V;, # =

span{t1, ..., Yr—2, V41, ...,¥m}. Definition (4.3) yields ¢ () = ¢r—1(z) and
we(x) = ¢Yx(x) for all x € K because 9;(z) = 0 for all x € K and for all ¢; € V,Z’p#.

Using the definition of z/Jk 1 and wk, we summarize

Gror = Pr1 =P and W = g = YP° in K. (7.4)

The stiffness matrix S™¢ € R?*? corresponding to the basis functions ¥, and m°
can be computed as a suitable Schur complement, cf. (4.7).

Now, let us concentrate on z/Jk 1 and z/Jk We remark that the discrete minimum
energy extensions w °, and wme of z/Jk 1 and wk with respect to VU# are equal to
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the already defined discrete minimum energy extensions ¥;'¢; and ¥;'°, respectively.
Indeed cf. (4.1), if 0 = a(yPe,v#) = a(Pi v#) for all v# € VU# then 0 = a(ype
me y#) for all v# € VU# and since ;"° w,‘c‘le € V,fp# then "¢ = wme. The same

steps can be repeated to show that 3¢, = 1/)2’_01.
From (7.4) we conclude that

Arz = ax (Yoo, k) = ax (RS, PR°) = STy
Similarly, from (4.2) we infer the inequalities

All—aWk 171/11@ 1)>a(¢k 1 VEey) = a(Vpsy, visy) = Saa°s
Azy = a(P, 1) > a(PP°, YF°) = a(¥e, Yp°) = Siy°

Hence, all entries of A are greater or equal to the corresponding entries of S™¢
and we write A > S™°. Condition (b) from Theorem 6.1 implies that both A and
S™¢ are M-matrices. In particular, they have the nonnegative inverse and therefore

ATl < (gme)~t (7.5)
Using this fact, we obtain the following relation by (6.2), (4.7), (7.4), and by (7.5)

Mw

M M 2
hp x y ZZSEW% Z Sme 'LJ wk 2+1( )wk 2+J( )
i=1 j=1 1

i= ]

I
-

2
Z 13 wk 2+1 )¢k—2+j (y) = éZp(xuy)

1j5=1

Mw

.
Il

for all (z,y) € K2. 0

7.2. DGF in the elements adjacent to the boundary. Let us analyze the
auxiliary DGF Gp, in more detail. For the arbitrarily chosen element K € Ty,
K = [zp_1,zk], with the polynomial degree p and with the length h we introduce a
parameter ¢ € [0, 1] such that

2p—1 = (1 — t)aq + t(bg — h), (7.6)
T = (1 —t)(aq + h) + thg.

Clearly, the parameter ¢ determines the position of K in Q = (agq, bg). For example,
if t = 0 then K is adjacent to the left endpoint aq of €2, if t = 1 then K is adjacent
to b, and if ¢ < 1/2 then the midpoint of K lies in the left half of 2. Moreover,
we define the relative length Hyq = Hlfc(l of an element K € 73, and an auxiliary
parameter 0 as
h Hiql h
M bo — agq and 6 l—Hp bo—ag—h .7)

Notice that Hyer € (0,1] and 6 € (0, o0].

Here, we restrict ourselves to the interior elements only, i.e., we assume ¢ €
(0,1). To express the the stiffness matrix A € R2%2 agsembled from wk 1 and wk we
introduce two auxiliary functions

r(Q) = (hS11)() = (hS3)(C) and  q(C) = (hST3)(C), (7.8)




HIGHER-ORDER DMP FOR DIFFUSION-REACTION PROBLEMS 13

where ¢ = k2h? and SE = AKX — BE(DE)=Y(BX)T  cf. (5.7), with matrices AKX, BE,
DX given by (5.3)—(5.5). We stress that hSE = hSE and hSE are rational functions
of the paremeter ¢ = k?h%. Further notice that r(¢) = r(k%h?) = ax (Vr—1,Vr—1) =
ar (Y, k) > 0 for h > 0 and that ¢(¢) = q(k*h?) < 0 for ( = k?h% < [P, see
Lemma 6.3. For illustration, if p = 3 then

6300 + 2880¢ + 135¢2 + ¢*

~ —25200 + 1080¢ — 30¢% 4+ ¢3
"= BT om+ 0

and ¢(¢) = 60(10 + ¢)(42 + ()

Using (7.8) and the parameters ¢t and 0, we can express A as
0 k2h%t
_ [ e s+ a(k*h?)
hA — t 3 0 -
(K2h?) rn?) 4 L
1 1—t 3 0

Our goal is to study the limit ¢ — 0. Since we analyze the DGF, we need to
compute the inverse (hA)~'. The entry (hA);) — 0 for t — 0 and, therefore, we
concentrate on

-1

. 9 _ 2
(,0,0) = (W) = | 1)+ 7oy + 5150 - —L0 | @)
"O+3+33

which is well defined for t € (0,1), § € (0,00), and ¢ = k?h? € [0,00). For t = 0 we
define s(t, 6, ¢) by the following limit

-1
5(0,0,¢) = tlir& s(t,0,¢) = <r(<) +6+ 3—<9> . (7.10)

For convenience, we also define s(0,0,¢) = 0 for all { € [0,00) by a limit.
LEMMA 7.2. If s(t,0,() is defined by (7.9) and (7.10) then

s(t,0,¢) > s(0,0,¢) for all @ € (0,1/2], t €[0,1/2], ¢ € [0,0). (7.11)

Proof. The inequality (7.11) is equivalent to

. _ 0 < (<)
s (t,eao—m—@—WSO. (7.12)
r(Q)t + 39

Clearly, since r(¢) > 0, the function s*(¢, 6, () is increasing in the variable ¢. Hence,

57‘(() +9+ m

Differentiating s*(1/2,6,¢) with respect to 6 and using the fact that det(hAX) =
r2(¢) — ¢*(¢) > 0 we find out that s*(1/2,6,() is increasing in §. Thus,
2 2¢>
S*(1/279,<)Ss*(1/2,1/2,g):1__<_q7(4)c'

3
T(C)—l—l-‘rg

(7.14)
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Similarly, it can be verified that s*(1/2,1/2,() is decreasing in ¢ and, therefore,
s*(1/2,1/2,0) < s7(1/2,1/2,0) = 0 (7.15)

because 7(0) = 1 and ¢(0) = —1. The combination of (7.12)—(7.15) finishes the proof.
d

7.3. The second auxiliary DGF. The second auxiliary DGF @hp is the limit
case of the first auxiliary DGF éhp ift - 0y orif ¢t — 1_. Without the loss of
generality, we restrict ourselves to the former case and consider an arbitrary but fixed
element K = [z,_1,x%] € Tpp not adjacent to the right endpoint b of the interval €.
If i and p stand for the length and polynomial degree of this K then we set 2 = aq+h
and consider two elements K = [aq, Z] and [£, bg] with polynomial degrees p and 1.

The standard hp—FEM basis comprises one piecewise linear vertex function @ and

p — 1 bubble functions @. <p2 ,@g K, cee @Z*IA{ supported in K. The values of the vertex

function are (%) = 1 and <p(aQ) = @(bg) = 0.
As before, we define 1/1 as the discrete minimum energy extensmn of the vertex

function  with respect to the space of the bubbles Vh = span{<p , @g K, N K}

cf. the bottom panel of Figure 7.1. Notice that 1/) is a linear function in [2, bsz] and
that w restricted to K is just the shifted function wk = 9, restricted to K, i.e.,

Oz +ag — zp_1) = Up(x) = Yp(z) for all z € K. (7.16)

In agreement with (6.1)—(6.3) we define

éhp(x,y) = @}{p(x,y) + ézp(:ﬂ, y), (z,y) € Q? (7.17)
where

~ 1~ o~

Ghp(@,y) = —=<V(@)0(y), (2,y) € D2, (7.18)
a(y, )
p—1p—1 N N

Ghyl,y) = (DF) '@l (@8 (), (wy) € Q% (7.19)
i=1 j=1

We recall that D is given by (5.5). The equality

o
a(, )

is not surprising and can be easily verified. B

In Section 7.1 we did not define the first auxiliary DGF G}, for the elements
adjacent to the boundary of 2. For completeness, if K € 7, is adjacent to the left
endpoint of 2 then we set

= hs(0,0, %h?) (7.20)

Ghp(z,y) = Gup(z,y) for all (z,y) € Q2. (7.21)

If the element K € 74, is adjacent to the right endpoint of {2 then éhp(;v,y) =

éhp(:zr, y) are defined in a symmetric way.
The following lemma shows the relation between the first and the second auxiliary
DGF.
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LEMMA 7.3. Let conditions (a) and (b) from Theorem 6.1 be satisfied. Further,
let K € Tpyp be such thatt < 1/2, cf. (7.6), and Hyat < 1/3, cf. (7.7). If Gpp(z,y) and
Ghp(x,y) are given by (7.17) and (7.2)—(7.3) with (7.21) then

Grp(#,9) < Gup(a,y)  for all (z,y) € K2,

where £ =x —x—1 +aq and Y =y — rxp—1 + aq.

Proof. First, if K is adjacent to the left endpoint then there is nothing to prove
due to (7.21). The element K cannot be adjacent to the right endpoint because of
the assumptions ¢t < 1/2 and H,q < 1/3. Thus, it remains to consider the interior

elements K € Tp,.

The bubble functions gﬁg’K, gﬁg’K, ceey g’ﬁgf( in K are just shifted bubble functions

gog’K, gog’K, . gof;K from K, cf. (7.16). Therefore,

Gb (#,9) = G (x,y) forall (z,y) € K2,

where T = —zp_1 +aq and § =y — xx—1 + aq. N
By (7.16)—(7.19), Lemma 7.2, the facts that A=Y > 0, cf. (7.1), ¥x_1 > 0 and
Y > 0 for all z € K, and by (7.3) we obtain

G (&,9) = hs (0,0, K2h2)D(@)0 () < hs(t, 0, 202 ) (&) e ()

<
< Z Z(g)fjlik—%i(x)i%—zﬂ (y) = CN?Zp(w,y)

for all (z,y) € K? with & =2 — 231 +aq and § = y — ox_1 + ag. We remark that
Lemma 7.2 can be used because the inequality Hye < 1/3 is equivalent to 6 < 1/2.
O

COROLLARY 7.4. Let Gy be given by (6.1)=(6.3). Further, let K € Ty, be an

element and let @hp be the corresponding second auziliary DGF defined by (7.17)—
(7.19). Let the relative length Hye1 of K, cf. (7.7), be limited by Hyo) < 1/3. If

Ghp(2,9) >0 for all (2,9) € K? (7.22)
then
Ghp(z,y) >0 for all (z,y) € K?,

i.e., the condition (c) from Theorem 6.1 is satisfied.
Proof. Let K € Ty, be arbitrary. If the parameter ¢ defined by (7.6) is less or
equal to 1/2 then assumption (7.22) and Lemmas 7.3 and 7.1 imply

0< @hp(fc,gj) < éhp(x,y) < Gup(z,y) Y(,y) € K2,
where £ =z — xp_1 + aq and § = y — xx_1 + aq. The same conclusion is valid also
for t > 1/2 due to the symmetry. d

7.4. Nonnegativity of the second auxiliary DGF. The last step is to verify
the nonnegativity of Gp,(2,9) for (2,9) € K2. Again, without the loss of generality
we assume that the element K is not adjacent to the right endpoint of 2.
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It is convenient to transform Gy, from K2 = [ag, 2] to K2, = [~1,1]? using

& = xp(€) and § = x (1), where the reference map x  is given by (5.1). As the first
step, we transform J(ﬁ:), T € IA(, as follows, cf. (6.4),

Y(xz(©) Z mlm+1(§) =11(§) [1—1o(§ Z (A1 (6)
= L&) (r*h*,€),

where we recall that CX = BX(DX)~! is a function of x2h? only, cf. (4.5) and
(5.4)—(5.5). We stress that W(k2h?, €) is the same as in (6.4).

With the help of (7.17)—(7.19), (5.2), and (7.9), the transformed DGF éhp can
be expressed as follows

G5 (€,m) = Grp(x g (€), xg () = hs(0,0, 82h*)d(x 7 (€)Y (x5 (1))
+ Z Z i llJrl )ljJrl(T]) = hll(é)ll(n)wp(ov H2h25 57 77)5

=1

where
p—1p—1

WP(0,¢,€,m) = (0,0, )R (C,E)TL(C,m) +1o()lo(n) D D (ADS) N, () Ak, (1)
i=1 j=1

with the short-hand notation ¢ = x2h%. An important fact is that the entries of
(hD¥)~! depend on ¢ = k2h? only, see (5.5). Finally, we define

wP(6,¢) = (gl?é%mf (6,¢,&.m). (7.23)

The following lemma presents conditions which guarantee the nonnegativity of
th in K2.

LEMMA 7.5. Consider an element K € Tp, with the length h and the polynomial
degree p. Let 2 = ag + h, and K = [aq, 2]. Further, let éhp be given by (7.17) and
wP(0,¢) by (7.23). If

wP(0,0) >0 forall 0 € (0,1/2] (7.24)
then for each 0 € (0,1/2] there exists o?(0) > 0 such that
22 <oP(0) =  Gupl(d,9) >0 V(& 9) € K2 (7.25)

Moreover, if @ = 0 then there exists 01’(0) > 0 with property (7.25).

Proof. The nonnegativity of th in K2 is equivalent to the nonnegativity of GIef
in Kff which is further equivalent to the inequality @”(6,¢) > 0 with ¢ = x2h2. Let
6 € (0,1/2] be fixed. Since &P(0,¢) depends continuously on ¢ > 0, we conclude by
(7.24) that &P(6,¢) > 0 even for small enough ¢ > 0. Thus, o?(f) > 0 with property
(7.25) exists.

Moreover, @P(0,0) > 0 by (7.24) and by continuity in 6, therefore, o?(8) > 0.
a



HIGHER-ORDER DMP FOR DIFFUSION-REACTION PROBLEMS 17

The importance of Lemma 7.5 lies in the fact that the largest possible o?(0)
with property (7.25) can be found numerically. This is done below in Section 9,
cf. Figure 9.1.

We mention that the assumption (7.24) was verified in [18] for polynomial degrees
p=1,2,...,100. Let us comment more on this. If ( = k2h? = 0 then s(0,6,0) =
(1 9) = 1 — Hye by (7.10) and (7.7). Further, we have ¥7(0,€) = 1 because
CK = BE(DK)=1 =0 for ¢ = k2h? =0, see (5.4)—(5.5). In [18] we find that

p—1p—1
9
H: =1+ min |l hD) 1 \ker > —

ol B, o(é)o(n);;( )iz M(€) | = 35
forp=1,2,...,100 and k = 0. Interestingly, the smallest value 9/10 was attained for
p=3.1f0 € [0,1/2] then H,q € [0,1/3] and we conclude that @?(8,0) = H — Hye1 >
9/10—-1/3=17/30 > 0.

8. The main result. In this section we formulate simple conditions which yield
the DMP. The conditions can be easily verified element-by-element. They limit the
relative length H.. of all elements from two sides. The crucial condition in Theo-
rem 8.2 below is formulated in terms of the following two parameters

P =2(cP(1/2) — 0?(0)) and &” = o?(0). (8.1)

Before we present the main theorem, we introduce one more auxiliary lemma.

LEMMA 8.1. Consider the function o?(0) defined in Lemma 7.5, where we assume
¢ < of in addition. If ¥P and 6P are given by (8.1) then 4P >0 and 6P > 0.

Proof. The fact that 67 > 0 follows immediately from Lemma 7.5. Definition
(7.10) implies s(0,0,¢) = 0 and s(0,1/2,¢) > 0. Further, ¥¥((,£) > 0 for all € €
Kot = [-1,1] and for all { < oP, see Lemma 6.2. These facts yield w?(0,¢,&,n) <
wP(1/2,¢,&,m). Consequently, if @P(0,¢) > 0 then &P(1/2,¢) > 0. Thus, ¢?(0) <
oP(1/2) which finishes the proof. a

THEOREM 8.2. Let us consider the hp-FEM problem (2.3) discretized on a mesh
Thp. Denote by hx and pi the lengths and the polynomial degrees of elements K €
Thp. Further, consider the relative lengths of elements Hyol = Hfgl given by (7.7) and
constants of, BP, v, and 6P introduced in Lemma 6.2, Lemma 6.3, and (8.1). Let us
assume (7.24) and let the function oP(0) defined by Lemma 7.5 be concave downward.
If the following conditions

HTel <1/3, (8.2)
232 ; PK QPK ~PK HrIc{l DK
K“hf < min < oPX GPK ~ W—’—& (8.3)
rel

are satisfied for all elements K € Ty, then the approzimate problem (2.3) satisfies the
DMP.
Proof. If aP%(6) is concave downward then

YPEQ + 6PK < gPE () for all 6 € [0,1/2]. (8.4)
This and (8.3) imply

th% < APEQ 4 6P < ogPE(9) for all K € Ty, (8.5)



18 T. VEJCHODSKY

because § = X = HX /(1 — HX)) by (7.7). The DMP now follows from (8.5), (8.2),

Lemma 7.5, Corollary 7.4, Lemmas 6.2 and 6.3, and Theorems 6.1 and 3.4. a
The values of parameters o, 8P, vP, and 6P are listed in Table 9.1 below for
p=1,2,...,10. Furthermore, there are two technical assumptions in Theorem 8.2.

The validity of the first technical assumption (7.24) follows from the analysis of the
Poisson problem which was done in [18]. This issue was already discussed at the
end of Section 7.4. The second technical assumption requires o?(6) being concave
downward. This is verified in Section 9.

The fundamental conditions for the validity of the DMP are (8.2) and (8.3).
Notice that (8.2) and (8.3) limit the relative length HX| of elements from both sides.
Indeed, the inequality

K
R P (8.6)
1 - Hrel
cf. (8.3), is equivalent to
K2h%, — 6PK < (K2h3, — OPK + AP HE. (8.7)

Now, we split the analysis into two cases (i) k?h% < 6P% and (ii) k2h3%. > 0P%. If (i)
k2h2%. < 6P then, clearly, (8.6) holds because y?% > 0 by Lemma 8.1. Hence, there
is no lower bound for H,e in this case. However, this case is rare. Condition (i) can
be nontrivially satisfied for p = 1,2, 4, and 6 only, cf. Table 9.1.

On the other hand, if (ii) x2h% > 6PX then x2h% — 6PX + 4PK > 0 again by
Lemma 8.1 and we obtain from (8.7) the following lower bound for HX

k2h3. — §PK K
27,2 S Hrel'
K h’K —_ 6PK —+ fyPK

This lower bound, however, allows for the lengths of the elements to be arbitrarily
small. Indeed, if hk is already small enough to satisfy (8.6) then an element of the
length hg /2 with the same polynomial degree satisfies (8.6) as well. This follows
immediately from

1 1 HE 1 HE /2
2 h ) 2 i 2h2 < _APK rel _5pK < ~PK rel 6PK
Wi [2)” = grohie < P T T S TR s T

where the last inequality holds if HX < 2/3 but this is guaranteed by (8.2). Thus, we
have shown that if a mesh 7j, with a distribution of polynomial degrees px, K € Tpyp,
satisfies the conditions of Theorem 8.2 then its uniform refinement satisfies the same
conditions and consequently the DMP.

The final part of this section treats the special case of the linear and quadratic
elements. The results are summarized in the following theorem.

THEOREM 8.3. Let the finite element mesh Ty, consist of liner and quadratic

elements only. If
K2h3% <6 for all K € Thp with the polynomial degree pr =1 (8.8)
and if

k2h% < 20/3  for all K € Ty, with the polynomial degree px = 2 (8.9)
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TABLE 9.1
The critical values aP, BP, vP, and 6P.

p aP 3P AP &P
1 [e'¢) 6 0 [e'¢)
2 20/3 00 0 00
3 38.61 25.89 5.608 0
4 18.91 o] 2936 3.614
5 49.44 59.82 7.799 0
6 37.56 9] 7.247  0.887
7 72.82 107.81 9.791 0
8 62.62 [e9) 9.709 0
9 104.09 169.85 11.510 0
10 94.10 oo 10.644 0

then approzimate problem (2.3) satisfies the DMP.

Proof. The statement follows from Theorem 6.1. Indeed, Gzp =0 for p=1 and
Gzp > 0 for p = 2. Hence, the most complicated condition (¢) from Theorem 6.1 is
trivially satisfied. For linear and quadratic elements, the validity of conditions (a)
and (b) can be easily verified. It turns out that condition (a) always holds for p =1
and it is equivalent to (8.9) for p = 2. Condition (b) is equivalent to (8.8) for p =1
and it is always satisfied for p = 2, cf. Table 9.1. O

Notice, that the requirement (8.9) for quadratic elements is weaker than the
requirement (8.8) for linear elements. Hence, interestingly, the quadratic elements
behave slightly better with respect to the DMP than the linear elements.

9. Computation of the critical parameters. In this section, we verify the
assumptions of Theorem 8.2 numerically for p = 1,2,...,10 because these polynomial
degrees are most often used in practice. The computed values of oP(f) for p =
3,4,...,10 are shown in Figure 9.1. We see that o?(6) is concave downward and that
it can be estimated from below by the linear function (8.4).

6 - T T T 6
p=10
=9
5 P 5
p=7 p=4 =
4 1 a4+ p=6
p=5 _
—~ = p=8
&3 =3
© )
p:3 p:3
2 ] 2r
1 1
0 : 0
0 0.1 0.2 0 0.3 0.4 0.5 0 0.1 0.2 0 0.3 0.4 0.5

Fi1G. 9.1. The graphs of oP(0) for p =3,5,7,9 (left) and for p = 4,6,8,10 (right). The dotted
line in the right panel shows o(0) to indicate that o3 (0) < oP(0) for allp = 3,4,...,10, 0 € [0,1/2].

In Section 6.1 we described how to compute the critical parameters o and (GP.
The parameters 4P and 6? are defined by (8.1). The values of these parameters for
p=1,2,...,10 are summarized in Table 9.1. Practically, it does not make much sense
to consider the function o?(6) for p = 1 and for p = 2. However, for consistency, we
define v =42 =0 and 6' = 62 = oo.
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The results observed in Table 9.1 allow to simplify assumption (8.3) in Theo-
rem 8.2. Requirement (8.2) is equivalent to the inequality HE /(1— HE) = 0K <1/2,
ct. 7.7. From Table 9.1 we see that

1
AP 4 gpx Swpki—i—&“( < min{aP*, P} for px = 3,4,...,10.

Thus, the crucial assumption (8.3) in Theorem 8.2 can be simplified as follows

K

H
K*h% < vpKﬁ + 0675 for all K € Ty, px = 3,4,...,10. (9.1)
rel

Another observation from the numerical results is that o3(f) < oP() for all
p = 3,4,...,10, see Figure 9.1. This implies that condition (8.3) in Theorem 8.2
or its simplified version (9.1) is the most strict for p = 3. In other words, if the
DMP is valid on a mesh with cubic elements only then it is also valid on the same
mesh with the arbitrary distribution of polynomial degrees (up to the degree 10).
This observation (that the cubic elements are the “worst”) is in agreement with the
previous results for the Poisson problem, cf. [18].

The growing trend of values o? () for increasing p observed in Fig. 9.1 allows us
to conclude this paper the following Conjecture.

CONJECTURE 9.1. Let Ty, be a finite element mesh in an interval Q = (aq, bq).
Let us consider an arbitrary distribution of polynomial degrees in Tp,. Denote by hi
and HYX = hx /(bo — aq) the length and the relative length of the element K € Thp,

rel

respectively. If
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Kk“h%

WSHK<1/3 fOTallKG'];lp,

rel =

where v3 ~ 5.608797, then the approzimate problem (2.3) satisfies the DMP.
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