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Abstract. In this paper we find the condition on the ω which ensures the
equivalency of norms of the Riesz potential and the fractional maximal function
in generalized Morrey space Mp,ω(Rn).

1. Introduction

For x ∈ Rn and r > 0, let B(x, r) denote the open ball centered at x of radius

r and
{
B(x, r) denote the set Rn\B(x, r).

Let f ∈ Lloc
1 (Rn). The fractional maximal operator Mα and the Riesz potential

Iα is defined by

Mαf(x) = sup
r>o

|B(x, r)|−1+α
n

∫
B(x,r)

|f(y)|dy, 0 ≤ α < n,

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy, 0 < α < n,

where |B(x, t)| is the Lebesgue measure of the ball B(x, t).
By A . B we mean that A ≤ cB with some positive constant c independent

of appropriate quantities. If A . B and B . A, we write A ≈ B and say that A
and B are equivalent.

Recall that, for 0 < α < n,

Mαf(x) . Iα(|f |)(x). (1.1)

In the theory of partial differential equations, together with weighted Lp,w

spaces, Morrey spaces Mp,λ play an important role. They were introduced by C.
Morrey in 1938 [9] and defined as follows: For λ ≥ 0, 1 ≤ p ≤ ∞, f ∈ Mp,λ if
f ∈ Lloc

p (Rn) and

‖f‖Mp,λ
≡ ‖f‖Mp,λ(Rn) = sup

x∈Rn, r>0
r−λ/p‖f‖Lp(B(x,r)) <∞
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holds .
These spaces appeared to be quite useful in the study of local behaviour of the

solutions of elliptic partial differential equations.
If in place of the power function r−λ/p in the definition of Mp,λ we consider any

positive weight function ω defined on (0,∞), then it becomes the Morrey-type
space Mp,ω.

Definition 1.1. Let 1 ≤ p ≤ ∞, ω be a positive weight function ω defined on
(0,∞). f ∈Mp,ω if f ∈ Lloc

p (Rn) and

‖f‖Mp,ω
≡ ‖f‖Mp,ω(Rn) = sup

x∈Rn, r>0
ω(r)‖f‖Lp(B(x,r)) <∞

In the paper [2] D.R.Adams and J.Xiao have proved the following Theorem.

Theorem 1.2 (Theorem 4.2, [2]). Let 1 < p < ∞, 0 < α < n, 0 ≤ λ ≤ n. If
f ∈ Lloc,+

p (Rn), then

‖Iαf‖Mp,λ
∼ ‖Mαf‖Mp,λ

. (1.2)

The proof of this Theorem is not correct, because the non-correct estimation
(see (4.8) in [2]) was used. In this work we show that the estimation (4.8) in [2]
is wrong by giving the counterexample and we present right formulation of such
estimation (see the inequality (4.3)).

We find sufficient condition on the ω which ensures the equivalency of Mp,ω-
norms of the Riesz potential and the fractional maximal function. As Corollary
7.5, we obtain a correct proof of the Theorem 1.2. Our main result is presented
in section 7.

2. Preliminaries

In this section we present some preliminary results on the Fefferman-Stein
sharp maximal and local sharp maximal functions.

Let us denote by f# and f#
Q0

the Fefferman-Stein sharp and local sharp maximal

functions. Recall that fE denotes the mean value fE = (1/|E|)
∫

E
f(y)dy of an

integrable function f over a set E of positive finite measure.

Definition 2.1. For f ∈ Lloc
1 (Rn) the sharp function f# of f is defined by

f#(x) = sup
B3x

1

|B|

∫
B

|f(y)− fB|dy, (2.1)

where the supremum is taken over all balls B containing x.

Definition 2.2. If f is integrable over fixed cube Q0 in Rn, the local sharp
function f#

Q0
of f relative to Q0 is defined by

f#
Q0

(x) = sup
Q⊂Q0
Q3x

1

|Q|

∫
Q

|f(y)− fQ|dy, (x ∈ Q0), (2.2)
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where the supremum extends over all cubes Q that contains x and are contained
in Q0.

Proposition 2.3. ([1], Proposition 3.3) For 0 < α < n and any f such that Iαf
is locally integrable,

(Iαf)#(x) ≤ cMαf(x), all x, (2.3)

c independent of f and x.

Proposition 2.4. ([5], Proposition 7.4) If f is integrable over a cube Q0, then

[(f − fQ0)χQ0 ]
∗∗(t) ≤ c

∫ |Q0|

t

(f#
Q0

)∗(s)
ds

s
,

(
0 < t <

|Q0|
6

)
. (2.4)

From this Proposition immediately follows next Corollary.

Corollary 2.5. If f is integrable over a cube Q0, then

‖f − fQ0‖Lp(Q0) ≤ c‖f#
Q0
‖Lp(Q0). (2.5)

Proof. By Proposition 2.4

[(f − fQ0)χQ0 ]
∗(t) ≤ c

∫ |Q0|

t

(f#)∗(s)
ds

s
, (0 < t < |Q0|/6) . (2.6)

Since (∫ |Q0|
6

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

≤ c

(∫ |Q0|

0

(∫ |Q0|

t

(f#
Q0

)∗(s)
ds

s

)p

dt

) 1
p

= c

(∫ |Q0|

0

(
t
1− 1

p′

∫ |Q0|

t

(f#
Q0

)∗(s)
ds

s

)p
dt

t

) 1
p

,

applying Hardy’s inequality ([5], III (3.19)), we get(∫ |Q0|
6

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

≤ c

(∫ |Q0|

0

(
(f#

Q0
)∗(t)

)p

dt

) 1
p

= c‖f#
Q0
‖Lp(Q0).



4 A. GOGATISHVILI, R. MUSTAFAYEV

But by monotonicity of [(f − fQ0)χQ0 ]
∗ (t)

‖f − fQ0‖Lp(Q0) =

(∫ |Q0|

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

≤

(∫ |Q0|
6

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

+

(∫ |Q0|

|Q0|
6

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

≤ c

(∫ |Q0|
6

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

+ c [(f − fQ0)χQ0 ]
∗
(
|Q0|
6

)
|Q0|

1
p

≤ c

(∫ |Q0|
6

0

([(f − fQ0)χQ0 ]
∗ (t))

p
dt

) 1
p

.

�

Corollary 2.6. If f is integrable over a cube Q0, then

‖f‖Lp(Q0) ≤ c‖f#
Q0
‖Lp(Q0) + c|Q0|

1
p |f |Q0 . (2.7)

Proof. Since

‖f‖Lp(Q0) ≤ ‖f − fQ0‖Lp(Q0) + ‖fQ0‖Lp(Q0),

By Corollary 2.5

‖f‖Lp(Q0) ≤ c‖f#
Q0
‖Lp(Q0) + c|Q0|

1
p |f |Q0 .

�

Remark 2.7. Corollary 2.6 shows that in the inequality (7.13) in Corollary 7.5
in [5] multiplier |Q0|1/p in front of |f |Q0 had been lost.

The following Proposition is true

Proposition 2.8. If f is integrable over a cube Q0, then

[(f − fQ0)χQ0 ]
∗∗(t) ≤ c

∫ |Q0|

t

(f#
Q0

)∗(s)
ds

s
+ c(f#

Q0
)∗(|Q0|), (0 < t < |Q0|) . (2.8)
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Proof. Indeed, taking into account monotonicity of [(f − fQ0)χQ0 ]
∗∗(t), for t :

|Q0|/6 ≤ t ≤ |Q0| we have

[(f − fQ0)χQ0 ]
∗∗(t) ≤ [(f − fQ0)χQ0 ]

∗∗
(
|Q0|
6

)
≤ 6

|Q0|

∫ |Q0|

0

[(f − fQ0)χQ0 ]
∗(t)dt

=
6

|Q0|

∫
Q0

|f − fQ0| ≤ c inf
x∈Q0

f#
Q0

(x).

Since
f ∗(t) = sup

|E|=t

inf
x∈E

|f(x)|

(see [8]), we arrive at

[(f − fQ0)χQ0 ]
∗∗(t) ≤ c(f#

Q0
)∗(|Q0|),

|Q0|
6

≤ t ≤ |Q0|. (2.9)

�

Definition 2.9. For f ∈ Lloc
1 (Rn) the local sharp function f#

B0
of f relative to

B0 is defined by

f#
B0

(x) = sup
B⊂2B0

B3x

1

|B|

∫
B

|f(y)− fB|dy, (x ∈ B0), (2.10)

where the supremum extends over all balls B that contains x and are contained
in 2B0.

The following Proposition is true

Proposition 2.10. If f ∈ Lloc
1 (Rn), then for any ball B0 in Rn

[(f − fB0)χB0 ]
∗∗(t) ≤ c

∫ |B0|

t

(f#
B0

)∗(s)
ds

s
+ c(f#

B0
)∗(|B0|), (0 < t < |B0|) . (2.11)

Proof. Let t : 0 < t < |B0| and Q0 be the cube concentric with B0, such that
B0 ⊂ Q0 ⊂ 2B0. Then

[(f − fB0)χB0 ]
∗∗(t) ≤ [(f − fQ0)χB0 ]

∗∗(t) + [(fQ0 − fB0)χB0 ]
∗∗(t)

≤ [(f − fQ0)χB0 ]
∗∗(t) + |fB0 − fQ0|

≤ [(f − fQ0)χQ0 ]
∗∗(t) +

1

|B0|

∫
B0

|f − fQ0|

≤ [(f − fQ0)χQ0 ]
∗∗(t) +

|Q0|
|B0|

∫
Q0

|f − fQ0 |

≤ c[(f − fQ0)χQ0 ]
∗∗(t) + c inf

x∈Q0

(f#
Q0

)(x)

≤ c[(f − fQ0)χQ0 ]
∗∗(t) + c(f#

Q0
)∗(t).
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By Proposition 2.8 and monotonicity of (f#
Q0

)∗(t)

[(f − fB0)χB0 ]
∗∗(t) ≤ c

∫ |Q0|

t

(f#
Q0

)∗(s)
ds

s
+ c(f#

Q0
)∗(|Q0|)

≤
∫ |B0|

t

(f#
Q0

)∗(s)
ds

s
+

∫ |Q0|

|B0|
(f#

Q0
)∗(s)

ds

s
+ c(f#

Q0
)∗(|Q0|)

≤
∫ |B0|

t

(f#
Q0

)∗(s)
ds

s
+ c(f#

Q0
)∗(|B0|) + c(f#

Q0
)∗(|Q0|)

≤
∫ |B0|

t

(f#
Q0

)∗(s)
ds

s
+ c(f#

B0
)∗(|B0|).

Since f#
Q0

(x) ≤ cf#
B0

(x), x ∈ B0, we arrive at (2.11). �

In the same way, as it has been done in the proof of Corollary 2.5, we can prove
the following Corollary.

Corollary 2.11. If f ∈ Lloc
1 (Rn), then any ball B0 in Rn

‖f − fB0‖Lp(B0) ≤ c‖f#
B0
‖Lp(B0). (2.12)

Proof. Since by Proposition 2.10

[(f − fB0)χB0 ]
∗(t) ≤ c

∫ |B0|

t

(f#
B0

)∗(s)
ds

s
+ c(f#

B0
)∗(|B0|), (0 < t < |B0|) ,

applying Hardy’s inequality ([5], III (3.19)), we get

‖f − fB0‖Lp(B0) =

(∫ |B0|

0

([(f − fB0)χB0 ]
∗(t))p dt

) 1
p

≤ c

(∫ |B0|

0

(
f#

B0
)∗(t)

)p

dt

) 1
p

= c‖f#
B0
‖Lp(B0).

�

3. Lp-estimates of Riesz potential over cubes

Let us denote by Lloc,+
p (Rn) the set of non-negative functions from Lloc

p (Rn).

Let 1 < p <∞, f ∈ Lloc,+
p (Rn). Denote by 2Q = Q(x0, 2r). For any Q ⊂ Rn we

have

‖Iαf‖Lp(Q) ≤ ‖Iα(fχ(2Q))‖Lp(Q) + ‖Iα(fχ {(2Q)
)‖Lp(Q) (3.1)

It’s clear that x ∈ Q, y ∈ {
(2Q) implies |y − x| ∼ |y − x0|. Therefore

‖Iα(fχ {(2Q)
)‖Lp(Q) ≈ c|Q|

1
p

∫
Rn\(2Q)

|f(y)|
|y − x0|n−α

dy. (3.2)
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Corollary 3.1. Let 1 < p < ∞, 0 < α < n, f ∈ Lloc,+
p (Rn). Then for any cube

Q = Q(x0, r) ⊂ Rn

‖Iαf‖Lp(Q) ≈ ‖Iα(fχ(2Q))‖Lp(Q) + |Q|
1
p

∫
Rn\(2Q)

|f(y)|
|y − x0|n−α

dy (3.3)

holds.

Let us estimate ‖Iα(fχ(2Q))‖Lp2 (Q). The following lemma is true

Lemma 3.2. Let 0 < α < n, 0 < p2 < ∞ and f ∈ Lloc
p1

(Rn). Moreover, let
1 < p2n

n+αp2
≤ p1 <∞, or p2n

n+αp2
< 1 ≤ p1 <∞, or p2n

n+αp2
= 1 < p1 <∞. Then for

any cube Q ⊂ Rn

‖Iα(fχ(2Q))‖Lp2 (Q) . |Q|
α
n
−
�

1
p1
− 1

p2

�
‖f‖Lp1 (2Q). (3.4)

Proof. Suppose that 1 < p2n
n+αp2

≤ p1 <∞. Then by Sobolev’s theorem we have

‖Iα(fχ(2Q))‖Lp2 (Q) . ‖f‖L p2n
n+αp2

(2Q).

If p2n
n+αp2

= p1, then we arrive at (3.4). If p1 >
p2n

n+αp2
, then applying Hölder’s

inequality (with exponents p1(n+αp2)
p2n

and (p1(n+αp2)
p2n

)′) we get (3.4).

Assume that p2n
n+αp2

< 1 ≤ p1 <∞. Since∫
Q

(
Iα(fχ(2Q))(x)

)p2 dx ≤
∫ |Q|

0

[(
Iα(fχ(2Q))

)∗
(t)
]p2

dt

≤

[
sup

0<t<|Q|
t

n−α
n

(
Iα(fχ(2Q))

)∗
(t)

]p2 ∫ |Q|

0

t
α−n

n
p2dt

(3.5)

Using the boundedness of Iα from L1(Rn) to WL n
n−α

(Rn) we have∫
Q

(
Iα(fχ(2Q))(x)

)p2 dx . ‖f‖p2

L1(2Q)|Q|
α−n

n
p2+1dt. (3.6)

Therefore

‖Iα(fχ(2Q))‖Lp2 (Q) . |Q|
α
n
−
�
1− 1

p2

�
‖f‖L1((2Q)). (3.7)

If p1 = 1, then we arrive at (3.4). If p1 > 1, then applying Hölder’s inequality
(with exponents p1 and p1

′ we get (3.4).

Suppose that p2n
n+αp2

= 1 < p1 <∞. Let p0 > p1 be defined by n
(

1
p1
− 1

p0

)
= α.

Then by Hölder’s inequality (with exponents p0

p2
and (p0

p2
)′) we have

‖Iα(fχ(2Q))‖Lp2 (Q) . |Q|
1

p2
− 1

p0 ‖Iα(fχ(2Q))‖Lp0 (Q). (3.8)

Then by Sobolev’s theorem we arrive at (3.4). �

The statement of the following lemma follows from (3.1), (3.2) and Lemma 3.2.
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Lemma 3.3. Let 0 < α < n, 0 < p2 < ∞, f ∈ Lloc
p1

(Rn). Moreover, let
1 < p2n

n+αp2
≤ p1 <∞, or p2n

n+αp2
< 1 ≤ p1 <∞, or p2n

n+αp2
= 1 < p1 <∞. Then for

any cube Q = Q(x0, r) ⊂ Rn

‖Iαf‖Lp2 (Q) ≤ c|Q|
1

p2

∫
Rn\(2Q)

|f(y)|
|y − x0|n−α

dy + c|Q|
α
n
−
�

1
p1
− 1

p2

�
‖f‖Lp1 (2Q), (3.9)

where constant c does not depend on |Q|.
Remark 3.4. Note that statement of Lemma 3.3 for balls had been proved in
[3].

Let us recall the following Theorem proved in [3]

Theorem 3.5. Let 0 < α < n, 0 < p <∞, pn
n+αp

< 1, and f ∈ Lloc
p (Rn). Then

‖Iα|f |‖Lp(B(x,r)) ≈ r
n
p

∫
Rn\B(x,r)

|f(y)|
|y|n−α

dy + rα−n(1− 1
p)
∫

B(x,r)

|f(y)|dy. (3.10)

4. Relation between ‖Iαf‖Lp(Q) and ‖Mαf‖Lp(Q)

By means of properties of Riesz potential and fractional maximal function
obtained in previous two sections we are able to prove the following Theorem.

Theorem 4.1. Let 1 < p < ∞ and f ∈ Lloc,+
p (Rn). Then for any cube Q =

Q(x0, r0)

‖Iαf‖Lp(Q) ≈ ‖Mαf‖Lp(Q) + |Q|
1
p

∫
Rn\Q

f(y)dy

|y − x0|n−α
(4.1)

Proof. Let us assume that f ≥ 0 a.e.. By Corollary 2.5 and Proposition 2.3 we
obtain

‖Iαf − (Iαf)Q‖Lp(Q) ≤ c‖(Iαf)#‖Lp(Q) ≤ c‖Mαf‖Lp(Q). (4.2)

Since

‖Iαf‖Lp(Q) ≤ ‖Iαf − (Iαf)Q‖Lp(Q) + |Q|
1
p (Iαf)Q,

by (4.2) we arrive at

‖Iαf‖Lp(Q) ≤ c‖Mαf‖Lp(Q) + c|Q|
1
p (Iαf)Q.

Applying Lemma 3.3 for p1 = 1, p2 = 1, we get

‖Iαf‖Lp(Q) ≤ c‖Mαf‖Lp(Q) + c|Q|
1
p
−1|Q|

α
n ‖f‖Lp(2Q)

+ c|Q|
1
p

(∫
Rn\2Q0

f(y)dy

|y − x0|n−α
dy

)
≤ c|Q|

1
p inf

x∈Q
Mαf(x) + c|Q|

1
p

(∫
Rn\2Q0

f(y)dy

|y − x0|n−α
dy

)
≤ c‖Mαf‖Lp(Q) + c|Q|

1
p

(∫
Rn\2Q0

f(y)dy

|y − x0|n−α
dy

)
.
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The reverse eatimate is clear from (1.1) and (3.2). �

In view of Corollary 2.11 and Remark 3.4 it is clear that the following Lemma
is true.

Lemma 4.2. Let 1 < p <∞ and f ∈ Lloc,+
p (Rn). Then for any ball B = B(x0, r0)

‖Iαf‖Lp(B) ≈ ‖Mαf‖Lp(B) + |B|
1
p

∫
Rn\B

f(y)dy

|y − x0|n−α
(4.3)

Remark 4.3. Since for finite functions from Lloc,+
p (Rn)

(Iαf)#(x) ∼ Mαf(x), for any x ∈ Rn

(see [1], Proposition 3.3 and 3.4), then the inequality (4.3) could be written in
the following form

‖Iαf‖Lp(Q) ≈ ‖(Iαf)#‖Lp(Q) + |Q|
1
p

∫
Rn\Q

f(y)dy

|y − x0|n−α
. (4.4)

This inequality suggests to us that inequality (4.8) in [2] hardly to hold. Next
example proves our doubt: For 0 < r < R/4 consider the finite function

f(y) = |y|−αχB(0,R)\B(0,2r)(y).

It is easy to calculate that

‖Mαf‖Lp(B(0,r)) ≈ r
n
p

and

‖Iαf‖Lp(B(0,r)) ≈ r
n
p ln

R

r
.

Thus
‖Iαf‖Lp(B(0,r)) 6≈ ‖Mαf‖Lp(B(0,r)) ≈ ‖(Iαf)#‖Lp(B(0,r)).

Lemma 4.4. Let 1 < p <∞ and f ∈ Lloc,+
p (Rn). Then for any cube Q ⊂ Rn

‖Iα(fχ(2Q))‖Lp(Q) ≈ ‖Mα(fχ(2Q))‖Lp(Q). (4.5)

Proof. Let Q = Q(x0, r0). In view of (1.1) we need to show that

‖Iα(fχ(2Q))‖Lp(Q) . ‖Mα(fχ(2Q))‖Lp(Q). (4.6)

By Theorem 4.1 we have

‖Iα(fχ2Q)‖Lp(Q) . ‖Mα(fχ2Q)‖Lp(Q) + |Q|
1
p

∫
2Q\Q

f(y)dy

|y − x0|n−α
(4.7)

But if y ∈ 2Q\Q, then |y − x0| v r0. Hence

|Q|
1
p

∫
2Q\Q

f(y)dy

|y − x0|n−α
. |Q|

1
p

1

|Q|1−α
n

∫
2Q

f(y)dy

. |Q|
1
p inf

x∈Q
Mα(fχ2Q)(x) . ‖Mα(fχ(2Q))‖Lp(Q).

�
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Remark 4.5. The same statement is true with balls instead of cubes.

5. Lp-estimates of Fractional maximal function over balls

Theorem 5.1. Let 1 < p < ∞, and f ∈ Lloc,+
p (Rn). Then for any ball B =

B(x, r) in Rn

‖Mαf‖Lp(B) . ‖Mα(fχ(2B))‖Lp(B) + |B|
1
p

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
(5.1)

Proof. It is obvious that for any ball B = B(x, r)

‖Mαf‖Lp(B) ≤ ‖Mα(fχ(2B))‖Lp(B) +Mα(fχRn\(2B))‖Lp(B).

Let y be an arbitrary point from B. If B(y, t)∩{Rn\(2B)} 6= ∅, then t > r. Indeed,
if z ∈ B(y, t) ∩ {Rn\(2B)}, then t ≥ |z − y| ≥ |z − x| − |x− y| > 2r − r = r.

On the other hand B(y, t) ∩ {Rn\(2B)} ⊂ B(x, 2t). Indeed, z ∈ B(y, t) ∩
{Rn\(2B)}, then we get |z − x| ≤ |z − y|+ |y − x| ≤ t+ r ≤ 2t.

Hence

Mα(fχRn\(2B))(y) = sup
t>0

1

|B(y, t)|1−α
n

∫
B(y,t)∩{Rn\(2B)}

f(y)dy

. sup
t≥r

1

|B(x, 2t)|1−α
n

∫
B(x,2t)

f(y)dy

= sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy.

Thus

‖Mαf‖Lp(B) . ‖Mα(fχ(2B))‖Lp(B) + |B|
1
p

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
�

Theorem 5.2. Let 1 < p < ∞, and f ∈ Lloc,+
p (Rn). Then for any ball B =

B(x, r) in Rn

‖Mαf‖Lp(B) & |B|
α
n
−(1− 1

p)‖f‖L1(B)

+ |B|
1
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
(5.2)

Proof. Since B(x, t
2
) ⊂ B(y, t), t > 2r, then

Mαf(y) & sup
t>2r

1

|B(x, t
2
)|1−α

n

∫
B(x, t

2
)

= sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy,

thus

‖Mαf‖Lp(B) & |B|
1
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
. (5.3)
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It is clear that

‖Mαf‖Lp(B) & ‖Mα(fχ(2B))‖Lp(B),

hence

‖Mαf‖Lp(B) & ‖Mα(fχ(2B))‖Lp(B) + |B|
1
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
.

On the other hand, if y ∈ B(x, r), then B(x, t) ⊂ B(y, t) for t > 2r, then

Mα(fχ(2B))(y) & sup
t>2r

1

|B(y, t)|1−α
n

∫
B(y,t)∩2B(x,r)

f(y)dy & |B|
α
n
−1

∫
B

f(y)dy.

Hence

‖Mα(fχ(2B))‖Lp(B) & |B|
α
n
−(1− 1

p)‖f‖L1(B).

�

From Remark 4.5, Theorem 5.1 and Lemma 3.1 in [3] follows next statement.

Lemma 5.3. Let 0 < α < n, 0 < p2 < ∞, f ∈ Lloc
p1

(Rn). Moreover, let
1 < p2n

n+αp2
≤ p1 <∞, or p2n

n+αp2
< 1 ≤ p1 <∞, or p2n

n+αp2
= 1 < p1 <∞. Then for

any ball B = B(x, r) ⊂ Rn

‖Mαf‖Lp2 (B) ≤ c|B|
1

p2

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

|f(y)|dy
)

+ c|B|
α
n
−
�

1
p1
− 1

p2

�
‖f‖Lp1 (2B),

(5.4)

where constant c does not depend on |B|.

Lemma 5.4. Let 0 < α < n, 0 < p2 < ∞, f ∈ Lloc
p1

(Rn). Moreover, let
1 < p2n

n+αp2
≤ p1 <∞, or p2n

n+αp2
< 1 ≤ p1 <∞, or p2n

n+αp2
= 1 < p1 <∞. Then for

any ball B = B(x, r) ⊂ Rn

‖Mαf‖Lp2 (B) ≤ c|B|
1

p2

(
sup
t≥r

1

|B(x, t)|
1

p1
−α

n

(∫
B(x,t)

|f(y)|p1dy

) 1
p1

)
, (5.5)

where constant c does not depend on |B|.

Proof. Denote by

M1 : = |B|
1

p2

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

|f(y)|dy
)
,

M2 : = |B|
α
n
−
�

1
p1
− 1

p2

�
‖f‖Lp1 (2B).

Applying Hölder’s inequality, we get

M1 . |B|
1

p2

(
sup
t≥2r

1

|B(x, t)|
1

p1
−α

n

(∫
B(x,t)

|f(y)|p1dy

) 1
p1

)
.
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On the other hand

|B|
1

p2

(
sup
t≥2r

1

|B(x, t)|
1

p1
−α

n

(∫
B(x,t)

|f(y)|p1dy

) 1
p1

)

& |B|
1

p2

(
sup
t≥2r

|B(x, t)|
α
n
− 1

p1

)
‖f‖Lp1 (2B) ≈ M2.

Since by Lemma 5.3
‖Mαf‖Lp2 (B) ≤M1 +M2,

we arrive at (5.5). �

Remark 5.5. Inequality (5.5) improves the inequality (22) in [4]

‖Mαf‖Lp2 (B(0,r)) ≤ cr
n
p2

(∫ ∞

r

(∫
B(0,t)

|f(x)|p1dx

)
dt

tn−αp1+1

) 1
p1

.

This follows since

sup
t≥r

1

|B(0, t)|
1

p1
−α

n

(∫
B(0,t)

|f(y)|p1dy

) 1
p1

≤
(∫ ∞

r

(∫
B(0,t)

|f(x)|p1dx

)
dt

tn−αp1+1

) 1
p1

Indeed, by easy calculation and the Fubini theorem, we get

sup
t≥r

1

|B(0, t)|
1

p1
−α

n

(∫
B(0,t)

|f(y)|p1dy

) 1
p1

≤ sup
t≥r

1

|B(0, t)|
1

p1
−α

n

(∫
B(0,r)

|f(y)|p1dy

) 1
p1

+ sup
t≥r

1

|B(0, t)|
1

p1
−α

n

(∫
B(0,t)\B(0,r)

|f(y)|p1dy

) 1
p1

≤ 1

|B(0, r)|
1

p1
−α

n

(∫
B(0,r)

|f(y)|p1dy

) 1
p1

+

(∫
Rn\B(0,r)

|f(x)|p1

|x|n−αp1
dx

) 1
p1

.

(∫ ∞

r

(∫
B(0,r)

|f(y)|p1dy

)
dt

tn−αp1+1

) 1
p1

+

(∫ ∞

r

(∫
B(0,t)\B(0,r)

|f(x)|p1dx

)
dt

tn−αp1+1

) 1
p1

.

(∫ ∞

r

(∫
B(0,t)

|f(x)|p1dx

)
dt

tn−αp1+1

) 1
p1

.
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The following Theorem is true.

Theorem 5.6. Let 0 < α < n, 0 < p <∞, pn
n+αp

< 1, and f ∈ Lloc,+
p (Rn). Then

for any ball B = B(x, r) ⊂ Rn

‖Mαf‖Lp(B) ≈ r
n
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
+ rα−n(1− 1

p)
∫

B(x,r)

f(y)dy.

(5.6)

Proof. In view of the Theorem 5.2 we need only to prove that

‖Mαf‖Lp(B) . r
n
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
+ rα−n(1− 1

p)
∫

B(x,r)

f(y)dy.

By Theorem 5.1 and Lemma 4.4, we have

‖Mαf‖Lp(B) . ‖Iα(fχ(2B))‖Lp(B) + |B|
1
p

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
.

Taking into account Lemma 3.1 in [3], we get

‖Mαf‖Lp(B) . |B|
α
n
−(1− 1

p)‖f‖L1(2B) + |B|
1
p

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
.

Then

‖Mαf‖Lp(B) . |B|
α
n
−(1− 1

p)‖f‖L1(B) + |B|
1
p

(
sup

r≤t<2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
+ |B|

1
p

(
sup
t≥2r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
≈ |B|

α
n
−(1− 1

p)‖f‖L1(B) + |B|
1
p

(
sup
t≥r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
.

�

6. A note on some Hardy-type inequalities

In this section we present some results about Hardy inequality, which is needed
to prove main theorem.

Lemma 6.1. Let β > 0, δ > 0 and ω be a positive weight function defined on
(0,∞). Then the following inequality

sup
r>0

ω(r)rβ

∫ ∞

r

g(t)

tδ
dt . sup

r>0
ω(r)rβ

(
sup
t>r

t−δ

∫ t

0

g(s)ds

)
(6.1)
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holds for any non-negative measurable g on (0,∞) if and only if∫ ∞

x

t−δ−1 (ψ(t))−1 dt ≤ c x−δ (ψ(x))−1 , x > 0, (6.2)

where

ψ(x) = sup
x<s<∞

s−δ sup
0<τ<s

ω(τ)τβ.

Proof. Denote by

A := sup
g≥0

supr>0 ω(r)rβ
∫∞

r
g(t)
tδ
dt

supr>0 ω(r)rβ
(
supt>r t

−δ
∫ t

0
g(s)ds

) .
Whenever F, G are non-negative functions on (0,∞) and F is non-increasing,
then

ess sup
t∈(0,∞)

F (t)G(t) = ess sup
t∈(0,∞)

F (t) ess sup
s∈(0,t)

G(s), t ∈ (0,∞); (6.3)

likewise, when F is non-decreasing, then

ess sup
t∈(0,∞)

F (t)G(t) = ess sup
t∈(0,∞)

F (t) ess sup
s∈(t,∞)

G(s), t ∈ (0,∞). (6.4)

By standart duality argument, the Fubini theorem and (6.3), we have for A

A = sup
g≥0

sup
ϕ≥0

∫∞
0

(∫∞
r

g(t)
tδ
dt
)
ϕ(r)dr∫∞

0
ω−1(r)r−βϕ(r)dr

1

supr>0 t
−δ (sup0<s<r ω(s)sβ)

(∫ t

0
g(s)ds

)
= sup

ϕ≥0

1∫∞
0
ω−1(r)r−βϕ(r)dr

sup
g≥0

∫∞
0
t−δ
(∫ t

0
ϕ(r)dr

)
g(t)dt

supt>0 t
−δW (t)

(∫ t

0
g(s)ds

) ,
where W (t) = sup0<s<t ω(s)sβ. By Theorem 5.4 in [6]

sup
g≥0

∫∞
0
t−δ
(∫ t

0
ϕ(r)dr

)
g(t)dt

supt>0 t
−δW (t)

(∫ t

0
g(s)ds

)
≈
∫ ∞

0

sup
t<s<∞

(
s−δ

∫ s

0

ϕ(r)dr

)
d

(
sup

t<s<∞
s−δW (s)

)−1

.

Thus

A ≈
∫∞

0
supt<s<∞

(
s−δ
∫ s

0
ϕ(r)dr

)
d
(
supt<s<∞ s−δW (s)

)−1∫∞
0
ω−1(r)r−βϕ(r)dr

.
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Applying Theorem 4.1 in [7], we get

A ≈ sup
x>0

(
x−δ

∫ x

0

d

(
sup

t<s<∞
s−δW (s)

)−1

+

∫ ∞

x

t−δd

(
sup

t<s<∞
s−δW (s)

)−1
)

sup
0<t<x

ω(t)tβ <∞.

Applying (6.4), we get

sup
x>0

x−δ

∫ x

0

d

(
sup

t<s<∞
s−δW (s)

)−1

sup
0<t<x

ω(t)tβ

= sup
x>0

(
sup

x<s<∞
s−δ sup

0<t<s
ω(t)tβ

)−1

sup
x<s<∞

s−δ sup
0<t<s

ω(t)tβ = 1.

Hence A <∞ if and only if

sup
x>0

(∫ ∞

x

t−δd

(
sup

t<s<∞
s−δ sup

0<τ<s
ω(τ)τβ

)−1
)

sup
0<t<x

ω(t)tβ <∞.

Integrating by part, we obtain

sup
x>0

(∫ ∞

x

t−δd

(
sup

t<s<∞
s−δ sup

0<τ<s
ω(τ)τβ

)−1
)

sup
0<t<x

ω(t)tβ

≤ c sup
x>0

(∫ ∞

x

t−δ−1

(
sup

t<s<∞
s−δ sup

0<τ<s
ω(τ)τβ

)−1

dt

)
sup

0<t<x
ω(t)tβ

= c sup
x>0

xδ

(∫ ∞

x

t−δ−1 (ψ(t))−1 dt

)
x−δ sup

0<t<x
ω(t)tβ.

It is easy to see that xδ
(∫∞

x
t−δ−1 (ψ(t))−1 dt

)
is non-decreasing function, then

by (6.4) we get

sup
x>0

xδ

(∫ ∞

x

t−δ−1 (ψ(t))−1 dt

)
x−δ sup

0<t<x
ω(t)tβ =

sup
x>0

xδ

(∫ ∞

x

t−δ−1 (ψ(t))−1 dt

)
ψ(x).

Consequently, the condition∫ ∞

x

t−δ−1 (ψ(t))−1 dt ≤ cx−δ (ψ(x))−1 , x > 0

is necessary and sufficient for A <∞. �
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7. Equivalence of norms of Riesz potential and fractional
maximal function in Morrey space

In this section we find the condition on the ω which ensures the equivalency of
norms of the Riesz potential and the fractional maximal function in generalized
Morrey space Mp,ω(Rn).

From Lemma 4.2 follows the next statement.

Theorem 7.1. Let 1 < p < ∞, 0 < α < n, ω be a positive weight function
defined on (0,∞) and f ∈ Lloc,+

p (Rn). Then

‖Iαf‖Mp,ω ∼ ‖Mαf‖Mp,ω

if and only if

sup
x∈Rn, r>0

ω(r)r
n
p

∫
Rn\B(x,r)

f(y)

|x− y|n−α
dy . sup

x∈Rn, r>0
ω(r)r

n
p

(∫
B(x,r)

(Mαf(y))pdy

) 1
p

.

By Theorem 3.5 and Theorem 5.6, we conclude that for small p the statement
is true.

Theorem 7.2. Let 0 < α < n, 1 < p < n
n−α

, ω be a positive weight function

defined on (0,∞) and f ∈ Lloc,+
p (Rn). Then

‖Iαf‖Mp,ω ∼ ‖Mαf‖Mp,ω

if and only if

sup
x∈Rn, r>0

ω(r)r
n
p

∫
Rn\B(x,r)

f(y)

|x− y|n−α
dy . sup

x∈Rn, r>0
ω(r)r

n
p

(
sup
t>r

tα−n

∫
B(x,t)

f(y)dy

)
.

The next Theorem is true.

Theorem 7.3. Let 1 < p < ∞, 0 < α < n, ω be a positive weight function
defined on (0,∞) and f ∈ Lloc,+

p (Rn). If∫ ∞

x

tα−n−1 (ψ(t))−1 dt ≤ cxα−n (ψ(x))−1 , x > 0, (7.1)

where

ψ(x) = sup
x<s<∞

sα−n sup
0<τ<s

ω(τ)τ
n
p ,

then

‖Iαf‖Mp,ω ∼ ‖Mαf‖Mp,ω . (7.2)

Proof. In view of (1.1) we need only to prove

‖Iαf‖Mp,ω . ‖Mαf‖Mp,ω . (7.3)
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With regard to Lemma 4.2 and Theorem 5.1, it will suffice to show that

sup
x∈Rn, r>0

ω(r)r
n
p

∫
Rn\B(x,r)

f(y)

|y − x|n−α
dy

. sup
x∈Rn, r>0

ω(r)r
n
p

(
sup
t>r

1

|B(x, t)|1−α
n

∫
B(x,t)

f(y)dy

)
.

(7.4)

Passing to spherical coordinates, we obtain

sup
x∈Rn, r>0

ω(r)r
n
p

∫ ∞

r

(∫
Σ

f(x+ ρξ)dξ

)
ρα−1dρ

. sup
x∈Rn, r>0

ω(r)r
n
p

(
sup
t>r

tα−n

∫ t

0

(∫
Σ

f(x+ ρξ)dξ

)
ρn−1dρ

)
,

(7.5)

where Σ denotes unit sphere in Rn.
Let us reduce this task to more simply, but equivalent one:

sup
r>0

ω(r)r
n
p

∫ ∞

r

g(t)

tn−α
dt . sup

r>0
ω(r)r

n
p

(
sup
t>r

tα−n

∫ t

0

g(s)ds

)
, (7.6)

for all non-negative measurable functions g on (0,∞). But then the statement
of Theorem immediately follows from Lemma 6.1. �

Theorem 7.2 and the preceding Theorem imply the following statement.

Theorem 7.4. Let 0 < α < n, 1 < p < n
n−α

, ω be a positive weight function

defined on (0,∞) and f ∈ Lloc,+
p (Rn). Then

‖Iαf‖Mp,ω ∼ ‖Mαf‖Mp,ω (7.7)

if and only if (7.1) holds.

From the Theorem 7.3 follows the following Corollary.

Corollary 7.5. Let 1 < p <∞, 0 < α < n, 0 < λ ≤ n. If f ∈ Lloc,+
p (Rn), then

‖Iαf‖Mp,λ
∼ ‖Mαf‖Mp,λ

. (7.8)

Proof. It’s easy see that if α − n + n−λ
p

≤ 0, then the statement immediately

follows from Theorem 7.3. But if α− n+ n−λ
p
> 0, then

sup
r>0

r−
λ
p ‖Mαf‖Lp(B(0,r)) = ∞.

Indeed, since

Mαf(x) & sup
t≥2r

tα−n

∫
B(0,t)

f(y)dy & rα−n

∫
B(0,r)

f(y)dy, x ∈ B(0, r),

then

‖Mαf‖Lp(B(0,r)) & r
n
p
+α−n

∫
B(0,r)

f(y)dy.



18 A. GOGATISHVILI, R. MUSTAFAYEV

Thus

‖Iαf‖Mp,λ
& ‖Mαf‖Mp,λ

= sup
r>0

r−
λ
p ‖Mαf‖Lp(B(0,r))

≥ sup
r>0

rα−n+n−λ
p

∫
B(0,r)

f(y)dy = ∞,

or f = 0 a.e. on Rn. In both cases (7.8) holds. �
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