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Abstract. We give an example of pairs A = (A1, A2), B = (B1, B2) of operators
such that AB = (A1B1, A2, B2) and BA = (B1A1, B2A2) are commuting pairs but
σT (AB) \ {(0, 0)} 6= σT (BA) \ {(0, 0)}. This gives a negative answer to a problem
posed by S. Li. Further, we show that σT (AB) = σT (BA) if A and B are criss-cross
commuting n-tuples and A is normal. This gives a positive answer to a problem studied
in [ChCH].

Denote by B(X) the set of all bounded linear operators on a Banach space X.
It is well-known for two operators A,B ∈ B(X) that the spectra of AB and BA

are almost equal,
σ(AB) \ {0} = σ(BA) \ {0}. (1)

Let A = (An, . . . , An) and B = (B1, . . . , Bn) be two n-tuples of operators on a
Banach space X. We denote by AB the n-tuple

AB = (A1B1, A2B2, . . . , AnBn). (2)

In [L1], S. Li posed the following problem:

Is it true that

σT (AB) \ {(0, . . . , 0)} = σT (BA) \ {(0, . . . , 0)}
for all n-tuples A, B such that the n-tuples AB and BA are commuting (so that the
Taylor spectrum σT is defined)?

In [L1], a positive answer was given under the assumption that the n-tuples
(A1, . . . , An) and (B1, . . . , Bn) are criss-cross commuting, i.e.,

AiBjAk = AkBjAi, BiAjBk = BkAjBi (3)

for all i, j, k. Criss-cross commuting tuples were further studied in [L2], [H], [ChCH].

Remark 1. Let A = (A1, . . . , An) and B = (B1, . . . , Bm) be two tuples of operators
on a Banach space X. Another natural possibility how to define the product of A and
B is to consider the nm-tuple consisting of all products

(A1B1, A1B2, . . . , A1Bm, A2B1, . . . , A2Bm, . . . , AnBm).
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This mn-tuple is commuting if A and B are criss-cross commuting in the sense of (3).
However, this mn-tuple can be expressed as ÃB̃ where

Ã = (A1, . . . , A1, A2, . . . , A2, . . . , An . . . , An)

and
B̃ = (B1, B2, . . . , Bm, B1, . . . , Bm, . . . , B1, . . . , Bm).

Thus all problems concerning this more general type of product can be reduced to the
case of m = n and the product defined by (2).

The first result of this paper gives a negative answer to the above mentioned
problem of S. Li.

Example 2. We give an example of pairs A = (A1, A2) and B = (B1, B2) of operators
such that AB = (A1B1, A2B2) and BA = (B1A1, B2A2) are commuting pairs but
σT (AB) \ {(0, 0)} 6= σT (BA) \ {(0, 0)}.

Let H be a separable Hilbert space with an orthonormal basis {ei, fi, gi}i∈Z. Define
operators A1, A2, B1, B2 ∈ B(H) by

A1ei = 0, A2ei = 0, B1ei = fi, B2ei = gi,
A1fi = ei, A2fi = 0, B1fi = 0, B2fi = 0,
A1gi = 0, A2gi = ei+1, B1gi = 0, B2gi = 0.

It is easy to check that A1B1 and A2B2 are commuting. Similarly, B1A1 and B2A2 are
commuting. However, A and B are not criss-cross commuting since A2B1A1 6= A1B1A2

and B1A2B2 6= B2A2B1.
For i ∈ Z we have B2A2fi = 0 and (B1A1− I)fi = 0, so the pair (B1A1− I,B2A2)

is Taylor singular and (1, 0) ∈ σT (BA).
We show that (A1B1 − I,A2B2) is Taylor regular. We have

(A1B1 − I)ei = 0,

(A1B1 − I)fi = −fi,

(A1B1 − I)gi = −gi

and
A2B2ei = ei+1,

A2B2fi = 0,

A2B2gi = 0.

Thus Ker(A1B1 − I) ∩Ker(A2B2) = {0} and Ran(A1B1 − I) + Ran(A2B2) = H.
It is sufficient to show that the Koszul complex of the pair (A1B1 − I, A2B2) is

exact in the middle. Let x =
∑

i∈Z(αiei +βifi +γigi) and y =
∑

i∈Z(α′iei +β′ifi +γ′igi)
be vectors in H satisfying A2B2x = (A1B1 − I)y. Thus

A2B2x =
∑

i∈Z
αiei+1 = (A1B1 − I)y =

∑

i∈Z
(−β′ifi − γ′igi).
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So αi = 0, β′i = 0 and γ′i = 0 for all i. Set u =
∑

i∈Z(α′i+1ei−βifi−γigi). Then A2B2u =∑
i∈Z α′iei = y and (A1B1 − I)u =

∑
i∈Z(βifi + γigi) = x. Hence (A1B1 − I, A2B2) is

Taylor regular and (1, 0) /∈ σT (AB).

In the second half of this paper we consider criss-cross commuting normal tuples.
Note that if A,B are operators on a Hilbert space and A is normal then the equality
(1) is true in a stronger form: σ(AB) = σ(BA). The analogous question for n-tuples
of operators was investigated in [ChCH] and partial results were obtained. We show
that σT (AB) = σT (BA) whenever A and B are criss-cross commuting tuples and A is
normal, i.e., A consists of mutually commuting normal operators. This gives a positive
answer to a problem studied in [ChCH].

We start with a version of the Fuglede-Putnam theorem.

Theorem 3. Let H, K be Hilbert spaces, let A = (A1, A2) ∈ B(H)2 and B =
(B1, B2) ∈ B(K)2 be commuting pairs of normal operators, let S : H → K be a
bounded linear operator. Then the following statements are equivalent:
(i) B1SA1 + B2SA2 = 0;

(ii) SHA(F ) ⊂ KB(F⊥) for each closed subset F ⊂ C2, where

F⊥ = {(µ1, µ2) ∈ C2 : λ1µ1 + λ2µ2 = 0 for some (λ1, λ2) ∈ F}
and HA(·), KB(·) are the spectral subspaces of A and B, respectively.

Proof. Without loss of generality we can assume that A1, A2, B1, B2 are contractions.
Denote by EA(·) and EB(·) the spectral projections corresponding to A and B, respec-
tively.

(i)⇒(ii): Suppose on the contrary that there is a closed subset F ⊂ σT (A) such
that SHA(F ) 6⊂ KB(F⊥). Equivalently, EB

(
σT (B) \ F⊥

)
SEA(F ) 6= 0.

Since

σT (B) \ F⊥ =
∞⋃

n=1

{
(µ1, µ2) ∈ σT (B) : inf

(λ1,λ2)∈F
|λ1µ1 + λ2µ2| ≥ n−1

}
,

it is easy to see that there are ε > 0 and a closed subset M ⊂ σT (B) such that
EB(M)SEA(F ) 6= 0 and |λ1µ1 + λ2µ2| ≥ ε for all (λ1, λ2) ∈ F and (µ1, µ2) ∈ M .

Choose a positive number δ < ε/8. Since F and M can be covered by a finite
number of balls of radius δ, there are (λ1, λ2) ∈ F , (µ1, µ2) ∈ M and Borel sets F ′,M ′

such that EB(M ′)SEA(F ′) 6= 0, M ′ ⊂ M ∩ {(z, w) : |z − µ1| ≤ δ, |w − µ2| ≤ δ} and
F ′ ⊂ F ∩ {(z, w) : |z − λ1| ≤ δ, |w − λ2| ≤ δ}. Set S′ = EB(M ′)SEA(F ′).

Choose x ∈ HA(F ′) of norm one such that ‖S′x‖ > ‖S′‖/2. We have

‖B1S
′A1x− λ1µ1S

′x‖ ≤ ‖(B1 − µ1)S′A1x‖+ ‖µ1S
′(A1x− λ1x)‖ ≤ 2δ‖S′‖,

and similarly, ‖B2S
′A2x− λ2µ2S

′x‖ ≤ 2δ‖S′‖. Since

B1S
′A1 + B2S

′A2 = EB(M ′)(B1SA1 + B2SA2)EA(F ′) = 0,

we have ‖(λ1µ1 + λ2µ2)S′x‖ ≤ 4δ‖S′‖. On the other hand,

‖(λ1µ1 + λ2µ2)S′x‖ ≥ ‖S′x‖ · |λ1µ1 + λ2µ2| ≥ ε‖S′x‖ > 4δ‖S′‖,
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a contradiction.

(ii)⇒(i): Let ε > 0. Let (Ci)∞i=1 be nonempty disjoint Borel sets with diameters
< ε such that

⋃
i Ci = C. For each i fix λi ∈ Ci. Thus Ci ⊂ {z ∈ C : |z − λi| < ε}.

Set F0 = {(0, w) : w ∈ C} and, for i ∈ N, Fi = {(z, cz) : z 6= 0, c ∈ Ci}. Then (Fi)∞i=0
are disjoint sets,

⋃∞
i=0 Fi = C2, F⊥0 = {(z, 0) : z ∈ C} and F⊥i = {(−cz, z) : c ∈ Ci, z ∈

C} (i ≥ 1).
We have EB(F⊥0 )(B1SA1 + B2SA2)EA(F0) = 0. Clearly for each i ≥ 1 we have

‖(A2 − λiA1)|HA(Fi)‖ < ε and ‖(B1 + λiB2)|KB(F⊥i )‖ < ε. For x ∈ HA(Fi) we have

‖B1SA1x + B2SA2x‖ = ‖B1SA1x + λiB2SA1x− λiB2SA1x + B2SA2x‖
≤‖(B1 + λiB2)SA1x‖+ ‖B2S(A2 − λiA1)x‖ < 2ε‖S‖ · ‖x‖.

Thus ‖(B1SA1 + B2SA2)|HA(Fi)‖ ≤ 2ε‖S‖ for all i.
For x ∈ HA(Fi) we have SA1x ∈ KB(F⊥i ) and

B1SA1x = B1EB

(
F⊥i \ {(0, 0)})SA1x + B1EB

({(0, 0)})SA1x ∈ KB

(
F⊥i \ {(0, 0)}).

Similarly B2SA2x ∈ KB

(
F⊥i \ {(0, 0)}) and we have (B1SA1 + B2SA2)HA(Fj) ⊂

KB(F⊥j \{(0, 0)}). Since the sets Fj \{(0, 0)} are mutually disjoint, the spaces KB(Fj \
{(0, 0)}) are orthogonal. Thus ‖B1SA1 + B2SA2‖ ≤ 2ε‖S‖. Since ε was arbitrary, we
have B1SA1 + B2SA2 = 0.

Remark 4. Let A1, A2, B1, B2, S satisfy the conditions of the previous theorem. Since
the spectral subspaces of A and A∗ coincide and satisfy HA(F ) = HA∗(F̄ ) where F̄ =
{z̄ : z ∈ F}, and similar relations hold for B and B∗, Theorem 3 implies the following
general form of the Fuglede-Putnam theorem, see [P], [W]: if B1SA1 +B2SA2 = 0 then
B∗

1SA∗1 + B∗
2SA∗2 = 0.

Theorem 5. Let A = (A1, . . . , An), B = (B1, . . . , Bn) be criss-cross commuting tuples,
let A be normal (i.e, A1, . . . , An are commuting normal operators). Then σT (AB) =
σT (BA).

Proof. If 0 ∈ σT (A) then both AB and BA are Taylor singular by [ChCH], Theorem
2.1. Thus we may assume that A is Taylor regular. For j = 1, . . . , n write

Mj = {(z1, . . . , zn) ∈ σ(A) : |zj | > |zi| (i < j) and |zj | ≥ |zi| (i > j)}.
Let Hj be the corresponding spectral subspaces Hj = HA(Mj). Clearly H =

⊕n
j=1 Hj

and AiHj ⊂ Hj (i, j = 1, . . . , n). Set cj = min{|zj | : (z1, . . . , zn) ∈ Mj}. Then cj > 0
and Aj |Hj is invertible for each j = 1, . . . , n.

Fix k, i, j, 1 ≤ k, i, j ≤ n, i 6= j. We have AiBkAj − AjBkAi = 0. By Theorem 3
for the pairs (Ai, Aj), (Aj ,−Ai) we have

BkHA

({(z1, . . . , zn) : |zi| ≤ |zj |, ‖zj‖ ≥ cj/2}) ⊂ HA

({(z1, . . . , zn) : |zi| ≤ |zj |}
)

and

BkHA

({(z1, . . . , zn) : |zi| < |zj |}
)

=
∞⋃

r=1

BkHA

({(z1, . . . , zn) : |zi|+ r−1 ≤ |zj |}
)

⊂HA

({(z1, . . . , zn) : |zi| < |zj | or zi = zj = 0}).
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Hence the spaces Hj (j = 1, . . . , n) are invariant with respect to the operators Bk for
all k, and therefore also to all products AkBk, BkAk. Thus

σT (AB) =
n⋃

j=1

σT (AB|Hj) and σT (BA) =
n⋃

j=1

σT (BA|Hj).

Since Aj |Hj is invertible for all j, by [ChCH], Theorem 3.3 we have σT (AB|Hj) =
σT (BA|Hj). Hence σT (AB) = σT (BA).
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