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Abstract. We introduce the notions of (extrinsic) locally transversally symmetric immer-
sions and submanifolds in a Riemannian manifold equipped with a unit Killing vector field
as analogues of those of (extrinsic) locally symmetric immersions and submanifolds. We
treat their geometric properties, derive several characterizations and give a list of examples.
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1. INTRODUCTION

Eztrinsic symmetric immersions and submanifolds in Euclidean spaces [5], [15],
rank one symmetric spaces [1], [11, and references therein], [16] and compact sym-
metric spaces [11] have been studied intensively. These submanifolds are intrinsic
symmetric spaces and have parallel second fundamental form. We refer to [10] for
more information and further references. In that paper a local theory was developed
for general Riemannian manifolds by using reflections with respect to submanifolds.

The main purpose of this paper is to study a similar notion for Riemannian man-
ifolds equipped with a unit Killing vector field and for isometric immersions or sub-
manifolds which are tangent to this field. Such a Killing vector field determines an
isometric flow and the study of the transversal geometry of this Riemannian foli-
ation is one of the main topics to be considered. Using this and reflections with
respect to submanifolds, naturally associated to the tangent isometric immersion or
submanifold, we introduce the notions of an extrinsic locally transversally symmetric
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immersion and submanifold, and the main purpose of this paper is to study those in
detail. It will turn out that again there is a strong relation with some aspects of ex-
trinsic differential geometry. We shall see that such submanifolds are always invariant
and the covariant derivative of the second fundamental form vanishes for transversal
vectors. Moreover, the submanifold is a locally Killing-transversally symmetric space.
The local and global theory of these spaces was developed in [6], [8]. These spaces
are in a natural way analogues of symmetric spaces, and the p-symmetric spaces
from Sasakian geometry are interesting examples which are analogues of Hermitian
symmetric spaces.

In Section 2 we collect some basic material about flow geometry and Killing-
transversally symmetric spaces and derive two new and useful recursion formulas
for the covariant derivatives of the Riemannian curvature tensor. In Section 3 we
introduce local extrinsic reflections. The locally transversally symmetric immersions
or submanifolds are then defined as those which have isometric local extrinsic re-
flections. Further, we derive the basic properties, prove several characterizations
and study the relation to extrinsic symmetric immersions related to the transver-
sal geometry. Moreover, we discuss these results when the ambient space is itself a
Killing-transversally symmetric space. In the final Section 4 we consider normal flow
space forms as ambient spaces. These last ones were introduced and studied in [7]
as analogues of real and complex space forms which also generalize Sasakian space
forms. Our theorems in Section 3 and Section 4 also provide a lot of examples of
transversally symmetric submanifolds or immersions.

2. PRELIMINARIES

Let (M,g) be an n-dimensional, (connected) and smooth Riemannian manifold
with n > 2. Let V denote its Levi Civita connection and R the corresponding Rie-
mannian curvature tensor with the sign convention

Ryv = Vv — [Vu, Vv]

for all U,V € X(M), the Lie algebra of smooth vector fields on M.

Further, let ¢ be a unit Killing vector field on (M, g) and denote by §¢ the isometric
flow [17] on the manifold generated by &. The leaves of this Riemannian foliation g
are geodesics and moreover, a geodesic which is orthogonal to the flow field £ at one of
its points is orthogonal to it at all of its points. These geodesics are called transversal
or horizontal geodesics. The foliation is locally a Riemannian submersion. So, let
m € (M, g) and let U be a small open neighborhood of m such that ¢ is regular on
U. Then the map m: U — U’ = U/ is a submersion. Let ¢’ denote the metric on U’
defined by

gI(X/’Y/) o = g(X/*’Y/*)
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for X')Y' € X(U'), where X'*, Y'* denote the horizontal lifts of X', Y’ with respect
to the (n —1)-dimensional horizontal distribution on ¢ determined by = 0, 1 being
the dual one-form of £ with respect to g. Then 7: (U, gp;) — (U', g') is a Riemannian
submersion. So, we may use the tensors A and T introduced by O’Neill in [13] (see
also [2], [14], [17]) for our treatment. Note that, since the leaves are geodesics, T' = 0.
Further, for the integrability tensor A we have

AU§ = VU§) AEU = 07

AxY = (VxY)V = —AvX,  g(AxY,§) = —g(Ax¢,Y)
where U € X(M), X, Y are horizontal vectors fields and V denotes the vertical
component.

Next, put
HU = —Ay¢

and define the (0, 2)-tensor field h by
h(Ua V) = g(HUa V)

for U,V € X(M). Now h is clearly skew-symmetric since ¢ is a Killing vector field.
Moreover, we have
AXY = h(X7 Y)§ = %n([Xa Y])§

for all horizontal X,Y € X(M). This yields
(2.1) h =—dn.

Note that A = 0, or equivalently h = 0, if and only if the horizontal distribution
is integrable. In that case, since T = 0, (M, g) is locally a Riemannian product
of an (n — 1)-dimensional and a one-dimensional space. Further, the Levi Civita
connection V' of ¢’ is determined by

V xr= Y'™* = (VIX/YI)* + h(XI*, Yl*)f

for X' Y' € X(U").
From all these formulas one obtains, after a straightforward computation and using
the notation R(X,Y,Z,W) = g(Rxy Z, W),

Lemma 2.1. [6] We have

(Veh)(X,Y) = g((VeA)x Y, §) =0,
R(X7 K Z7 é) = (th)(X, Y)v
R(X,6,Y,€) = g(HX, HY) = —g(H?X,Y)

for horizontal X,Y, Z.
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Using this lemma we obtain that the &-sectional curvature corresponding to X, i.e.,
the sectional curvature K (X, ¢) of the two-plane spanned by (X, £), is non-negative
for all horizontal X. Moreover, since H{ = 0, K(X,&) = 0 for all horizontal X if
and only if h = 0. Further, K(X,¢) > 0 for each horizontal X if and only if H has
maximal rank n — 1 and hence, in that case n must be an odd number. (2.1) then
implies that this is equivalent to the statement that 7 is a contact form on M. This
motivates

Definition 2.1. ¢ is called a contact flow on (M, g) if n is a contact form.
In [6] we introduced another special type of an isometric flow which will be im-
portant in our further treatment. We recall its definition.

Definition 2.2.  The flow §¢ on (M, g) is said to be a normal flow if
R(X,Y, X,§) =0

for all horizontal vector fields X, Y on M.
From Lemma 2.1 we then get the following useful characterization:

Proposition 2.1. [6] The flow §¢ is normal if and only if
(2.2) (VuH)V = g(HU, HV)¢ +n(V)H?*U

for all U,V € X(M).

Another characterization may be obtained as follows. Let H' be the (1, 1)-tensor
field on U’ defined by
HX =n,HX"™
and let ' be the (0,2)-tensor field given by

hI(XI)YI) = gl(Hlea Yl)

for all X' Y’ € X(U'). Then h = 7*h'. Moreover, it follows that §¢ is normal if and
only if V'H' = 0 for each (U',g') [6].

Next we shall establish some results about the curvature tensor R and its covariant
derivatives V¥R when (M, g) is equipped with a normal flow §¢. First, we have

(2.3) Ryvé =n(V)H*U — n(U)H?V,
RyeV = g(HU,HV )¢ +n(V)H?U.

Using this we obtain, for any horizontal vector x, the following expressions:
Regw = |Hz|¢,

(2.5) (sz)zf-T =  Ryg.T— ||H.’E||2Hl‘,
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Further, we prove two lemmas which will be used later on. We start with

Lemma 2.2. Let §¢ be a normal flow on (M, g). Then, for all horizontal vectors
xz on M and all p > 1, we have

P
(2.6) (VZ ' R)ew = > {7 | HaP0) (V202 R) ) + 55 || Hal Hor,

=1
P
(27) (V2 Rlagz = Y &"||Ha|? D (V22T R)
i=1
where 2P, i € {1,...,p}, and 2> ', j € {1,...,p+ 1}, are constants.
1 J

Proof. Denote by T, [ € Z, the one-forms on M given by

Tla =0, if I <0,
T° = Reneeo — |Ha|9(Hz, a),
Tla = (vl .zR)msza, if [ 2 1

for all vectors a on M. By induction we now prove the formula
(2.8) (V3. oR)zew = D cf | Ha|*DTF2,
i1

Then, (2.6) and (2.7) follow at once from (2.8).
For k =1, (2.8) follows from (2.5). Further, suppose that (2.8) holds for 1 < k< m.
Let v denote the geodesic such that 4(t) =z € T, M, v(t) = ¢. Then we get

(VP R)agz = Va (V2 o R)sew) + (VI ,R)orsa

= v (e ) g

From (2.2) and (2.4) we have
v, T° =T
Hence, by using our induction hypothesis, we get
val _ Tl+1 + Z C§-||H33H2jTl_2j+1,
jz1
where 0 < I < m. So, we obtain
(VI R) e = Z c;n{ || Hz|| 26~ D m=2(-1)
n Z c;n—2i+1”Hx|‘2((i+j)—1)Tm—2((i+j)—1)} L™
J

Hence, the required result follows by rearranging this last formula. O
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For normal flows the curvature tensor R’ of (U’, g') is related to R by

( I}(IYIzl)* _ RX’*Y’* ZI* _ g(HYI*7ZI*)HXI*

2.9
( ) +g(HXI*7ZI*)HYI* + QQ(HXI*’YI*)HZI*

for all X", Y', Z' € X(U4'). Then (2.3) and (2.4) yield
(2.10) (Vi R xiv Z')* = (Vi R) xreyr= Z™)

where H denotes the horizontal component. For covariant derivatives of higher order,
the corresponding expression is more complicated. Here we prove our second lemma.

Lemma 2.3. Let §¢ be a normal flow on (M, g). Then we have

(2.11) (V2L L R)preyregients = {(vg?jzl, R')pryrrr

p—1
PO (W (VR T R e

i=1

2 i)—1
+h,($/ Z)( I (p ) R/) Ilelzlyl)

p—2
R W) (T P D R ) f o

j=1

(212) (vi?*...z’*R)Z'*y'*z’*ZH - {(vg’pm’Rl)m Ty'z!z!

P
+ Z a’?pHHI‘/L.I”Q(iil) (hl (xl )(V’Q(p )RI) TH! 2!zl 2!

i=1
+h (x Z)( I2(p I)Rl) lle/z/yl)

p—1
+ h’(x/, y')h'(x', Zl) ( Z b?pHHlIl||2(j_1) (Vﬁ(ﬁ;,]_l)R')ZIH,I/I/H/Z/

j=1

+ bf,P||H'a:'||2P> } om

2 2p—1 ;2
for all vectors @', y', 2’ on U' and p > 1, where a;*, i € {1,...,p}, a;°"", bj",

je{l,...,p—1}, and bip_l, ke {1,...,p— 2}, are constants.
Proof. Denote by T", [ € Z, the one-forms on U’ given by
T"ad' =0, if 1 <0,
TIO = RIz’H'z’z’a' o 4HHI$’”2hI(II7a,))
T'la’ = (Vg:mz,Rl)le/m/z/al, if 1 2 1
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for all tangent vectors a’ on U’. By induction we prove the formula
k k
213) (Ve Ry = { (V2 Ry

+ Z a?HHlaj/Hﬂi—l) (h/(.’l,'l, y/)T/k—zizl + hl($17 Z/)T/k—m'y/)
i>1
+ h'(ac', y')h'(w', z/) (Z b§|lel||2(j1)Tl(k2)QjHIII) } o,
izl
(2.11) and (2.12) follow from (2.13).

First, note that (2.13) holds for ¥ = 1 because of (2.10). Therefore, we now
suppose that (2.13) holds for all k¥ with 1 < k& < m. Let +' denote the geodesic on
U' tangent to ' and denote by x’, 9/, 2’ the parallel vectors z’, %', 2’ along +'. Then,
since

vz’* yl* = h(ml*a yl*)£7

we get

o' x!*

- h(Il*, y’*)(V;'L._Z,* R)zl*gz/*zl* - h(l‘/*, ZI*)( Z’f*mz/* R)z’*y’*z'*g-

(2.14) (V7 R)orsyregres = g;'*((vg;*___m,*R)z,*y,*z,*z,*)

Hence, taking into account that V', T" = T"*! for all | > 0 and using the induction
hypothesis, we have

(Ve Ry ) = { (VIR
+ Z azn”H/xlnz(ifl) (hl(:l;l, y/)Tl(m+1)72iZI + hl(l", Z/)T/(m+1)72iy/)
i>1
+ hl(l'l, yl)hl(l'l, Zl) ( Z b;n |HI£L'I||Q(j_l)Tl((m+1)_2)_2jHIII> } o
izl
From Lemma 2.2 we get

(VI e R)aregorar = 3 || Ha' |20 m=241 g1
>1

and, applying again the induction procedure, we conclude

Tm—2l+1al* _ {Tl(m+1)—21al + Z a£m+1)—2l||HI$I||2rTl(m+1)—2(l+r)al

r>1
+ Z a£m+1)_2l||H'a:"|2(r_1)h'(l‘/, aI)TI((m+1)—2)—2((!—‘,—7‘)—1)Hlxl
r>1
+ hl(l'l, a/) ( Z b;n721+1 ||HIII||2STI((m+1)2)2(I+S)HI.’L'I> } o

s>1
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Now, substituting these last formulas in (2.14) and rearranging, we get that (2.13)
holds for £ = m + 1. This completes the proof. O

Finally, we give some preliminaries about locally Killing-transversally symmetric
spaces. Let m € (M, g) and denote by o = oy, : [-0,0] — M the geodesic flow line
through m = ¢ (0) where § is sufficiently small. Let No = T"¢ denote the normal
bundle of o and denote by exp, the exponential map of No defined by

exp, (t,v) = exp, ;) v
for t € [-6,6] and v € Nyyyo = T;-(t)o'. Next, let U, (r) denote the tubular neighbor-
hood of radius r about o, i.e.,
Us (r) = {exp, (t,v) | v € Ty, vl <, t € [-4,0]}.
Further, let
Byyy(r) = {ve Tyyo | vl <r}
and consider the open solid tube
Vo(r) = U Bj—_(t) (r)
te[—6,6]
about the zero section of N,. In what follows we suppose that r is sufficiently small
so that exp, is a diffeomorphism of V; (r) onto U, (r). Then the local diffeomorphism

So: Uy (1) — Uy (1), p = exp, (t,v) — s,(p) = exp, (t, —v)

is called the (local) reflection with respect to o. (See [19] for further information
and references.) In what follows we shall denote s, by s,,. A Riemannian manifold
(M, g) equipped with a flow §¢ as above and such that the local reflection s, is
an isometry for all m € M is called a locally Killing-transversally symmetric space
(briefly, a locally KTS-space) [6]. These spaces may be characterized as follows.

Proposition 2.2. [6] The following statements are equivalent:
(i) (M,g,38¢) is a locally KTS-space;
(ii) ¢ is normal and (VxR)(X,Y,X,Y) =0 for all horizontal X,Y.

Proposition 2.3. [6] Let §¢ be a normal flow on (M,g). Then (M,g,8¢) is a
locally KTS-space if and only if each base space U’ of a local Riemannian submersion
U —-U =UJE is a locally symmetric space.

This means, according to the terminology used in [18], that (M, g, §¢) is a locally
KTS-space if and only if §¢ is a normal transversally symmetric foliation.
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3. TRANSVERSALLY SYMMETRIC IMMERSIONS AND SUBMANIFOLDS

Let f be an immersion of an n-dimensional differentiable manifold M into an 7
dimensional Riemannian manifold (M, ) and denote by g the induced metric from
gon M. Then f becomes an isometric immersion. M, (M, g) and f will be assumed
to be analytic where necessary. Further, denote by R and R the curvature tensors
of the corresponding Levi Civita connections V and V, respectively. Moreover, we
denote by a the second fundamental form of (M, f), by V+ the normal connection
in the normal bundle N (M) and by R its curvature tensor. In what follows, and
if the argument is local, we shall sometimes identify M with its image under f to
simplify the notation. We recall the well-known Gauss and Weingarten formulas:

(3.1) VxY =VxY +a(X,Y),
VxU= —SyX +VxU

where X, Y € X(M), Sy is the shape operator of (M, f) corresponding to the (local)
normal field U and it is related to a by g(a(X,Y),U) = g(Sy X,Y).
Also, we recall the Gauss and Codazzi equations:

(3-3) XY, Z, W) = R(X,Y, Z, W) + g(a(X7 W),a(Y, Z)) - g(a(X’ Z),a(Y, W))7

(
(Rxvy2Z)" = —(Vxa)(Y,Z) + (Vya)(X, Z)

for X,Y,Z,W € X(M), U,V € X(M)*. Here V denotes the covariant derivative
defined by

(3:5) (Vxa)(Y,Z) = Vx(a(Y, Z)) — a(VxY, Z) — a(Y,Vx Z)

for all X,Y,Z € X(M). Then f is said to be totally geodesic if a = 0, parallel if
Va = 0 and minimal if tr a = 0.

Now, let §¢ be an isometric flow on (M, §) determined by a unit Killing vector field
&. An isometric immersion f: (M, g) — (M, g) is said to be tangent if £ is tangent
to f(M). In that case we shall denote by ¢ the unit Killing vector field on (M, g)
induced by &, ie., f.& = o f, and by 7 the one-form on M given by n = f*7. In
the rest of this paper we will always consider tangent isometric immersions. Such
an immersion is said to be n-parallel if (Vxa)(Y,Z) =0 for all X,Y,Z € ¥(M) and
orthogonal to £ (see [9]).

Next, let 0 = 0y, [—6,0] = M be an integral curve of ¢ through m € M, o(0) =
m. Denote by & = () the image f oo in M and by exp; the exponential map
of the normal bundle NG of 5. Also, let U, and Uz be the tubular neighborhoods
about ¢ and & on M and M, respectively and let us suppose that they have the
same sufficiently small radius r. Further, we consider the following two topologically
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embedded submanifolds 2/; and U on M contained in U5 and of dimension n and
(7 — n+ 1), respectively:

U; ={exps(t,z) |z € TzM, n(z) =0, ||z|]| <7, =0 <t <4},
U = {exp;(t,u) |u € NsM, |jul| <r, —§<t<d}.

It is clear that when f is totally geodesic, then U coincides with f (U, ).
Let 7,4+ (s) be the tubular neighborhood or the (open) solid tube of radius s around

UF defined by
Tyz(s) = {expys (p.2) | 2 € NyUF, ||z]| < s, p €U}

where s is supposed to be smaller than the distance from /7 to its nearest focal
point and eXPy+ denotes the exponential map of the normal bundle N (/) of U,
ie., —

expy+ (p,x) = exp;,w T.

Now, let ¢.,, denote the (local) reflection with respect to 27 defined on T+ (s) by
Pm: q = expy+(p, ) = om(q) = expy+(p, —)

for all p € U} and all z € N,UF with ||z|| < s. Then ¢, is called the local extrinsic
reflection at m for (f,§z). It is an involutive diffeomorphism and U3 belongs to its
fixed point set. The restriction of ¢, to U; is a local reflection with respect to &
for Us and, if M is totally geodesic, each (intrinsic) local reflection s, of (M, g,F¢)
satisfies @, o f = f o s, on a set contained in U,,.

Next, let ®5: t € [—,6] — ®5(t) € End(T5)M) be the field of endomorphisms
along & given by

Q5 (t)r = —x + 27(2)é, Pz(t)u=1u

for all € T M and all u € Nz M. Then ®;(t) is a rotation field along & and
Y5 = expz 0P o engl

is a local diffeomorphism on a sufficiently small tubular neighborhood of . This ¥5
is called a (local) ®-rotation around & (see [12] for more information). Note that

(3.6) Oms|a(t) = Vax|a@) = Ps(t)

for all ¢ € [~6,6]. In particular, 5 fixes all points of UZ.
We have

Lemma 3.1. The local extrinsic reflection ,, on a sufficiently small neighbor-
hood of f(m) is an isometry if and only if 15 is an isometry, and then @, = ;.
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Proof. First, let ¢, be an isometry. Using (3.6) we get
©m = expPz o(Pmx)s © expg1 = exp; 0Pz o expg1 =Yz

and hence, 95 is an isometry.
To prove the converse, we first show that

(3'7) (wa*)px =T

for all p € UF and all x € N,U7. To do this, let v be a curve in U from f(m)
to p. Since 95 is an isometry, we have that U7 is totally geodesic and (¥s.), =
P, o ®5(0) o P;* where P, denotes the parallel translation along +. Hence, (3.7)
follows.

On the other hand, since U3 belongs to the fixed point set of the isometry 5, we
have

s = expyys ot © EXDLL -
So, this and (3.7) yield 15 = pm, which completes the proof. O

A criterion for an isometric local rotation was derived in [12]. From this and
Lemma 3.1 we then obtain the following characterization for isometric local extrinsic
reflections.

Proposition 3.1. Let f: (M,g) — (]\_4,@,85) be a tangent isometric immersion.
Then the local reflection ¢,, at m for (f, 35—) is an isometry if and only if

(i) ®5 is parallel along &;
(ii) (ﬁng)zuzv = (ﬁg,;z..@,;z]_%)q’ﬁI<I>5uq>5z¢5v

for all x € N34, all u,v € Tz M, all t € [—6,6] and all k € N.

We now continue by considering a special class of tangent isometric immersions
which will play an important role. Such an immersion f is said to be invariant (with
respect to §g) if HX is tangent to M (= f(M)) for any tangent vector X of M,
ie, HI,,M C T,,M for all m € M [9]. In that case HN,,M C N,,M and the
tensor field H of M related to H by f. o H = H o f, coincides with the one defined
in Section 2 for the flow F¢ on (M, g). Moreover, since f is tangent to £, we have
HX = HX — a(X,€) for all X tangent to M. Hence, a(X,£) =0 for all X € X(M)
or equivalently, Sy¢ = 0 for all U € N(M). Moreover, a(X,€) = 0 for all X € X(M)
implies that f is invariant. From this we have

Proposition 3.2. Let f: (M,g) — (]\71,57,35) be a tangent isometric immersion.
Then f is invariant if and only if the rotation field ®; around & = Gf(mm) = foom
is parallel for all m € M.
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Proof. From (3.1) and (3.2) we easily obtain
PLX = —2a(X,¢), DLU = -2Sy¢

for all X,U along ¢ where X is tangent to M and orthogonal to £ and U is normal
to M. This yields the required result. |

Next, we turn to the definition of the main notion of this paper.

Definition 3.1. A tangent isometric immersion f of (M, g) into (M,Q,Sg) is
said to be (extrinsic) locally transversally symmetric if all local extrinsic reflections
©m, m € M, are isometries. If moreover, M is a submanifold of M, then M is called
an (extrinsic) locally transversally symmetric submanifold.

Then we have

Proposition 3.3. Locally transversally symmetric immersions are n-parallel and
invariant.

Proof. It follows from Propositions 3.1 and 3.2 that f is invariant. Moreover,
since each local extrinsic reflection ., is an isometry, we get for all horizontal z, y, z €
T M:

(Va@)(¥,2) = = (V2 @) (0msl Pms2) = —Pms(Voa) (y, 2)-
This yields (V,a)(y, z) = 0 and so, f is n-parallel. O

Now, we shall derive a criterion for locally transversally symmetric immersions.
Let ®: m — @, be the endomorphism field along M defined by

Oz = —x+27(x)f, Ppu=u

for all z € T, M and all u € N, M. Observe that @) = ®5(t) where ®; is the
rotation field along &. From Propositions 3.1 and 3.2 we then get

Theorem 3.1. A tangent isometric immersion f: (M, g) — (J\_/[,g,gg—) is locally
transversally symmetric if and only if

(i) f is invariant;
(i) (Vi oR)zuze = (V. 00 R)ectudzss

for all tangent vectors x,u,v of M along M with x orthogonal to &, and all k € N.

Next, we concentrate on the relation between locally transversally symmetric im-
mersions and the properties of naturally associated mappings on the base spaces of
the local Riemannian submersions. We first recall the definition of these mappings.
For a tangent isometric immersion we choose sufficiently small open neighborhoods
U and U of m € M and f(m), respectively, such that ¢ is regular on I/ and & on U
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and moreover, f(U) C U. Then the transverse mapping f': U' =U/E U =U/E is
defined by

flom=%ofu
where 7: U — U’ and 7: U — U’ are the corresponding local Riemannian submer-
sions [9]. This f’ is an isometric immersion of (U’, g') into (U',§").

Further, let r, s > 0 be so small that the open tubular neighborhood Tu; (s) around
UF =UZ(r) is contained in Y. Let m' € U’ and denote by U, the submanifold of
U' given by

Ut = {exppimnyu’ | v € Npld, ||u']| < r}.
Following [10], the reflection ¢!, with respect to U/}, defined in a sufficiently small
open tubular neighborhood around L{:[, , is called the local extrinsic symmetry at m/'
for f'. Moreover, f' is said to be an (extrinsic) locally symmetric immersion if ¢!, is
an isometry. Such immersions are always parallel and (U’, ¢') is an (intrinsic) locally
symmetric space.

Using these notions we prove

Theorem 3.2. Let §¢ be a normal flow on (M, g) and let f: (M, g) — (M, g) be
a locally transversally symmetric immersion. Then each local transverse mapping of
f is a locally symmetric immersion and with the induced structure (g,§¢), M is a
locally KTS-space. Moreover, we have

emof=fosm

where s,, denotes the (intrinsic) local reflection at m of (M, g,§¢). In particular, ¢,
maps f(U) onto itself.

To prove this theorem we first need some preliminary considerations. Let v be a
transversal geodesic (s) = exps(y)(sz), € N5(; 7, through &(t) for some t € [, d].
We shall also denote 7(s) by z. From Proposition 2.1 it follows at once that Hz has
a constant length along . Moreover, although Hz is not parallel along v (we have
V.(Hz) = ||Hz|?¢), the plane spanned by ¢ and Hz is parallel along ~. Further,
if f is an invariant immersion, then Hx € T5M if  does and Hx € NzoyM if
does. Hence, we obtain

Lemma 3.2. Let §¢ be a normal flow on (M,§) and f: (M,g) — (]\_/I,g,{S’g) an
invariant immersion. If U; (resp. UZ) is totally geodesic, then ¢ is tangent to Us
(resp. UF).

Further, we have

Lemma 3.3. Let §¢ be an isometric flow on a Riemannian manifold (M, g) and
let P be a connected, relatively compact and topologically embedded submanifold. If
¢ is tangent to P, then the reflection pp with respect to P preserves ¢, i.e., pp.& = &.
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Proof. Let v be the geodesic defined in a sufficiently small tubular neighbor-
hood of P by ~(t) = exp,, (tu) where m € P, u € N,,, P and ||u|| = 1. Let {as} be the
(local) one-parameter group of isometries generated by &. Then, for each parameter
s, the curve a; oy is also a geodesic and, since £ is tangent to P, as(m) € P and its
initial velocity (as o)’ (0) = asu is a unit vector orthogonal to P. Hence, we get

ppoas(v(t) = as(v(—t)) = as o pp(y(t))

and this implies the result. O

Now we are ready to give the

Proof of Theorem 3.2. Starting from
T(expz (t, 7)) = eXPyi () T

for € NG and m' = m(m), we get T(UF) = Ll;,:?. Moreover, since ¢,, is an isometry
and UZ belongs to its fixed point set, U2 is totally geodesic. So, Lemma 3.2 then
yields that £ is tangent to U2 . Now, we obtain

T(expy+(p, ©)) = expy+ (7(p), Tu)

m/!

for all z € N, U, ||z|| < s and p € UF. From this we have

T(Ty+(s)) = ‘J'Z'/{,Jr (s).

a m!

Now, let ¢/, denote the local extrinsic symmetry at m' for f’ defined on ‘T;ﬁ’ ().

This ¢/, and the local extrinsic reflection at m for (f,J¢) are related by
(3.8) T O P = P O

So, using also Lemma 3.3, it follows that ¢!, is an isometry and hence, f’ is a
locally symmetric immersion. Proposition 4.1 in [10] yields that U’ is (intrinsic)
locally symmetric and then it follows from Proposition 2.3 that (M, g, §¢) is a locally
KTS-space. Further, applying [10, Proposition 3.3], we then obtain

(3.9) Py 0 f' = f' 0 8y

where s/, denotes the intrinsic local symmetry at m' of U’. Since s, and s/, are
related by

!
MO Sy = 81 OT,
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(3.8) and (3.9) yield

Topmof=m0fosn.
Finally, using again Lemma 3.3, we see that ¢,, maps f(U) onto itself and further,
©m o f and f os,, are isometries of U onto f(U). Since

(‘Pm o f)*m = (fo Sm)*m,

it then follows that ¢ o f = f o s,, and this completes the proof. |

From this we derive the following criterion for locally transversally symmetric
immersions.

Theorem 3.3. Let §z be a normal flow on (M,g) and f: (M,g) — (M, g, 3z) a
tangent isometric immersion. Then f is locally transversally symmetric if and only
if

(i) f is invariant;
(ii) each local transverse immersion of f is locally symmetric.

Proof. 1If fis locally transversally symmetric, (i) and (ii) follow from Propo-
sition 3.3 and Theorem 3.2.

Conversely, using Lemma 2.2 and taking into account that f is invariant, we get
that the condition (ii) in Theorem 3.1 is equivalent to

(3-10) (ﬁi‘zﬁ)zuzv = (ﬁgz...émﬁ)¢z¢u¢z¢va keN,

for all tangent vectors x, u, v of M along M and orthogonal to &. Next, let f':
U =U/¢ — U =UJE be alocal transverse mapping of f. Then, applying Lemma
2.3 and the fact that f is invariant, we have that (3.10) holds if

(3].].) (vlzki‘“leI)zlylzlzl - (ng,z,___q),z, Rl)qyzlqyquymlqyzl

holds for all £ € N and all vectors 2,3y, 2’ on U’ along U', where @’ is the (1, 1)-tensor
field on U’ defined by

o'y =7,z
Now, by virtue of [10, Theorem 4.2], (3.11) means that f’ is locally symmetric. Thus
the result follows from Theorem 3.1. a

For locally KTS-spaces we may obtain some simpler characterizations.

Corollary 3.1. Let (M, g,&E-) be a locally KTS-space. A tangent isometric im-
mersion f: (M, g) — (M, g,8¢) is locally transversally symmetric if and only if
(i) f is invariant and n-parallel;

(ii) Ruyu is normal to f(M) for all u,v € N(M).
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Proof. First, let f be locally transversally symmetric. Then the result follows
from Proposition 3.3 and the fact that the local extrinsic reflections are isometries.

Conversely, let f': U' = U/¢ — U = U/E be a local transverse mapping of f.
From [9, Proposition 3.1] it follows that, since f is invariant and n-parallel, f' is a
parallel immersion. Further, from (2.9) we get

3.12 R ,..a')* = Rympwa'* + 3h(a'*, V"*)Ha'*
a'b

for all , b’ tangent to U’. Since f is invariant, (3.12) and (ii) imply that R!, v’
is normal to U’ for all u',v" € N(U'). Applying now [10, Corollary 5.2] we conclude
that f’ is locally symmetric and then Theorem 3.3 completes the proof. O

Corollary 3.2. Let (M, 3,8¢) be a locally KTS-space. A tangent isometric im-
mersion f: (M, g) — (M, g,8¢) is locally transversally symmetric if and only if
(i) f is invariant;
(ii) UF is totally geodesic for all & = & j(mm), m € M;

iii) Rgyx is tangent to f(M) for all horizontal x,y tangent to f(M).
Y

Proof. 1If f is locally transversally symmetric, then f is invariant (Proposi-
tion 3.3). The extrinsic reflection ¢, at m is an isometry which yields that 7 is
totally geodesic, since it belongs to the fixed point set of ¢.,, and moreover (iii)
holds.

Conversely, Lemma 3.2 shows that ¢ is tangent to ¢/ . Then, using the fact that
UT is totally geodesic and 7: U — U' = /€ is a Riemannian submersion, we get
that U, = #(UT) is totally geodesic in U'. Moreover, from (3.12) and the fact that
f is invariant, (iii) implies that R’z,y,x’ is tangent to U’ for all z/,y’ tangent to U’.
Then it follows from [10, Corollary 5.1] that f’ is a locally symmetric immersion and
s0, the required result follows from Theorem 3.3. O

Finally, we prove

Corollary 3.3. Let (M, g,&g) be a locally KTS-space. A tangent isometric im-
mersion f: (M,g) — (M, g,8¢) is locally transversally symmetric if and only if
(i) f is invariant;
(i) UF and U; are totally geodesic for all & = & j(m), m € M.

Proof. Let f be locally transversally symmetric. Then f is invariant and
5f(m) ©Pm, where 57, is the local reflection with respect to &, is an isometry. Since
U belongs to its fixed point set, it is totally geodesic. The result follows now by
(ii) of Corollary 3.2.

Conversely, (ii) and the Codazzi equation (3.4) imply (iii) in Corollary 3.2 and
hence the result follows. |
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4. TRANSVERSALLY SYMMETRIC IMMERSIONS IN NORMAL FLOW SPACE FORMS

In this final section we shall treat transversally symmetric immersions in a spe-
cial class of locally KTS-spaces. We start with some preliminaries. A Riemannian
manifold (M, g) equipped with a contact flow F¢ is said to be a flow space form if
the H-sectional curvature is pointwise constant, i.e., the sectional curvature of the
two-plane spanned by X and H X for horizontal X € T, M is independent of X for
each point m € M. The normal flow space forms have been studied in [7] where two
cases are considered according to whether the ¢-sectional curvature is constant or
not. In what follows we consider these two cases separately.

A. Normal flow space forms with constant ¢-sectional curvature c2.

In this case, if the H-sectional curvature equals k, then (M,c?g,p = c 1 H,c=1&,cn)
is a Sasakian manifold of constant ¢-sectional curvature kc=2 and so, (M, g) is ob-
tained by a homothetic change of metric from Sasakian space forms. See [7] for more
information and references. Hence, as is proved in [7] for dim M > 5, the H-sectional
curvature is a global constant k£ and the curvature tensor is given by

kE+3c

(41) RyyW = {9(U W)V —g(V, W)U}

+ :162 {n(V)n(W)U —n(@n(W)V + g(V,W)n(U)¢ — g(U,W)n(V)&}

kE—c?
4c2

+ {gW,HU)HV — g(W,HV)HU — 2g(U, HV)HW}.

For dim M = 3 we shall assume that k is also a global constant. Then (4.1) also
holds in this case. It also follows that these normal flow space forms are locally
KTS-spaces.

In what follows we shall denote such a space by M?"*1(c? k) where ¢? = 1 corre-
sponds to the Sasakian space forms. For each (c?, k) the normal flow space form is
locally isomorphic to one of the following model spaces:

(S = SU(n + 1)/SU(n))(2, k)

for k+3c® > 0, H(n,1)(k) for k+3c?> = 0, where H(n, 1) is the (2n + 1)-dimensional
Heisenberg group,

(U(1,n)/U(n))~(c* k) = (SU(1,n)~/SU(n))(c* k)

for k + 3c? < 0, where ~ denotes the universal covering.
We refer to [7] for more details.
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Next, we give two lemmas. Let P be a connected, relatively compact and topo-
logically embedded submanifold of M?"+1(c2 k). Then we have

Lemma 4.1. If k # c2, then the reflection ¢p with respect to P is isometric if
and only if P is either a totally geodesic invariant submanifold or a totally geodesic
anti-invariant submanifold with £ normal to P and dim P = n.

Here P is said to be anti-invariant if HT,P C N,P for all p € P. The proof of this
lemma follows from its analogue for Sasakian space forms given in [3].

In the case k = %, (4.1) implies that M?"*!(c? k) is a manifold of constant
curvature k and then the following result is well-known (see for example [4]):

Lemma 4.2. If (M,g) is a space of constant curvature, then pp is isometric if
and only if P is a totally geodesic submanifold.

Now we are ready to prove our results for this case.

Theorem 4.1. Let f be a tangent isometric immersion of a Riemannian manifold
M into M?"+1(c2, k). Then the following statements are equivalent:
(i) f is locally transversally symmetric;
(ii) f is invariant and n-parallel;
(ili) f is invariant and U is totally geodesic for all & = & (), m € M;
(iv) U is totally geodesic and invariant for all & = & f(y), m € M.

Proof. (i) < (ii) follows from Corollary 3.1 and (4.1). Corollary 3.2 yields (i)
< (iii). Finally, (i) < (iv) follows at once from Lemma 3.2 and Lemma 4.1. |

Note that since the isometric flow ¢ on M?"+1(c?, k) is a contact flow and f is an
invariant immersion, the induced flow §¢ on M is also a contact flow and hence, M
must be odd-dimensional. Moreover, it follows from the Gauss equation (3.3) and
a(X,€) = 0 that the &-sectional curvature on M equals c?. From Theorem 4.1 and
using [9, Corollary 4.1 and Proposition 4.4] we get

Corollary 4.1. Let f be a locally transversally symmetric immersion of a Rie-
mannian manifold M?*"+1 into M*>("+7)+1(c2 k). If k + 3¢ is non-positive, then f
is totally geodesic. Moreover, if M = M?"+1(c% k), then either k = k and the
immersion is totally geodesic, or k = 2k + 3¢2.

Remark. We note that all non-totally geodesic complete invariant submani-
folds (M, f) embedded in S?"*!(c?, k) with f full and n-parallel, which by Theo-
rem 4.1 (ii) are locally transversally symmetric submanifolds, have been completely
classified, up to congruences, in [9, Theorem 4.2].
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B. Normal flow space forms with non-constant ¢{-sectional curvature and
globally constant H-sectional curvature.

This class was also discussed in detail in [7] where it was proved that these space
forms are also locally KTS-spaces. We recall some further useful facts. In the com-
plete case, (M, g, &5) admits smooth distributions $; and 9, such that for each
m e M, H(m) = H1(M) & H2(M) is an H-invariant decomposition of the horizontal
subspace $(7) and each sectional curvature K (9;,€), i = 1,2, is a positive constant
2 (22 > c2). Further, such spaces are precisely the Riemannian manifolds (M2N+1 g)
equipped with a normal contact flow §z which is transversally modelled on the Rie-
mannian product CP™ (hy) x CH™?(hy) where |ha| < h1, Ny + N = N and the
&-sectional curvatures ¢?, i = 1,2, are given by

h1 — ha

2 = (—1)itlp, a2
& =(-1) 3(h1 + ha)

K2

In the rest of this section we shall denote such a space by M(Ny, Na; h1,hs). The
H-sectional curvature k is the strictly negative constant k = 2hihy(hy + hy)~! and
the curvature tensor is given by

(4.2) RyyW = zj: {%(Q(Xi, Z;)Y; — g(Yi, Zi)Xi)

+ (1)iH (Q(HYi, Z;)HX; — g(HX;, Z;)HY; — 29(HX1',Yi)HZi)
+ (0B (g, 2i0(w) - g Zon(V)e

) (nV)X; = n(0)%) }
+ g(HV,W)HU — g(HU,W)HV — 2¢(HU,V)HW

2 2 2 _
for vector fields U = Y X;4+n(U)E, V=Y Yi+n(V)E, W = > Z;+n(W)E on M.
i=1 i=1 =1

Further, we will need

Lemma 4.3. [9] Let f be an invariant immersion of a Riemannian manifold
(M?"+1 g) into a complete normal flow space form M (N, No; hy, hs). We have
(a) If the &-sectional curvature on M is a constant ¢?, then c? is either ¢3 or ¢3,
and f. TmM C H1(f(m)) or C Ha2(f(m)), respectively, for all m € M. Also, M
is locally transversally immersed into CP™1(hy) or CH™? (hy).
(b) If the {-sectional curvature on M is non-constant and M is a complete locally
KTS-space, then there exist smooth distributions £, and $)3 on M such that

for each m € M, $(m) = H1(m) & $Ha(m) is an H-invariant decomposition
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of the horizontal subspace $)(m), the sectional curvatures K ($);,£) = ¢ and
fo9i C 9, fori=1,2.

From this lemma and (4.2) we get the following: First, from (a) we may conclude
that then we can formulate a similar result as in Theorem 4.1 for locally transversally
symmetric submanifolds M of M (Ny, No; hy, ho) with constant &-sectional curvature.
Further, using (b) and Corollaries 3.1 and 3.2, we also obtain

Theorem 4.2. Let f be a tangent isometric immersion of a complete locally
KTS-space M into a complete normal flow space form M(Ny, No; hy,hs). Then the
following statements are equivalent:

(i) f is locally transversally symmetric;
(ii) f is invariant and n-parallel;
(iii) f is invariant and UF is totally geodesic for all & = & j(m), m € M.

This and [9, Theorem 4.4] yield

Corollary 4.2. A complete locally KTS-space M of dimension 2n + 1 is a lo-
cally transversally symmetric submanifold of a complete normal flow space form
M(Nl, NQ; hl, hg) if and OII]y if

(i) M is transversally modelled on a Riemannian product M'T" x CH™(hs),
ny + ny = n, where M] is a Hermitian symmetric space, and

(ii) each local transverse immersion f' of f is a product immersion f] x f} where
fi is a parallel K hler immersion of U] C M/ into CP™(hy) and f} is a totally

geodesic immersion of Uy C CH™ (hy) into CH™? (hy).

Remark. In[9] many examples of locally transversally symmetric submanifolds
(i.e., invariant and n-parallel submanifolds) of a complete, simply connected normal
flow space form M (Ny, No; hy, hs) are given.
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